




% Parameter
m = 1; g = 1; L = 10; n = 19;

% Initialisierung von x, y, lambda
x = [0 0 0 0,linspace(0,L,11),L L L L]';
y = -[1:5,5*ones(1,9),5:-1:1]';
l = .1*ones(n+1,1);

% Fixpunktiteration
for i = 1:100
  xLeft = [0;x(1:end-1)]; xRight = [x(2:end);L];
  yLeft = [0;y(1:end-1)]; yRight = [y(2:end);0];
  lLeft =    l(1:end-1) ; lRight =  l(2:end);

  dL_dx = 2*lLeft.*(x-xLeft) - 2*lRight.*(xRight-x);
  dL_dy = 2*lLeft.*(y-yLeft) - 2*lRight.*(yRight-y) + m*g;
  dL_dl = [(x-xLeft).^2+(y-yLeft).^2;(L-x(end))^2+y(end)^2]-1;

  dL_dxx = diag(2*lLeft+2*lRight);
  dL_dyy = diag(2*lLeft+2*lRight);
  dL_dll = zeros(n+1,n+1);
  dL_dxy = zeros(n,n);
  dL_dxl = spdiags(2*[x-xLeft x-xRight],[0 1],n,n+1);
  dL_dyl = spdiags(2*[y-yLeft y-yRight],[0 1],n,n+1);

  DL = [dL_dx;dL_dy;dL_dl];
  D2L = [dL_dxx  dL_dxy  dL_dxl;
         dL_dxy' dL_dyy  dL_dyl;
         dL_dxl' dL_dyl' dL_dll];
  sol = D2L\DL*.5;
  x = x - sol(1:n); y = y - sol(n+1:2*n); l = l - sol(2*n+1:end);
  
  plot([0;x;L],[0;y;0],'.-','linewidth',3,'Markersize',10);
  axis equal;
  drawnow;
end













A = rand(2,2);
[U,S,V] = svd(A); S, U'*U, V'*V, U*S*V'
angle = linspace(0,2*pi,100);
circle = [cos(angle);sin(angle)];
Acircle = A*circle;
subplot(1,2,1);
plot(circle(1,:),circle(2,:),'linewidth',3); axis equal; hold on;
quiver([0 0],[0 0],V(1,:),V(2,:),0,'linewidth',3);
subplot(1,2,2);
plot(Acircle(1,:),Acircle(2,:),'linewidth',3); axis equal; hold on;
quiver([0 0],[0 0],U(1,:)*S,U(2,:)*S,0,'linewidth',3);

img = double(imread('Schloss.png'));
imagesc(img); colormap(gray);
numel(img)
tic; [U,S,V] = svd(img); toc
l = 20; U_ = U(:,1:l); V_ = V(:,1:l); S_ = S(1:l,1:l);
numel(U_) + numel(V_) + numel(diag(S_))
imgCompressed = U_*S_*V_';
imagesc(imgCompressed);





% machine epsilon
eps, (1+eps)-1, (1+eps/2)-1

% a problem
f = @(x1,x2) x1-x2;
x1 = 1; x2 = 1+eps;
% bad conditioning due to extinction
fexact = f(x1,x2)
fpert = f(x1+eps,x2)
abs(fexact-fpert)/abs(fexact)/(eps/abs(x1))



% condition number of random matrix
n = 5;
A = rand(n,n);
cond(A)
[U,S,V] = svd(A); S(1,1)/S(n,n)
% of identity
A = eye(n,n);
cond(A)
% of Vandermonde matrix
A = vander(1:.5:3)
cond(A)



A = [1+1e-15 0;0 1]; evals = [A(1,1);A(2,2)];
% eigenvalues (stable algorithm)
eig(A)-evals
% characteristic polynomial
p = poly(A)
roots(p)-evals













m = 10;
A = rand(m,m);

% partial pivoting
[L,U,P] = lu(A); norm(L*U-P*A)
subplot(1,2,1); imagesc(L); colorbar;
subplot(1,2,2); imagesc(U); colorbar

[L2,U2] = lu(A); norm(U-U2), norm(P'*L-L2)

% total pivoting
[L,U,P,Q] = lu(A);
[L,U,P,Q] = lu(sparse(A)); norm(L*U-P*A*Q)

% stability for random matrices
dimensions = round(logspace(1,3,5))
for m = dimensions
  for i = 1:100
    A = randn(m,m);
    [L,U] = lu(A);
    loglog( m, max(abs(U(:)))/max(abs(A(:))), 'x' ); hold on;
  end
end
loglog(dimensions,sqrt(dimensions),'linewidth',3);









m = 2000;
Z = randn(m,m); A = Z'*Z;
b = randn(m,1);
tic; x = A\b; toc

A2 = A; A2(m,1) = .1;
tic; x = A2\b; toc

emin = min(eig(A));
A3 = A - .9*emin*eye(m,m);
tic; x = A3\b; toc

A4 = A - 1.1*emin*eye(m,m);
tic; x = A4\b; toc

A5 = triu(A);
tic; x = A5\b; toc











m = 80;
[U,~,V] = svd(randn(m));
S = diag(2.^(-1:-1:-m));
A = U*S*V;

[Q,R] = gs(A);
[Qm,Rm] = mgs(A);
[Qh,Rh] = qr(A);
semilogy(1:m,abs(diag(R)),'o','Markersize',20,'Linewidth',5); hold on;
semilogy(1:m,abs(diag(Rm)),'v','Markersize',20,'Linewidth',5);
semilogy(1:m,abs(diag(Rh)),'x','Markersize',20,'Linewidth',5); hold off;

A = [.7     .707;
     .70001 .707];
[Q,R] = qr(A); norm(Q'*Q-eye(2))
[Q,R] = mgs(A); norm(Q'*Q-eye(2))

R = triu(randn(m));
[Q,~] = qr(randn(m));
A = Q*R;
[Q2,R2] = qr(A);
norm(Q2-Q)
norm(R2-R)
norm(A-Q2*R2)/norm(A)
Q3 = Q+1e-4*randn(m);
R3 = R+1e-4*randn(m);
norm(A-Q3*R3)/norm(A)















format long;
m = 100; n = 15;
t = linspace(0,1,m);
A = fliplr(vander(t)); A = A(1:m,1:n);
b = exp(sin(4*t'))/2006.787453080206;

[Q,R] = qr(A,0);
x = R\(Q'*b); x(15)

x = A\b; x(15)

[Q,R] = mgs(A);
x = R\(Q'*b); x(15)

[Q,R] = mgs([A b]);
x = R(1:n,1:n)\R(1:n,n+1); x(15)

x = (A'*A)\(A'*b); x(15)

[U,S,V] = svd(A,0);
x = V*(S\(U'*b)); x(15)









B = [208 156;156 117]/350; b = [0;0];
q = 13/14;
x = [1;1];
xNew=B*x-b; error=norm(xNew,2), aposteriori=q/(1-q)*norm(xNew-x,2), x=xNew;
xNew=B*x-b; error=norm(xNew,2), aposteriori=q/(1-q)*norm(xNew-x,2), x=xNew;
...



















tic; [~,~,~,~,r] = pcg(A,b,0,20); toc
A = sparse(A);
tic; [x,~,~,~,r] = pcg(A,b,0,20); toc
semilogy(r,'.-','Linewidth',3,'Markersize',10); hold on;
semilogy(1:20,((sqrt(kappa)-1)/(sqrt(kappa)+1)).^(1:20),'r','Linewidth',3);
norm(A*x-b,2)

thres = .05;
A = eye(m,m) + triu(B.*(B<thres),1); A = sparse(A+A')/2;
cond(A)
tic; [~,~,~,~,r] = pcg(A,b,0,20); toc
semilogy(r,'.-','Linewidth',3,'Markersize',10); hold on;

thres = .1;
A = eye(m,m) + triu(B.*(B<thres),1); A = sparse(A+A')/2;
cond(A)
tic; [~,~,~,~,r] = pcg(A,b,0,20); toc
semilogy(r,'.-','Linewidth',3,'Markersize',10); hold on;

thres = .2;
A = eye(m,m) + triu(B.*(B<thres),1); A = sparse(A+A')/2;
cond(A)
tic; [~,~,~,~,r] = pcg(A,b,0,20); toc
semilogy(r,'.-','Linewidth',3,'Markersize',10); hold on;

m = 2000;
B = rand(m,m);
b = rand(m,1);

thres = .01;
A = eye(m,m) + triu(B.*(B<thres),1); A = (A+A')/2;
spy(A);
kappa = cond(A)







m = 200;
A = 2*eye(m) + 0.5*randn(m)/sqrt(m);
b = rand(m,1);

[~,D] = eig(A); plot(real(D),imag(D),'.','Markersize',10);

[x,~,~,~,r_b] = gmres(A,b,29,0,1);
semilogy(1:30,r_b,'b','Linewidth',3); hold on;
semilogy(1:30,1./4.^(1:30),'r','Linewidth',3);
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format long;
m = 100;
A = rand(m,m); A = A + A';
w = rand(m,1);
v = w/norm(w,2);

for k = 1:6
  lambda = v'*A*v
  w = (A-lambda*eye(m))\v;
  v = w/norm(w,2);
end



















m = 100;
b = randn(m,1);
A = randn(m,m)/sqrt(m); A = A + A';
A(1,1) = 3;

E = eig(A); plot(E,zeros(m,1),'.','Markersize',5);

n = 20;
Q = zeros(m,n);
H = zeros(n,n);

Q(:,1) = b/norm(b);
for k = 1:n-1
  % compute Lanczos step
  v = A * Q(:,k);
  for j = max(1,k-1):k
    H(j,k) = v'*Q(:,j);
    v = v - H(j,k)*Q(:,j);
  end
  H(k+1,k) = norm(v);
  Q(:,k+1) = v / H(k+1,k);
  
  % compute Ritz estimates
  lambda = eig(H(1:k,1:k));

  % compute Lanczos polynomial
  p = @(x) prod(lambda-x);

  % plot results
  plot(E,zeros(m,1),'.','Markersize',5); hold on;
  x = linspace(-2,4,30);
  c = x; for i = 1:30, c(i) = p(x(i)); end
  plot(x,c,'r','Linewidth',3); hold off;
  axis([x(1),x(end),-200,200]);
  pause;
end






