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1. Show the equivalence of

• u is 1-Lipschitz, i. e. |u(x)− u(y)| ≤ |x− y| ∀x, y ∈ Ω ⊂ Rn,

• u is a viscosity subsolution of |∇u| − 1 = 0.

(4 pt)

2. In 2D we can define characteristic curves as curves on which Cauchy data does not determine a unique solution.
Derive for the semilinear second order equation

a(x)ux1x1
(x) + 2b(x)ux1x2

(x) + c(x)ux2x2
(x) = f(x, u(x), ux(x))

that the slope of a characteristic curve satisfies

a(x)(dx2

dx1
)2 − 2b(x)(dx2

dx1
) + c(x) = 0 .

(2.5 pt)

Show the following characterisation:

• The PDE is hyperbolic, if each point is intersected by two distinct characteristic curves.

• The PDE is parabolic, if each point is intersected by exactly one characteristic curve.

• The PDE is elliptic, if there are no characteristic curves.

(1 pt)

3. Show that the classification into hyperbolic, parabolic, and elliptic equations is independent of the coordinate
choice, i. e. it remains the same if we choose new coordinates X(x). (3 pt)

4. Classify the following equations:

• utt − uxx = 0 (wave equation)

• ∆u = 0 (Laplace’s equation)

• ut + ∆u = 0 (heat equation)

• 3ux1x1
+ ux2x2

+ 4ux2x3
+ 4ux3x3

= 0

(2 pt)

5. Derive a mean value formula for functions u satisfying ∆u + u = 0 by deriving and solving a second order
ordinary differential equation for U(r) =

∫
Br(x)

u(y) dy. (Hint: Start by computing U ′(r) and U ′′(r).) (2.5 pt)


