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1. (From Evans, “PDEs”) We say v ∈ C2(Ω) is subharmonic if −∆v ≤ 0 in Ω.

(a) Prove for subharmonic v that v(x) ≤ 1
|Br(x)|

∫
Br(x)

v dy for all Br(x) ⊂ Ω. (1 pt)

(b) Prove that therefore maxΩ v = max∂Ω v. (1 pt)

(c) Let φ : R→ R be smooth and convex. Assume u is harmonic and v := φ(u). Prove v is subharmonic.
(1 pt)

(d) Prove v := |∇u|2 is subharmonic, whenever u is harmonic. (1 pt)

2. (From Evans, “PDEs”) Let Ω be a bounded, open subset of Rn. Prove that there exists a constant C, depending
only on Ω, such that

max
Ω
|u| ≤ C(max

∂Ω
|g|+ max

Ω
|f |)

whenever u is a smooth solution of {
−∆u = f in Ω

u = g on ∂Ω .

(Hint: −∆(u+ |x|2
2n λ) ≤ 0 for λ := maxΩ |f |.) (3 pt)

3. Derive the mean value formula for harmonic functions by integrating u(y)∆Φ(y−x) twice by parts on Br(x) for
the fundamental solution Φ. (1 pt)

4. Let ∆u = 0 for r < 1 with u = g(θ) on r = 1 (where r, θ are 2D polar coordinates). Derive Poisson’s integral
formula

u(r, θ) =
1

2π

∫ 2π

0

(1− r2)g(φ) dφ

1 + r2 − 2r cos(θ − φ)
.

(3 pt)

5. Find a Green’s function for ∆u = f on {x ∈ Rn |xn > 0} with ∂u/∂ν = g on {xn = 0}. (1 pt)

6. Find a Green’s function for ∆u = f on [0, 1] with u(0) = a, u(1) = b. (1.5 pt)

7. (From Gilbarg & Trudinger, “Elliptic PDEs”) Let Gy(x) be the Green’s function for the Dirichlet problem on a
bounded domain Ω. Prove Gy(x) = Gx(y) < 0 for all x, y ∈ Ω with x 6= y. (1.5 pt)


