o energy Elu] = fQL(Vu(x), 1(x), x) dx defined for (weakly) differentiable func-
tionsu: Q2 —R

e Gdleaux derivative of E in direction v: Q — R:

0, Elul(v) = %E[u+ tv] =f Ly(Vu,u,x)-Vv+ L (Vi, u, x)vdx
Q

Consider the minimisation problem
min E[u] subjectto u= g onadQ
wi—R

and assume it has a smooth minimiser ©*. Then for any v € C2°(Q2), 0 must be a
minimiser of ¢ — E[u* + tv], i.e. 8, E[u*](v) = 0. Integration by parts yields

0 :f v(—divL,(Vu*, u*, x) + L,(Vu*, u*, x)) dx
Q

forall ve CF(Q), i.e. u* satisfies the PDE

0=—divL,(Vu(x), u(x), x) + L;(Vu(x), u(x), x) in Q with 1 = g on 6Q2.

Beispiel 75.
Lagrangian L(p, z, x) energy Eu] PDE
pl? Ja2IVu?dx Au=0 (Laplace’s equation)
%pi AX)p-zf(x) J5 %VuTAV u—fudx —div(AVu)=f (generalised Poisson’s equation) éﬂ y{ e
5|pl> = F(z) Jo 3IVul* - Fu)dx —Au=F'(u) (nonlinear Poisson’s equation) ‘;
V1+lpl? JoV1+|Vul2dx div—=LLe =0 (minimal surface equation) , (L
V1+|Vul? [ 7
S
We will now introduce a few functional analytic tools and then prove existence of / l /
minimisers (and thus solutions to the PDEs) for a broad class of nonlinear energies. / 5 > e
78 5

Definition 76 (Dual space). The dual space X’ fo a Banach space X is the space of )%’
bounded linear functionals f : X — R on X. & ”

= ) (/,;‘,.f,f,oéfvﬂ on Mf
Definition 77 (Weak convergence). A sequence xj € X is said fo converge weakly . i
againstx eX, xp—X, lff(xk) — f[x) foranyf eX'. -_'_J mp{’l
A sequence fi € X' is said to converge weakly-* against f € X', fi. — [, if fr(x) — f(%) oy
Joranyxe X,

Obviously, convergence in X or X' implies weak or weak-* convergence, respectively.

Theorem 78 (Weak-* compactness). The unit ball (and thus any bounded subset)
in a separable Banach space X is weally-* sequentially compact, i. e. any sequence
contains a convergent subsequence.

Proof. Seee. g Alt, “ineare Funktionalanalysis”, p.229. O

Definition 79 (Reflexivity). A Banach space X is called reflexive, if it can be identified
with its bidual (X")' (i. e. there is an isometric isomorphism between X and X").
Note: By the previous theorem, if X is separable, bounded sequences in X contain
weakly convergent subsequences.

Theorem 80 (Reflexivity of Sobolev spaces). Let Q be open, bounded, 000 Lipschilz,
keNy. WP(Q) forpe W, 00) is separable and reflexive.
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Proof. Seee.g. Alt, “Lineare Funktionalanalyéis", p. 234, o

Bemerkung 81. Knowing the reflexivity of LF () for pe d,c0), it is now easy to see
via Holder’s mequahty that (EEEEEFEE TP (Q) c (LP" (Q))' -e=tiie @

kewise, (LP(€2))' o LP" (Q) via Holdersmequalnym T ﬁp.:,f 15(7 Qau,{'e;\ Mw) 57'~”Tﬁlzww/

(LP () =17 (Q).
Theorem 82. Assume
* L(p,z,x) is convex in p,
Lot
* L(p, z, X) is towerseni=continuons in-z;-
° L(p,z %) = alpl?—p forsomea, >0, g€ (4,00).
Ifge Wha(Q), then E has a minimiser in{ue W-9(Q) |u = g ondQy.
Proof. “Direct method of the calculus of variations”
1. Neither is E = co nor unbounded from below.
2. Consider a minimising sequence u; with E[uy] — inf, E[u] monotonically.

3. Show compactness of the sequence, 1. e. existence of a (in some particular sen-

H\""(u ““'J W J;» se) convelging subsequence uy — u* for some u”*.

¢ Elul= alqul[Lq(m BI€, hence there is C > 0 with |VugllLeq < C for all k.
=L >By Poincaré’s inequality, || gy, agy = C for some (different) constant C > 0.
Since Wh4(Q) is reflexive, a subsequence u; converges weakly against a u* €
wha(Q).

. Show lower semicontinuity of E along the converging sequence, i.e. E[u] = l
liminfy_. ., Elug].

Due to the compact embedding W4 (Q) — L9(Q), v — u* strongly in L9(Q)

for a subsequence and thus even pointwise a. e. after extracting another sub-

sequence. By Egoroff’s Theorem we can even find for each € > 0 a measurable

set Q, < Q with |Q\Q,| < € and u; — u* uniformly on Q,.

Wlog., L= 0. By convexity of Lin p,
liminf | L(Viyg, tg, x)dx
k—oo JO

zliminf(f L(Vu*,uk,x)dx+f Lp(Vu®, uy, x) - Vg —Vu*)dx| .
3" 0

k—oo

‘We have

liminf | L(Vi*, uk,x)dx>hm1nf 1nfL(Vu uj,x}dx
k—oco JO k—oo Jq j=k

= hmme(Vu uk,x)dx>fL(Vu*,u*,x)dx:E[u*]

— 0
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by Beppo Levi's monotone convergence theorem (A) and the lower semi-continuity
of L (B) (the fact liminfy [ Qf;dx = [ liminfy f; dx is also called “Fatou’s lem-
ma”). Furthermore, !

f L,(Vu™, ug, x) - (Vi —Vu™)dx
Q

>f L,(Vu*, u*, x)-(Vue—Vu™) dx+ ’ (Lp(Vee*, t, )L, (Vu™, u™, x))-(Vup—Vu*) dx

-4

of which the first term converges to zero due to the weak convergence of 1
and the second due to Holder’s inequality and the uniform convergence. Let-

-

ting £ — 0 yields the result. .,tl[,- L, cock > 2
O

Parabolic PDEs

Heat equation

Hyperbolic PDEs

Wave equation
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