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Abstract

A classical task in image processing is the following: Given two images, identify the structures inside
(for instance detect all image edges or all homogeneous regions; this is called segmentation) and find
a deformation which maps the structures in one image onto the corresponding ones in the other image
(called registration). In medical imaging, for instance, one might segment the organs in two patient
images and then identify corresponding organs in both images for automated comparison purposes.
The image segmentation is classically performed variationally using the Mumford—Shah model, and the
obtained structures are then mapped onto each other by minimizing a registration energy in which
the deformation is regularized via elasticity. Experimentally it often seems more robust to perform
segmentation and registration simultaneously so that both can benefit from each other. The question to
be examined here is how phase field approximations of the Mumford—Shah model behave if used for the
joint segmentation and registration problem. We mathematically analyze corresponding generic phase
field models and reveal interesting phenomena that rule out some of the models. These phenomena
are characteristic of coupling phase fields with deformations and thus are interesting in their own right.
In essence, region-based segmentation and registration problems can well be approximated using phase
fields, while edge-based approaches typically suffer from different types of vanishing or newly appearing
edges. We conjecture how the introduction of a different scaling could remedy those shortcomings.

1 Introduction

In various applications (most prominently computational anatomy [17, 6]), two given images go, 91 : @ — R,
Q c RY have to be registered, i.e. a deformation ¢ : © — R? is sought such that the pullback 7o o ¢
looks like 77 or at least maps the structures visible in image gy onto the corresponding ones in image ¥
(Fig. 1, cf. also Figs.2, 3). To reduce the influence of noise in the images and to facilitate the registration
of the encoded structures, these structures (e. g. image edges or homogeneous regions) can be extracted first
(so-called image segmentation) so that the registration deformation ¢ only has to map the structures from
one image onto the corresponding ones of the other.

The most widely used model for variational segmentation of an image into edges and piecewise smooth
or constant regions dates back to the work of Mumford and Shah [30], and classical phase field and level set
approximations include the approaches by Ambrosio and Tortorelli [2] and by Chan and Vese [14]. Alternative
variational approaches include active contour-type methods, e.g. [9], which seek a closed curve coinciding
with image edges, and graph cut-based ideas, e.g. [40], in which the problem is typically reformulated as a
segmentation of a discrete graph. More recently, convex approximations to the Mumford—Shah segmentation
problem became popular [13, 29], where a solution to the original segmentation problem can be obtained
from solving a convex problem in a higher-dimensional space.

Image registration has an equally long history. Already in the 90’s, matching deformations between
images were sought by minimizing a data term and a regularizing deformation energy such as linearized
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Figure 1: Joint edge segmentation and registration of two input images from the MPEG7 shape database
(left) leads to detected edge sets (middle) and a matching deformation (the rightmost image shows the
registered image o o ¢). Note that some weak edges in the second image have been restored based on the
edge information from the first image. Results have actually been computed using an Ambrosio—Tortorelli
phase field approximation.

elasticity [18, 24, 27] or viscous fluid regularization [10, 17, 16, 15, 26]. Regularization via optimal transport
[41, 37] is also possible but much weaker, since it does not penalize higher order norms of the deformation.
A hyperelastic regularization is particularly appropriate for large deformations [20, 21, 31, 34] and can also
be used to encode additional nonlinear constraints such as mass preservation [12].

It has often been observed and exploited that segmentation and registration can benefit from each other
if performed simultaneously [38, 39, 36, 21, 23, 35]: The registration becomes simpler if applied to cleanly
segmented regions, and conversely the segmentation can use information from both images if they are already
registered. Indeed, the latter is exploited in [25, 31, 32] to achieve a registration-based segmentation via
the transfer of edges from a template to a reference image. Moreover, weak edges in one of the images can
even be automatically restored based on a registration (Fig.1). As for the positive effect of segmentation on
registration, clearly outlined segmented structures can reliably drive the registration and thereby also provide
good deformation estimates in between those structures, a property important for atlas-based medical image
segmentation [22, 4]. To give an example from a slightly different context, a positive mutual influence is
also observed in joint image reconstruction and motion estimation [7]. Yet a different approach, with a
flavor similar to the models we shall consider, consists in a joint optical flow estimation with phase field
segmentation of the flow field [11].

This work is concerned with the class of methods from the previous paragraph, that aim at a simultaneous
image segmentation and registration. In particular, we will examine how phase field approximations to the
Mumford-Shah segmentation model behave in this context, where for the registration part we use the
strongest of the above-mentioned regularizations, a hyperelastic energy. Our analysis for instance also covers
the joint phase field segmentation and registration models from [21, 23].

In detail, there are essentially two phase field approximations for the Mumford—Shah model: The Modica—
Mortola approximation [28], in which the phase field encodes the homogeneous image regions, and the
Ambrosio-Tortorelli approximation [2], in which the phase field encodes the image edges. If one combines
the phase field segmentation functionals with an image registration term, in which the matching deformation
is regularized via a hyperelastic energy, then the following can be observed: As the phase field parameter
€ tends to zero, the joint segmentation and registration functional based on Modica—Mortola phase fields
I-converges exactly against the expected sharp interface limit and thus represents a feasible model (cf.
Thm.4.1). Using Ambrosio-Tortorelli phase fields, however, we see three distinct effects, the first two
already in 1D:

1. The phase field profile is squeezed by the matching deformation so that part of the phase field will be
ignored (cf. Thms. 4.3, 4.5, and 4.7).

2. Spurious ghost phase fields occur which in the I'-limit change the originally intended weights in the
energy (cf. Thms. 4.5, 4.6, and 4.7).

3. In 2D, a string of phase field dots can be dilated tangentially to the phase field representation of an
edge, ultimately resulting in the lack of any registration in the I'-limit (cf. Ex. 4.8).



As for the second item above we will argue that, though perhaps unexpected at first glance, this behavior
is desirable and in fact is a manifestation of the edge restoration property that joint segmentation and
registration methods possess (cf. Fig.1). We will also put forward suggestions how the first and last item
can be remedied by slight modifications of the joint segmentation and registration functionals; the detailed
analysis of these modifications will be reserved for future work.

Note that even though our presentation restricts to an image processing application, the described phe-
nomena are not limited to that application and are to be expected whenever phase fields are composed with
deformations.

The article is organized as follows. After some notations in Sec. 2, Sec. 3 briefly introduces Mumford—-Shah-
type segmentation functionals and associated joint segmentation and registration models. The corresponding
phase field approximations are given in Sec.4. This section also states our main results, the I'-limits of the
respective energies for ¢ — 0, which formalize the above-described phenomena. Furthermore, a discussion of
improvements to the functionals is provided in that section. The proofs of the limits are collected in Sec. 5.

2 Notations and assumptions

In the following, Q C R (d =1, 2,3) denotes a bounded, connected, (strongly) Lipschitz domain. We denote
the Lebesgue space on § with exponent p by LP(Q2) and the Sobolev space of functions in L? () with weak
derivatives in LP(Q) by W1P(Q). The prefix w— as in w—W?1P(Q) stands for a Lebesgue or Sobolev space
equipped with the weak topology, and pw—W12(Q) for Q C R! shall be the space of functions on £ which
are piecewise W12, Also, we define VViil’p(Q) ={p € (WEP(Q)? : ¢|aq = id}, where ¢|sq is the trace of ¢
on Jf) and id is the identity function. For a piecewise continuous image y :  — IR, we denote by S, C Q its
discontinuity set. Finally, for a matrix A € R4, ||A||p = 1/tr(AT A) shall be its Frobenius norm and cof A
its cofactor matrix (cof A = det AA~T for invertible A).

For simplicity we will assume o, §1 € L°°(2) for the given images ¢, §1 to be matched. For the regular-
ization of the matching deformation inside the joint segmentation and registration functionals we will consider
the hyperelastic energy W[¢] = [, W (D¢) dz, where D¢ : Q@ — R**¢ denotes the (weak) derivative of ¢.
We will assume the following classical conditions to hold for its energy density W (cf. [33, Secs. 2.1 & 3.4]),

1. for all A € R and U, O € SO(d) we have W(UAO) = W (A),

2. the set of global minimizers of W is given by SO(d) with minimum value 0,

3. W(A) = oo for det(A) <0 and W(A) — oo as det A — 0 or det A — oo,

4. W is polyconvex,

5. for all A € R¥*? we have W (A) > C1(||A||% + [[cof A||% + | det A|=%) — Cs for some C1,Cy > 0, p,q > d,
and s > (dq__ild)q,

6. for some Cq,Ca,7>0, W(A) <Cy(||Al|%+]| det A|"+|det A|~")+Cy VA€ RI*4.

and

Condition 1 expresses the frame indifference or rigid body motion invariance of the deformation energy as well
as the assumption of an isotropic underlying material. Condition 2 means that isometric deformations ¢ cost
no energy, and condition 3 implies infinite deformation energy for self-penetration of the deformed material.
Finally, condition4 in combination with condition5 ensures the sequential weak lower semi-continuity of
W in WHP(Q) (smaller exponents in condition 5 would actually suffice [33, Thms. 3.5-3.6]), and condition 5
implies that deformations ¢ € Wiz’p (Q) with a finite energy are Holder continuous homeomorphisms with
Holder continuous inverse, as will briefly be derived below. Condition 6 just bounds the growth of the energy
density and can easily be replaced by different growth conditions, leading to corresponding small changes of
the results. Typical densities have the form W(A) = a1 || Al|% + aa|/cof A||% + as| det A| 75 + au.

Note that due to | det A| < d!||A||% condition 5 automatically implies W(A) > C;|det A[P/? —Cy so that a
finite energy W[¢] also implies a Sobolev bound for the determinant det D¢. The fact that, under condition 5,



deformations ¢ € VViifp (©) with finite energy are Holder continuous and have a Holder continuous inverse
follows from the Sobolev embeddings W'P(Q) ¢ CO1=4/P(Q), Whi(Q) c C%'1~4/4(Q) and the following

result by Ball, applied for ¢y = id and § = qéiz.

Theorem 2.1 ([, Thm. 2]). Let Q C R? be a nonempty bounded connected strongly Lipschitz open set. Let
b0 : Q — R? be continuous in Q and one-to-one in Q such that ¢o() satisfies the cone condition. Let p > d
and let ¢ € WHP(Q)? satisfy dloq = ¢olaa and det Do > 0 almost everywhere. Suppose that for some § > d,

/ ||D¢(I)71H%detD¢(x) dzr < co.
Q

Then ¢ is a homeomorphism of Q onto ¢o(S2), and the inverse function z(¢p) belongs to W1 (¢o(Q))4. The
matriz of weak derivatives of x(-) is given by Dx(v) = Dgﬁ(:f(v))*l for almost every v € ¢o(Q). If, further,
d0(QY) is strongly Lipschitz, then ¢ is a homeomorphism of Q onto ¢o(£2).

Note that, denoting by |©2| the Lebesgue volume of 2, the above integrability condition holds due to

[ 106) I det Do = [ Jeot Do (et Do) da
@ Q

a=q

1-g 9=4
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3 Mumford-Shah-based image segmentation and registration

Here we introduce the binary as well as the original Mumford—-Shah segmentation energy, together with the
joint segmentation and registration framework.

3.1 Region-based image segmentation and registration

Region-based image segmentation is classically performed by minimizing the binary Mumford—Shah func-
tional [14]

5gMS[(g,z),<9]=a/ \Q—Q\stﬂ—a/ = g2 de + vH (9O N Q),
o e

which segments a given image ¢ into two regions O and Q\ O with average gray values ¢,¢ € R (a, v > 0 are
fixed weights, 9*O denotes the essential boundary [1, Def. 3.62] and H?~! the (d — 1)-dimensional Hausdorff
measure). The registration of segmented regions Oy, O; from two different images can now be obtained by
minimizing aFye1[Oo, O1, ¢] + W[d] for the matching deformation ¢, where

Fuol[0p, 01, 8] = vol(O1A¢71(Oy)) ,

represents a mismatch penalty (with A denoting the symmetric difference) which is weighted by a > 0, and
the nonlinear hyperelastic energy

WM=AW@@M

serves as a regularization of the deformation (cf. [12, 20, 21, 34]). The elastic energy density W shall satisfy
the conditions from the previous section. The joint region- or volume-based segmentation and registration
functional for the two input images g, 71 thus reads

jvol[(Q07EO)7 (Qlaél)a OO) 017 ¢] = 531?/15[(9050); OO] + ggids[(gl7zl)7 01] + Q.FVOI[O(), 017 gﬂ + W[Qﬂ .

Fig. 2 shows an example of a region-based joint segmentation and registration. The result is well acceptable,

even though the hyperelastic energy density employed in the numerical calculation, W(A) = 1| A% +



Figure 2: Left: Two thorax CT-scans g, 91 to be registered. Middle: Binary segmentation results Ogy, O; for
both CT-scans (colored with the gray values obtained during segmentation). Right: Pullback gg o ¢ as well
as ¢, where the registration deformation ¢ is computed based on matching the segmentation regions. Results
are actually obtained via simultaneous variational segmentation and registration, using a Modica—Mortola
phase field description of the regions Op, O;. These phase fields (both middle images) can be thought of as
a smoothed version of the characteristic functions of Op, @7 (which is the reason why they are not exactly
binary).

1| det A]> — 3 logdet A — 3, only satisfies weaker conditions than demanded in Sec.2. The discretization of
¢ is here based on bilinear finite elements. By choosing quadrature points at the mesh vertices, det D¢ > 0
is ensured everywhere, since a ¢ with det D¢ < 0 within any element would yield infinite energy during the
iterative optimization and is just discarded as an optimization step.

3.2 Edge-based image segmentation and registration

As an alternative to using the homogeneous image regions one can identify and register all image edges. The
classical corresponding segmentation functional is given by the Mumford-Shah energy [30]

€[y, S,) = /Q\S VyP + aly — 32 de + vHEN(S,)

whose minimization yields a piecewise smooth approximation y to the given image y as well as the corre-
sponding edge set S,. Using a mismatch penalty

d— _
degC [Syo ) Syl ) ¢)] = (Syl Ag ! (Syo )) )
a joint edge-based segmentation and registration functional is obtained by

s7edge [y(), Y1, Syo , Syl s (b] = gll\!})s [yo, Syo] + 51?/[15 [yhsyl] + a]:edge [Syg , Syl ) ¢] + W[d)] .

A computational example is provided in Fig. 3 (using the same numerics as in Fig. 3). A related, alternative
version of a joint edge segmentation and registration functional uses one single edge set for both input images
and thus does not require an explicit fitting term [19],

uicdgc[ymylasyov(b} = gl?g/ils[y()vsyo] + Oé/ |y1 - Ql‘Qde +a / |Vy1|2d$ + W[Qﬂ .
Q . Q\¢71('Syo)

4 Phase field approximations of image segmentation and registra-
tion

The explicit treatment of sets such as image edges or homogeneous regions is difficult numerically for which
reason phase field approximations of the Mumford—Shah functional have been developed. Those phase field
approaches may also be adapted for joint image segmentation and registration.

The following paragraphs introduce the Modica—Mortola and the Ambrosio—Tortorelli functionals along
with the corresponding functionals for joint segmentation and registration. Furthermore, Thms. 4.1 to 4.7
state the associated I'-limits, the main results of this article.



Figure 3: Left: Two thorax CT-scans 9,71 to be registered. Middle: Mumford-Shah segmentation results
(piecewise smooth approximations yo,y: and edge sets Sy,,Sy,) for both CT-scans. Right: Pullback gg o ¢
as well as ¢, where the registration deformation ¢ is computed based on matching the image edge sets.
Results are actually obtained via simultaneous variational segmentation and registration, using an Ambrosio—
Tortorelli phase field description of the edge sets Sy, Sy, (which is the reason why both edge sets appear a
little diffuse).

XO—X\0 1—xs

. - A

Figure 4: 1D profiles of the optimal Modica—Mortola (bottom left, for ¥(u) = (1 —u?)?) and the Ambrosio—
Tortorelli phase field (bottom right), approximating a piecewise constant function yo — xa\0 and 1 —xs =
1 — X{a,}, respectively (where x denotes a characteristic function).

4.1 Modica—Mortola model for region-based segmentation and registration

The classical phase field approximation of the binary Mumford—Shah model is based on a Modica—Mortola-
type double-well phase field u : 2 — R [28]. The two disjoint segmentation regions are described by {u > 0}
and {u < 0}, and the approximation of £/}q is given by

1—
M‘E*

5 912 da 4+ vL (v, where

; _ 1+u .
el =a [ e —gp 4

Q

. 1 1
< lul = 5/96|Vu|2+ ~U(u)da.

Here, ¥ : R — R denotes a potential with global minimima ¥(—1) = ¥(1) = 0 and fil V¥ (s)ds = 1,
U(s) > ¢(]s| — 1) for some ¢ > 0. It is well-known that Sf/uf/[ I-converges for ¢ — 0 against the binary
Mumford-Shah segmentation functional with respect to the R? x L!(£2)-topology,
i g0 _ g
r 213(1) Enin = Epus - for

Elsle ), {u>0}] ifue{-1,1} a.e,
0 else,

5ng [(c,0),u]l = {

where we reused the symbol 5§MS with a little abuse of notation. In particular, the term L5, converges
against the perimeter of the segmented region and ensures that the phase field u takes values close to 1 or



—1 with a transition region of width e between both regions {u ~ 1} and {u ~ —1} (Fig. 4, left). The term
Fool|Oo, O1, @] can be replaced using the mismatch penalty for the registration of two phase fields ug, u1,

Flug,ur, ¢] = / (up o ¢ —up)*da.
Q
Hence, a phase field version of the functional J from Sec. 3.1 reads

TE(cosTo)s (€1, E1), 0, ur, 8] = ELN5[(Cos o), o] + Eixsl(c1, 1), ua] + & Fluo, u1, 9] + W[9] .

This functional indeed I'-converges against the expected sharp interface limit 7,1, so a coupling of Modica—
Mortola phase fields with deformations is feasible.

Theorem 4.1 (I-limit of joint region segmentation and matching). With respect to convergence in R* x
(LY(2))? x w—W5P () we have

I'— liIn\-7\1601 = ‘-7\901 fOT’
e—0
\7\901[(@0760)7 (91,51),’&0,@61, ¢] = jvol[(§0750)v (21’61)5 0o, O, QS]
if ug,u1 € {—1,1} a.e. and oo else, where O; = {u; = 1}.

Remark 4.2. The result and the proof can readily be adapted if the exponent 2 in the fitting term F is
replaced by any t € (0,00). Also, the terms of the form |c—§|? inside the Modica—Mortola segmentation may
obuviously be replaced by different types of indicators for the two image regions.

4.2 Ambrosio—Tortorelli model for edge-based segmentation and registration

The classical phase field approximation to the Mumford—Shah functional Sf\j/ls is due to Ambrosio and Tor-
torelli [2] and encodes the edge set S, as the zero-level set of a single-well phase field u : Q — R,

5/y;’f[y,u] :/Q(u2+k€)\Vy\2—|—a|y—g}|2dx+1/£fm[u], where
15 1 2 1 2
fole = & [ eva+ 11— w2 de
2 Jq €

and 0 < k. = o(e). For e = 0, 52% indeed T'-converges to 51?/[8 in the (L'(Q2))2-topology [3],
. 9,e = (]
r 615% Ear = &g for

0 JE&usly, Syl ifu=1a.e,
Eusly, u] = {oo else,
where S, denotes the discontinuity set of y (with a little abuse of notation we reused the symbol E&S). Here,
too, L converges against the total length of the encoded edges and ensures that u takes approximately a
1 — exp(—|z|/e) profile normal to the encoded edges (Fig. 4, right).

It turns out that the coupling of Ambrosio—Tortorelli phase fields with deformations produces several
interesting effects that can most clearly be presented and understood in 1D, so €2 will represent a real interval
in the following. The subsequent theorems analyze several variants of joint segmentation and registration
functionals, thereby illustrating different phenomena. In each case, the matching term Feqge[Sy,,Sy,, @] is
replaced by the phase field mismatch penalty Flug, uy, ], which has to be weighted with % since the diffuse
edges in ug and u; have width ~ & (more precisely, [~ exp(—2|z|/e) =€), i.e. 1F[ug,u1,¢] should scale
like Fedge[Syos Syr» @)-
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Figure 5: Schematic diagram of the recovery sequence for Thm.4.3. From a sequence ¢; — 0 we pick
one element and show the corresponding approximations ¢’ and (yf,uf ) € m%(g;), i = 0,1, to a given
deformation ¢ and (y;,u;) € m%(g;) (in this sketch, ¢ is a simple translation). ¢’/ squeezes ug around points
in ¢71(Sy,) \ Sy, (case (a)) and maintains the optimal profile (neither dilates nor compresses) around points

in ¢~1(Sy,) USy, ((b) and (c)).

4.2.1 Consecutive edge segmentation and registration

We first consider the case of non-simultaneous, consecutive segmentation and edge registration, in which
already the first difference to the volume matching case can be observed: While the fitting term is actually
intended to measure the symmetric difference between both image edge sets, only an asymmetric, one-
directional mismatch penalty survives in the I-limit.

Denote the set of minimizers of E{p by m*(§) C Wh2(Q) x Wh2(Q). Likewise, let us define m°(g) C
pw—W12(Q) to be that subset of the minimizers of E&S such that each element y € m®(g) is the L*(Q)-limit
of a sequence y/ with y/ € m® (g) for some sequence £; — 0 (note that a minimizing pair (y,S,) of Slz\’;ls is
already uniquely defined by its first component, ). The functional

. a
JTel¢] = inf = Fluo,u1, ] + W[¢]
(yo,u0)€m®(Jo) €
(y1,u1)€m®(g1)

now serves for the registration of the Ambrosio-Tortorelli phase fields belonging to the input images 9o, 9.

Theorem 4.3 (I-limit of consecutive edge segmentation and matching). In 1D and with respect to weak
convergence in Wiy"(Q) we have

I — lim7° = T for
Jel = inf  aH*(Sy, \ ¢ (Sy,)) + W4,

yo€m® (Jo)
y1€M® (1)

where S, denotes the jump set of an image y € pw—W12(Q).

The reason for the asymmetric matching term in the limit is that the matching deformation ¢ can squeeze
the phase field ug in such a way that ug o ¢ encodes fewer edges than ug. Fig.5 illustrates this phenomenon
for a fixed € > 0. The smaller ¢, the stronger the phase field is squeezed, and in the limit ¢ — 0 an edge
can vanish completely. Note that this can happen despite the control on the Jacobian determinant of the
deformation in W, since the required blow-up of the determinant is confined to an arbitrarily small set as
e—0.
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Figure 6: Schematic diagram of the recovery sequence for Thm.4.5. As in Fig.5 we show for a fixed ¢; the

approximations ¢’ and uy, ujl to a given deformation ¢ and phase fields ug,u1 (in this sketch, ¢ is a simple

translation). In addition to the squeezing effect from Fig. 6, uf, has developed ghost edges around ¢(S,, )\ Sy,
which are further dilated by ¢’ (case (c)).

Remark 4.4. By inspection of the proof, a possibility to also enforce penalization of $=1(Sy,) ¢ Sy, consists

in weighting the mismatch term with 8% instead of% for some t > 1+ zl) (where p is the exponent from
condition 5 on the hyperelastic energy density). However, the mismatch penalty then turns into a strict

constraint: The T-limit will only be finite for ¢~ (Sy,) = Sy, -

4.2.2 Joint edge segmentation and registration

For the purpose of simultaneous edge segmentation and registration, the phase field version of the functional
Jedge from Sec. 3.2 reads

Jeedge[y07y17u07 Ui, qﬁ] = 6291'1‘8[y07u0] + SAZ%E[ylaul] + %]:[U(),’U,h ¢] + W[(b] .

Here again the edges in the phase field ug get squeezed where u; has no edge. In addition, a new effect
occurs: In order to reduce the fitting term - [uo, u1, @], spurious ghost edges appear in the phase field wg
at places where u; exhibits an edge (Fig.6). As a result, not only is the mismatch penalty asymmetric, but
also its weight is bounded above in the limit.

Theorem 4.5 (I'-limit of joint edge segmentation and matching). In 1D and with respect to convergence in
(LH(Q))* x w—WEP(Q) we have

. € _ 0
I'— Ehi%jedge - jedge fOT’

jeodge[y07 Y1, Uo, U1, qﬁ] = 61?\!})8 [yoa U()] + gll\/h/IIS [y17 ul] + VZO,I(%)HO((ZS(SM) \Syo) + W[¢] ’

where Z%'(a) = mingep 1] (2 fol VI =2)2+2a(l —2)2dz + 4fll V(1 =2)2dz) — 1 is a monotonous and
concave function with Z%1(0) = 0, (Z%Y)(0) = 1, and lim,_,o, Z%'(a) =1 (Fig. 7).

The ghost edges are actually not so much of a surprise. In fact, they are expected and even desired to
segment an input image with very weak edges based on the edges from the other input image (indeed, this is
the benefit from joint segmentation and registration, cf. Fig.1). The ghost edges are the more pronounced
the higher the matching weight a is.

The function Z%! expresses the balance between the fitting term 2 Fluo,u1, ] and the penalization
vLS[up] of ghost edges. For small weight @ it is cheaper to allow a mismatch between both phase fields,
while for large a it is better to reduce the fitting term via developing a ghost edge (which is only penalized
with weight v). As a result, the weight of the mismatch penalty in the limit is always smaller than min(a, v).
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Figure 7: The function Z%! : [0,00) — [0, 1].

While the mismatch penalty weight cannot be increased in the limit, a remedy for the asymmetric
matching can be obtained by scaling the term Flug, u1, ¢| differently,

0 0 a
Tieelto, y1, uo0, u1, @) = EX5° [yo, uo] + EXL" [yr, wa] + E}-[Uofula o] +Wlg].
If for ¢ — 0 the weight of Flug, u1, ¢] tends to infinity fast enough, then the squeezing mechanism from Fig. 6

no longer suffices to annihilate the mismatch penalty, and both ug and u; are forced to form fully developed
ghost edge profiles.

Theorem 4.6 (Symmetric I'-limit of joint edge segmentation and matching). Let ¢t € (1, -5) U (p%’ 00),

where p and r are the exponents from conditions 5 and 6 on the hyperelastic energy density. In 1D and with
respect to convergence in (L'(Q))* xwfVVié’p(Q) we have

. te t,0
I— g% jedge — Yedge fOT‘
‘7etc71(;e[y07 Y1,Uo, U1, (b} = 81%/?8 [y()v UO] + SIZ\I/IIS [yla ul] + V]:edge[Sym Syl 5 ¢] + W[¢]

. » )
ift > =Y and otherwise

T oy, o, w1, @] = ER[yo, uol + Edglyr, ua] + vHO(6(Sy,) \ Syo) + W4

4.2.3 Joint segmentation and edge to image registration

As a final example for joint segmentation and registration using Ambrosio—Tortorelli phase fields we consider
the functional employed in [21, 23],

Fergeltior v, 0, 8] = E1: o, o)+ / 1 —in? de+a / (4006)*+ ko) |V > dz+ W[4
Q Q

which only uses one single edge phase field for both images and thus represents a phase field version of the
functional Jeqge from Sec. 3.2.

Theorem 4.7 (I-limit of joint segmentation and edge to image matching). In 1D and with respect to
convergence in (L'(Q))3 x w—WiE’p(Q) we have

: Te _ 70
r— Eh_rf%) edge — Jedge fOT’

T gelt0, 91 10, 8] = EX4 [y, 0] +a / ly— 9 dzta / Tl e H0(8,) \ S3) + WG

Obviously, this model exhibits the same properties as the previous ones, i. e. the mismatch penalty in the
limit is asymmetric, and its weight equals the weight of the length regularization inside the segmentation.

10



J J J j
ul ) ' Uy o P

Figure 8: Schematic diagram of the recovery sequence for Ex.4.8. As in Fig.6 we show for a fixed €; the
approximations ué,u{, and ué o @7 to given wug,ui, and ug o ¢. ujl develops a full vertical edge, since the
original image g1 exhibits a vertical discontinuity. u% develops a sequence of short diffuse ghost edge segments
which are elongated in the pullback ug) ol

4.2.4 Joint edge segmentation and registration in higher dimensions

The previous paragraphs have shown that—without additional symmetrization—simultaneous Ambrosio—
Tortorelli segmentation and registration of the edge phase fields in 1D generally results in an asymmetric,
partial mismatch penalty in the I'-limit. In higher dimensions, the situation becomes worse: It may happen
that the registration fails to couple the segmentation of both images, also neglecting the mismatch ¢(Sy, )\ Sy,
and thus leading to two completely independent segmentation problems without any mismatch penalty. The

following example uses the functional J5,. from Sec. 4.2.2.

Example 4.8 (A disturbing example). Let Q = (—1,1)2, and let W (A) = || A||% +det A" +det A=5 —2—2P/2
for A € R®*? with det A > 0, where the parameters and exponents are chosen to satisfy conditions1 to 6
on the hyperelastic energy density. Furthermore, define 9o, 91, Y0, Y1, U0, u1 : 2 = R, ¢ : Q — Q as ¢ = id,
u =u =1, Jo = yo = 0, and §1(x1,22) = y1(x1,x2) = sgn(xy). Then with respect to convergence in
(LY(Q))* x w—VViz’p(Q) we have

) 0,2D
(F - Ehi%jfdge> (Yo, y1, w0, w15 @] = Todae (Yo, Y1, w0, ur, @) for

jc(iich[y()a Y1, Uo, U1, ¢] = Slg\/A/IOS[y07 UO} + glg\JA/ES[ylaul] + W[¢] .

The above I'-convergence of J5,. to je%’:f is expected to hold generally in higher dimensions, but a
proof in the case of a non-smooth matching deformation ¢ is still pending. The underlying observation is
the following: Wherever the image ¢y exhibits an edge which ¢; does not have, the squeezing mechanism
from Figs.5 and 6 eliminates the mismatch penalty. Wherever ¢; has an edge but ¢y does not, the phase
field ug will develop a sequence of short ghost edge profiles which are separated by larger intermediate spaces
(Fig. 8). Since the ghost edge segments are short, they do not add much to the length penalization v£51[uo].
Furthermore, in the pullback ug o ¢ these segments are elongated so that they almost generate a continuous
ghost edge and the mismatch penalty gets small. If for ¢ — 0 the length of the ghost edge segments goes
to zero faster than the length of the intermediate spaces, then in the limit both £ F[ug,u1,¢] and vL3y[uo]
disappear. Also, the deformation ¢ only exhibits strong deformations and compressions in the immediate
proximity of the diffuse ghost edges so that the required additional deformation energy is small and vanishes
in the limit.

Remark 4.9. The decoupling of both segmentation problems does not only occur for the joint segmentation
and registration functional from Sec. 4.2.2. By a similar construction as in the proof of the above example
one observes that the mismatch term also vanishes in the limit for the functional from Sec. 4.2.3.
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4.2.5 Appropriate functional modifications

In summary, the introduced functionals for joint Ambrosio—Tortorelli edge segmentation and registration
exhibit the following deficiencies in the limit € — 0.

e Instead of penalizing the symmetric difference S, A¢~*(S,, ), the I-limit ignores all edges in ¢~ (S, )\
Sy, (Thms.4.3, 4.5, and 4.7). This is caused by the deformation ¢ squeezing the phase field profile of
ug such that in the limit, edges in ug o ¢ can become invisible.

e In 1D, the penalty weight a of the mismatch is strongly reduced and in fact can never exceed the
length parameter v (Thms. 4.5, 4.6, and 4.7). This effect is produced by spurious diffuse ghost edges
that occur in phase field ug in order to make ug o ¢ look more like u;.

e In higher dimensions, the mismatch penalty vanishes completely (Ex.4.8). Again, this is due to ghost
edges in ug o ¢, but the mechanism of their emergence differs from 1D: Diffuse ghost edges form from
small, very localized seeds in ug which are dilated by the deformation to fully developed diffuse edges
in ug o @.

Obviously, the reason why these functionals work satisfactorily in practice (as in Figs. 1 and 3) must be the
use of an ¢ away from zero. We now briefly discuss the phenomena, including suggestions for improvements
of the joint segmentation and registration functionals.

The second effect described above is what distinguishes joint edge segmentation and registration from
the consecutive approach (cf. Thms. 4.3 and 4.5). In fact, this property is not a deficiency of the Ambrosio—
Tortorelli phase field approximation, but already holds for the sharp interface energy. Indeed, the sharp
interface functional Jeqge is not well-posed for a > v, since then both ¥ and y; could develop a tiny edge in
all places where the respective other image has one, thereby making the fitting term Feqee vanish and only
adding the edge length weighted by v. The well-posed relaxation of that functional would have weight a
replaced by v. Effectively, this effect represents one of the strengths of joint segmentation and registration:
Edges which are too weak in one image can still be segmented based on the edge information in the other
image, which is made available by the registration. The weight v should be chosen so large that segmentation
of irrelevant edges is suppressed; this weight will then also be appropriate for the matching of the edges.

As for the first effect, the edge squeezing, an obvious remedy is to consider a more symmetric matching
term of the form £ (Flug, u1, ¢] + Flu1, uo, #~1]). However, this modification is most probably still too weak
to avoid the third above-listed mechanism that occurs in higher dimensions. To do away with both effects,
one can replace the deformation energy W[¢] by W[¢] + [, [D*¢|” dz. The I-limit would then naturally be
considered with respect to weak convergence of deformations in W2P?(Q). If p > d, any weakly converging
sequence of deformations ¢ with bounded energy would be uniformly bounded in C*(£2) so that a complete
squeezing of edges or a dilation of ghost edge segments can no longer occur and thus the I'-limit retains a
term penalizing the mismatch between the edge sets. Note though that the edge phase fields can still be
squeezed or dilated by a finite amount so that the weight of the mismatch term will depend on the elastic
energy density W and the limit deformation ¢. A few additional comments in this direction are provided
later in Sec. 5.6.

Finally, Remark 4.4 and Thm.4.6 already suggest an alternative remedy: One could increase the rate
at which the weight of the mismatch term tends to infinity as € — 0. For a sufficiently large rate, the
mismatch term would begin to cost too much for edges that occur in S, but not in S, despite oscillating
deformations as in Fig. 8. Therefore uy will develop a full ghost phase field, resulting in the mismatch penalty
VHIH((Sy,) \ Sy ). We may conjecture that for the functional jet(’fge from Sec.4.2.2 and for any dimension
d there exists indeed a t large enough such that

I~ lim Joe = Jogge  With
sﬁc’lge[yo,yhuo,ula ¢ = EXislyo, ol + Exisyr, ua] + v HTH (67 (Syo) \ Sya) U (6(Sy,) \ Syo)) + Wi
t,e

This would represent a satisfactory result since jedge approximates a functional that penalizes a bad registra-

tion via a mismatch of edges and at the same time reconstructs edges based on information from both input
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images. For practical purposes this would just imply that for a fixed chosen phase field parameter one would
have to choose a sufficiently large weight of the mismatch term. The analysis of this limit problem promises
to be much more involved than the 1D problems considered here. In particular, as yet it is unclear how to
treat the coupling of non-smooth deformations with curved edge phase fields, a problem to be examined in
future work.

5 Proofs

The following sections are devoted to the proofs of the I'-convergence results from the previous section.
Furthermore, in Sec. 5.6 we include a brief discussion on the influence of tangential deformations in edge-
based segmentation and registration in higher dimensions.

5.1 Proof of Thm.4.1

The treatment of all energy terms is standard except for the matching term F, whose sequential lower
semi-continuity represents the only technical difficulty and follows from the subsequent lemma.

Lemma 5.1. Let v/ — u in L'(Q) as j — oo, where u € BV(Q) is a function of bounded variation taking
only values —1 and 1. Further let ¢/ — ¢ in VVild’p(Q) as j — oo such that W[¢?] is uniformly bounded.
Then w/ o ¢? — uo ¢ in LY(Q).

Proof. Let O = {z € Q : u(z) = 1}. We show v/ o ¢/ — wo ¢ in L'(¢~(0)); the convergence in
LY (¢71(Q2\ O)) can be shown analogously.

First note that, due to the conditions on W in Sec. 2, W[¢] is bounded and the ¢ and ¢ are homeomor-
phisms with det D¢’, det D¢ > 0 almost everywhere. Furthermore, ¢/ — ¢ in C%%(Q) for any w < 1 — %

due to the compact embedding W1P(Q) c C%«(Q). Finally, by the calculation in Sec.2 we have
. N , . , 1 _ g _ s
1¢") " lSy1.a g0y = /Q I(D¢?) | det D¢’ da < o, WP+ Gl s (W@ + Cofal) =

so that any subsequence of (¢7)~! admits a weakly converging subsequence in W14(Q) and by compact
embedding a strongly converging subsequence in C%¥(Q) for any @ < 1 — %. The limit for any such
subsequence must necessarily be ¢! so that altogether (¢7)~! — ¢! in C%“(£2). Now for any measurable

set S C Q with Lebesgue measure vol(S) < 1 we have vol(¢~—1(S)) < CnT and vol(¢7(S)) < C’nlf% for
some constant C' and the exponents p, s from condition 5 on the energy density W. Indeed,

1
s 1+s T+s
f¢—1(5) dz = [§ qm D;O(zrl dz < (fgda)™s (fs (dct Dé)oqb*l) dx>
1 s

< y7s (f,(det D)= da) T < (W]g]) e

where we have exploited the bijectivity of ¢ : © — Q and the corresponding change of variables, the
boundedness of W[¢], and Hélder’s inequality. Likewise,

d
P

S5y dz = [gdet DpI da < d! [ | DR[| dw < d! (fgdw) * ([ Do |5 d) » < di(W[g])om' 5 .

Now, for any h > 0 we can find an open set Ej, C  with smooth boundary such that vol(E,AO) < h [1,
Thm. 3.42], [8, Prop. A.17]. Hence,

vol(¢ (6~ H(O))AO) < vol(¢/ (¢~ (OAER))) + vol(¢? (6~ (En))AEL) + vol (B, AO) — h=3) T 41
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for j — co.! By the arbitrariness of h, vol(¢’(¢~1(O))AO) — 0

Given 1 > 0, by Egorov’s theorem there is a set S,, with Lebesgue measure vol(S,) < n such that v/ — u
uniformly on ©\ S,,. Now choose k € N large enough so that for all j > k we have vol(¢? (¢~ 1(0))AO) < n
and w|p\s, > 1 —7n. Then

||U'] @) ¢j —UuUo ¢||L1(¢71(O)):.f¢—1(0) |'U,‘] o ¢)J — 1‘ dx:f¢J(¢_1(O)) |Uj — ].‘de
2 2
< f(9\s77 detDwno((zﬂ)*l dz + fs,, det Dgio(gi)—1 dz + f¢j(¢71(0))A0 det Dgio(Gd) 1 dz.
These three terms scale like a positive power of 77 and can thus be made arbitrarily small, which was to be
shown. O

The I'-convergence result now is straightforward.

Proof of Thm. 4.1. First note that for § € L>°(Q) the energy

11+ |1 u|7
W [ Bt =i+ e il

is (sequentially) continuous in R? x L1(£2). As a consequence, both terms of the above form may be neglected
during the following I'-convergence analysis.

For the limsup-inequality we require a recovery sequence. Assume ¢, Co,C;,C1, Up, U1, @ to be given
with J2,[(cy, o), (¢1,€1), w0, u1,¢] < oo. Let ug,uf : Q@ — [—1,1] with u§ — wg, u§ — uy in LY(Q)
be standard recovery sequences for the I-convergence of L5, [28], [8, proof of Thm.6.4], and define the
recovery sequences for ¢y, ¢p,c;,¢1,¢ to be the constant sequences. Then the convergence of all terms in
TEN(C5,T5), (c5,65), u§, us, ¢°] against the corresponding terms in J2[(cy, o), (¢;1,€1), uo, u1, @] is obvious
except for the matching term. However, [, [u§ o ¢® —uS|* dz — .0 [, |uo 0 ¢ — u1|?* dz follows immediately
by Lebesgue’s convergence theorem, since the phase fields are bounded between —1 and 1 and converge
pointwise.

Concernlng the lim 1nf—1nequahty, for given e; — 0 let (co,co7cl,cl7u0,u1, &) — (co, €0, €15 C1, Up, U1, D)
in R* x (L1(Q))? x w-W;P(Q). Since liminf;_, Lyjy[u 7> L[ua], i = 0,1, is a standard result and since
W is sequentially Weakly lower semi-continuous, it remains to prove the sequentlal lower semi-continuity of
the matching term. ,

We first extract a subsequence, still indexed by j, which realizes the liminf and for which u] — wu;
pointwise almost everywhere for ¢ = 0,1. We may assume |uj | <1 pointwise, since this makes the lim inf even
smaller. Also, it is sufficient to consider the case ug, u : 2 — { 1,1}, since otherwise lim inf; o, L3y [u!] =
co. Finally, we may assume lim;_, o, Jo4[(ch, @), (¢}, @), ud, ul, ¢7] < oo (0therw1se there is nothing to prove)
so that W[¢/] is uniformly bounded for j large enough. Lemma 5.1 now implies u} o ¢/ — ugo ¢ in L' (£2) so
that we have pointwise convergence for a subsequence and fQ |u€) ol — u{|2 dax — fQ |ug 0 ¢ —uy |? da follows
by Lebesgue’s convergence theorem. O

5.2 Proof of Thm.4.3

Unlike in the previous proof, the sequential lower semi-continuity of the ﬁttlng term no longer relies on the
convergence of compositions u o ¢’ as j — oo, since any deviation of the ) from 1 will not be visible in
the T-limit anyway. Thus, in essence we may assume uj, o ¢’ — 1. For the other sequence of phase fields
ujl we can derive that it must approach a perfect Ambrosio—Tortorelli profile, which then allows to estimate
E%_ fQ(u{) o¢? —u?)? dz: from below (Lemma 5.2; unlike in the usual lower estimate for the Ambrosio-Tortorelli

INote that ¢J o ¢~1 — id in some Hoélder space (cf. Sec.2), and thus the Hausdorff distance d; between the compact
sets Ej, and ¢ o ¢~ 1(E},) converges to zero. Then, however, due to ¢J o ¢~ (Ey) C ¢ 0o ¢~ (Ep) C Bua; (En) we have
vol(¢pd o™ (ER)AER) < vol(Bq; (En)\ Ep) < d; KkH?~1(OE},), where the constant k depends on the maximum mean curvature
of 8Eh.
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energy, we here perform a lower estimate only for a single-well type term under a constraint on the total
Ambrosio-Tortorelli energy). Also the recovery sequence is more complicated this time: Not only a squeezing
as in Fig.5 (a) has to be implemented, but it also has to be ensured that potential slight deviations of u},
from 1 are not magnified by ¢/ (Lemma5.5).

To simplify the notation, let an index to an energy (as in Wq[¢ fQ [Dg¢] dz) denote the corresponding
integration domain. We start with three technical lemmata before proving the I‘ convergence result. The
following lemma will be needed to prove the liminf-inequality. It basically states that for functions u :
[0,00) — R with u(0) = 0 and bounded Ambrosio—Tortorelli length energy £} 1[u], the energy |ju—1 ||2L2([0700))

is bounded below. Even more, as u approximates the optimal Ambrosio—Tortorelli profile (i.e. 2L4.[u] ~ 1),
the lower bound converges to 1.

Lemma 5.2. Let Q =1[0,T], 6, >0, I € [§,1], and define udSTl e Wh2(Q) to be the unique minimizer of
Flu) = [(u—1)*dz under the constraints u(0) < & and 2L} p[u] < 1+&. Then Fu®ST!] — § as 6, — 0,
T— 00, andl — 1.

Proof. The above optimization problem is strictly convex with a closed convex domain and thus indeed
admits a unique minimizer @ = u>$ 7. Its Lagrange functional is given by L[u, u, A\] = Flu] + p(u(0) — ) +
A2LLp[u] — 1 — &) with Lagrange multipliers p and A. Since Slater’s condition is fulfilled, there are fi, A > 0

such that 4, fi, A satisfy the corresponding Karush—-Kuhn-Tucker conditions. In particular, {0} = 9, L[d, f, /\]7
— Al A4l
X

since replacing @ by max{d, @} reduces Flu] as well as L[u], we know (0) = 5. Altogether,
Atl 5‘% [At+1 6‘&%1 A+l
u(x) = £ + = exp | — A$>+A6Xp( x)
( ) A+l l+exp(72 %T) ( A l+exp(2 %T) A

Plugging @ back into F yields a value which continuously depends on 4,71, and A and which satisfies

from which we obtain the ordinary differential equation 4" as well as 4/(T) = 0. Furthermore,

]t'[ﬁ] — %, / %_H for § — 0, T — oo, and | — 1. Furthermore, from 2£41[4] < 1+ £ we obtain the condition
that A — oo as 6, — 0, T — oo, and [ — 1 from which we finally deduce .7:"[12] — % O
The next lemma will be employed in the lim sup-inequality and gives a simple condition under which a
sequence u’ of phase fields with phase field parameters €; — 0 indeed approximates the optimal Ambrosio—
Tortorelli profile.
Lemma 5.3. Let T; > 0 and u; : [-Tj,T;] — [0,1) be given with T; — oo, u;(0) — 0, u;(Tj),u;(—T;) — 1,
and LkTy[_TwTj][uj] = %IT]T] [uj]* + (u; —1)*dz — 1 as j — oo. Then there are extensions u; of uj to R
such that i; —u — 0 in WH2(R), where u(z) = 1 — exp(—|z|) describes the optimal Ambrosio-Tortorelli
profile.

Proof. Define the extension of u; by
uj(x), lz| < T},

uj(z) = qu(r —Tj —log(l — u;(Ty))), z>Tj,
u(x —Tj +log(1 —u;(=1}))), = <-Tj

so that
1 2 ~ 2 _ . 1 Tj 112 i 2 . . . . —
lim o | |@}"+(4;—1)°de = lim uj|” 4 (u; = 1)7dz + (1 = u;(T))) + (1 —u;(=T3)) | = 1.
j*}OO R J—00 —Tj
Next, define
1—iy
vj=1-1= @, (0)
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so that v;(0) = 0 for all j and %||1_Uj||%/vlf2(R) = [1—a;(0)| 723 [ |@;*+(@;—1)* dz — 1. For a subsequence

we obtain 1 —v; = 1 —v in WH2(R) for some v € Wlic (R) with v(0) = 0 and 3|1 — v[|.. 2(r) < 1 by the
weak lower semi-continuity of the norm. However, 1 is the minimum value of the strictly convex optimization
problem
2
min 5 ||1 uHleZ(IR) 5

uw:R—R
u(0)=0

whose unique minimizer is 4. Hence we must have v = @ and therefore 11— ||, 2m) =1= limj o0 2|1 —
Uj||%V1,Q(R), which together with the weak convergence of 1 — v; yields 1 —v; — 1 — v in W52(RR). (This
holds for the complete sequence since otherwise there would be a subsequence with [[v; —u||y1.2() > d for a

d > 0and all j. Then we could repeat the above argument to obtain the contradiction ||v; — |y 1.2r) — 0.)
Altogether,

a; — allwizmy < a5 — villwiemy + vy — @llwizmy = |[u;(0)[11 = vjllwr2m) + lv; —vllwi2@m) — 0
for 7 — oo. O

Remark 5.4. Inspection of the above proof shows that instead of the interval [—T;,T;] we may just as
well consider unsymmetric intervals. Then the lemma can be applied in the following way: Assume we are
given a sequence u? € L'(Y) of Ambrosio—Tortorelli phase fields with phase field parameters €; — 0 which
approzimate an edge set S. That is (cf. [8, proof of Thm.8.1]),

1. w — 1in LY(Q),
2. for any x; € S there is a sequence xz — x; in Q with v’ (scf) — 0,
3. EEA]f’O[uj] — HY(SNO) for any compact O with ONS =int(0) N S.

Then, for any compact connected O with ONS = int(O) NS = {x;}, the function u; : x — uj (ejx + )
satisfies the conditions of Lemma 5.8 with {—Tj,T;} replaced by —(80 x ) Letting & = e;x+z! the lemma
thus implies

2

D)+ L (@) - ai

Joeslwy @) - La (T

i 2 ~ 2 ~
- /o—m-g' ’u;(x) — u'(m)| + (uj(x) — u(m)) dz < |lu; — U‘|W1,2(R)j;>00.

Finally, the third lemma helps to ensure the existence of a recovery sequence for the deformation ¢. This
recovery sequence has to be designed carefully so that the pullback u’ o ¢/ does not blow up spurious edges
in the phase fields u/.

Lemma 5.5. For given €; — 0 and bounded ¢ € WP ([0,1]) with W[¢] < oo, let vI € W2([¢(0), p(1)])
with % ff((ol)) (v1)2dz — 0. Then there exists a sequence ¢/ — ¢ in WHP([0,1]) with ¢7(0) = #(0) and
@7 (1) = ¢(1) such that W[¢p’] — WI[¢] and L fo (v o ¢?)?dx — 0.

Proof. Due to the conditions on the hyperelastic energy density W, ¢ is absolutely continuous and thus almost
everywhere differentiable, and ¢ is invertible with some absolutely continuous 1 = ¢~ : [¢(0), ¢(1)] — [0, 1].

For a positive sequence d; — 0, let E; = {2 € [¢(0), ¢(1)] : v’(2) > §;,/&;} and A; = {x € E; : ¢/(¢p(x)) <
1}. Then, if §; converges slowly enough,

Vol(Ej):Eijijsjdxgsijij (%) fd)(l) v)2der =0,
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and likewise vol(¢)(E;)) — 0. Let ¢; = Wm > 0 and define

x

1, J)EA]‘,

¥ = () for w3 (2) = 9(0)+ [ V@)t TE A,

9j(y) dy with g;(z) =
$(0)

The deformation ¢’ is well-defined since the absolutely continuous deformation 7 has positive derivative
almost everywhere. Then ¢/ (0) = ¢(0), ¢?(1) = ¢(1), as well as

1t 1 1 o 1 .
— [ (WWog?)?dx < 7/ (6;1/27)% da+— (v]o¢1)2dx§6§+—/ (v)?dx — 0.
i Jo €5 J[0,1\(¢9)~1(E;) €j J(pi)-1(EBy) i JE; Joo
Also,
) (1) 1 #(1) 1 .
Wil = [ () lalae — [ () s = Wil
$(0) 9i i=% Js(0) (4

where we have applied Lebesgue’s theorem since the integrand converges pointwise (due to the continuity of
W) and is bounded by a constant plus a factor times W (1/¢')[¢’|.? Finally, the ¢/ are uniformly bounded
with ¢/ — ¢ pointwise and

L 5(1)
| ioras= [
0 ¢(0)
#(1)

where the second term is bounded above by [ (0) ‘%

p—1

dz,

p—1

1

1/)/

9j

dxsmm/

[#(0),¢(1)\A;

p—1
dz = fol |Dg|P dx so that we obtain weak conver-

gence of a subsequence ¢’ — ¢ (and since we can extract such a sequence from any subsequence we obtain
weak convergence of the complete sequence). O

Now we are able to prove Thm.4.3. The underlying idea of how the phase fields and the deformation
behave locally is illustrated in Fig.5. Most work is caused by the separate treatment of the different cases
in Fig. 5 to construct a recovery sequence.

Proof of Thm. 4.3. For the liminf-inequality consider a sequence €; — 0 as well as a sequence ¢ —
in W5P(9). The lower semi-continuity liminf; ., W[#/] > W[g] follows from the assumptions on the
hyperelastic energy density W. We may assume liminf; . W[¢’] < oo (otherwise the lim inf-inequality
would be trivially fulfilled) so that W[¢] < co and ¢ is a homeomorphism.
Define
h = lim inf inf = (up o ¢/ —up)*dz.
J=00 (yo,u0)eEm (go) €5 Jo
(y1,u1) €M (§1)
Upon taking a subsequence (and after reindexing), we may assume that the liminf can be replaced by a lim.
Let (y],u]) € m% (g;), i = 0,1, be sequences of images and phase fields such that the inner infimum in the

K2

definition of h is realized up to 277 so that finally

1 - .

h = lim —/(u{)oqu —u})?dx.
J—00 Ej Q

By the I'-convergence and equi-mild coercivity of Eﬁir’sj (cf. [8, Def.1.19 to Thm.1.21]), we may (again

after extracting a subsequence without reindexing) assume (y7,u?) — (y;,1) in (L*(€2))? and pointwise a. e.
for ¢« = 0,1, where y; is a solution of the respective Mumford-Shah problem. Even more, inspecting the

2Note that ¢; < 1 and that s — W(%)s is non-negative and convex on (0,00) with minimum at s = 1. Thus, for ¢’ < 1

we have W(w,}r% N + ;] < max(W(%)W’LW(%)Q), and for ¢/ > 1 we may assume W (

constant times W (1/v’)|¢’| due to the growth conditions on W.

ﬁw]‘)'wl + ;4] less than some
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proof for I'-convergence of 5@;“5] (e.g. [8, Thm. 8.1]), we have EEA’T [ul] = HO(S,,) as j — oo, and for every
Tm € Sy, \ ¢ 1(Sy,) there exist a sequence 27, — x,,, and T < L where 7' is the minimum distance between
any two elements of S, U ¢~1(S,,), such that u}(x7,) — 0 and ess inf i (ut, — 7t 1) u}(z) — 1 (where

we have exploited the convergence ¢/ — ¢ in C°(Q)).
We now introduce the rescaled functions

@ (z) = uj (a7, +ej2),
@ (x) = up (¢ (xh,) + e52)
1 o
¥ (@) = —[¢' (@, +52) = ¢ (27,)]
€
T
so that liminf;_, % ;, Jf(uo o¢) —ul)?de = liminf; o [ (@) 0@’ —@))? dz > 1, where the inequality

follows by Lemma5.2. Hence,

€5

xin-&-T
petimnt Y L (w0 & —ud)? dr > HOS,, \ &1 (Sy0))

J—r00 Ei ), T
T €Sy \$~1(Syy) 7 UM

which concludes the lim inf-inequality.

For the recovery sequence, assume ¢ € Wig’p(Q) and £; — 0 to be given. Choose y; € m°(g;), i = 0,1,
such that the infimum in J°[¢] is realized up to § > 0. Then there are corresponding (y?,u)) € m® (§;) with
(yi,UZ) - (yi7 1) in (Ll(Q))Zv =01

Since the (yzn, ) are a converging sequence of minimizers of the I'-converging sequence of Ambrosio—
Tortorelli functlonals we have L3/ [ul] — HO(S,,), and for each z; € S,,, i = 0, 1, we know there is a sequence
x] — x; with u] ( ) — 0. Remark 5.4 then implies that the uj approximate the optimal Ambrosio—Tortorelli
proﬁle on any compact O C §) containing only one element of S, .

Let T be half the minimum distance between any two points in S, U ¢~1(S,,). We divide the domain
Q into four different types of regions: Intervals [z; — T, 21 + T] N Q with 1 € S, \ ¢ (S, ), intervals
[zo — T, w0 + T) N Q with 29 € ¢71(Sy,) \ Sy, intervals [z — T,z + T] N Q with x € ¢71(S,,) NSy, , and the
remainder (2, which itself is composed of a finite number of intervals. For each type of interval we locally
define a deformation ¢’ and show convergence ¢/ — ¢ and convergence of the deformation energy and the
mismatch term separately:

e For each interval [z;,z,] C © Remark 5.4 implies

L ;lr(u{ —1)2dx — 0 and fd)(xr) 2dz — 0.

£j (QC[)

Lemmab.5 then implies the existence of a sequence ¢’ : [z, x,] — [éd(x)), d(x,)] with ¢/ — ¢ and
Wia ] [¢7] — Wiz, «,][#] such that for j — oo,

\/é fflr(ugow —ul)2dz < \/E%_f;lr(uéow —1)2dz + \/é fiT(l —ul)2dz — 0.

e Onany [z; T, 21 +T] with z; € Sy, \ ¢~ (S,,) we analogously define ¢/ — ¢ in WP ([z1 =T, 21 +T])
with W[$1—T,$1+T] [QZ/)J} — W[xl—T,a,‘l-‘rT] [gf)] such that

\/6 x1+T u)odi — u12dx<\/ $1+T ul)opi —1) 2dx+\/ xﬁ_T 1—ul)2de - 0+1

for j — oo, where the convergence of the second term again follows from the convergence of uj1 against
the optimal profile around x; (Remark 5.4).
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e For each interval O = [xg — T, zo + T with zo € ¢~ 1(Sy,) \ Sy, we define ¢/ (z) = ¢(zo) + 5;’6 (x — o)
for |x — xo| < e, where 1 > a > g,78 >0 (here, again, r is the exponent from the growth conditions
on W). A slight modification of Lemma5.5 then implies that ¢’/ can be extended onto O; = [x¢ —
T,xo 4 T\ [0 — €5, 20 + £5] so that still ¢ — ¢ and Wo, [¢’] — Wol¢] (while Wizg—es wo-+29] [¢7] <

2e$(C1 + 025]_—7-6) — 0) as well as

\/é fo(uéoéf’j —ul)2dz < \/é fo(u6°¢j —1)2dz + \/é Jo(1 —ui)?dz

d(zo)+e; ™7 5 P ;
= \/sfl ¢($:)76;5,,3 (g — 1)2da + 2 [i, (o ¢l —1)2de + \/i Jo(1—uf)2dz —0.

e Finally, for each interval O = [z — T, 21 + T] with 71 € ¢~ (S,,) NSy, let ) — ¢(x1) and ] — 21 be
sequences such that u(27) — 0 and u? (1) — 0. We define ¢/ () = ¢(27) + & — a2, for |z — )| < £%,
where 1 > a > 0. As in the previous case we can extend ¢/ onto O; = [z — T, z0+T]\ [z}, —€3, ) +€¢]
so that ¢/ — ¢ and Wop[¢?] — Wo[¢] and

x4
1 Jog e L7 5 i 1 G 02
— [ (wpo¢’ —uy)*dz=— [ (ugo¢’ —wup)*de+ — [ (upo¢’ —uy) dz,
& Jo € Jaj—es i Jo,

where the first term converges to zero since u))(¢(z?) + x — 2})) and u! (z) approach the same profile
(Remark 5.4), and the second term can be shown to converge to zero as done before on the intervals
in Q.

Altogether we obtain

limsup 7% [¢7] < limsup WG] + / (uho 7 —ui)® dw = W]+ H' ™ (Sy, \ 67 (8y)) < T°[] + 6,
Q

Jj—o0 Jj—o0 7

which by the arbitrariness of é concludes the proof. O

5.3 Proof of Thm.4.5

The lim inf inequality is more or less standard except for the mismatch term F and the Ambrosio—Tortorelli
length terms £51 in the vicinity of ¢(S,,) \ Sy, as in Fig. 6 (c). Here, the mismatch term has to be viewed
as a modification of the potential in £, which results in a different lower bound than for £3 alone. This
lower bound can be obtained quite explicitly by globally minimizing the modified Ambrosio—Tortorelli length
terms for the optimal profile (Lemmas 5.6 and 5.7).

As opposed to the previous section, the recovery sequence this time also has to provide the phase fields.
Again, while the phase field sequences u), u] are the standard Ambrosio-Tortorelli recovery sequences for
the cases in Fig. 6 (a),(b), both u% and uj1 are non-standard for the situation in Fig. 6 (c). In that latter case
they can be explicitly characterized as the above-mentioned optimal profiles. The recovery sequence for the
deformations is essentially the same as in the previous section, only it can now easily be made very explicit
since this time we are given the exact profiles of the phase fields to be matched. Therefore we do not need
to refer to Lemma 5.5 here.

First, we consider the function Z%!. Its well-definedness and its properties follow from the next two
lemmata.

Lemma 5.6. Let 1 > 1>k > 0 and define

Vel ={ue Wh2((0,00)) : u(0) =k, < esssup,>qu(z)}.
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For u € Y™ we introduce the abbreviation !, = min{z > 0 : u(x) =1} if I € u((0,00)) and 2!, = oo else

(note that point values of u are well-defined due to the embedding W12((0,00)) < C°([0,00))). Then for
a > 0 the variational problem

1

min U], U“’l’a[u]:/ VR 4 (1= u)? + 2a(l — u)?da,
ueYyY 0

admits minimizers. All minimizers u have the same x', and coincide on [0,z!] with a strictly increasing,
concave, and smooth function w. Finally, USb%[u] = UL for U1 = 2 fé V(1 =2)2+2a(l — 2)2d=.

Proof. To compute a lower bound on U*% consider an arbitrary function v € Y*!. We may assume u to
be strictly increasing on (0,z!,) since otherwise there would be 0 < z; < zo < !, with u(z1) = u(z2) so
that we could replace u on [z1,00) by & + u(z — o1 + x2), thereby reducing U""%. By the continuity and
monotonicity of u : (0,z!) — (k,1), u is invertible so that the change of variables z = u(z) yields

! 1—2)242a(l—2)? ! _
U’“’l@[u]:/u’ou_l(z)—&-( 2)"+2a(l—z) dz>2(v/(1—2)2+2a(l—2)2dz = U™He

A woul(z)

where equality holds if and only if v/ ou™1(z) = \/(1 — 2)2 + 2a(l — 2)? almost everywhere on (k, ), which is
equivalent to u’ = /(1 — u)? + 2a(l — u)2. Since the right hand side of this ordinary differential equation is
Lipschitz continuous, there is a unique solution @ to it. This u is obviously strictly increasing and concave. [J

l
By a change of variables we obtain zf, = [ dz = fé V(I —u)?+2a(l — u)? ! du, which smoothly
depends on &, I, and a. Likewise, U"be depends smoothly on , [, and a with U0 = 2(1 — k) — (I? — k2)
and U™b? ~ /2a(l — k)? as a — co.

Lemma 5.7. Given 0 < k < X\ <1, the variational problem

A
min_ VeMefl],  veAel) = Ube 4 4/ 1—zdz—1
l€[r,A] 1

has a unique solution | € [k, \], which depends continuously on k, \, and a. The minimum value Z**(a) is
also continuous in k, A\, and a.

Proof. The derivative of U"!? with respect to [ is given by

l p—
QU™ =2 20 + 2/ 2a(l — 2) dz,
k V(1= 2)2+2a(l — 2)2

where the integrand is increasing in [ and thus the second derivative must be greater than —2. Since the

second derivative of 4 fl)‘ 1 — zdz is 4, the functional V™ is strictly convex so that a unique minimum [ is
attained on the compact interval [k, A].

To show that I depends continuously on &, A, and a, note that the first derivative of V**[I] with respect
to [ is smooth in s, A, and a. If this derivative is zero at [, then by the implicit function theorem, [ is locally
a smooth function of x, A, and a. Else, if | = x (meaning 9;V**2[l] > 0 on [k, \]), then a small perturbation
of k, A, or a will preserve the positivity of 9;V"**?[l] and thus | = x. Continuity of [ at [ = X is shown
analogously.

The continuity of Z"*(a) follows from the continuity of V**@[]] in %, A, a, and [ combined with the
continuity of [ in x, ), and a. O

For a = 0, it is easy to validate [ = X and Z®*(0) = 2(X — k) — (A — k?) — 1, while for a — oo a simple
calculation shows | = x with Z"*(c0) = 4(\ — k) — 2(\2 — k2) — 1. To obtain the derivative (Z%1)’(0), note

0,1/ _ 0,1,a[7] 0,l,arfia 7 _ U (I—2)? 7 7 2a(l—z) =
(Z%H)(a) = 0,V [+ oV [[]0al = 2f0 T dz + <21 2+ 2f0 T dz> Ol ,
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which for @ = 0 and thus [ = 1 becomes 1. The function is displayed in Fig.7. We now successively prove
the liminf- and the lim sup-inequality from Thm.4.5.

Proof of Thm. 4.5, lim inf-inequality. The fidelity terms fQ(yl — §;)? dx just represent continuous perturba-
tions of the functional and can thus be neglected.

Let €; — 0 be given and consider a sequence (yj,y1,ud, u), $’) which converges against (yo, y1, o, u1, )
in (LY(Q))*x w—VVii{p (©). Asusual, we may extract a subsequence, still indexed by j, so that this convergence
is also pointwise a.e. and the energy converges against the liminf, where this limit may be assumed finite
(there is nothing to prove otherwise). Furthermore, as before we may assume 0 < uo,uj1 < 1 pointwise,
since this reduces the liminf even further. By the conditions on W we have liminf; . W[¢/] > W][g],
and liminf;_, [, (u] |Vyz |?dz > fQ\S |Vy;|? dz follows by the standard argument for the Ambrosio—

Tortorelli segmentatlon Furthermore, by the properties of W, ¢ is a homeomorphism. It remains to
examine the behavior of the length regularization and the matching term.

Due to the finiteness of S, and S, there exists n > 0 such that the open n-neighborhood V;, = B, (S, \
d7H(Sy,)) satisfies ¢(Vy)) N By (Sy,) = 0 (note that ¢~1(S,,) is compact due to the continuity of ¢). Again
letting an index to an energy functional denote the integration domain, by the standard Ambrosio—Tortorelli
argument we have

hjn_l)g)lf —]-"Q\Vn [, ul, &) + vLL NGV, )[uo] +vL v, A

> 0+ vH"(Sy, N (2N 6(V))) +vH(Sy, N (Q\ Vi),

so it suffices to consider the remainder,

. . . . a . . . e . €. .
E7 [u{)’ ujlﬁ d)]] = ;]:Vn [ué, ujlv ¢j] + V[’AJT,qs(Vy,)[U’g)] + V‘CAJT,Vn [ujl} :
J

For simplicity, let us assume that V,,NS,, only contains one single element z. (otherwise split V,, into several
intervals and apply the following argument to all of them). As in the standard proof for the I'-convergence
of the Ambrosio-Tortorelli energy [8, Thm.8.1], we know there are sequences z; < x/ < zJ in V, with
z),xd, xd — z. and ) (x]),u](zd) — 1, uj(27) — 0. Likewise we know u} — 1 almost everywhere so that
there are x;,z, € ¢(V,)) with z; < ¢(z.) < z, and w)(z;),w)(z,) — 1. Denote the essential infimum of u})
on (z;,x,) by 17 € [0,1]. Obviously,
[U1] +vLY

B lug, w1, @1 2 £ Jy, gy <oy IV — P dz + VL g, 4[] + VLY AT Yy 10y ]

sz[uo,ul,ng].

ATV, N{ui <19}

We may assume u]l (x7) to be the minimum of ] on V,, and that 1Y > ] (x]) since otherwise we could replace

ul) by max{u),ul(7)} so that R [uo, ), ) becomes even smaller. For a similar reason we may assume u;
to be monotonic left and right of z, and I < u(x]),u] (xJ) Using the well-known fact % f@ 2 e|Vul? +

1(1—u)?ds > | f '[ud), u?, $7] are bounded below by

o flmln{uo(ml uo(xr)} 1—2dz +2v fll;mn{ui(xf)yui(wi)} 1—2dz.

Furthermore, upon rescaling z = = and setting v;(2) = u; Hejz —ad), [z,7] = ( Vi — —) {v1 <17}, the
J

first and third term in R’[u?, ), ¢7] become

%f;?%ﬂj — 1?4+ Vo > + (1 —v1)?dz = %f;Q%W — 1?4+ Vo > + (1 —v1)%dz

v (T oal7j 15 a (17
+ 5 [y 22| — P4 Vo2 + (1 —v1)?dz > 20 fu{(wg) VA =22 +22( —2)%dz,
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where the inequality follows from Lemma5.6. Altogether, abbreviating M = min{u] (), u] (1), u})(x;), u)(x,)}
and k/ = u](x]) we obtain

Bifuh,u], ¢7) > 20 [5 /T =22 T 250 — 2)2de + v [ 1 - 2dz > 028 (2) 4 v,
where Z%' ¥ is defined in Lemma5.7. By Z”j’/\j(l‘f) Z%1(2) for j — oo, we obtain

liminf;_ . £’ [uo,ul,(bj] >vZ% (%) +v
= VZO’l(%)HO((b(Sm) \Syo) + VHO(Syo ﬂ ¢(V77)) + VHO(Syl ﬂ Vn) )

which concludes the proof. O

Proof of Thm. 4.5, lim sup-inequality. As before, the fidelity terms can be neglected. Let ¢; — 0 and
(40, Y1, w0, u1, 9) € (L'(Q2))* x w—WHP(Q) be given with finite energy J2,,, i. e. we can assume ug, uy = 1 al-
most everywhere, 39,71 € pw—W12(Q) with Syo, Sy, finite and ¢ : Q — € a homeomorphism. Hence there is
n > 0 such that for each z € S, U¢p™(S,,) we have V, = [z —n,z+n] C Qand V,N(S,, Ud~(S,,)) = {z}.
Without loss of generality assume V = Uxesyluwl(syo) V, = Vo = [-n,n] and ¢~1(0) = 0 (else apply an
analogous construction as the following on each single connected component V,, of V). Again, the same four
cases as in the previous section have to be considered.

e Outside V we define the recovery sequence for (y1, u1, ¢) to be given by the constant Sequence Likewise
outside the ¢(V), we take the constant sequence for (yo,uo). Then abbreviating E5r[y,u] = [( u? +
ke)|Vy|? + vLSr[u] we trivially have

llyrlsup SZJT’Q\QS(V) (Y3, wd] + 5ZJT’Q\V[y{7 wl]] + ;fg\v[u{)’ uy, @] + Waorv [¢]
j—roo j

< fQ\¢(V) |Vy0|2 dz + fQ\V |Vy1|2 dz + WQ\V[¢] .

It remains to find a recovery sequence (yl,ul,W) on V, and (yo,uo) on ¢(V,) for each z € S, Up~1(S,,),
which is consistent with the function values on Q\ V and Q \ ¢(V), respectively, and which satisfies

limsup €y o v, [V, o] + Exir,v, w1, u] + —Fv.[ug, ut, ¢7] + W, [¢]
j—oo J

f¢(Vm\{m}) |Vyol? dz + fVm\{m} |Vyi|? dz + 2v, if v € ¢d71(Sy) NSy,

< WVI [¢] + f¢ Vo\{z}) |Vy0|2da: + fv |Vy1‘2d$ +v, ifre ¢_1(Syo) \ Syu

f¢> |Vy0| do+ [, \{x}|Vy1| do+v+vZ%1(2), ifz eS8y \ o1 (Sy,).

e Consider the case 0 € ¢71(S,,) N'S,,. It is well-known that for any § > 0 there is a T > 0 and a
u € WH2((0,T)) with u(0) = 0 and u(T') = 1 such that fOT [P+ (1—u)?dz < 1+6. Lety>1>a >0

and define
0, lz| <],
ué(z):u{(z): U (@) , 8]7 <l|z| <e&T+ 6’],
1, e;T +¢] < |zf,
x, |z <ef,
& (2)= 1 sen(@)es + [0(x) —d(sgn(2)e)| et oo < fo] <,
P(x), n < l|z|.
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Figure 9: The deformations (dashed arrows) and phase fields for the cases 0 € ¢7(S,,) \ Sy, and 0 €
Syl \¢_1(Sy0)'

For yf we take the original image y;, just smoothed out within [—5], E;Y] It is well-known that for this

recovery sequence,
limsup £ v W0 4] + Exr vy [y, wd] < l Vyol? da + [ V| de + 2v(1 +6),
jroo (Vo\{0}) 2\ {0)

and by the arbitrariness of § we obtain the desired limit. It remains to show the convergence of the
matching and the deformation energy. We have

5 . o .
2 (uhod! —ui)dw = i/ (w0 ¢’ —uf)?dz+ = (o ¢/ —uf)?d,
& Jvo €j J—eg €5 JVo\[—eg,e9]

where the first term is zero and the integrand of the second term becomes (1 — 1)? = 0 for j large
enough (since then ¢ > ¢,T'). Also, ¢ — ¢ in WHP(V;) and

sgn(zx)n) — sgn(z)e¢
¢(sgn(z)n) g()JQDqzs A
o(sgn(z)n) — d(sgn(x)ef)
of which the first term is zero and the second one converges to Wy, [¢] since its integrand converges

pointwise to W (D¢) (due to the continuity of ¢ and of W) and is bounded by some constant plus a
multiple of W(D¢) (due to the growth condition on W) so that Lebesgue’s theorem can be applied.

Wiy [7] = 2:0T(1) + /

Vo\[—e2,¢9]

e In the case 0 € ¢~ 1(S,,) \ S,, we take u? and y as before, but v} = 1 and y] = y;. Furthermore,
define (see Fig. 9 left)

a—:;Bx, |z| < ef,
j a— oy S(sgn(@)n)—sgn(z)e P a
@’ (x) = Sgn(l‘)é‘j g + [Cb(x) - (b(Sgn(x)Ej )] ¢(sggn(z)g),¢g(sgn(;gs?) y €5 < |$| <n,
o(z), n<|zl,

for some 8 with 1 > a > 3,78 > 0 (where r is the exponent from the growth condition on W). Here
again, the correct convergence of the Ambrosio—Tortorelli energy terms is standard, and it remains to
show the convergence of the matching and the deformation energy. We have

a . . . a E‘; . . a . .

L o —ulydr=2 7 whod —1)%de+ L (w0 ¢/ —1)2da,
€5 Jvo €j Jeo €j JVo\[-e5 5]

where for j large enough, the integrand of the second term becomes (1 — 1)? = 0 and the first term
becomes (after the change of variables z — 5}5 x)

EJ'TJrE;f . T
ag@*l/ (uh —1)?dz = 2a7 771 + asf2/ (u—1)2dz < 2a(1+6+€]7") — 0.

J .
7E]‘T7€;{ 0 )0
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Also,

R olsenlay) —smle)eg N
Wr, [¢7] = 25 W (e;7) + /Vo\[—ej“,s;*] W (qb(sgn(:r)n) d(sgn(z )5?)D¢> ‘

of which the second term converges to Wiy, [¢] as before, and the first term is bounded by 2¢$ (Cy (26]-_”3 +

5;5) + C3), which converges to zero due to o > rf3.

e Finally, if 0 € Sy, \ ¢ (S, ), let [ be the unique minimizer from Lemma5.7 for K =0, A = 1, and @
the unique minimizer of U%%® from Lemma5.6. We take 7 such that 1 < v < 1+ % and define (see
Fig. 9 right)

0, lz] <€,
xr 757 —
a (o), 0< |z -] <5 '(0),
ujl(x) = migy _ _ ~ ~
w(C2E —a ) uTt @), 0 o] -] - gu (D) < (T - ui (D),
1, else,
4 I lz| < &)
J _ ) 7 )
up(z) = j 17
{U{(|=’C| +ejut(l), |zl =€),
et 1T
W.ﬂ, |$|<5;+€JU 1(l>,
5 ( r¥eut(l), E;Jrsjﬁ*l(l_) <tz <ef,
xTr) = «@ a =—1/7
— 17 [P(@)=B(EePDN[S(EM) F(eF +e;a ()]
ege i ("~ S SEw s,

¢(), n<lz|.

Furthermore, y{ is defined as in the case 0 € ¢~ (S,,) NSy, , and for yg we take the constant sequence
yo. The convergence of fj((j;) (ud)?|Vyd |2 da + fjn (u))?|Vyl |2 dz against the correct limit follows by
Lebesgue’s theorem. The matching and length regularization terms can then be written as

€ Tteju

= fn lud o ¢ — w2 da = “f . l)|l7u1|2dx

1
€] +at

— % @ 2 RV
Jo’ 1= wi(ejo)’de — 2a [ |~ af*dx,
J—00

v [P i 1
S eI vupr + (1 - uﬂ)2dz
=vel M1 -D2+v [) 1l)|u’|2+(l—u)dev—>2yfl—11—zdz+0(5),
Jj—o0
%fjnﬁqu{\Q+$(1—U{)2dx=%} +off DR 41— )2 da

v [ WP+ —u)2dxj>yf0“ D@24 (1 —a)?de+2v [ 1 - 2dz + 0(0).
J oo

Hence, up to O(§), the sum of the three terms converges to vZ% 1( ) + v by Lemmab5.7, and by the
arbitrariness of § we obtain the desired convergence. Concerning the deformation energy,

Wiol#'] = 2] + 2,07 OIW () + 205 — &) — ;a7 D)W (D)
psgn(z)m) —sgn(e) (5 +e;3 (D)
+fvo\[—s;ae;*1w( S(an(@)n)—B(sen(@)eT) D¢) da

where the first two terms converge to zero (due to the bound on W and v < 1+ %) and the last one
converges to Wy, [¢] as before.
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Remark 5.8. Instead of requiring the upper bound W(A) < Ci(||A||" + det A” + det A~") 4+ Cs, one can
prove the result also for a more general (poly-)convex bound W(A) < I'(det A) + F(||A||) by adapting the
scales [—e®, %] within which the deformation is changed.

5.4 Proof of Thm. 4.6

Due to the arguments from the previous sections, it seems reasonable to increase the rate at which the weight
of the fitting term tends to infinity as ¢ — 0. If this rate is large enough, the matching deformation can
no longer squeeze the phase field ug to make the mismatch energy vanish. In the limit this would forbid
any mismatch between ug o ¢ and u; so that both develop full ghost phase fields and thus encode the same
edges. Thm. 4.6 provides information on the needed rate of increase. Since the proof employs exactly the
same techniques as in the previous sections, we only provide its outline, pointing out and explaining the
small differences to the previous section along the way.

Outline of proof for Thm. 4.6. For the liminf-inequality, as usual let €; — 0 and (yé,y%ug),u{,d)j) —
(Y0, Y1, u0,u1, ) be given with the same properties as in the proof of Thm.4.5. For ¢ € (1, =) the proof
of Thm. 4.5 can be copied, hence we only consider the case t € (p’%l, oo) for which all arguments can be
repeated except for the lim inf-inequality of

EJ [uév ujlv ¢J} = ?fUT, [Ug), ujl’ ¢]} + V‘CEA]T’¢(UH)[U’.(])] + V’C’ZJT,UT, [ujl] 9
J

where U,, = B,(¢1(Sy,) \ Sy, ) and 7 is small enough so that U, contains no element of S,,. For simplicity
we may assume U, to be a single interval with just one single element ¢~ (z.) € ¢~ *(Sy,) (otherwise split
U, into several intervals and consider each separately).

We now intend to show inf,ep, ul () —j—o00 0. Together with u) — 1 almost everywhere this implies

via the standard Ambrosio—Tortorelli argument that EifT,Un [u]l] converges against something greater than

or equal to 1. Since the same holds for £5A”'T s(U )[u%], this is the required lim inf-inequality. We proceed in
s n

steps. ‘ -

1. For a contradiction, assume inf,cp, u} (z) to be uniformly bounded below by [ > 0.

2. From the standard Ambrosio-Tortorelli argument we know u?(x7) — 0 for a sequence 24 — z, in o(Uy).
We now show u, < @} for all j with

if(x) = min{1, uj(zl) + C/|z — xt|/e;}
for some C' > 0. Indeed, for any § > 0 we have

S 2 t,e; e : ; F . =~ 52
vol({I(ug)'| > §3) < 25 Tudgelbi6: v utyy ud, 7] < C'

— vegy

for some C' > 0. Thus, u,(z) = ul (z7) + ffjc(u%)’(a:) dz < ul(xd) + f‘m_mi‘

0 C/(gj2) dz, which implies the

desired statement. 4 N ‘
3. Likewise, |¢/ (x) — x2| < |¢? (z) — 22| with

& () = ol + Csgn(z — (&) (@) — (&) @)
for some C' > 0. Indeed, for any § > 0 small enough we have

vol({|(¢7)'| > $3) < 6" C Ty [, i, wdy, ul, @) < CoP

for some C, C > 0 so that the claim follows by the same argument as above.
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4. We now show that the matchlng term in EJ is decreased if on I = (@) =1([0,1]) we replace u? by @l and
on (¢7)~1(I7) we replace ¢/ and u] by ¢’ and @] = [. This indeed follows from

uhod! <uod <ulod’ <ul <ul

on (¢7)~1(I7), where the second inequality results from the monotonicity of @), on either side of z7.

5. Finally, although the value of the matching term has been decrease'd7 it still diverges to oo as 7 — o0,
contradicting the assumption of a uniformly bounded Jhe edge [yo7 v, up, ul, ¢’] and thus concluding the proof.
Indeed,

E%, fUn(ué © ¢j - uj1)2 dz Z f((bg) 1([;)(“0 O(b - u1)2 dz

N

2

(5
> 22y

)

p—1 2
2¢ ~ 11 - s\ _P 2 —4p-2 B¢
) (0V/Ea3re; =1) o= 20(C20)1 Gl T HR T o,

J—00

Concerning the lim sup-inequality, for ¢ > p% the proof proceeds exactly as in Thm. 4.5, only that in the
four different cases we this time take exactly the same recovery sequence, namely the one which originally
belonged to points in ¢~(Sy,) NS,,. For t < -5 we proceed as in Thm. 4.5 with only two differences:
First, the recovery sequence around points in Sy, \ ¢ 1( Sy, ) is taken to be the same as around points in
qb’l(Syo) NSy, . Second, the recovery sequence around points in ¢~ 1(8y,) \ Sy, is a little bit more elaborate.
yo,yl,uo,iﬂ1 are chosen as in Thm. 4.5, but ¢/ on the interval [—e e}, €5] shall be given by ¢’ (x) = a® for
~+. The desired convergence of all terms can then readily be shown, in particular the

1
mismatch term behaves for large j like e — ;0 0. O
J

5.5 Proof of Thm.4.7

In contrast to the previous models, this model does not contain a phase field matching term and thus does
not exhibit an alteration of the phase field profile by the deformation. As a result, the I'-convergence proof is
much simpler and does not require any essentially new ideas. Indeed, both the lim inf- and lim sup-inequality
are just slight adaptations of the standard argument for the Ambrosio—Tortorelli functional in [8, Thm. 8.1].

Proof of Thm. 4.7. As in the earlier proofs, for the liminf-inequality the fidelity terms fQ yi — 9;)%dw
may be neglected as continuous perturbations, and we may restrict ourselves to sequences £; — 0 and
(yo, vy, ud, gbj) (Y0, Y1, U0, ) in (L1(Q))? x w— I/Vld’p(ﬂ) such that v, Y1, ud, ¢ also converge pointwise and
satisfy 0 < ué < 1 and that the limit lim;_, jcdgc[yd,yl, uo, ¢7] exists and is finite so that up = 1 a.e. and
the ¢7 as well as ¢ are homeomorphisms.

By the conditions on W we have liminf; . W[¢?] > W[@#]. For the remaining terms we follow the
standard argument for the Ambrosio—Tortorelli segmentation [8, Thm.8.1]: We may assume the existence
of a finite set S C  such that on every open I CC 2\ S we have % <u) < % for j large enough, which
implies 7 — yo in WH2(I) and y] — y; in W2(¢~(I)) (where we have used the convergence ¢/ — ¢ in
C%(Q) due to Holder embedding). Since I is arbitrary and ¢ is homeomorphic, we obtain ¢(S,,) US,, C S
and by the standard argument

liminfj oo fo((u)? + ke, )IVYR|* dz + a fo ((ug 0 7)? + ke,)|Vyi]? da
> Javs IVool? dz +a fo o1y [VinP do = Joi s, Vool dz +a fo 5, [Vinl*da.
Furthermore, the standard argument also implies that inf?ﬂeU u{)(x) tends to zero for any neighborhood U of

any point x € S, which in turn implies liminf;_, o £3p[ug] > HI7H(S,, U #(S,,)). This completes the proof
of the lim inf-inequality.
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For the recovery sequence, as in the proof of Thm.4.5 it suffices to consider the case Q = (—n,n) for
some 1 > 0 and Sy, U (S, ) = {0} (where additionally we have to ensure that the elements y7, vy}, u), ¢’ of
the recovery sequence are compatible with yo, y1,uo, ¢ at {—n,n}).

We may assume ug = 1, since otherwise there is nothing to prove. Let &, = o(e) such that also ¢(¢~1(0)+
&) — o(¢p71(0) — &) = o(g). As in the proof of Thm. 4.5 we use that for any § > 0 there is a T > 0 and a

u € WH2((0,7)) with w(0) = 0 and u(T') = 1 such that fOT [u/|? + (1 —u)?de < 1+ 6. We define

07 ":E| < §€j I
@) = Qu(TE) | g, <l <o T+E,
1, e T+ &, <|x|.

Furthermore, we choose ¢/ = ¢ and yf to equal y;, i = 0, 1, except on [—§,,, &, ], where yq is smoothed, and
on [¢71(0) — &,,¢71(0) + &,], where y; is smoothed. For this sequence, it is well-known that

lim; o0 j;fge[yé,y{, ué, ] < a [ |lyo — Gol* dz + fQ\Syo |Vyol? do + v(1 + 0)
+ o folyr = 1P do+a fo 5, [Vynl? de+ W]

which by the arbitrariness of § concludes the proof. O

5.6 The higher-dimensional case and why tangential displacements matter

In higher dimensions, the situation for joint edge segmentation and registration becomes more complicated
than in 1D, which is associated with the possibility of tangential deformations along the image edges. For
illustration, consider the functional edge from Thm.4.5. Again, in the I'-limit we expect only to see a
contribution to the mismatch energy from the edges S,, \ ¢~!(S,,) since the phase fields belonging to edges
¢ 1(Sy,) \ Sy, will be compressed in normal direction so that they vanish in the limit (cf. the proof of
Thm.4.5). As in 1D, the weight of the asymmetric mismatch in the limit will be smaller than a due to the
appearance of ghost edges in the phase field function ug at places where the phase field u; encodes an edge.
These ghost edges reduce the mismatch energy, but at the same time they contribute to the total energy
with additional length energy vL5[ug]. Balancing both contributions results in optimal ghost field profiles
and in 1D produces the mismatch weight VZO’l(%). In higher dimensions, the mismatch weight should not
only depend on v and a, but also on the deformation tangential to the edges: If the edges Sy, \ ¢~ (Sy,)
are shortened by the deformation ¢, then the length energy vL5r[uo] plays a smaller role than if the edges
are elongated so that the optimal balance between length and mismatch energy (and thus the optimal ghost
edge profile) should depend on the local edge length change, [cof(D¢)ns, | (where ns, is the normal to the
image edges Sy, ). In more detail, if the ghost edges along ¢(S,,) \ Sy, are very long, then they will be not
very pronounced so as to keep vL5[ug] small, whereas if the ghost edges are very short so that vL5[uo] is
small anyway, then they will be very pronounced so as to make the mismatch £ F[ug, u1, ] small.

Recalling the proofs of Thm. 4.5 and the associated Lemmab5.7, the ghost edge length energy L£5r[uo]
corresponds to half of the second term in the definition of V***4[I] in Lemma5.7. Hence, one might expect
the weight of the mismatch penalty in the limit to be given locally by a function of the form

1
vZ% (2, |cof (Do)ns,, |) = zH[lérh vO%Y 1] + v(2 + 2|cof (D)ns,, |) / 1—z2dz—1.
€0, l

Z%1(a,b) is obviously monotonically increasing in a and b with Z%1(0,b) = 0, lim,_ e Z%(a,b) = b,
Z%(a,0) =0, Z%(a,1) = Z%(a), and lim;_, o, Z%'(a,b) = a as well as %Zo’l(a, b)|la=o = 1 (which can be
computed just as in Sec.5.3). The expected mismatch term in the I'-limit would then be given by a term
like

/ vZ% (2, |cof (Do)ns, |) dH .
‘Syl \¢71 (Syo)
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Figure 10: Sketch of a deformation from the recovery sequence. The set S/ consists of the bold lines. The
deformation is visualized by the transformation of the dotted horizontal lines between the left and right
graph.

However, since Z%1(a, b) is concave in b, this term is not weakly lower semi-continuous in ¢ € W?(Q) (and
therefore cannot be the I'-limit), and we thus expect oscillations of the deformation tangentially to the edges.
Indeed, this behavior is observed in the proof of Example 4.8 below.

Note that by modifying the functional and increasing the rate at which the weight of the mismatch
term tends to infinity as € — 0, the mismatch term would at some point begin to cost too much even with
oscillating deformations so that ug would develop a full ghost phase field, resulting in the mismatch penalty
vH(p(Sy, )\ Sy, )- This is consistent with the observation that lim, . Z%(a, -) is convex so that the weak
lower semi-continuity of [g \,-1(s, V2" (00, [cof (Dg)ns,, |) dHIL = vHIT(P(Sy,) \ Sy,) is satisfied.

If instead the deformation energy W[¢| would be made to depend also on the Hessian or higher derivatives
of ¢, the T-limit would be considered using some weak W™P()-topology, and for sufficiently large p and
n one would obtain strong convergence in the dilation factor cof D¢ so that the above-mentioned oscillation
of tangential deformations is prohibited (n = 3 suffices to obtain strong convergence of the trace of cofD¢
on the edge set S,, \ ¢~ (Sy,); possibly even n = 2 is sufficient to prevent oscillations). The concavity of
Z%(a,-) then no longer poses a problem to the functional’s lower semi-continuity, and one can expect the
above-proposed mismatch term to appear in the limit.

Proof of Example 4.8. The lim inf-inequality is trivial due to the weak lower semi-continuity of W and the
classical result by Ambrosio and Tortorelli (note that the matching term is simply disregarded for the lim inf-
inequality).

max{p,r,s}
°7 14+max{p,r,s}
1>6>(1- %)ﬁ and 6+1—-8 <~ <6+ —>—. For y) and y] we choose the constant sequence.

max{prs]

Furthermore, denoting the optimal Ambrosio—Tortorelli profile by u(t) = 1 — exp(—|t|), we define

For a recovery sequence (given a sequence ¢; — 0), choose < pf < a <1 as well as

uy (w1, 22) = ulz1|/e;) -

Now let us define the set S/ as shown in Fig.10. It is the union of 6}’ long segments on the x,-axis with
distance 635- to each other. We define

up(z) = u(ds (z) /¢;),

where dg; denotes the distance function to S7. Clearly, ué and uj1 converge to 1 = ug = u; in L'(Q). Finally,
the deformation ¢/ is defined as sketched in Fig. 10: For |z1| > 5? we have ¢/ = id, and for |x1| < z’:‘? we have
an alternation between uniform compression and uniform dilation in zs-direction, while the z; coordinate of
each point stays unchanged during the deformation. Obviously, ¢/ weakly converges against the macroscopic

displacement ¢ = id.
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yl’s’ [yﬂu{] is the
classical result by Ambrosio and Tortorelli, and the convergence of « fﬂ yO 90)% do+ fQ ul) —|—k8j VY% dz
is also obvious. Furthermore,

flud] < 6;5[5;74—277/ R <sj
0

where Ej_[s is (a little larger than) the number of segments of S7 and the integral in polar coordinates is larger
than the energy contribution around the ends of each segment. The matching energy only has contributions
outside {|z1| < 5? } (which converge to zero due to 5 < 1) and inside the regions where ¢? is dilating (with

Now let us consider the convergence of the single energy terms. The convergence of S

' (R/e;) |2
€j

Elj(l—u(R/aj))Q) dR} :5;7_64— 7T€} S0,

Jj—oo

Eijf[ug,u{, p< & = ( A €]) — 0). Finally, the deformation gradient on {|z;| < 55} is given by

. 1 0
J . .
Do’ = (azlqb; ama%) ’

where 0,, ¢2 is an x1-dependent convex combination between 1 and 5i(7 % (the sign of the exponent depends
on whether we are in a compression or dilation region), and where |8m1¢9 | is bounded by m Hence
the total deformation energy can be bounded by
. _ s_or Y —8) —s(v—
W[¢’] < £7C [ max 1,e£079) s et (0 0= o T(é 7)+ —s0=0) ),
J J 2(e; —€3) J J j—oo
where C' is a constant. ]

Of course, the particular type of elastic energy density is not relevant to the phenomenon, and we only
chose a typical representative for simplicity. Hence, we may expect the I'-limit of edge for e = 0 to be just
the sum of the elastic energy and the Mumford—Shah segmentation energy for both Hnages—the matching
term will disappear. Consequently, in the I'-limit, the segmentation and deformation energies are completely
decoupled, and the energy is no longer a registration energy.
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