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CONNECTIVITY
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ABSTRACT. We say that two free p.m.p. actions of countable groups are Shannon orbit equiv-
alent if there is an orbit equivalence between them whose associated cocycle partitions have
finite Shannon entropy. We show that if the acting groups are sofic and each has a w-normal
amenable subgroup which is neither locally finite nor virtually cyclic then Shannon orbit equiv-
alence implies that the actions have the same maximum sofic entropy. This extends a result
of Austin beyond the finitely generated amenable setting and has the consequence that two
Bernoulli actions of a group with the properties in question are Shannon orbit equivalent if and
only if they are measure conjugate. Our arguments apply more generally to actions satisfying a
sparse connectivity condition which we call property SC, and yield an entropy inequality under
the assumption that one of the actions has this property.
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1. INTRODUCTION

One of the remarkable features of the notion of amenability for groups is that its fundamental
characterizations in terms of nonparadoxicality on the one hand and approximate invariance
on the other lead to two very different and in many ways incompatible conceptions of what
its opposite should be, namely freeness and property (T) (i.e., universal spectral gap).! While
noncyclic free groups distill the idea of paradoxicality to its starkest form and represent the
simplest and most venerable obstruction to amenability, the fact that approximate invariance
affords so much technical leverage has meant that amenability is frequently contrasted instead
with property (T), even sometimes in the form of a direct counterpositioning that exploits the
tension between them, as in Margulis’s proof of his celebrated normal subgroup theorem.?

In the theory of orbit equivalence, the dichotomy between approximate invariance and spec-
tral gap plays out with particularly dramatic consequences. Here a sharp wedge is already driven
between amenability and nonamenability: while the Ornstein—Weiss tiling theorem establishes
that any two free ergodic p.m.p. actions of countably infinite amenable groups are orbit equiv-
alent [30], Epstein showed, completing a line of development in [39, 5, 18, 16, 19|, that every
countable nonamenable group admits uncountably many orbit inequivalent free ergodic p.m.p.
actions [12]. At the more extreme end of spectral anti-amenability, a theorem of Popa shows
that Bernoulli actions (and, more generally, weakly mixing malleable actions) of property (T)
groups are in fact superrigid for cocycles taking values in a countable group, which implies, in
the case that the group contains no nontrivial finite normal subgroups, that the action is orbit
equivalence superrigid (i.e., an orbit equivalence with any p.m.p. action of any group implies
that the groups are isomorphic and the actions measure conjugate) [32]. In this sense free groups
exhibit more of an affinity with amenable groups, for all nontrivial Bernoulli actions of a given
free group are orbit equivalent (Bowen [7]) and all nontrivial Bernoulli actions of all noncyclic
free groups are stably orbit equivalent (Bowen [8]), despite the fact that free ergodic p.m.p.
actions of free groups of different ranks are never orbit equivalent (Gaboriau [15]).

Paradoxically enough, as one ventures further into the theory of Bernoulli superrigidity it is
precisely around this alignment of amenability with freeness that the general picture seems to
coalesce. Indeed what one discovers is that superrigidity is governed less by spectral gap per
se than by certain expressions of anti-freeness or anti-treeability. To begin with, Popa’s cocycle
superrigidity theorem in [32] actually covers a broader class of groups, namely those containing
a w-normal subgroup with relative property (T), and was augmented in [33] by a second cocycle
superrigidity theorem that gives the same conclusion for groups that contain two commuting
infinite subgroups at least one of which is nonamenable. Peterson and Sinclair then demonstrated
in [31] that L2-rigidity is sufficient to imply Bernoulli cocycle superrigidity, which enlarges the
menu of groups to include those which are nonamenable but have property Gamma, while Ioana
and Tucker-Drob subsequently observed that nonamenable inner amenable groups can also be

LThis bifurcation is also reflected in the two logically independent ways in which the ideas of amenability and
nonamenability have been adapted to operator algebras, on the one hand through the notions of finiteness and
pure infiniteness and on the other through injectivity and finite-dimensional approximation. All of this traces
back to the basic Dedekindian alternative for defining what it means for a set to be finite, either as the property
that every injection from the set to itself is surjective, or by the existence of a bijection between the set and
{1,...,n} for some positive integer n.

2Again this is consistent with operator algebra theory, where amenability has become synonymous with certain
kinds of finite-dimensional approximation.
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added to the list [36]. Orbit equivalence superrigidity results were also established for a variety
of p.m.p. actions and groups in earlier groundbreaking papers of Furman on lattices in Lie groups
[14] and of Monod and Shalom on bounded cohomology [29] as well as in work of Kida on mapping
class groups [26]. One common feature of the groups that effectuate Bernoulli cocycle or orbit
equivalence superrigidity in all of these cases, a feature which notably distinguishes them from
noncyclic free groups, is that their first 2-Betti number vanishes. Indeed Peterson and Sinclair
showed in [31] that this is a necessary condition for the cocycle superrigidity of Bernoulli actions
with atomless base, which has led to the speculation that it might also be sufficient within the
class of nonamenable groups. The funny thing here is that amenable groups also have vanishing
first £2-Betti number and thus have to be explicitly ruled out. This reflects the fact a group
can have vanishing first £2-Betti number for two very different and incompatible reasons: either
because of anti-tree-like behaviour (as viewed through the coarse lens of measure equivalence) or
because of tree-like behaviour of a degenerate rank-one kind (accordingly understood in the sense
of being measure equivalent to Z, a property that characterizes amenability among countably
infinite groups).

One may nevertheless wonder whether, as Robin Tucker-Drob has half-jokingly mused to us,
there may be a way of reconceptualizing the idea of Bernoulli cocycle superrigidity so that it
naturally extends to amenable groups. That this is not so far-fetched is suggested by the recent
paper [11], which in the case of L2-rigidity explains how amenability can be smuggled in through
a perturbative maneuver. What we show in the present paper is that if we shift gears in the
study of Bernoulli rigidity to the setting of what we call Shannon orbit equivalence, in which
the cocycle partitions have finite Shannon entropy (as happens in a bounded or integrable orbit
equivalence), then amenable groups truly do lose their exceptional status and can be reunited
for the most part with some of their nonamenable brethren under the kind of common umbrella
that remains a chimera in the framework of general orbit equivalence. Amenability in this case
becomes largely realigned in opposition to tree-like behaviour, which is now to be understood
in a much stricter sense. One must still exclude the virtually cyclic groups, which remain too
strongly tree-like, and the locally finite groups (but not the locally virtually cyclic groups which
fall outside of these two classes, like the rational numbers).

The basic geometric principle behind this was first identified and exploited by Austin to show
that measure entropy is an invariant of integrable orbit equivalence for ergodic p.m.p. actions of
finitely generated amenable groups, and more generally that there is an entropy scaling formula
for stable versions of both integrable and bounded orbit equivalence [2]. In the non-virtually-
cyclic case, Austin’s arguments also give the same conclusions for Shannon orbit equivalence,
as one can easily verify. One corollary of Austin’s work, given the Ornstein—Weiss entropy
classification for Bernoulli actions of countably infinite amenable groups, is that if two Bernoulli
actions of a finitely generated infinite amenable group are integrably orbit equivalent (or even
just Shannon orbit equivalent if the group is not virtually cyclic) then they must be measure
conjugate.

Our main result, stated next and obtained as a direct consequence of Theorems 4.1 and 3.29,
is a generalization of Austin’s entropy invariance result to a wider class of groups and represents
an initial step towards answering his Question 1.2 in [2]. Here h,(-) denotes the maximum sofic
measure entropy (see Section 2.5). W-normality is a weakening of normality which is recalled
in Definition 3.21.
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Theorem A. Let G be a countable group containing a w-normal amenable subgroup which is
neither locally finite nor virtually cyclic. Let H be a countable group. Let G ~ (X, pu) and
H ~ (Y,v) be free p.m.p. actions which are Shannon orbit equivalent. Then

hy(H~Y) > h, (G~ X).

This result is also new in the case that G and H are amenable and G is not finitely generated.
For amenable groups, the maximum sofic measure entropy is equal to the amenable measure
entropy and is realized by every sofic approximation sequence [10, 24].

Note that many measure conjugacy invariants like mixing and completely positive entropy
can be destroyed even under a bounded orbit equivalence, as shown by Fieldsteel and Friedman
in the case of ergodic p.m.p. Z%actions when d > 2 [13]. On the other hand, by a theorem of
Belinskaya two ergodic p.m.p. Z-actions are integrably orbit equivalent if and only if they are
measure conjugate up to an isomorphism of the group (“flip conjugate”) [4]. We don’t know
however whether one can substitute “Shannon” for “integrably” in Belinskaya’s theorem.

Our proof of Theorem A is based on the key geometric idea of [2] involving the construction
of connected subgraphs which are sparse but nevertheless dense at a certain coarse scale. This
accounts for the exclusion of both local finiteness and virtual cyclicity. In fact the conclusion
of the theorem can fail even for bounded orbit equivalence when G and H are locally finite,
as discovered by Vershik [37, 38] and discussed further below, and while Austin was able to
conjure away the second restriction by an auxiliary argument, we don’t see a way to remove it
here (we also note that the argument in [2] for handling virtually cyclic groups does not seem to
work for Shannon orbit equivalence because of its use of an ergodic theorem). While our more
general application of the sparse connectivity principle from [2] permits us to cross the threshold
into nonamenability, it still imposes restrictions on the group which, surely without coincidence,
continue to bind us to the realm of vanishing first ¢2-Betti number (see Theorem 7.2 of [27]).
Indeed our strategy can be seen to fail for free groups (see Theorem 3.20). There remains
however the question of whether Theorem A can be extended to other classes of groups with
vanishing first £2-Betti number or related anti-tree-like geometric properties, in particular the
classes of groups for which Bernoulli cocycle superrigidity is known to hold. Our argument still
relies heavily on amenability, but in contrast to [2] we apply it in the form of Ornstein—Weiss
tiling technology.

We obtain from Theorem A the following consequence for Bernoulli actions. By the base
entropy of a Bernoulli action G ~ (X%, u%) we mean the Shannon entropy of u, i.e., the
supremum of the Shannon entropies of all finite partitions of X. When G is sofic this coincides
with the sofic entropy for every sofic approximation sequence [6, 23].

Theorem B. Let G and H be countable sofic groups containing a w-normal amenable subgroup
which is neither locally finite nor virtually cyclic. Let G ~ (X, %) and H ~ (YH,vH) be
Bernoulli actions which are Shannon orbit equivalent. Then these actions have the same base
entropy.

The Ornstein—Weiss entropy classification of Bernoulli actions of countably infinite amenable
groups [30] and a coinduction argument of Stepin [35] together show that if a countably infinite
group contains an infinite amenable subgroup then any two of its Bernoulli actions are measure
conjugate whenever they have the same base entropy (in fact this statement holds for any
countably infinite group by [9, 34]). Theorem B thus specializes to the case G = H as follows.
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Theorem C. Let GG be a countable sofic group containing a w-normal amenable subgroup which
is neither locally finite nor virtually cyclic. Then two Bernoulli actions of G are Shannon orbit
equivalent if and only if they are measure conjugate.

Many of the groups G satisfying the hypothesis of Theorem C have the much stronger prop-
erty that their Bernoulli actions are orbit equivalence superrigid, for example if G satisfies
Bernoulli cocycle superigidity and in addition has no nontrivial finite normal subgroups (see [32]
or Theorem 6.16 of [25]). As mentioned above, G will satisfy Bernoulli cocycle superigidity if
it has property (T), is the product of an infinite group and a nonamenable group, or is inner
amenable and nonamenable, and each of these three possibilities can occur within the class of
groups in Theorem C. In particular, examples of property (T) groups whose centre is not lo-
cally virtually cyclic can be constructed by taking products of copies of the group appearing in
Example 1.7.13(iii) of [3]. On the other hand, it remains an open question whether Bernoulli
orbit equivalence superrigidity holds for wreath products of the form Z{ H with H nonamenable,
which are also covered by the above theorems.

To establish Theorem A, we abstract the graph-theoretic argument from [2] into a geometric
condition on the dynamics to yield what we call property SC for both free p.m.p. actions and
(by universally quantifying over such actions) groups. Given that the argument in [2] hinges
on a localization to Fglner sets, it might seem more natural here to follow the usual recipe and
instead localize to sofic approximations, which one can do successfully in the case of topological
entropy, but in testing such an approach in the measure setting we have found ourselves unable
to control the empirical distribution of the sofic dynamical models (“microstates”) except under
special circumstances, and even then we could only derive a result for bounded orbit equivalence
(one does however get some extra mileage in such circumstances, as we will show in another
paper). We prove Theorem A by showing that its conclusion is valid assuming that the action of
G has property SC (Theorem 4.1) and that this hypothesis is automatic for the groups G in the
statement of the theorem by virtue of these G having themselves property SC (Theorem 3.29).

In the case of amenable groups, we show in Proposition 3.28 that property SC is equivalent
to the group being neither locally finite nor virtually cyclic. As mentioned above, the exclusion
of local finiteness cannot be removed from Theorem A, as a theorem from Vershik’s thesis
demonstrates [37] (see the presentation in [38]). Indeed suppose that G and H are infinite
locally finite groups and suppose that there are nested finite subgroups G; C Gy C ... of G
with (J,2; G, = G and nested finite subgroups H; C Hy C ... of H with |J;2, H, = H
such that |G, | = |Hy| for all n. Then for any two free ergodic p.m.p. actions G ~ (X, ) and
H ~ (Y,v) there are integers 1 < n; < ng < ... and an orbit equivalence ¥ : X — Y such
that U(G,,x) = Hp, V(x) for all z € X and k € N (this is a special type of bounded orbit
equivalence). To see this, for every n consider the o-algebra &, of G,-invariant Borel subsets of
X. Then {&,} is an ergodic homogeneous sequence in the terminology of [38]. Similarly, one has
the ergodic homogeneous sequence {£/,} whose nth term is the o-algebra of H,-invariant Borel
subsets of Y. Again using terminology from [38], the sequences {&,} and {,} have the same
type {rn}, in this case given by r, = [Gy, : G—1] = [H,, : Hp—1] with Gy and Hp denoting the
trivial subgroups of G and H, respectively. Now Corollary 1 on page 723 of [38] says that any
two ergodic homogeneous sequences of the same type are lacunary isomorphic in the sense that
there are integers 1 < n; < ny < ... and a measure isomorphism ¥ : X — Y which for every
k sends &, to &, , so that W(Gy,x) = Hp, V(x), as desired. We thus see in particular that if
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G is a countably infinite locally finite group then all of the free ergodic p.m.p. actions of G are
boundedly orbit equivalent to each other. This includes all of the nontrivial Bernoulli actions
of G, which exhaust the possible nonzero values of measure entropy.

We begin in Section 2 by setting up notation and reviewing basic concepts and terminology
concerning orbit equivalence and sofic measure entropy (for general references on these topics
see [25, 21]). In Section 3.1 we define property SC and establish two permanence properties.
In Sections 3.2 and 3.3 we introduce a shrinking property and two variants of property SC
which will be of subsequent technical use. In Section 3.4 we prove that property SC passes
from a normal subgroup to the ambient group. In Section 3.5 we identify two classes of groups
without property SC (Theorem 3.20), while Section 3.6 is dedicated to showing that the groups
satisfying the hypothesis of Theorem A have property SC (Theorem 3.29). In Section 3.7 we
derive a result on property SC that concerns product groups. Finally, we devote Section 4 to
the proof of Theorem 4.1, which together with Theorem 3.29 yields Theorem A.
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2. PRELIMINARIES

2.1. Basic notation and terminology. Throughout the paper G and H denote countably
infinite discrete groups, with identity elements eg and ey (many of our results are also valid
for finite groups, usually for trivial reasons, but we make this exclusion for the convenience of
forcing the measure in a free probability-measure-preserving action to be atomless, as reiterated
below). We denote by F(G) the set of all nonempty finite subsets of G, and by F(G) the set of
symmetric finite subsets of G containing eg.

A left Folner sequence for the group G is a sequence {F,} of nonempty finite subsets of G
such that lim,, o |gFLAF,|/|F,| = 0 for all g € G. If G admits a left Fglner sequence then it
is said to be amenable.

If P is a property then one says that a group is virtually P if it has a subgroup of finite index
with property P, and locally P if each of its finitely generated subgroups has property P.

For a nonempty finite set V', we denote by Py the algebra of all subsets of V', by Sym(V') the
group of all permutations of V', and by m the uniform probability measure on V.

By a standard probability space we mean a standard Borel space (i.e., a Polish space with
its Borel o-algebra) equipped with a probability measure. By a partition of such a space we
will always mean one that is Borel (and also, if occasion demands, one that is really only a
partition of a conull subset of the space). By a p.m.p. (probability-measure preserving) action of
G we mean an action G ~ (X, ) of G on a standard probability space by measure-preserving
transformations. We express such an action using the concatenation (g,z) — gz for g € G and
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x € X (in principle this will result in an ambiguity when two actions of the same group on
the same space are at play, but in context the notation chosen for group elements will make
the distinction clear). Two such actions G ~ (X, u) and G ~ (Y,v) are measure conjugate
or isomorphic if there exist G-invariant conull sets Xy C X and Yy C Y and a G-equivariant
measure isomorphism Xy — Yjp.

A Bernoulli action is a p.m.p. action of the form G ~ (Y% v%) where (Y,v) is a standard
probability space and (gy)n = y,-15 for y € Y% and g, h € G. Tt is nontrivial if v does not have
an atom with full measure.

A p.m.p. action G ~ (X, pu) is free if the set Xy of all x € X such that sz # x for all
s € G\ {eg} has measure one. For the purposes of this paper there is never any harm in
replacing X by a G-invariant conull subset and so we will always assume that Xy = X for the
purposes of argumentation, even if theorem statements themselves do not require it.

Given a p.m.p. action G ~ (X, ) and a set S C G, we define an S-path in X to be a finite
tuple (x,z1,...,2,) of points in X such that for every i = 1,...,n there is a g € S for which
x; = gx;—1, in which case we call n the length of the path and say that the path connects xg and
Zn. When n =1 we also speak of an S-edge.

As indicated above, our reason for making the blanket assumption that the groups G and H
be infinite is that for any of their free p.m.p. actions on a standard probability space (X, u) the
measure p is forced to be atomless, a fact which we will often tacitly rely on. It is required for
instance in our various applications of Ornstein—Weiss tiling technology.

2.2. Shannon orbit equivalence. We say that two free p.m.p. actions G ~ (X, ) and H ~
(Y,v) are orbit equivalent if there are a G-invariant conull set Xy C X, an H-invariant conull
set Yy C Y, and a measure isomorphism ¥ : Xy — Y{ such that ¥(Gx) = H¥(x) for all z € Xj.
Such a W is called an orbit equivalence.
Associated to a ¥ as in the above definition are the cocycles k : Gx Xg — H and A\ : H xYy —
G determined by
Y(gz) = K(g,2)¥(z),
U (ty) = At y) ¥ (y)
forall g € G, z € Xo,t € H, and y € Y. The defining property of a cocycle, referred to as the
cocycle identity, is expressed in the case of k by
#(fg,x) = K(f, g2)K (9, x)
for all f,g € G and x € Xy. Note also that
£(A(t,Y), T (y)) =t,
A(K(g,2), ¥(z)) =g
forallt € H,y € Yy, g € G, and = € Xj.
The Shannon entropy of a countable Borel partition &2 of X is defined by

Hy(2) = —u(P)log u(P).
pPey

with —z logx being interpreted as 0 when z = 0. We say that the actions are Shannon orbit
equivalent if the sets Xy and Y{; and the measure isomorphism ¥ can be chosen so that for each
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g € G the countable Borel partition of X consisting of the sets
Xgr={r e Xo:V(gx) =tV(x)}

for t € H has finite Shannon entropy and, likewise, for each ¢ € H the countable partition of X
consisting of the sets X, for g € G has finite Shannon entropy. In this case we refer to ¥ as a
Shannon orbit equivalence.

In general, we say that a map f : X — H is Shannon if the countable partition {f~'(¢) : t €
H} of X has finite Shannon entropy. A cocycle k : G x X — H is Shannon if k(g, -) is Shannon
for every g € G.

2.3. Bounded and integrable orbit equivalence. Let G ~ (X, ) and H ~ (Y, v) be free
p-m.p. actions which are orbit equivalent, with Xg, Yy, and ¥ witnessing the orbit equivalence
as above, and k and A denoting the associated cocycles.

We say that the cocycle k : G x Xog — H is bounded if k(g, Xo) is finite for every g € G, and
define boundedness for A likewise. If Xg, Yy, and W can be chosen so that each of the cocycles
k and A is bounded then we say that the actions are boundedly orbit equivalent, and refer to ¥
as a bounded orbit equivalence.

Suppose now that G and H are finitely generated and write £o and £y for the word length
functions with respect to some symmetric finite generating sets for G and H, respectively. We
say that the cocycle k : G x Xy — H is integrable if for every g € G one has

/ e ((g,2)) dp(z) < oo,
X

and define integrability for A likewise. If Xg, Yy, and ¥ can be chosen so that each of the cocycles
k and A is integrable then we say that the actions are integrably orbit equivalent, and refer to ¥
as an integrable orbit equivalence.

Obviously every bounded orbit equivalence is integrable. Lemma 2.1 of [2] shows that every
integrable orbit equivalence is Shannon.

2.4. Sofic approximations. On the set V"' of maps from a nonempty finite set V to itself we
define the normalized Hamming distance by

1
pHamm(T7 S) = m
By a sofic approzimation for G we mean a (not necessarily multiplicative) map o : G — Sym(V)

for some nonempty finite set V. Given a finite set F' C G and an § > 0, we say that such a o is
an (F,d)-approzimation if

{v eV :Tv # Sv}|.

(i) pamm(ost, 0s0¢) < 6 for all s,t € F, and

(ii) pHamm(0s,0¢) > 1 — 6 for all distinct s,t € F.
By a sofic approximation sequence for G we mean a sequence ¥ = {0y, : G — Sym(V})}72, of
sofic approximations for G such that for every finite set F' C G and § > 0 there is a kg € N such
that oy is an (F, d)-approximation for every k > k.

By saying that a sofic approximation o : G — Sym(V) is good enough we mean that it is an
(F, §)-approximation for some finite set ' C G and § > 0 and that this condition is sufficient
for the purpose at hand.

The group G is said to be sofic if it admits a sofic approximation sequence. This is the case
when G is amenable or residually finite, and indeed soficity can be regarded in a natural way
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as a simultaneous generalization of these two properties (see Section 10.2 of [25]). In particular,
free groups are sofic. It remains unknown whether nonsofic groups exist.

2.5. Sofic measure entropy. Let G ~ (X, 1) be a p.m.p. action. Let € be a finite partition of
X, F a finite subset of G containing e, and § > 0. We write alg(%) for the algebra generated
by ¢, consisting of all unions of members of ¢, and denote by ¢ the join \/,.s%€. Let
o : G — Sym(V) be a sofic approximation for G. We define Hom, (¢, F,,0) to be the set of
homomorphisms ¢ : alg(ér) — Py satisfying

(1) D ace m(ogp(A)Ap(gA)) <6 for all g € F, and

(i) > aeq, Mm(p(A) —pu(A)] < 6.
For a finite partition & < € we define | Hom, (%, F,6,0)| 2 to be the cardinality of the set of
restrictions of elements of Hom,, (¢, F, d,0) to .

Suppose now that G is sofic and let ¥ = {0} : G — Sym(V})}72, be a sofic approximation

sequence for G. For a finite partition & of X we write, notationally omitting the action for
brevity,

1
hs (Z,€,F,)) = limsup — log | Hom, (%, F, 0, 01)| 2,
k—o0 | k
hy  (2) = ﬁlgfy 1%f(15r>1g hs . (€, P, F,9)

where the first infimum is over all finite partitions ¥ of X refining &2 and the second is over
all finite sets F* C G containing eq. We also write hy ,(G ~ X, Z) for hy ,(2?) when it is
necessary to explicitly indicate the action. We define the sofic measure entropy of the action
G ~ (X, ) with respect to ¥ by

hy (G~ X) = Sla;p hy . (2),

where & ranges over all finite partitions of X.
For a p.m.p. action G ~ (X, u) of an arbitrary G we define the mazimum sofic measure
entropy by

hy(G~X) = max hy (G~ X)

where 3 ranges over all sofic approximation sequences for G (in the case that G is nonsofic we
interpret this maximum to be —oo). The following proposition shows that the maximum does
indeed exist.

Proposition 2.1. Suppose that G is sofic. Let G ~ (X, ) be a p.m.p. action. Then there is a
sofic approzimation sequence I1 for G such that hir (G ~ X) > hiy (G ~ X) for every sofic
approzimation sequence II' for G.

Proof. Put M = supyy hiy (G ~ X)) where II' ranges over all sofic approximation sequences IT'
for G. Take a sequence {II,, = {7y, i }ren }nen of sofic approximation sequences for G such that
hit, (G ~ X) = M as n — oo.

Choose an increasing sequence Fy; C Fy C ... of finite subsets of G with union G. For
each n € N there exists a K, € N such that for every k > K,, the map 7, is an (F,,1/n)-
approximation for G. Put # = {(n,k) € N> : k > K,}. Then # is countably infinite, and so
we can take a bijection ¢ : N — %. Put m, = m ;) for every k € N and IT = {m }ren. Then II
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is a sofic approximation sequence for G. For any n € N, any finite Borel partitions € < % of
X, any L € F(G) containing eg, and any § > 0, we have

hru(€¢,%,L,0) > hn, u(€¢,%,L,0).
Thus A, (G~ X) > by, u(G ~ X) for every n € N. Therefore h , (G ~ X) = M. O

The measure entropy hyx, , (G ~ X) is known not to depend on the choice of sofic approxima-
tion sequence X in the following cases:

(i) the group G is amenable, in which case we always recover the amenable measure entropy
24, 10],
(ii) the action is Bernoulli [6, 23],
(iii) the action is an algebraic action of the form G ~ ((ZG)"/(ZG)"A, ;) where A €
M, (ZG) is injective as an operator on ¢2(G)®" and p is the normalized Haar measure
[17].

3. PrROPERTY SC

A reminder that G and H throughout the paper are countably infinite groups, which in
particular forces the measure in any of their free p.m.p. actions to be atomless.

3.1. Definition and two permanence properties.

Definition 3.1. Let ) be a class of free p.m.p. actions of a fixed G. We say that Q) has property
SC (“sparsely connected”) if for any function Y : F(G) — [0, 00) there exists an S € F(G) such
that for any T € F(G) there are C,n € N, and S1,...,S, € F(G) so that for any G ~ (X, ) in
) there are Borel sets W, Vy,...,V, C X satisfying the following conditions:

(i) 21 T(Sy)u(Vy) <1,
(ii) SW = X,
(iii) if wy,we € W satisfy gw; = wy for some g € T then w; and wy are connected by a
path of length at most C' in which each edge is an S;-edge with both endpoints in V;
for some 1 < j < n.

We say that a free p.m.p. action G ~ (X, ) has property SC if the singleton class containing
it has property SC. We say that G itself has property SC if the class of all free p.m.p actions
G ~ (X, 1) has property SC.

Remark 3.2. When 2) consists of either a single free p.m.p. action or all free p.m.p. actions of
a fixed G, one can omit the bound C since its existence is automatic, as we will verify in the
paragraph following Proposition 3.5.

We now record a couple of permanence properties. We will also later see in Section 3.4 that
if G has a normal subgroup with property SC then G itself has property SC (Proposition 3.16)
and that a prescribed finite-index subgroup of G has property SC if and only if G does (Propo-
sition 3.17).

Proposition 3.3. Let G ~ (X, pu) and H ~ (Y,v) be free p.m.p. actions which are boundedly
orbit equivalent. Suppose that G ~ (X, p) has property SC. Then H ~ (Y,v) has property SC.
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Proof. We may assume that (X, ) = (Y, v) and that the identity map of X provides a bounded
orbit equivalence between the actions G ~ (X, pu) and H ~ (X, u). We may also assume that
both G ~ X and H ~ X are free. Then we have the cocycles £ and A as in Section 2.2.

Let Ty be a function F(H) — [0,00). Define a function Y : F(G) — [0,00) by Ya(F) =
Y (k(F, X)). Since G ~ (X, 1) has property SC, there exists an Sg € F(G) such that for every
Te € F(G) there are Cg,ng €N, Sg1,...,S¢ns € F(G), and Borel subsets W and Va,j of X
for 1 < j < ng satisfying the following conditions:

(1) 2278 Ye(Se,)n(Ve ;) < 1,
(ii) SgWe =X
(iii) if w,wy € W satisfy gw; = wy for some g € Tz then w; and we are connected by a
path of length at most Cg in which each edge is an Sg j-edge with both endpoints in
Va,; for some 1 < j < ng.

Set Sy = K(Sq, X) € F(H).

Let Ty € F(H). Set T = ATy, X) € F(G). Then we have Cg,ng, Sa; for 1 < j < ng,
We, and Ve ; for 1 < j < ng as above. Set Cy = Cg, ng = ng, Su,; = k(S¢;, X) € F(H) for
1<j<ng=ng. Also,set Wg = Wg and Vy ; = Vg ; for all 1 < j <nyg =ng. Then

nH
> Yu(Su)n(Va;) ZTH k(Sc.j, X)) u(Va ;) ZTGSGJ (Va,) <1,

verifying condition (i) in Definition 3.1. Note that X = SqWg C SgWg = SgWpg. Thus
X = SyWy, which verifies condition (ii) in Definition 3.1. Let h € T and wy, wy € Wy with
hw1 = wWy. Then

wg = hwy = A(h,wi)w; € Tgw;.

Thus wy and wy are connected by a path of length at most Cz in which each edge is an Sg j-edge
with both endpoints in Vg ; for some 1 < j < ng. Such an edge is also an Sy j-edge with both
endpoints in Vg j. This verifies condition (iii) in Definition 3.1. O

Recall that a p.m.p. action G ~ (X, pu) is said to weakly contain another p.m.p. action
G ~ (Y, v) if for every finite set F' C G, finite collection of Borel sets By,...,B, CY,and § >0
there exist Borel sets Ay,..., A, € X such that |pu(s4; N Aj) —v(sB; N Bj)| < d for all s € F
and 1 <1i,7 <n [20, Section 10].

Proposition 3.4. Let G ~ (Y,v) be a free p.m.p. action with property SC. Then the class %)
of all free p.m.p. actions G ~ (X, u) which weakly contain G ~ (Y,v) has property SC.

Proof. Let T be a function F(G) — [0,00). Since G ~ (Y,v) has property SC, there is an
S € F(G) such that for any T € F(G) there are C,n € N and Sy, ...,S, € F(G) and Borel sets
W,V; CY for 1 < j < n satisfying the following conditions:
(i) 251 27(S;)v(V;y) < 1,
(i) SW =Y,
(iii) if wy, we € W satisfy tw; = wq for some t € T then w; and ws are connected by a path
of length at most C' in which every edge is an S;-edge with both endpoints in V; for
some 1 < j < n.
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Let T € F(G). Then we have C,n, S1,...,Sn, W,V1,...,V, as above. Write [n] = {1,...,n}
and [C] = {1,...,C} for brevity. Denote by = the set of (f, h) such that f is a function [C] — [n]
and h is a function [C] — G satisfying h(j) € Sf(;) for all j € [C]. For each t € T', denote by =;
the set of (f,h) € Z satisfying h(C)h(C —1)...h(1) = t. For each (f,h) € E, denote by Y the
set of y € Y satisfying h(j —1)...h(1)y,h(j)h(j —1)... h(1)y € Vy; for all j € [C]. Then the
above condition (iii) means that for every ¢ € T the set W Nt~ 'W is contained in U( fyez, Yih-

Put S,11 =T € F(G). Take 0 < § < 1 such that §(X(T)|T|(2|T| + 2C|Z|) + > =1 Y(5))) <
1/2.

Let G ~ (X, p) be an action in ). Because it weakly contains G ~ (Y, v), there are Borel sets
W'C X, V, CX for j€[n], and Xy, C X for (f,h) €  satisfying the following conditions:

(i) [p(SW') = v(SW)| <6,
(ii) [u(V;) —v(V;)] < for all j € [n],
(iii) p(h(j—1)...A(1)X¢n\ Vf(J ) u(h(H)R(G—1) ... h(1)X¢n \ V}(j)) < dforall (f,h)€E
and j € [C],
(iv) (W' nt=tw’)\ U¢snyes, Xrn) <6 for each t € T.

Put W’ =W’'U (X \ SW’). Then SW” = X, verifying condition (ii) in Definition 3.1.

For each (f,g) € E, denote by X}, the set of z € Xy, satisfying h(j —1)...h(L)z, h(j)h(j —
1)...h(1)z € \7’(  for all j € [C]. Then (X pn \ X5 5) < 2C0.

For each ¢t € T', put WtT W' nt=tw’ )\U(fnyez, X} n- Then

u<UT WJ> <3 u(w)

teT
< Zu<(w’ ne'whH\ Xf’h> Y0 Y X\ X 4)
teT (f,h)eE: teT (f,h)EE,

< |T|6 + 2C|=)5.

Put V), = T(T(X\ SW)UUyer W, 1) C X. Then

n+1
Z Y(Sj)u(V5) < L(Snt1)u(Vigr) + Z T(S ) +9)

j=1
n
Y (T)|T|(|T|6 + |T|6 + 2C|Z|6) + 5 +6) (S <1,
j=1
verifying condition (i) in Definition 3.1.
Let t € T and wq,wy € W with twy = we. If wy € X}’h for some (f,h) € =, then w; and

wy are connected by the path wq, h(1)wy, ..., h(C)...h(1)w; = twy = ws of length C whose jth
edge is an Sy(j)-edge with both endpoints in \7 0) for all 1 < 7 < C. Thus we may assume that

wy € (W' 0t W) \Upgyez, Xhp © (X\SW)UEHX\ SW) UW]. It follows that (wi,w)
is an Sj,41-edge with both endpoints in V/,_ ;. This verifies condition (iii) in Definition 3.1. O

Using the above proposition we derive the following.
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Proposition 3.5. The following conditions are equivalent:
(i) G has property SC,
(ii) every free p.m.p. action G ~ (X, u) has property SC,
(iii) there exists a nontrivial Bernoulli action of G with property SC.

Proof. (1)=(ii)=-(iii). Trivial.
(iii)=(i). Combine Proposition 3.4 with the theorem of Abért and Weiss that every free
p.m.p. action of G weakly contains every nontrivial Bernoulli action of G [1]. O

We can now verify that the existence of the bound C' in Definition 3.1 is automatic when )
consists of either a single free p.m.p. action or all free p.m.p. actions of a fixed G. It suffices
to check the case of a single free p.m.p. action G ~ (X, ) in view of the implication (iii)=-(i)
in Proposition 3.5. Suppose then that the action G ~ (X, ) satisfies the weaker formulation
that omits the C' and suppose that we are given S, T', n, Sj for 1 < j < n, and W and V; for
1 < j < n satisfying the weaker condition with respect to the function 2Y. For each g € T
and C' € N we define W, ¢ to be the set of all w; € W N ¢~ 'W such that w; and gw; can be
connected by a path of length at most C' in which each edge is an S;-edge with both endpoints
in V; for some 1 < j <n. Then W N g~ 'W is the increasing union of the sets Wy ¢ for C € N.
Thus given 7 > 0 we can find some C' € N such that u(W Ng™'W)\ W, ) <7 for all g € T.
Set Wi =W\ U,er(WNg ' W)\ Wy ), Spy1 =T, and Vyy1 = T(W \ WT). Provided that 7
is small enough so that Y(T")|T|?>r < 1/2, we then have

n+1

1 1
DTSV < 5+ T(Sns)u(Vng) < 5 + TDTPr < 1.
j=1

\V)

Let g € T and wi,wy € W with gw; = we. If wy € W then w; € Wy.c, in which case w;
and wg are connected by a path of length at most C' in which each edge is an Sj-edge with
both endpoints in V; for some 1 < 5 < n. If on the other hand w; ¢ W, then (w1, ws) is an
Snr1-edge with both endpoints in V1.

3.2. The shrinking property. The shrinking property introduced here will be of technical
value in the proofs of Proposition 3.16 and Lemma 3.26 (both via Proposition 3.15) as well as
Lemma 3.30 and Proposition 3.32. For the purpose of these applications we provide a charac-
terization of when it holds in Proposition 3.11. Notice that, within the chain of quantification,
the position of the sets S; (acting as the generator of a graph in which the path in (iii) lives)
and S (expressing the “scale” at which the set V is dense in X) is a reversal of what occurs in
the definition of property SC. The proof of Proposition 3.16 gives an illustration of how this can
be leveraged in direct conjunction with property SC.

Definition 3.6. We say that G has the shrinking property if there is an S; € JF(G) such that
for every e > 0 there is an S € F(G) so that for every § > 0 there is a C' € N such that given
any free p.m.p. action G ~ (X, u) we can find Borel sets Z C 'V C X satisfying the following
conditions:

(i) SV =X,

(i) u(V) << and p(Z) <6,

(iii) every point of V is connected to some point of Z by an Si-path of length at most C

whose points all belong to V.
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Lemma 3.7. Suppose that s € G generates an infinite subgroup Gy such that G/G is finite.
Let B be a subset of G containing e such that G = | |,cg G1b. For each n € N set I}, = {s/ :
—n < j<n}B. Then {F,}nen is a left Folner sequence for G.

Proof. Since G1 has finite index in G and G is finitely generated, G; has a subgroup G such
that G is normal and has finite index in G. Then Gy is generated by sV for some N € N.
For each n € N, put 4, = {s™7 : —n < j < n} € F(Gy). For each g € G, the map = + grg~
is an automorphism of Gy = Z and hence either gzg~! = x for all x € Gg or gxg~' = z! for
all € Gp, which implies that gA,g~' = A, for every n € N.
Let K € F(G). Then we can find some M € N such that KFyB C Fyn. For any n € N
satisfying n > IV, writing n as kN + m for some 0 < m < N — 1 and k € N we have

1

KF, C KFNAKB = Ay KFNB C AyFun = Flarirns

2(M+k)N+1 2(M+k)N+1
2kN+1 |Fin| < 2kN+1

— 1. Therefore {F}, } nen is a left Fglner sequence for G. O

and hence |KF,| < [Fyqpyn| = |F|. Asn — oo we have k — oo,

2(M+k)N+1

whence NI

Lemma 3.8. Suppose that G is locally virtually cyclic but neither locally finite nor virtually
cyclic. Then G has both property SC and the shrinking property.

Proof. Since G is not locally finite, it has a finitely generated infinite subgroup Gy. As G is
locally virtually cyclic, G is virtually cyclic and hence contains a subgroup G such that G is
isomorphic to Z and has finite index in Gs.

Take an increasing sequence {U, },en of finite subsets of G with union G. Let n > 3. Denote
by G, the subgroup of G generated by Gy and U,. Then G,, is finitely generated, and hence
has a finite-index cyclic subgroup G/,. Since G is infinite and G, has finite index in G, the
intersection G N G, must be nontrivial and hence have finite index in G),. Then G; N G}, has
finite index in G,,, whence (G has finite index in G,,.

Now we have that {G,},en is an increasing sequence of proper subgroups of G with union
G, G is isomorphic to Z, and G has finite index in G,, for every n € N. Then [G), : G1| —
as n — oco. Take an s € Gy generating G.

Put S; = {s,eq,s '} € F(G). Let Y be a function F(G) — [0,00). Take m € N such that
Y(S1) < [Gp, = G1]/6. Since G has finite index in G,,, G1 has a subgroup Gy such that Gy is a
finite-index normal subgroup of G,,. Then Gy is generated by sV for some N € N.

For each n € N, put A, = {sM : —n < j < n} € F(Gy). For each g € G,,, the map
r + grg~' is an automorphism of Gy = Z and hence either gzg~' = x for all x € Gy or
grg~! =z~ for all x € Gy, which implies that gA,g~' = A,, for every n € N.

Take a B € F(Gp,) containing eg such that G, = | |,c g G1b. For each n € N put K, = {s’ :
—n <j<n}€TF(Gy). Also, put S = (KnB)U (KxyB)~! € F(Gy,).

Let T € F(G). Take an M € N bigger than m such that T C Gj;. Take a D € F(Gyy)
containing eg such that Gy = | |;ep Gmd. Put So = D™'D € F(Gyy) and S3 =T € F(Gu).
Take 7 > 0 with 7|T'|Y(T") < 1/3, and take 0 < n < min{1/2,7/(4|S| +1)}.

For F € F(G ) write OpF for the set {g € F : Tg ¢ F}. For each n € N put F,, = K,,BD €
F(Gpr). From Lemma 3.7 we know that {F},y }nen is an increasing left Folner sequence for G ;.
Then we can find some ng € N such that Y(S2)/(2noN + 1) < 1/6 and for any n > ng one
has |0rF,n| < n|Fy,n|. By the Ornstein-Weiss quasitower theorem [25, Theorem 4.44] there are
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some [ € N and ng < n; < ng < --- < ny in N such that for any free p.m.p. action G ~ (X, )
there are Borel sets 71, ..., 7Z; C X satisfying the following conditions:
(i) for each 1 < j < there is a set FoNz C Fo,N depending measurably on x € Z; and
satisfying |F,nz| > (1 — n/|T|)|[Fn;n| for each x € Z; so that the sets F,;n 2 for
x € Zj are pairwise disjoint,
(ii) FonZiNFy,nZj = for i # j,
l
(if) Uy FaynZs) > 1— 71
Put C =2y N + 1.
Now let G ~ (X, u) be a free p.m.p. action. Then we have Z1,..., Z; as above. Put

U U nJNDm nJNm\aTFnJN:c))

j=lzeZ;

and W = (X \ SW)UW’. Then W’ and W are Borel subsets of X. Clearly SW = X, verifying
condition (ii) in Definition 3.1.
Let 1 < j <. For each x € Z; we have

aTJ{Tan,a: c aTF1'rz]-N U T_l(Fan \ Fan,x)

and hence
|Kn ND\ ( nJN:c\aTFn]N:B” < |Fn]N \ ( nJN?U\8TF”J]\7””)|
_|( nJN\Fan)UaTFn]N$|
< ‘8TFanUT ( an\Fn]-N,z>’
< ‘8TFan| + |T’ : |Fan\Fnj B
Set
l l
=JE,xDZ;C X, Vy=|JDZ CX, and Vs=T(W\W')CX
7j=1 j=1
Then

l
Y(S)V1) < T(S1) Y [KnynDlpn(Z5)
j=1

l
- 2 K v BDIu(Z)

= [Grm(% Z | B, N 1(Z5)

T(S1) 1
T Gt Gh](1=m) T 6(1—n)

1
37
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and

l
Y(S2)u(Va) < Y(S2) Y |D|u(Z;
7j=1
T(S2
’KTLON|

<

l
Z | K, nBD|p(Z;)

- 2n0N+IZ| Fny (2

(52) o 1!
T (2noN+1)(1—n) T 6(1—n)
For each 1 < j <, since KyB C G, we have

Fu,n = Kn,nBD = Ay, 1 KyBD = KyBAy, 1D C SA,, 1D C SKynD.
Thus SV, D Ué‘:l Fy,nZ;. Therefore
p(WAW') < p(X\ SW)
< (X N\ SV1) +[S[p(Vi \ W)

1
< —.
-3

l

<M(X\UFn NZ>+\S!,LL<U U Ko ,ND\ (FoNz \ OrFo;Ng))T >

j=lzecZ;

< n+2n\S!ZIFanlu(Zj>
=1
27|S|
s+ ; <n+4nlS| <7,

and hence

Y(S3)u(Vs) < T(T)Tp(W \ W) < PX(DIT] < 3.

Combining estimates we obtain
3

> Y(S)u(V) <1,
j=1
verifying condition (i) in Definition 3.1.

Next let g € T and wy,ws € W with gw; = we. If w1 &€ W’ or wy & W', then (w1, ws) is an
S3-edge with both endpoints in V3. Thus we may assume that wy,ws € W’. For each i = 1,2,
we have w; = h;x; for some 1 < j; <[, x; € Zj, and h; € Kn, NDN (FnjiN@‘i \3TFnjiN,zi)- Write
h; as t;d; for some t; € K”ji v and d; € D. Then w; = t;d;x; is connected to d;z; by some Si-path
in V; of length at most n;IN. Since hy € Fnh]\/,gg1 \6TFnj1N,I1, we have wo = gw; € Fnle@l:Ul,
and hence x1 = x9. Then (dyz1,dsz2) is an Sy-edge with both endpoints in Vy. Thus w; and
wy are connected by a path of length at most C' in which each edge is an S;-edge with both
endpoints in V; for some 1 < j < 3, verifying condition (iii) in Definition 3.1. This proves that
G has property SC.
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To establish the shrinking property, let £ > 0 and consider the function T : F(G) — [0, c0)
which takes the constant value 2/¢. Then we have S as above. Take T' = {eg}. Let 6 > 0.
In the above we can further require that n < min{e/2,0/2} and Y(S2)/(2noN + 1) < §/(2¢).
Given a free p.m.p. action G ~ (X, p), we have V; for 1 < j < 3 as above. Put V = V; U
(X \Uioy FoynZ)) and Z = Vo U (X \U_y FoynZ;) € V. From SVy 2 Ul Fy,nZ; we have
SV = X, verifying condition (i) in Definition 3.6. We have

l
0 < 0) + (XN U Fon ;) < ST 41 < 5+ 5 =<
j=1
and
l
€ eY(S2) )
< ) ) < = < ——— 4+ =<
wW(Z) < u(Vs) +M(X\ U FnJNZ]> < 5 T(S2)u(V2) +1 < N +1 T2 S 5

J=1

verifying condition (ii) in Definition 3.6. Clearly every point of V is connected to some point
of Z through an Sj-path of length at most ;N < C whose points all belong to V, verifying
condition (iii) in Definition 3.6. Thus G has the shrinking property. U

Lemma 3.9. Let G ~ X be a Borel action on a standard Borel space. Let F € F(G). Let Y be
a Borel subset of X and E a Borel subset of Y? such that E D Ay = {(y,y):y €Y}, E*=F
where E* := {(y,x) : (x,y) € E}, and E is contained in the union of the graphs of g € F. Let
My € N. Then there is a Borel set W CY such that

(i) W is (E, My)-separated in the sense that no distinct two points of W are connected by
an E-path of length at most 2M7, and
(ii) every point in'Y is connected to some point in W by an E-path of length at most 2M .

Proof. Let I' be the Borel graph on Y whose edges are the pairs of distinct points which can
be connected by an E-path of length at most 2M;. Each vertex in this graph has finitely
many neighbours, and so by Propositions 4.5 and 4.2 in [22] there exists a maximal Borel set
W C Y with the property that no two points in W are adjacent in I'. This W fulfills the
requirements. ([

Lemma 3.10. Suppose that G is finitely generated and not virtually cyclic. Let A be a generating
set for G in F(G). Then there is a constant b > 0 such that given any v, M € N and free p.m.p.
action G ~ (X, ) there exist Borel sets Z C V C X such that AV = X, u(V) < b/r,
w(Z) <1/(M+1), and every point of V is connected to some point of Z by an A-path of length
at most 2M with all points in V.

Proof. As G is not virtually cyclic, we can find a ¢ > 0 such that |A"| > cn? for all n € N
(Corollary 3.5 of [28]). Set b =5/c. Let r, M, and G ~ (X, i) be as in the lemma statement.

Applying Lemma 3.9 with F' taken to be A, Y to be X, FE to be the union of the graphs of
g € A, and M to be r, we find a Borel set U C X such that the sets gU for g € A" are pairwise
disjoint and A%?"U = X. Note that

|A"|p(U) = n(A"U) <1
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whence

1 1
< < —.
1) W) < T < o

Let w € U. Set Ty, = U N Gw. Since X = A*"U, we have Gw = A*>'T,,. In particular, T,
is infinite. Consider the graph (Ty, E.) whose edges are those pairs of vertices which can be
joined by an A-path of length at most 4r + 1. We claim that (T, E},) is connected. It suffices
to show that every v € T, is connected to w by some path in (T}, E!)). Take an A-path from
w to v. For each point z in this path, we may connect z to some u, € T,, by an A-path p, of
length at most 2r. Inserting p, and the reverse of p, at z, we find an A-path from w to v in
which points of T,, appear in every interval of length 4r 4+ 1. Thus v is connected to w by some
path in (T}, E!,). This proves our claim.

Consider the graph (U, E’) whose edges are those pairs of vertices which can be joined by an
A-path of length at most 4r + 1. Note that E’ is a Borel subset of U? and is contained in the
union of the graphs of g € A¥+1,

Applying Lemma 3.9 with F = A+ Y = U, E = E', and My = M, we find an (E', M)-
separated Borel subset Z’ of U such that every point in U can be connected to some point in Z’
by an E’-path of length at most 2M. For each 0 < j < 2M, denote by U; the set of points in U
which can be connected to some point in Z’ by an E’-path of length 7, but cannot be connected
to any point in Z’ by an E’-path of length less than j. Then the sets 2’ = Uy, Uy, Us, ..., Usps
form a Borel partition of U.

Denote by © the set of finite sequences in A with length at most 4r + 1. Let 1 < j < 2M.
Take a Borel map f; : U; — Uj_1 such that (v, fj(v)) € E' for all v € U;. Also take a Borel
map h; : U;j — © such that for any v € Uj, say hj(v) = (g1,...,9) with 1 <[ < 4r +1
and g, € A for 1 < k <[, one has gg;—1...91v = f;j(v). Denote by V the union of U and
the set consisting of the points g1v, g2g1v,...,g91—1...q1v for all 1 < 57 < 2M, v € Uj, and
hj(v) = (g1,...,91). Also, denote by € the union of Ay and the set consisting of all pairs of
the form (grgx—1-..91v,9k—1...91v) or (gr—1-..910,gkgk—1-..g1v) for 1 < j < 2M, v € Uy,
hj(v) = (g1,...,q1), and 1 <k <. Then V is Borel, and

M (1) 1 b
p(V) < 3+ Du(U;) = (4r -+ Dp(U) < 5ru(U) < Br- -y = .
j=0
Since A?"V D A?"U = X, we have A>"V = X. Note that & C V? is Borel and contained in the
union of the graphs of g € A, and that € O Ay and £* = €. Also note that every point of V is
connected to some point of Z’ by an E-path of length at most 2M (47 + 1).

Let z € Z'. Denote by W, the set of all w € U which can be connected to z by an E’-path
of length at most M. Since T} is infinite, T, # W,. Because (1%, E.) is connected, we conclude
that |W,| > M + 1. Since Z' is (E', M)-separated, the sets W, for z € Z’' are pairwise disjoint,
and hence for each z € Z’ the set W, is contained in the &-connected component of V containing
2. As every &-connected component of V contains some z € Z’, it contains W, and hence has
at least M + 1 points.

Applying Lemma 3.9 with F = A, Y =V, E = €, and M; = M, we find an (&, M)-separated
Borel subset Z of V such that every point in V can be connected to some point in Z by an
E-path of length at most 2M. Then every point in V can be connected to some point of Z by
an A-path of length at most 2M with all points in V.
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Let z € Z. Denote by V, the set of w € V which can be connected to z by an &-path of length
at most M. Since the &-connected component of V containing z has at least M + 1 points, we
have |V,| > M + 1. Note that V, = U,z for some subset U, of AM. Denote by D the set of
all subsets of AM with cardinality at least M + 1. The map ¢ from Z to D sending z to U, is
Borel. Since the sets V, for z € Z are pairwise disjoint, we get

IEM(UVz>=M(UUzz>=ZH< U Dz>

2€Z 2€Z DeD zey—1(D)

=Y IDluy~ (D))

DeD
> (M +1) ) p@™ (D) = (M +1)u(2),
DeD

whence
1

7)< .
M(LMJrl

]

Proposition 3.11. G has the shrinking property if and only if it is neither locally finite nor
virtually cyclic.

Proof. If G is not locally virtually cyclic, then G has a finitely generated subgroup G; which
is not virtually cyclic. By Lemma 3.10 the group G has the shrinking property, and hence so
does G. If G is locally virtually cyclic but neither locally finite nor virtually cyclic, then by
Lemma 3.8 the group G has the shrinking property. This proves the “if” part.

To prove the “only if” part, we assume that G has the shrinking property and argue by
contradiction that G cannot be locally finite or virtually cyclic.

Suppose that G is locally finite. Let S; € F(G) witness the shrinking property for G. Denote
by Gp the finite subgroup of G generated by S;. Put ¢ = 1. Then we have S € F(G) in
Definition 3.6. Take 0 < § < 1/|SG1|. Then we have C in Definition 3.6. Let G ~ (X, p)
be a free p.m.p. action. Then we have Borel sets Z C V C X satisfying conditions (i)-(iii) in
Definition 3.6. Note that V C G1Z and hence X = SV C SG1Z. Thus § > p(Z) > 1/|SG1|,
which is a contradiction.

Suppose now that G is virtually cyclic but not locally finite. Then G has a finite-index normal
subgroup G isomorphic to Z. Take a generator s for G1. For each n € N put K, := {s/ : —n <
j < n}. Take a B € F(G) containing e¢ such that G = | |,z G1b. Let S1 € F(G) witness the
shrinking property for G. Take m € N such that BS; C K,,,B. Take 0 < e < 1/(8|K,,B|). Then
we have S € F(G) in Definition 3.6. Take an S’ € F(G4) such that S'B O S. Then S’ C Ky,
for some M € N. Take R € N large enough so that (2R +2M + 1)/(2R + 1) < 2 and take
0 <0 <1/(2|S"’KgrBJ). Then we have C' € N in Definition 3.6. Let G ~ (X, ) be a free p.m.p.
action. Then we have Borel sets Z C 'V C X satisfying conditions (i)-(iii) in Definition 3.6. Put
V' =BV, V'=K,V,and Z' = BZ CV'. Then X = SV C §’BV = S’V" and hence X = S'V'.

We claim that every point of V' can be connected to some point of Z’ by a Kj-path whose
points all belong to V. Let w’ € V. Then w’ = bw for some w € V and b € B. We can find
some 1 <! < Candgp,...,q € S1such that gj...gqw e Vforalll1 <j<landg...q1w e Z.
Put by = b. We define b; € B and h; € K, for 1 < j < inductively by bj_1g; ' = h;'b;. For
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each 1 < j <, we have
bj_lhj .. hibw = gjbj__llhj_l L hibw=---= gigj—1---g1w € V,

and hence h; ... hibw € b;V C V. Furthermore, h;...hibw = byg;...q1w € byZ C Z'. We can
connect hj...hibw and hj_i ... hibw by a Kj-path of length at most m with all points in V".
This proves our claim.

Put U = X \ S’KrZ'. Let uw € U. Since X = S'V', we have gu = w' for some g € S' C Ky
and w’ € V. Then w’ ¢ KrZ'. By the claim above we can find a Kj-path in V"’ from w’ to
some point 2z’ € Z'. It follows that either s’w’ € V" for all 0 < j < R or s 7w’ € V" for all
0 < j < R. Therefore

R+M

R
1 . 1 . 1
n(s7u) > n(sTw') > =.
SR+ 1 ‘_Z XV (SU)_2R+1 _Z: Xv (Sw)_2
j=—R—-M j=—R
Thus
/ 1 R+M ' 1
> (st = [ 5 duta)
v2R+1 U2
1
= §M(U)
1
> (1~ S'KRBlu(2))
> L2 |9KRBIS) >
=9 R 47
while
/ 1 R+M ' 1 R+M ‘
> (i du( < S wrlsTu) du(w)
v2R+1_4 x2R+1 42
2R+2M +1
/= '\7//
or+1 MV
< 2| K Blp(V)
1
S 2€|KmB| < Z,
a contradiction. This proves the “only if” part. O

3.3. Variants of property SC. For the purposes of Section 3.5 it will be convenient to formu-
late the following variations on property SC. Proposition 3.15 establishes relationships between
these two properties, property SC itself, and the shrinking property.

Definition 3.12. Let %) be a class of free p.m.p. actions of a fixed G. We say that ) has
property SC' if for any function Y : F(G) — [0,00) there is some 1 > 0 such that for any
T € F(G) there are C,n € N, and Sy, ..., S, € F(G) so that for any G ~ (X, ) in Q) and any
Borel sets Wi, Wy C X with pu(W7), u(Wa) < n there are Borel sets Vi,...,V, C X satisfying
the following conditions:

(1) 2521 TS p(Vy) <1,
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(ii) if wy € Wy and wy € Wo satisfy gwy = ws for some g € T then wy and wy are connected
by a path of length at most C' in which each edge is an Sj-edge with both endpoints in
V; for some 1 < j < n.

We say that Q) has property SC” if the above conditions hold without the bound C.

Lemma 3.13. Suppose that G is locally finite. Then no free p.m.p. action G ~ (X, u) has
property SC" .

Proof. Let G ~ (X, 1) be a free p.m.p. action. Take a strictly increasing sequence {Gj }ren of
finite subgroups of G such that G = |J,cy G- For each F' € F(G), denote by ®(F') the smallest
k € N satisfying I C Gy. Define T : F(G) — [0,00) by Y(F) = 2|Go(p)|-

Suppose that G ~ (X, u) has property SC”. Then there is an 1 > 0 satisfying the conditions
in Definition 3.12. Take an m € N with 1/|Gy,| < 1. Put T = Gpy1 € F(G). Then there are
n € Nand Si,...,S, € F(G) satisfying the conditions in Definition 3.12. We may assume that
there is a k such that S1,...,S; C G, and none of Siy1,...,S, is contained in G,,.

As G4 is finite we can find a Borel set Y C X such that the sets gY for g € G, 41 form a
partition of X (see Example 6.1 and Proposition 6.4 in [21]). Choose an h € G411 \ G- Put
W1 =Y and Wy = hY, and note that u(Wy) = p(Ws2) = 1/|Gm+1| < n. Then there are Borel
sets V1,...,V, C X satisfying the conditions in Definition 3.12.

Let y € Y. By condition (ii) in Definition 3.12, y and hy are connected by a path each of
whose edges is an Sj-edge with both endpoints in V; for some 1 < j < n. Since h € Gy, this
implies that Gy N Uj_y, Vj # 0. We infer that p(Uj_z,; Vj) > u(Y) = 1/|Gpn41| and hence

n

1> T(S)u(Vy) = Y T(S)u(V))
j=1

j=k+1

> 2G| Y w(Vy) > 2Gm+1\ﬂ< U Vj) > 2,
j=k+1 j=k+1

a contradiction. We conclude that G ~ (X, 1) does not have property SC”. O

Lemma 3.14. Suppose that G is virtually cyclic. Then no free p.m.p. action G ~ (X, u) has
property SC".

Proof. By assumption G has a subgroup of finite index isomorphic to Z. Then G has a normal
subgroup G of finite index isomorphic to Z. Take a generator s for G;. Take a finite subset B of
G containing e such that G is the disjoint union of the sets h(G; for h € B. For each m € N put
K = {s*: —m <k <m}. For each F € F(G), denote by ®(F) the smallest m € N satisfying
F C BKy,. Put M = ®(BB). Define T : F(G) — [0,00) by Y(F) = 3|Ky| - |B| - |[BKg()l-

Let G ~ (X, ) be a free p.m.p. action and suppose that it has property SC”. Then there
is an n > 0 satisfying the conditions in Definition 3.12. Take an m € N with 1/(m + 1) < 7.
Put T = {s™,eq,s ™} € F(G). Then there are n € N and S, ...,S, € F(G) satisfying the
conditions in Definition 3.12.

Applying the Rokhlin lemma [25, Lemma 4.77] to G1 ~ (X, 1), we find a Borel set Y C X
such that the sets s*Y for k = 0,1,...,m are pairwise disjoint and u(Jj,s*Y) > 1/2. Put
Wi =Y and Wy = s™Y. We have u(W1) = u(Wa) = pu(Y) < 1/(m+ 1) <n. Then there are
Borel sets Vi,...,V, C X satisfying the conditions in Definition 3.12.
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Put V = Uj_, BKg(s,)V;. If (v1,v2) is an Sj-edge with both v and vz in V; for some
1 < j < n, then v; and vy are connected by a (B U Kj)-path in V. From condition (ii) in
Definition 3.12 we conclude that for each y € Y the points y and s™y are connected by a
(BUKj)-path in V. Put V' = B7!V and V' = K,/ V'

Let z € V', h € B, and | € N be such that skhz € Vfor all 0 < k < [. Then either h~1s'h = s
for all i € Z or h's'’h = s~ * for all i € Z. If h~1s'h = &' for all i € Z, then x is connected to
stha by the path z,sz,...,s'z, hs'z, which is the Ki-path z, sz, ..., sz in V' followed by the
B-edge (s'z, hs'z) with sz € V' and hs'z € V, since sz = h='skhe € V' for all 0 < k < I.
If h~1s'h = s~ for all i € Z, then x is connected to s‘thx by the path z,s 'z, ..., sz, hs 'z,
which is the Ki-path =, s 'z, ..., s 'z in V' followed by the B-edge (s~'z, hs~'x) with s~lz € V'
and hs~lz €V, since s ¥z = h~ls*he € V' for all 0 < k < [.

Similarly, if z € V', h € B, and | € N are such that s *ha € V for all 0 < k < [ then z
is connected to s'ha by a path which is a Kj-path in V' followed by a B-edge of the form
(2,5 'hx) with z € V' and s~'ha € V.

Let z € V' and hq,ho € B be such that hohiz, hjz € V. Then hohy = hsk for some h € B
and —M < k < M. When k > 0, x is connected to hohiz by the path z,sz, ..., s*z, hskz,
which is the K-path z,sz,. .., sz in V" followed by the B-edge (s*z, hs*z) with s*2 € V' and
hskz € V. When k < 0, z is connected to hohix by the path =, s 'z, ..., s*z, hs*z, which is the
Ki-path z, s 'z, ..., s%z in V" followed by the B-edge (s*z, hs*z) with s*z € V' and hs*z € V.

From the above three paragraphs, we conclude that if z € V is connected to y € V by a
(B U K1)-path in V, then z is connected to y by a path in V” that is a Ki-path followed by a
B-edge.

For any y € Y, since y and s™y are connected by a (B U Kj)-path in V we infer that y is
connected to s™y by a Ki-path in V. Therefore s*y € V" for all 0 < k < m. Consequently,
p(V") > p(Upy s¥Y) > 1/2. On the other hand, we have

)

W —

n 1 n
p(V") < [Kyl - [Blu(V) <> |Kyl - |B| - |BEgs, |n(V;) = 3 > Y(S)u(V)) <
j=1 j=1

a contradiction. We conclude that G ~ (X, 1) does not have property SC”. O

Proposition 3.15. For a fized G, let Q) be a nonempty class of free p.m.p. actions G ~ (X, ).
Consider the following conditions:

(i) ) has property SC,

(ii) Y has property SC',

(i1i) Q) has property SC”,

(iv) G has the shrinking property.
Then (i)& (ii)= (iii)=(iv). Moreover, if ) consists of a single action or of all free p.m.p. actions
of G then (i)& (ii)< (iii)= (iv).

Proof. ()=(ii). Let T be a function F(G) — [0,00). Then we have an S € F(G) witnessing
property SC for 9 with respect to the function 2Y. Take an n > 0 with 27|S|T(S) < 1/2.
Let Ty € F(G). Then we have C,n, S, ..., S, given by Definition 3.1 for T := ST1.S € F(G).
Put S,y1 = S € F(G). Let G ~ (X,u) be an action in ). Then we have W,Vy,...,V,
satisfying conditions (i)-(iii) in Definition 3.1. Let Wi, W5 be Borel subsets of X satisfying
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p(Wh), p(W2) < n. Put
Vit = (Sn+1(W1 U Wz) N W) U (W1 U Wg) - S(Wl U Wg).

Then
p(Vng1) < S|(w(Wh) + p(Wa)) < 27| S|
and hence
A 1 1 11
D (V) < 5 TTE)HVns) < 5 +20S|T(S) < 5 +5 =1,
j=1

verifying condition (i) in Definition 3.12. Let g € T1 and w; € Wi, wy € Wy with gw; = wa.
For i = 1,2 take an s; € S such that s;w; € W. Then (w;, s;w;) is an S,4+1-edge with both
endpoints in V1. Note that (szgsl_l)(slwl) = sowsy and 32gsl_1 € T. Thus sjw; and sqwsy are
connected by a path of length at most C' in which each edge is an S;-edge with both endpoints
in V; for some 1 < j < n. Then w; and wy are connected by a path of length at most C' + 2
in which each edge is an Sj-edge with both endpoints in V; for some 1 < j < n + 1, verifying
condition (ii) in Definition 3.12. Thus 9) has property SC'.

(ii)=>(iii). Trivial.

(iii)=(iv). This follows from Lemmas 3.13 and 3.14 and Proposition 3.11.

(ii)=-(i). Since (ii)=(iii)=(iv), G has the shrinking property. Let S* € F(G) witness the
shrinking property for G. Let T be a function F(G) — [0,00). Take an 7 as given by property
SC’ for 9 with respect to the function 2Y. Take an ef > 0 with #Y(S%) < 1/2. By the shrinking
property for G there is an S € F(G) so that for any 6 > 0 there is a C* € N such that given
any free p.m.p. action G ~ (X, ) we can find Borel sets Z C 'V C X satisfying the following
conditions:

(a) SV =X,

(b) (V) <e* and pu(Z) <4,

(¢) every point of V is connected to some point of Z by an S-path of length at most C*
with all points in V.

Put 6 = 1. Then we have C* as above. Let T € F(G). Then we have C,n,Si,...,S, as
given by property SC’ for Ty := (Sﬁ)CﬁT(Sﬁ)C11 € F(G). Put S,p1 = S* € F(G). Now let
G ~ (X, ) be an action in ). Then we have Z,V satisfying the above conditions (a)-(c). Put
Wy =Wy = Z. Then u(Wh), u(Ws) <6 =n. Thus we have V1, ..., "V, satisfying the conditions
in Definition 3.12. Put W =V and V41 =V C X. Then

n+1
SOX(SV)) < 5 + V(S Iu(V) <

j=1

1 1

+-=1,

+T(SHef < 3=

N —

verifying condition (i) in Definition 3.1. Clearly SW = SV = X verifying condition (ii) in
Definition 3.1. Let g € T and wi,we € W with gw; = wse. For ¢ = 1,2, we can connect w;
to a point z; € Z by an S,,-path of length at most C* with all points in V = V,,.;. Then
z; = s;w; for some s; € (Sﬁ)cu. Note that (SQgsfl)zl = 29 and 5298;1 S (Sti)CuT(Sti)C’i =T.
Since z; € W;, we can connect z; and z3 by a path of length at most C' in which each edge is
an Sj-edge with both endpoints in V; for some 1 < j < n. Then w; and wy are connected by a
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path of length at most C' + 2C* in which each edge is an Sj-edge with both endpoints in V; for
some 1 < j < n+ 1, verifying condition (iii) in Definition 3.1. Thus ) has property SC.

Now assume that Q) consists of a single action or of all free p.m.p. actions of G. We just need
to verify (iii)=-(i). The argument in the above paragraph shows that 9) satisfies the definition of
property SC without the bound C'. From Remark 3.2 we conclude that ) has property SC. [

3.4. Normal subgroups and property SC.

Proposition 3.16. Suppose that G has a normal subgroup G’ with property SC. Then G has
property SC.

Proof. By Proposition 3.15 the group G” has the shrinking property. Let S; € F(G?) witness
the shrinking property for G”.

Let YT be a function F(G) — [0,00). Take 0 < & < 1/(3Y(S1)). Then there is an S € F(G”)
so that for any 6 > 0 there is a C; € N such that given any free p.m.p. action G* ~ (X, u) we
can find Borel sets Z C Vy C X satisfying the following conditions:

(i) SVi=X
(i) (V1) < e and p(Z) <94,
(iii) every point of V; is connected to some point of Z by an Si-path of length at most C;
with all points in V.

Using the function 37 in the definition of property SC for G?, we find an S° € ?(Gb) such

that for any 7° € F(G”) there are C”,n” € N, and S2,..., S;:b € F(G") such that for any free

p.m.p. action G ~ (X, ) there are Borel subsets W’ and ka of X for 1 < k < n” satisfying the
following conditions:

(iv) 3305, T(Su(VE) <1

(v) S"W’ =

(vi) if wy,wy € W satisfy gw; = ws for some g € T” then w; and wsy are connected by a
path of length at most C” in which each edge is an SZ—edge with both endpoints in ka
for some 1 < k < n’.

Let T € F(G). Set
Sy = S"TU(ST)~! € F(G),
and take 0 < 6 < 1/(3T(S’2)|Sg\). Then we have Cy as above. Set T = UgeT(SbelgSflg—ls*’u
SngfIg—lslcle) € F(G”). Then we have C°, n’, and S} for 1 < k < n’ as above. Set
C=201+2+C" €N

Now let G ~ (X, u) be a free p.m.p. action. Then we have Borel Z C V; C X satisfying
conditions (i)-(iii) above. Note that

T(SH(V) < X(S1)e < 3.

We also have Borel sets W’ and ka for 1 <k<n’as above, and

C

T(S)u(V2) <
k=1

1
3
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Set Vo = S5Z. Then
1
T(S2)u(V2) < Y(S52)]S2u(Z) < T(S52)[S2]6 < 3
Combining all of these bounds we obtain

nb

T(S1)u(V1) + T(S2)u(V2) + 3 T(Sp)u(V}) < 1,
k=1
which verifies condition (i) in Definition 3.1.

Set W = V. Then SW = SV; = X, verifying condition (ii) in Definition 3.1.

Let g € T and wy,ws € W with gw; = we. For ¢ = 1,2, we can connect w; to some z; € Z by
an Si-path of length at most Cy with all points in Vy. Then w; = t;z; for some t; € S’f !, Using
the fact that S°W? = X we have gz1 = aquy for some uj € W’ and a; € Sb, and zo = agusy for
some uy € W and as € S”. Note that al_lg and 0,2_1 are both in Ss. Since (al_lg)zl = uq, the
pair (z1,u1) is an Se-edge with both endpoints in Vs. Also, since a;lzg = ug, the pair (z2,us)
is an Ss-edge with both endpoints in V. Note that

(a3 'ty gtig ran)ur = ay 'ty Lotz = ay g tgwr = ag Mty fwe = ag tze = ug.

Since a;ltglgtlg_lal € SbelgSlclg_lSl’ - Tb, this means that us € T?uy. Then uy and us are
connected by a path of length at most C” in which each edge is an S,Z—edge with both endpoints
in V% for some 1 < k < n”. Therefore w; and ws are connected by a path of length at most
201 + 2 + C* = C in which each edge is either an Sj-edge with both endpoints in V; for some
1<j<2oran S,Z—edge with both endpoints in V?C for some 1 < k < n’, which verifies condition
(iii) in Definition 3.1. O

In preparation for the next section we record one application of Proposition 3.16. For this we
need the following construction.

Let G® be a finite-index subgroup of G. Take a B € F(G) such that G = Lpen bG®. Let
G ~ (X,p) be a p.m.p. action. Put Y = |l 0X and write v for the probability measure
on Y which for each b € B is ﬁ 1 on bX under the natural identification of bX and X. For
every g € G and b € B we have gb = b'h for unique ' € B and h € G”, using which we set

g(bx) = V' (hz)

for all x € X. It is easily checked that this defines a p.m.p. action G ~ (Y, v). Furthermore, if
G’ ~ (X, p) is free then so is G ~ (Y, v).
Proposition 3.17. Let G” be a finite-index subgroup of G. Then G has property SC if and only
if G does.
Proof. Assume that G has property SC. Take B € F(G) as above containing eg. Let Y’ be a
function F(G?) — [0,00). For each F' € F(G), denote by p(F) the smallest element of F(G?)
satisfying F' C Bp(F'), and put

T(F) =[G : G| (¢(FB) U (¢(FB))™) = 0.
Then we have S € F(G) witnessing property SC for G. Put S” = p(SB) U (p(SB))~! € F(G”).
Let 7° € F(G?). Put T = BT’B~! € F(G). Then there are C,n € N and Si,...,S, € F(G)
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satisfying the conditions in Definition 3.1. Put C* = C, n® = n, and Sg- = p(S;B)U(p(S;B))! €
F(G”). Let G* ~ (X, 1) be a free p.m.p. action. Define (Y,v) as above. Then we have the free
action G ~ (Y,v) as above. By property SC there exist Borel subsets W and V; of Y for
1 < 7 < n satisfying the following conditions:
(i) 225 T(S;v(Vy) < 1,
(i) SW =Y,
(iii) if wy,we € W satisfy gw; = wy for some g € T then w; and wy are connected by a
path of length at most C' in which each edge is an S;-edge with both endpoints in V;
for some 1 < j < n.
We can write W as | |, 5 bW} for some Borel sets W;, € X. Put Wb = Upes Wp € X. Similarly,
for each 1 < j < n we can write V; as |_|b€B bV;p for some Borel sets V;;, C X, and we put
\7; = Upep Vjip € X. We then have

n

ST = gy DTS € ST V) < L

Jj=1

verifying condition (i) in Definition 3.1. Clearly S’W” = X, verifying condition (ii) in Defini-
tion 3.1.

Let g € T° and wy, we € W with gwi = we. Then there are by, by € B such that bywy, bowo €
W. Note that (bagb; ')biwi = baws, and bagh;' € T. Then there are 1 < [ < C and 1 <
Ji,-- 1 <n,and g; € S, for 1 <4 < [ such that g;—1...g1b1wi,g;...g91b1wr € 'V, for all
1<i<I, and g;...91b1w1 = bowe. Recursively define h; € G'and d; e Bfori=1,...,1 by
gid¢,1 = dzhz and do = bl. Then hl c Sjbl and g .. .glblwl = dlhz e h1w1 for all 1 § ) § [. Thus
hi—l Ce hlwl, hi . h1w1 € ng for all 1 < ] < l. AlSO, from b2w2 =4 .. .g1b1w1 = dlhl e h1w1
we get we = hy...hjwi. Thus wy and we are connected by a path of length at most C" in which
each edge is an Sg—edge with both endpoints in \7?- for some 1 < j < n’, verifying condition (iii)
in Definition 3.1. Therefore G” has property SC. This proves the “only if” part.

Suppose now that G? has property SC. Since G” has finite index in G, we can find a finite-
index normal subgroup G’ of G such that G’ C G”. By the “only if” part, G’ has property SC.
By Proposition 3.16, the group G has property SC. This establishes the “if” part. (|

3.5. Groups without property SC.

Lemma 3.18. Let I' be a (not necessarily infinite) countable group. Let Ygsr be a class of
free p.m.p. actions of G x I'. Denote by Q¢ the class of restricted actions G ~ (X, u) for
G xT' ~ (X, ) ranging over the actions in Ygur. Suppose that g« has property SC'. Then
Da has property SC”.

Proof. We may assume that I' is nontrivial. For any A € F(G), B € F(T'), and k € N we denote
by A x, B the subset of G * I' consisting of all elements of the form apbrar_1bg_1...a1by for
ai,...,ap € Aand by,...,by € B. For each F € F(G *T') we take some k € N, A € F(G), and
B € F(I') such that FF C A %, B, and we put ®(F) = A%, B € F(G + ).

Let T¢ : F(G) — [0,00) be a function. Define Ygur : F(G *x ') — [0,00) by Yeur(F) =
|P(F)|Ya(A), where ®(F) = A x;, B.

Let ngsr > 0 witness property SC’ for Qg.r. Put ng = ng«r > 0.
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Let Tg € F(G). Put Tgsar = Tg € F(GAD). Then we have n, Caur € N, and Sgur 1, - - -, SGur'n €
F(G «T') witnessing property SC’ for Ygur. For 1 < j < n express ®(Scur ;) as A; *k; Bj as per
its definition. Put Sg; = A; € F(@G) for 1 < j < n. Also, put Cg = 2Caur maxi<j<n kj € N.

Let G« T' ~ (X,u) be an action in Qgsr. Let W7 and Wy be Borel subsets of X with
p(W1), pu(W2) < ng = ngsr. Then there are Borel sets Vaur 1, ..., Vasrn € X satisfying the
following conditions:

(1) 27=1 #(Vasr, ) Yeur(Sear,j) < 1,

(ii) if w1 € Wy and wy € Wy satisfy gw; = we for some g € Tgyr then wy and wy are
connected by a path of length at most Cgur in which each edge is an Sg.r j-edge with
both endpoints in Vgyr j for some 1 < j < n.

For each 1 < j <n put Vg ; = ®(Sgsr,;)Vasr,; € X. Then

> 1V )Ya(Say) <Y u(Vasr )|®(Sear ) Ta(Sa,)

J=1 J=1

n
= ZN(VG*F,]')TG*F(SG*F,]') <1,
j=1
verifying condition (i) in Definition 3.12.

For each 1 < j < n, if h € Sgur; and z,y € Vgur; with hx = y then clearly x and y are
connected by an (A; U Bj)-path in Vg ; of length at most 2k;.

Let g € Tg = Tgsr and w; € W1, wy € Wy with gw; = ws. Then w; and ws are connected
by a path of length at most Cg.r in which each edge is an Sg.r j-edge with both endpoints in
Vasr,j for some 1 < j < n. From the above paragraph we conclude that w; and wy are connected
by a path of length at most C in which each edge is either an Aj-edge or a Bj-edge with both
endpoints in Vg ; for some 1 < j < n. We may assume that w; # w2. Removing cycles in this
path, we may assume that it contains no cycles. Since g € G and the action G *T' ~ (X, u) is
free, we see that no Bj-edge for any 1 < j < n appears in this path. Thus each edge of this path
is an Sg j-edge with both endpoints in Vg ; for some 1 < j < n. This verifies condition (ii) in
Definition 3.12. [l

By combining Proposition 3.15 and Lemmas 3.13, 3.14, and 3.18 we obtain the following
proposition, which, with a boost from Proposition 3.17, then yields Theorem 3.20.

Proposition 3.19. Suppose that G is either locally finite or virtually cyclic, and let T be a (not

necessarily infinite) countable group. Then no free p.m.p. action G xT' ~ (X, u) has property
SC.

Theorem 3.20. Suppose that G is either locally finite or virtually free. Then G does not have
property SC.

We will see later in Proposition 3.28 that if G is amenable then it has property SC if and only
if it is neither virtually cyclic nor locally finite.

3.6. Groups with property SC. The following notion of w-normality was formulated by
Popa for the purpose of expressing his cocycle superrigidity theorem in [32] and will be similarly
convenient in our setting.
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Definition 3.21. A subgroup Gy of G is w-normal in G if there are a countable ordinal + and
a subgroup G of G for each ordinal 0 < A\ < ~ satisfying the following conditions:

(i) for any A < X < one has G C Gy,
(i) G =G,
(iii) for each A <=y, G, is normal in G41,
(iv) for each limit ordinal A" <, Gy = Jyy Ga.

Our goal is to prove, via several lemmas culminating in Theorem 3.29, that if G contains
an amenable w-normal subgroup which is neither locally finite nor virtually cyclic then G has
property SC. This will involve an elaboration of the graph-theoretic arguments from Section 8.1
of [2].

Let S be a symmetric finite subset of G. By an S-path in G we mean a finite tuple
(90,91, --,9n) of elements of G such that gi,lgi_l € S for all i = 1,...,n, in which case
we call n the length of the path and say that the path connects gy and g, (its endpoints). We
say that a set K C G is S-connected if every pair of distinct elements of K is connected by an
S-path contained in K.

Given an r € N, a set E C G is said to be (S, r)-separated if for all distinct f,g € E one has
STfNS"g=10. Given aset W C G and an r € N, a set E C W is said to be (S, r)-spanning for
W if every f € W is connected to some g € E by an S-path of length at most r. We also simply
say S-spanning when r = 1. This should not be confused with the graph-theoretic notion of
spanning tree, which we also use below.

For finite sets F, K C G and § > 0, we say that K is (F,d)-invariant if |FK \ K| < 0|K]|.
Note that, given an r € N, if F' contains e and satisfies |F| > 1 and K is (F, ¢')-invariant where
0'=06(1—1|F|)/(1 = |F|") then K is (F",¢)-invariant, for using the fact that F' contains eg we
have

s T
FPE\K|=> [FFK\FK|<Y |FJ7FK\ K| <4|K]|.
j=1 j=1

The following is a variation on Lemma 8.3 of [2]. For an € > 0 and a collection .7 of finite
subsets of G, we say a finite set K C G is tiled to within € by 7 if the members of J are
pairwise disjoint subsets of K and || |pc5 1| > (1 —¢)|K]|.

Lemma 3.22. Suppose that G is finitely generated and let S be a finite symmetric generating
set for G containing eg. Let € > 0. Let F' be a finite subset of G and § > 0. Then there exists
a ¢ > 0 such that every (S, ()-invariant nonempty finite subset of G is tiled to within € by a
collection of S?-connected (F,§)-invariant finite subsets of G.

Proof. Take an r € N such that F' C S". Set ¢ = min{e?, (§(1 —|S])/(1 —|S|"))?}. Let K be
an (S, ¢)-invariant nonempty finite subset of G. Consider the partition Kj U --- LI K, of K into
maximal S2-connected subsets. Then SK; N SK ;=10 for i # j, and so

(2) < C.

Z”: K| |SKi\Ki| _ |SK\ K|
— K| K] K]

Write I for the set of all 4 € {1,...,n} such that |SK; \ K;|/|Ki| < v/C. Then by (2) we must
have Y, ; |Ki| > (1—+/C)|K|, which shows, since /¢ < &, that the collection {K;}icy tiles K to
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within e. Moreover, since /¢ < §(1 —[S])/(1 — |S|") and F C S™ we infer from the observation
before the lemma that for each i € I the set K; is (F,d)-invariant, completing the proof. O

We next state a version of the Ornstein—Weiss tiling theorem that demands connectedness of
the tiles. It follows from one of the usual forms of the Ornstein-Weiss tiling theorem (Theo-
rem 4.46 of [25]) and Lemma 3.22.

Lemma 3.23. Suppose that G is amenable and finitely generated. Let S be a finite symmetric
generating set for G containing eq. Let E be a finite subset of G and & > 0. Then there
are (E,d)-invariant S?-connected sets Fy,. .., Fy, € F(G) such that for any free p.m.p. action
G ~ (X,u) we can find Borel sets Zy,...,Zy, € X such that the collection {Fyrz : 1 < k <
m and z € Zy} is disjoint and its union has p-measure at least 1 — 9.

The following is essentially Lemma 8.5 of [2].

Lemma 3.24. Suppose that G is finitely generated and not virtually cyclic, and let A be a
generating set for G in F(G). Then there is a constant b > 0 such that given any r € N and
A-connected finite set F' C G satisfying |A"F| < 2|F| there exists an A-connected set T C A"F
such that T N F is (A, 2r)-spanning for F' and |T'| < b|F|/r.

Proof. As G is not virtually cyclic, we can find a ¢ > 0 such that |A"| > en? for all n € N
(Corollary 3.5 of [28]). Let r and F' be as in the lemma statement.
Take a maximal (A, r)-separated subset V' of F. Then we have

VIIAT| = | | | A7g| < |A"F| < 2|F|
geVv
whence
2|F| 2
3 V< < —|F|.
3) VI < T < 2l

The set V' is (A, 2r)-spanning for F' by maximality. Consider the graph (V| F) whose edges are
those pairs of vertices which can be joined by an A-path within A" F' of length at most 4r + 1.
Since F' is A-connected, for all v1, v € V there is an A-path in F' connecting v; to vs. For each
point z in this path, we may connect z to some v, € V by an A-path p, in A"F of length at
most 27 (using the (A, 2r)-spanningness of V' in F’ and the fact that an A-path of length at most
2r with both endpoints in F' must be entirely contained in A" F'). We can thereby construct an
A-path in A"F from vy to vy in which points of V' appear in every interval of length 4r 4 1, by
inserting p, and the reverse of p, at z. This shows that the graph (V, E) is connected.

Applying the standard procedure for producing a spanning tree, we start with (V, E) and
then recursively construct a sequence of graphs with vertex set V' by removing one edge at each
stage so as to destroy some cycle in the graph at that stage, until there are no more cycles to
destroy and we arrive at a spanning tree (V, E’). Then (V, E’) is an A**!-tree in I which is
(A, 2r)-spanning for F.

For each pair (v,w) in E’, choose an A-path in A"F joining v to w of length at most 47 + 1.
Denote by T the collection of all vertices which appear in one of these paths. Note that T is an
A-connected set in A" F' such that T'N F' is (A, 2r)-spanning for F'. Moreover, using (3) we have

2 10
IT| < |V|+4r|E'| < (4r +1)|V| < br- —5|F| = —|F].
cr cr
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We can therefore take b = 10/c. g

If we take G’ = G in Proposition 3.16, then the proof there actually shows the following.

Lemma 3.25. Let Gg be a subgroup of G which has the shrinking property. Then in the defini-
tion of property SC for a class ) of free p.m.p. actions of G (Definition 3.1) it is possible, for
each T, to choose S to be a subset of Go depending only on Y|g(c,)-

Lemma 3.26. Let v be a countable ordinal, and suppose that for each ordinal A < ~ there is a
subgroup Gy of G so that the following conditions hold:

(i) for any A < N < « one has Gy C Gy,

(ii) Gy has property SC for every \ < -.
Then UA<7 G has property SC.

Proof. By Proposition 3.15 we know that G has the shrinking property. Let T be a function
F(Ur<y Ga) = [0,00). By Lemma 3.25 there is some S € F(Go) witnessing property SC for G
with respect to T|y(q,) for all A <. Let T € F(U,., Gx). Then T € F(G,) for some A < .
Then we have C,n € N and S1,..., S, € F(G,) satisfying the conditions in Definition 3.1. O

Lemma 3.27. Suppose that G is amenable and not locally virtually cyclic. Then G has property
SC.

Proof. We consider first the case G is finitely generated. Then G is not virtually cyclic. By
Proposition 3.15 it suffices to show that G has property SC’.

Take an Sy € F(G) generating G. Set S; = SZ € F(G). Let b > 0 be as given by Lemma 3.24
with respect to the generating set S; for G.

Let T be a function F(G) — [0,00). Choose an r € N large enough so that

(4) 3bT(Sl) S T.

Set S2 = S3" € F(G). Take n > 0 such that 2n]S2|Y(S2) < 1/3.

Let T € F(G). Put n =3 and S3 = T € F(G). Take 0 < & < 1 such that 25|S3|T(S3) < 1/3
and put ¢ = 6/(1+4|S2]-|S27'S2|) > 0. By Lemma 3.23 there are m € N and (S27'S2, ¢)-invariant
Si-connected sets F1,. .., Fy, € F(G) such that for any free p.m.p. action G ~ (X, ) we can find
Borel sets 71, ..., Z,, C X such that the collection {Fiz : 1 < k <m and z € Z;} is disjoint and
its union has p-measure at least 1 — (. By our choice of b via Lemma 3.24, foreach k =1,...,m
we can find an Si-connected set T;° C STF}, such that T,;r =T} N Fy, is (S1, 2r)-spanning for Fj,
and |T}| < b|Fy|/r. Put C = 2 + maxi<g<m |T}| € N. For each 1 < k < m denote by Fj the
set of all g € Fy, satisfying S2T'Sog C Fj, and note that since Fj, is (S27'Sa, {)-invariant we have
| Fi \ Fy| < [S2T'Sa|C| Fyl-

Now let G ~ (X,pu) be a free p.m.p. action, and let Wi, W5 be Borel subsets of X with
p(Wh), w(Wa) <n. Take Z1,...,Z, as above.

For each i = 1,2 put W/ = W; N S Ui, (Fi. N Tg)Zk C W; and observe that

W(Wi\ W) < M<X AL mT,Dzk)
k=1

< M<X \ Fka> + ) u(FrZi\ Sa(Ff, N ) Z)
k=1 k=1
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<CH Y ulZ)|Fi\ Sa(FLN T

k=1

<CH+ Y Z)|Sel - ITINFY| (since Fy C ST})
k=1

< CH 192820 Y~ i Zi)|Se| - | Fil

=1
< C+[52TSs| - [S2]¢ = 0.

Set,
Vi=JTiZ, Vo=S(WiUW,), Vs =Ss((Wi\ W)U (Wa\ Wy)).
Then
= o bF b @1
Y(S1)p(V1) < T(S1) Yl Z)| T < T(S1)D (2 | ’“|<T(51)T§3
k=1 k=1
and )
T (S2)p(V2) < Y(S2)[Sa|(1(Wr) + p(Wa)) < 2n]S2|T(Ss) < 3
and .
T(S3)u(V3) < Y(S3)]S3](u(Wr \ Wi) + p(Wa \ Wy)) < 25|53 T(S3) < 3
so that

T(S;)u(Vj) < 1,

M

j=1
which verifies condition (i) in Definition 3.12.

Let g € T and wy € Wi, we € Wy with gwy = we. If wy & W] or wy & W3, then (wq,ws) is an
Ss-edge with both endpoints in V3. Thus we may assume that w; € W/ for i = 1,2. For i = 1,2,
we have w; = s;t;z; for some s; € So, 1 < k; <m, t; € F,gz N T,IZ_, and z; € Zy,. Then (w;, t;z;) is
an Ss-edge with both endpoints in Vs. Note that 82_1981 € S5T'S5, and hence (sglgsl)tl € Fy,.
Since

toze = 85wy = 85 gwy = (55 gs1)t121,
we get that k1 = ko, to = (sglgsl)tl, and z9 = z;. Then t12; and 929 are connected by an
Si-path of length at most \T,:1| with all points in Vy. Therefore w; and ws are connected by a
path of length at most C' in which each edge is an Sj-edge with both endpoints in V; for some
1 < j < 3, verifying condition (ii) in Definition 3.12. Therefore G has property SC’, and hence
has property SC.

Now consider the case G is not finitely generated. By hypothesis we can find an increasing
sequence Gg C G1 C ... of finitely generated subgroups of G with union G such that Gy is not
virtually cyclic. Suppose for a given n € N that G,, is virtually cyclic. Then G,, has a finite-index
subgroup G, isomorphic to Z. Since G is infinite, Gy N GJ, is nontrivial. Then Gy N GJ, has
finite index in G},, and hence has finite index in G,,. Thus Gy N G}, has finite index in G. This
shows that Gy is virtually cyclic, a contradiction. Therefore for each n € N the group G,, is not
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virtually cyclic. Since subgroups of amenable groups are amenable, each G,, is amenable. From
the finitely generated case of the lemma we conclude that each G,, has property SC. Then from
Lemma 3.26 we get that G has property SC. O

The following we obtain from Theorem 3.20 and Lemmas 3.8 and 3.27.

Proposition 3.28. An amenable G has property SC if and only if it is neither locally finite nor
virtually cyclic.

From Proposition 3.28 and Lemma 3.26 we finally get:

Theorem 3.29. Suppose that G has a w-normal subgroup Go which is amenable but neither
locally finite nor virtually cyclic. Then G has property SC.

3.7. Product groups.

Lemma 3.30. For every ¢ > 0 there is an S € F(G) such that for every free p.m.p. action
G ~ (X, ) there is a Borel set V C X with SV =X and p(V) <e.

Proof. Choose an Sy € F(G) such that |Sy| > e!. Let V be the set W given by Lemma 3.9
with Y taken to be X, E taken to be the union of the graphs of the elements of Sy, and M; = 1.
Then SZV = X and 1 > u(SoV) = |So|p(V) > e~ tu(V), and so we can take S = S3. O

For two countably infinite groups G and I', we say that G x I' has property SC for product
actions if the class Yproq has property SC, where 9 p,r0q consists of all p.m.p. actions of the form
GxI'~ (X xY,pu) where G ~ X and G ~ Y are free actions on standard Borel spaces and
G xI' » X x Y is the product action, with u not necessarily being a product measure.

Lemma 3.31. Let G and I" be countably infinite groups. Suppose that G has the shrinking
property. Then G x I' has property SC for product actions.

Proof. We have S; ¢ € F(G) witnessing the shrinking property for G. Put S; = S1.¢ x {er} €
F(G xT). Let Y be a function F(G x I') — [0,00). Take ¢ > 0 such that eY(S;) < 1/3.

By our choice of S ¢, there is an Sg € F(@G) such that for any 6 > 0 there is a C; € N so
that for any free p.m.p. action G ~ (X, ux) we can find Borel sets Zx C Vx C X satisfying
the following conditions:

(i) SeVx = X,
(i) px(Vx) < e and px(Zx) <96,
(iii) every point of Vx is connected to some point of Zx by an S; g-path of length at most
C; with all points in Vx.

Put S = Sg x {er} € F(G x I).

Let T € F(G x T'). Take Tz € F(G) and Ty € F(I') such that T C Tg x Tr. Put Sy =
(Tg U S1.6) x {er} € F(G x T). Take an n > 0 such that nT(S) < 1/3. By Lemma 3.30 there
is an Sp € F(I') such that for any free p.m.p. action I' ~ (Y, uy) there is a Borel set Vy C Y so
that SpVy =Y and py (Vy) <n.

Put S5 = {eg} x (SrTrSr) € F(G x I'). Pick a § > 0 such that §Y(S3) < 1/3. Then we have
C4 as above. Put C =4C7 4+ 3 € N.

Let G and T' act freely on standard Borel spaces X and Y, respectively. Let u be a (G x I')-
invariant Borel probability measure on X X Y. Denote by pux and py the push-forward of p
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under the projections X x Y — X and X XY — Y respectively. Then we have Zx,Vx and Vy
as above.
Put Vi =Vx xY,Vy=X xVy,and V3 = Zx x Y. Then

3
D Y(S)u(V)) = T(S1)px (Vx) + L(S2)my (Vy) + Y(Ss)ux (Zx) < 1,
j=1

verifying condition (i) in Definition 3.1.

Put W =Vx x Y. Then SW = X x Y, verifying condition (ii) in Definition 3.1.

Let t = (tg,tr) € T and wi,wy € W with tw; = we. Say, w; = (x;,y;) for i = 1,2. Then z;
is connected to some z; € Zx by an Si g-path of length at most C; with all points in Vx. Put
w; = (%,y;). Then w; is connected to w; by an Si-path of length at most C; with all points
in V1. We have sy; € Vy for some s € Sp. Put w) = (z1,sy1) and w) = (z2,sy1). Note that
sy; = stflyg € SrTrSryz. Thus (w},w!) is an Sz-edge with both endpoints in V3 for i = 1,2.
Also note that z9 € SICIG$2 C SE};Tle C S’lolGTgSlchzl. Thus wf{ and w) are connected by
an Sa-path of length at most 2C7 + 1 with all points7 in V5. We conclude that wy; and wsy are
connected by a path of length at most 4C7 + 3 in which each edge is an Sj-edge with both
endpoints in V; for some 1 < j < 3, verifying condition (iii) in Definition 3.1. O

Gaboriau showed that if R and S are countable aperiodic Borel equivalence relations on
standard Borel spaces X and Y, respectively, and p is an (R x S)-invariant Borel probability
measure on X X Y, then the cost of R x S on (X X Y, u) is equal to 1 [15][21, Theorem 24.9].
The following result is an analogue of Gaboriau’s theorem.

Proposition 3.32. Let G and I' be countably infinite groups. Then G x I has property SC for
product actions if and only if at least one of G and ' is not locally finite.

Proof. 1f at least one of G and I', say GG, has the shrinking property, then G x I' has property
SC for product actions by Lemma 3.31 and G is not locally finite by Proposition 3.11. Thus
we may assume that neither G nor I' has the shrinking property. By Proposition 3.11, each
of G and T is either locally finite or virtually cyclic. If at least one of G and I' is not locally
finite, then G x I is neither locally finite nor virtually cyclic, and so G x I',; being amenable,
has property SC by Proposition 3.28. If on the other hand G and I' are both locally finite then
G x T is locally finite, which implies by Theorem 3.20 that G x I" has no free p.m.p. actions with
property SC and hence does not itself have property SC for product actions. ([l

4. MEASURE ENTROPY AND SHANNON ORBIT EQUIVALENCE

We devote ourselves in this section to the proof of the following theorem, which together with
Theorem 3.29 yields Theorem A.

Theorem 4.1. Let G and H be countably infinite groups and let G ~ (X, u) and H ~ (Y,v) be

free p.m.p. actions which are Shannon orbit equivalent. Suppose that G ~ (X, ) has property
SC . Then

hy(H~Y) > hy (G X).

For the purpose of proving the theorem we may assume, by conjugating the H-action by a
Shannon orbit equivalence, that (X,u) = (Y,r) and that the identity map from X to itself
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provides a Shannon orbit equivalence between the two actions. As usual denote the associated
cocycles G x X — H and H x X — G by k and ), respectively.

For each g € G we write &, for the countable Borel partition of X consisting of the sets
X9t ={r € X : gr = ta} for t € H, and likewise for ¢t € H we write &, for the countable
Borel partition of X consisting of the sets X, for ¢ € G. For every F in F(G) or F(H), set
r? =\ er Py Then H,(r &) < co. For every F € F(G) and L € F(H), denote by FL P the
finite set consisting of all P € p 2 satisfying k(g, P) € L for all g € F and set Xp = r 2.
Denote by & the finite partition g LZU{X\ X rr} of X. Similarly, denote by 72 the
finite set consisting of all P € &7 satisfying A\(¢,P) € F for all t € L, and set X1 p = J L,F@
and LjFL@ = L,Fy U {X\XL,F}'

Given a finite disjoint collection % of Borel subsets of X and a nonempty finite set V, we
define on the set of all maps with domain some collection of subsets of X containing % and
codomain Py the pseudometric

pe(p, ) = ) m(p(A)A(A)).
Ac¥
Lemma 4.2. Let L € F(H) and 0 < 7 < 1. Take an F' € F(G) such that (X2 ) > 1-7/30,
and take an F € F(G) such that F* C F and (X2 ) > 1—7/(30|F%|). Let0 < 7/ < 7/(60|F|?).
Let m: G — Sym(V') be an (F,7')-approzimation for G. Let ¢ € Homy(r2 p 2, F, 7', 7). Take
o : L2 - VYV such that
o = TA(t,A)V

forallt € L?, A € 122 and v € @(A). Then there is an (L,T)-approzimation o : H —
Sym(V) for H such that pgamm (o, o)) < 7/5 for all t € L2.

Proof. Denote by Vg the set of all v € V satisfying mym,v = mgpv for all g, h € F and mgv # mpv
for all distinct g,h € F. Then

m(V\ Vi) < 2|F|*7 < =

30°
Set
=J U B)Ar,-10(B)) C V.
geFBEL2,F‘]
Then
V) <|F|F < —
m(V') < |Flr' < o
Set V* = Vg \ V'. Then
T T T
) > — >l—-——=—=1-—.

For each t € L? set V} = UA,BGLQVF@ ©(ANA(t, A)71B). Then

wvhzu( | @anaeaim) -

A7B6L2,F?
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2M< Ll || (Ana@ A 1B)>—

A€o 4 P BE 17

X2 ) = |FH|(1 = (X2 p)) = 7

T T T T

>1— 1L

- 30 30 60 12
Let s, ¢ € L? with st € L2. Let v € V* N Vf. Then v € (AN A(t, A)LB) = o(A) N (g~ B)
for some A, B € 12 p P, where g = A(t,A) € F. Since v ¢ V', we have v € p(A) Nmy-10(B).

Using the fact that v € Vg, we get v € p(A) N 7rg_1(<p(B)). Put h = \(s,B) € F. Note that
o = mgv € ¢(B). Thus

OLOW = OLTgU = TRTGU = Thgv.
For every z € AN g~ !B we have tx = gr € B and hence
A(st,x) = (s, tx)\(t, x) = hg.

Since st € L? and A € 12 p P, we have hg = A(st,A) € F. Thus oj,w = mpew for all
w € p(ANg1B), and so
OLOLU = Thgl = Oyv.

We conclude that

T 27’
<1-m(V* =2
Note that o7, = 7e, on ¢(Xj2p). Since 7 is an (F, 7’ )—approximation for G we have

pHamm(ﬂ-eGa ldV) = pHamm(ﬂ'eGﬂ'eGa 776@) < 7’ and hence

pHamm(UéHv ldV) < pHamm(UéHa 77'65;) + PHamm (7T6G7 ldV)
<1 -m(p(Xp2p)) + 7
<1—p(Xpep) + 27
T T T

30730 15

For each t € L? pick a o, € Sym(V) such that o,v = ojv for all v € V satisfying o100 = v.
For each t € L?, taking s = t~! in (5) we conclude that

IN

pHamm(Ut7 0-2) < pHamm(U;gflaga ldV)

S PHamm(U,;lU;; JéH) + pHamm( eHaldV)
<o T T
—15 15 5

For any s,t € L we then have

PHamm (Uso't) Ust) < pHamm(Usy 0{4;) + pHamm(Uta 0'1/5) + pHamm(U;U{tv U;t) + pHamm(Usty Ugt)
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Let s,t € L? be distinct. Let A € L27F?. Say, g = A(t,A) € F and h = A\(s,A) € F. Take
x € A. Then gx = tx # sx = hx, and hence g # h. Thus for any v € ¢(A) N Vg we have
o = mgv # mpv = o,v. This shows that ojv # ol for all v € Vg N (X2 p). Therefore

pHamm(087 Ut) > pHamm(U;’ 0'2) - pHamm(USu U;) - pHamm(Uta 0'1/5)

T T

>m(VeNo(Xp2 p)) — 5T E

T 2T
> m(p(X _ I _ T
> m(p( L?,F)) 30 5

1
> (X2 p)— 7 — %

T T 137

>1- T LI O
1730 60 30

Lemma 4.3. Let ¢ be a finite Borel partition of X, L € F(H), and 0 < 7 < 1. Take an
F € F(G) such that p(Xr2 ) > 1—7/30. Let 0 < 7/ < 7/(60|F|?). Let : G — Sym(V) be a
sofic approzimation for G. Let ¢ € Hom, (6L V 2 p P, F, 7', 7). Take a o' : L? = VV such that

/
TV = Tx\(t,A)V

forallt € L?, A€ L;;:ﬁ and v € p(A). Let o : H — Sym(V) be a sofic approzimation for

H such that pgamm (0, 0}) < 7/5 for all t € L?. Then the restriction of ¢ to alg(6L) lies in
Hom, (¢, L, T, 0).

Proof. We have
> Im(p(A) — u(A4)] < > Im(p(A)) —p(A)| <7 <,

AEby, AG((KL\/L{FW)F

while for each t € L we have

> m(p(tA)Aoyp(A))

Ae?
< Z o(tA)Acip(A)) + Z m(oyp(A)Acip(A))

Ae% Ae?
<§: E: (t(AN B))Acjo(AN B))
Ae? BELQ Fﬁ’
+ Z "4\‘XL2 F))Ao't@(A\XLQ F)) +2pHamm(U£70t)
Ae?
<> > m(e(\(t, B)(ANB))Amy.pe(ANB))
AGfBELQ F7
(et Xz ) + m(o(X \ Xy ) + o

< Z Z Z (9(ANB))Amyp(AN B))

geEF A€¥ B¢ 72 ij
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2
+ X\ Xp2 ) + (X \ Xpzp) +27 + 2

5
21 T T

<\Flf'+ 4+ L 40T T O

SIFIrt Ett s et <7

For a finite family 4 of Borel subsets of X, a finite Borel partition & of X, and 7 > 0 we

write € é alg(2) if there is a B € alg(Z?) such that u(B) > 1 — 7 and AN B € alg(Z) for
every A € €.

Lemma 4.4. Let € be a finite Borel partition of X. Let F € F(G) and L € F(H). Then
Cp Calg((€V pP)L) for 7= p(X\ Xpp)|F|.

Proof. Put B =\ cp9Xpr € alg((¢V p,r?)r). Then pu(X \ B) <.

Let Ae (¢V ). Then A = ﬂgngAg for some Ay € €V . If Ay € Xp for
some g € F, then ANB=0. If Ay C Xpp forallg e F, then A C B and A = ﬂgngAg =
Nyer £(9: Ag)Ag € alg((¢'V ;L) r). Thus

(%VF,L,@)F C alg((cg\/F,L@)L).

Since €r C alg((€¢ V L Z)F), we conclude that €r é alg((¢V rL2)L). O

Lemma 4.5. Let € be a finite Borel partition of X. Let S € F(G) and let W be a Borel
subset of X such that SW = X. Let L be a set in F(H) containing egy. Set €' = {W, X \ W}
and €" = €N €'V g2 P. Then there are a finite Borel partition 2 of W contained in
alg((¢ vV €')s2) and a map © : 2 — F(S) such that e € O(B) for every B € 2 and the sets
gB for B € 2 and g € O(B) form a partition Z of X finer than €. Furthermore, for any such
2 and # and any sofic approximations ™ : G — Sym(V'), o : H — Sym(V), any 6,0’ > 0, any
¢, € Hom, (%, S,0', ), and any @, Ve Hom, (ZV €",L,0,0) satisfying

(i) 3(B) = ¢(B) and (B) = (B) for all B € 2,
(ii) o(W) = (W)

one has
pe(0,9) <206 +8")|S| +20[S] - |L| +2|SPu(X \ Xg2.1) + S| - |Llpgv s, , (&, b).

Proof. We prove the existence of 2 first. Note that (¢”)g is the partition of X generated by
gW for g € S. Since SW = X, every member of (¢”)g is contained in g\ for some g € S.
Each member A of € V (¢”)s is contained in some member of (¢”)g, and hence is contained in
gATlW for some g4 € S. We shall choose g4 = eq when A C W. Denote by 2 the partition
of W generated by gaA for A € €V (¢')g. Then 2 C alg((¢ V (¢")s)s). Note that if A is
a member of € V (%")s then it can be written as g, (gaA) and hence is the disjoint union of
sets of the form g;llB with B belonging to 2. Thus we can find a map © : 2 — F(S) such
that eq € ©(B) for every B € 2 and such that the sets gB for B € 2 and g € O(B) form a
partition Z of X finer than ¢V (¢”)s. Note that

(€ V(¢)s)s 2((CVE)s)s = (CVE)se

Thus
2 Calg((¢V (¢')s)s) Calg((€VE')g2).
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Now let 2,2, 7,0,8,8,¢,1,$, 1 be as in the lemma statement. For any partitions 4, and
%5 of X coarser than (Z V €")r, we have

pave(@0) = Y m((@(A1) N@E(A2)) A (A1) Nd(A2)))

A1€C1, Ao ECr

< ) m((@(A) N@(A2) A (AL N B(A2))
A1€61, A2€6>

+ Z m((P(A1) N G(A2)A(D(Ar) NP(Az)))

A1€%), Ayts
= 6 (3,9) + P (B, ).
For each t € L, we have
(6) peen(B,9) = pgn(@ot. i ot)
< pgn(Bot,o00@) + pgn(or 0 @,0101) + pgn(or 0,1 ot)
< 20+ pign (,9).

By Lemma 4.4 we have (6V8")g: C alg((%")1) for = p(X\ X2 1)|S?. Then 2 C alg((¢")L).
Thus

p2(3,0) < pagny, (@,1) + 21 + 26

< pen (@) + 27 + 26
tel

(6) -
< 20|L| + | Llpgv, , 2(2,0) + | Llpgr (3, 9) + 27 + 26
= 26|L| + |Llpgv g, , 2(,9) + 27 + 26.

As in (6), for each g € S we have

pg2(p, ) < 28" + palp,v).
Thus
p(0,0) < pa(p, )

< Z Pgﬂ(% 10)

geSs
< 20|84 [S|pa(e, )

= 20'|S| +|S|p2(2,¥)
< 26'|S| + 26[S| - |L| + |S| - | Llpgv , , (2, 9) +2|S|T + 2|8
< 206+ 0)|S| +20]S| - |L| + 2ISP (X \ X2 1) +1S| - | Llpgv g, 2(¢,4). O

Lemma 4.6. Let S be a set in F(G) containing e and let W be a Borel subset of X such
that SW = X. Let 2 be a finite Borel partition of W and © a function 2 — F(S) such that
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e € O(B) for every B € 2 and such that the sets gB for B € 2 and g € ©(B) form a partition
of X. Also, let & be a finite Borel partition of X. Then there is a finite Borel partition 21 of
W satisfying the following conditions:
(i) 2 =% 2,
(ii) defining ©(D) = O(B) for D € 21 and B € 2 satisfying D C B and denoting by %1
the partition of X consisting of gD for D € 21 and g € ©(D), one has I <X % .

Proof. Denote by 27 the partition of W generated by the sets BN g~!D for B € 2, g € O(B),
and D € 9. It is easily checked that 2 satisfies the conditions. O

Lemma 4.7. Let € be a Borel finite partition of X, L € F(H), and 0 < § < 1. Let S €
F(G) and let W be a Borel subset of X such that SW = X. Take an L* € F(H) such that
(X \ Xsre) < 68/(201S|) and an L € F(H) containing L*. Let 21 < 25 be finite Borel
partitions of W and let © : 21 U 29 — F(S) be such that

(i) eq € O(By) = O(By) for all By € 25 and By € 21 with By C By,

(i1) for j =1,2 the sets gB for B € 2; and g € ©(B) form a partition %; of X,

(i) % = 9 :==CLV gz, and

(iv) 2 = (1) T
Denote by 2} the set of all B € 2y satisfying B C Xg e and by 2 the set of all B € 2
satisfying B C Xg7. Denote by A the set consisting of all (B, g) for B € 2% and g € O(B)\{eq}.
Take 0 < & < §/(20]S|). Let o be a finite Borel partition of X refining %5. Let V be a nonempty
finite set and ¢ a homomorphism alg(</) — Py such that 3~ 4., [m(p(A)) — p(A)] < . Let
0 <7 <6/(20|L%]). Let o : H — Sym(V) be an (L U L®, T)-approzimation for H. Define a
map @'+ HBo — Py by ¢'(B) = ¢(B) for all B € 29, §'(gB) = 0 for all B € 25\ 25 and
g € O(B)\ {ec}, and

@l(gB) - Un(g,B)(P(B>

for all (B, g) € A, and extend ¢' to a map alg(#2) — Py by setting ¢'(D) = U scp, acp ¢ (4)
for D € alg(%2). Suppose that

)
~/
(7) Y. m(@(gB)Nne(W)) < -,
(B,g)eA
/ / / / 5
(8) > m(#(gB) N &' (d'B) < 5
(B.9),(B',9")EN,(B,g)#(B’,9")

and

- 0
9) > ) m(@(tB)Acp(B)) < 20°

Be2| teLL®

Then there is a homomorphism ¢ : alg(%2) — Py such that $(B) = ¢(B) for every B € 25
and - gcp, M(P(A)AP'(A)) < 6/5. Furthermore, the restriction of any such ¢ to alg(%r) lies
in Hom,, (¢, L, 9,0).
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Proof. Note that

(10) u(X\(WU U gB>>:u< U U gB)
(B,g)eA Be2:\2), gcO(B)\{eg}
4]
< (IS1= DX\ Xs20) < 55
We prove the existence of ¢ first. If W = X, then we may take ¢(A) = ¢(A) for all
A € alg(#2). Thus we may assume that W # X. Consider the case that A is nonempty. List
the elements of A as (B1,91),...,(Bja},gja))- We set 3(B) = ¢(B) for all B € 2o, ¢(gB) = 0

for all Be€ 29\ £, and g € O(B) \ {eq},

k—1
B(9eBr) = & (9B0) \ <90(W) o sa’(ngJ-))
j=1

for all 1 < k < |A|, and
|A|-1

g Ba) =V \ (w(W)U U sa'(ng»).

j=1

Then the sets ¢(A) for A € %5 form a partition of V', and hence ¢ extends uniquely to a
homomorphism alg(%2) — Py. We have

|A] |A]
m(p(W)) + Y m(F(g;B))) = m(p(W)) + > m(p(By))
j=1 j=1

=m(eW)+ Y > m(e(By)))

geS\{eq} 1<5<|A]g5=9g

—mey+ X m(e( U o))

geS\{ea} 1<5i<|AlLg5=9
>p(W) =8+ (u( U Bj) —5’>
geS\{ec} 1<5i<|Al,g5=9
= u(WU U gB> — |88
(B,g)eA
(10)
> 1—£—|5\5’21—£,
20 10
and hence
[A
w(v\ (emuees))
j=1

Al

—1- m(cp(W) U le 95'(93‘33')>
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|A|

< 1% +m(p(W)) + Y m(@(g;5))) - m<@(W) vU Cﬁ/(ngj>>
=1 i=1
Y . =
=1 + ;m<<ﬁ (9. Br) N (SD(W) U le @ (ngj)>>-
Therefore
|A]

> m(B(A)AG(4)) = > m(B(9kBr) AP (91Br))
AEA> k=1

1A

= (v (1) U #(0,5))

N k—1
6 ~ ~
<™ QZm(sﬂl(ngk) N <80(W) YU V’/(QJBJ')>>
k=1 j=1
5 |A|
<5 +2 > m(@ (grBr) N o(W))
k=1
+2 Y m(@(gBi) N (g;B;))
1<j<k<|A|
(1,(8) § ) 4] o
< ot =z

102020 5

This proves the existence of ¢ when A is nonempty. Next consider the case that W # X and
A = 0. Choose a By € 25\ 2} and a g9 € ®(B) \ {eg}. Set @(B) = ¢(B) for all B € 25,
?(goBo) = V \ (W), and ¢(gB) = 0 for all B € 25\ 2} and g € ®(B) \ {eq} satisfying
(B,g) # (Bo,g0). Then the sets p(A) for A € #5 form a partition of V', and hence ¢ extends
uniquely to a homomorphism alg(%2) — Py. We have

> m(P(A)AF(A)) = m(3(90Bo))

AER>
=m(V\ ¢(W))
<X \W)+d'
w5 4 _s
- 20 20 b5

This proves the existence of .
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Now let % be any homomorphism alg(%2) — Py satisfying 4., m(¢(A)AF' (A)) < §/5.
We have

(11) Y (@ (A4) - p(4)]

AERo

= > |m(¢(¢9B) — u(gB)|

Be€22,9€O(B)

BE2, (B,g)eA BE2:\ 2},
9€09(B)\{ec}

<&+ ) ST Im(e(B)) — u(By)| + (18] - (X \ Xsre)
geS\{ea} 1<j<|Al,g5=9
1) 1) 1) 1)
< Iy < 4 =
< I51o T =320 20" 100

and hence
> Im(3(A) = u(A)] < Y m(B(A)) — u(A)l
AEFT, AEH>
< Y Im(g(A) —m(@(A) + Y m(F(A) — u(A)]
AEAo AEAo
S mp@aga)+ S <ii 0 o
= A 105" 10 %
AER>
Let t € L. Since %5 refines %7 and hence also %7, it refines ¥ and t%. Thus
N . N N 1)
(12) > m(@(A)AF(A) < ) m(B(A)AF (A)) < 5
AEC AER>
and
N N N N 1)
(13) > m((tA)AF (tA) < > m(F(A)AF (A)) < 5
A€e? AER>
For every B € 2] and g € ©(B) \ {e¢}, we have
(14) don)=¢( U ap)= U #up
B'e2,,B'CB B'€2),,B'CRB
= U U/i(g,B)(p(B,)
B'c2,,B'CB
= O-fc(g,B)(p(B)'
Note that
(15) Y m(#(tgB)Aci (9B))
Be2,)\ 2/,

9€0(B)
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< Z m(gé/(th)) + Z m((P(B)) =+ Z m(o—/i(g,B)(p(B»

3631\9/1, BEQl\Qll Be,@l\,@’l,BgX

ST
9€0(B) 9€0(B)\{ec}
1 5
<t p(tgB)+ > m(p(B)) + > m(p(B))
Be21\ 2, Be2:\2; Be21\2,,BCXg 1,
9€0(B) 9€09(B)\{ec}

IN

% + [S]1(X \ Xg,re) + [S|m(p(X \ Xs,z0))

0

T+ ISIH(0\ Xigz) + [S]a(X \ Xigz0) + |S19
L0 8 858
—10 20 20 20 4

| /\

Thus
> m( (tA) Aoy (A))
Ae¥
B ,g(g o < < De,%?Ll-,JDgA (ﬁ/(tD)) A < De,%’Ll,JDQA Jt@I(D)) )

<> ) m@(tD)Ax@' (D))

A€ De%y,DCA

= Y m(@(tD)Acy (D))

De%

= > m(@(tgB)Ac (9B))

Be2:,9€0(B)

= > m(@(tklg, B)B)Ax@ (gB)+ Y. m(F(tgB)Ac@ (9B))

Be2',9€0(B) Be2,\2],
9€0(B)
(15) i
< ) m(@(tklg, B)B) Aoy )¢ (B))

Be2/,9€0(B)

+ Z m(gtﬁ(g,B)(p(B)AUtan(g,B)SO(B))
Be2/,9€©(B)

+ Z m(0:0,(g,5)0(B)Ac@' (9B)) +
Be2/,9cO©(B)

(14)
< Y m@(1B)AcLe(B) +2 Y pHamm (0w, 0104,
Be2{ tieLL*® tieLe

5
+ > m(010e, 9(B)Aoip(B)) +
Be2,
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© 6 o
< — 4 27|L° =
< 55 T27IL N+ Y m(oe, 9(B)AQ(B)) + 4
Be2]
4]
< — 20 27—’L | + 2pHamm(08H71dV)
4] 4]
= 20 + 27—’[’ ’ + 2PHamm(UeHJGH7 UEH) + Z
4] b o6 6 o6 ¢
< 2 4 47|L° 2 S
_20+ ’L’+4_20+ +4 2’
and hence
> m(@(tA)AcB(A)) < Y m(B(EAAF (tA) + > m(F (tA) Aoy @' (A))
Ac% Ac¥ Ae¥
+ Z m(oyp' (A)Aoyp(A))
Ac¥
13) 5 § _ N
< L4 Y mF(A)ARA)
Ae?
(1<2) 5 + o 49 J -5
-5 )
Therefore the restriction of ¢ to alg(%7,) lies in Hom, (¢, L, d,0). O

Lemma 4.8. Let € be a Borel finite partition of X, L € F(H), and 0 < § < 1. Let S € F(G)
and L*, L € F(H) be such that L* C L and

p(X\ Xg7) < = 6/(200[] - |LL*).

Set L* := LLL € F(H) and let T € F(G) be such that

WX\ Xpsip) < 5= 6/(10" T2 - |LL?))

Let C € N and S1,...,S, € F(G), and let W,V1,...,V, be Borel subsets of X such that
SW = X, and for every g € T and w € W N g~ 'W the points w and gw are connected by a
path of length at most C in which each edge is an Sj;-edge with both endpoints in V; for some
1<j<n. Let LT € F(H) be such that

WX\ Xy s,.00) < €= w/(100]USy ().

Let 0 < 7 < x/(10C| U}, S;1C - |LTY). Let F € F(G) be such that T U Uiy S;)¢ C F
and (X \ X(peunyeyz,p) < min{(,7/30}.  Denote by ' the partition of X generated by
W, Vi,...,V. Let 21 < 25 be finite Borel partitions of W and let © : 21 U 2y — F(S5)
be such that

(i) eq € ©(B2) = ©(By) for all By € 29 and By € 21 with By C By,

(i) fori=1,2 the sets gB for B € 2; and g € O(B) form a partition %Z; of X,

(’”/7/) %1 i .@ = CgL V (.@/)T vV (\/?:1 Sj,LT c@) V U?:l S]’,LT‘@ V Lﬁ7TL@, and

(iv) %2 = (%) -
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Denote by 2] the set of all B € 2y satisfying B C Xg e, and denote by 2%, the set of all B € 2
satisfying B C Xg7. Denote by A the set consisting of all (B, g) for B e 2} and g € O(B)\{ea}.
Let 0 < 7/ < min{x/(100|F|?),7/(60|F|?)} and 0 < &' < min{r’,x/(10n|F|),5/(50|LL*|(|S| +
1))}. Let o be a finite Borel partition of X refining (%2)(Lsu(Lt)0)2 \/(LuU(LT)C)z’F@\/Q(U?ZI S;)C-
Let 7 : G — Sym(V) be an (F,7')-approzimation for G and ¢,po € Hom, (o7, F,¢' 7). Let
o: H — Sym(V) be an (L* U (L")C, 7)-approzimation for H such that pgamm (o, 0l) < 7/5 for
all t € (LF U (LN)?, where o € VV for t € (L} U (L1)Y)? satisfies

o = TA(t,A4)Y
for all A € (Lﬁu(m)cy’p? and v € @o(A). Define ¢ : B — Py by @'(B) = ¢(B) for all
Be 2y, §(gB) =0 for all B€ 29\ 2 and g € O(B) \ {ec}, and
@l(gB) = Un(g,B)(p(B)

for all (B,g) € A, and extend ¢' to a map alg(#2) — Py by setting ¢'(D) = U e, acp ¢
for D € alg(#2). Assume that (W) = @o(W) and p(V; N D) = ¢o(V; N D) for all 1 < j
and D € g, 11&. Then (7), (8), and (9) hold.

(4)
<n
Proof. Denote by V1 the set of all v € V satisfying mg,g,v # 7, mg,v for some g1, g2 € (U, S;)C.
Then m(V;) < |F|?7 < 7/60. Denote by Vs the set of all v € V satisfying ojv # oyv for some
t € LT. Then m(V3) < |LT|7/5. Set V3 = Uger, s,)c mo(V1 U V2). Then

V3<’US’ m(Vi) + m(Va)) <2‘Us‘

Denote by Vj the set of all v € V satisfying o4,1,v # 04, 04,v for some t1,t € (LT)®. Then
m(Va) < [LT2C7. Set Vs = Uy Uy, . yept Ot - - 01, Va. Then

m(Vs) < C|LT[“m(Vy) < CILTPOF < —

Denote by Vg the union of the sets ¢(g(V; N D))Am,p(V; N D) for g € (U, S:)¢, 1 <j <n,
and D € g ;1&. Then m(Vs) < n|F|d" < £/10. Also, denote by V7 the union of the sets
o(gA)Amgp(A) for A€ o and g € T. Then m(V7) < |T]0" < £/10. Put

Ve= J  mpo(X)\ (XU, 5.0t N X (L2011 0)2,F))-
ge(Uj—; S)¢
Then m(Vs) < [(U}-, S)CN2¢+0") < k/5. Set V! =V \ (V3UV5UVz UV;UVg). We then have
m(V\ V") <m(V3) + m(Vs) + m(Vg) + m(V7) + m(Vg) < k.

Denote by 24 the set of all B € 25 satisfying B C X s 7. Let t € L* and B € 2. We claim
that

(16) V' A (W NEB) C o(W) N owp(B).

Set g = A(t, B) € T. Denote by = p the set consisting of all tuples { = (k1,..., ki, 91,...,91, D1, ...

suchthat 1 <1< C,1<ky,...., kg <n,g; € Sg;foralll <j<l,g=g...g1,and D; € g, 1P
J’
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for all 1 < j <[ and such that the set
!
Qe :=Bng 'Wn (g 91) Vi, N (gj-1---91) " (Vi, N D;)) € alg()
j=1

consisting of all z € BNt™'W = BNg~'W satisfying gj---917 € Vg; and gj—1... 17 € Vi, ND;
for all 1 < j <[ is nonempty. Then

Bng™'w= J Q.

EEELB
Denote by = HtB theset of allé = (k1,.... ki, 91,...,91, D1, ..., D)) € ¢ psuch that D; € S, 1?2
]7
for all 1 <j <. For each & = (k1,...,k;,01,...,91,D1,...,D;) € E¢ g, we have
VN e(99%)
!

=V'n 90<QB NW A (g 9541 V%,) N (- g5 (Vi N Dj))))
j=1
l
=V'0p(gBnW) N (g 9541 V%) V(g - g;(Vi, N D;)))
j=1
l
=V'Ne(@BNW)nN m(ﬂ-gl“-gqul(p(vkj) N7g...q;9(Ve; N Dj))
j=1

l
= V' Np(gBNW) N () (Tg1..g,190(Vi;) N 7g..g;00(Viey 1 Dy)
j=1
l
=V'Np(gBNnW)nN m(ﬂgl Ty 00 (Vi) N gy o Ty g 00( Vi, N Dy))
j—l

=V Np(gBNW)N ﬂwg, Mgy (20(Vi,) N 7,00 (Vi, 01 D).

If £ € 5,5\ &, g, then D; = X\Xsk‘LT C X\ X g, ot for some 1 < j <[ and hence
) G = iy
VN p(ge) = 0. Thus

V' ne(WNtB)=V' Ne(gBNW) = V’ﬂcp( U gQg)
§EELB

= J V'ne@e) = |J (V' ne(g)).

§€EL,B §€EL

Now let £ € HQB Let w € V' Np(g€). For each 1 < j < I one has w = 7y, g, wj =
Ty, - Mg W for some w; € wo(Vi,) N7y, 00(Vi; N Dj). We can also find some wp € V' such
that w = 7y, ... mg, wo = mywg. Note that

; wem  (V Np(gQ) C Q) C @(B).

wo =T,
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We have w; = mg,w;j—1 for all 1 <j <, and hence w;—1 € @o(Vi; N D;) Npo(X(rsurtyeye,r) for
all 1 S] <. Set tj = H(gj,Dj) S LJr for 1 S] < [. Then Wy = Mg, Wj—1 = agjwj,l = O4;Wj5-1
for all 1 < j <. Therefore w = oy, ...0¢,wo = 0y,..4;wo. Take x € (2¢. We have
t=r(g,z) =rlg--.g1,2) = (g .. 92, 10)K(g1, 7)
=g g2, )1 = =1 ... 1.
Thus w = o,wo € 049(B) and hence V' N(9Q¢) C (W) Noyp(B). Therefore
VineWntB)= | (V'Ne(g)) C (W) Nowp(B).
€5l p

This proves our claim (16).

Now let t € Lf. Applying Lemma 4.3 with ¢ = %, L = LFU(LNC, 1 =7, F=F, 7 =7/, 7 =
T, 0 =0,0 =o', and p being the restriction of ¢g to alg(((%Z2)L:urt)cy2 V (piuwhey,r?)F),
we have that the restriction of ¢g to alg((%2)sy(z1)c) lies in Hom,, (%2, LFU(LNY, 7, 0). Thus

m((po (W) N oo (W) Alpo (W) Neo(tW)) < m(arpo(W)Apo(tW)) < 7
Therefore
(17) m(po(W) Nareo(W)) < m(eo(W) N @o(tW))
= m(po(W NtW)) +
w(W Ntw) +5’+%
(e(WNtW)) +28" + 7

m
m(V' Np(W NtW)) + K + 26 + 7.

IN A CIA

Also note that
m((V' 0p(W W)\ (V' oW nt(W N X r))))
< m(e(WNtW)\ (W Nnt(W N X 7))
(e(WNtW)\ (W Nt(W N X 7))
(t

< m(p(t(X\ Xp: 7))
<O+ p(t(X\ Xpp 7)) < 0"+ 5,
and hence
(18) m(V' No(WNntW)) <m(V' 0p(WNt(W N X r)))+ 0 + k.
Then
(19) Y m((e(W)Nowp(B) \ ¢(W NiB))
Be2s

< Y mpW)now(B)) + Y m((e(W)Nowe(B))\ o(W NtB))
Be2:\2/ Be2y

< Y meB)+ Y m(e(W) Nowp(B) \ (V! Ne(W NitB)))

Be22\ 2y Be2y



48 DAVID KERR AND HANFENG LI

O (oW \ X1 1)

+m((e(W) Norp(W N Xz ) \ (VoW NEW N X 7))
m(p(X \ Xps 7)) + m(e(W) Nowp(W)) —m(V' N oW NtH(W N Xz 7))

18)
< XN\ Xps ) + 6"+ m(po(W) Moo (W)
—m(V' Np(WnNtW))+d6 + &

(a7
< k46 4+Kk+204+7+8 +r=3c+46 + 7 < 8k,

(20) Y m(e(WniB)\ (p(W) N arp(B)))

Be2y
< Y meWnitB)+ Y m(e(WNtB)\ (p(W)Now(B)))
Be2,\2] Be2Yy

oW AW X))+ m(V\ V)
< m(p(t(X\ Xps1))) + 5
S pt(X\ Xpep)) +0' + K< 26+ 0

For each (B,g) € A, we have ¢'(9B) = 0,y,p)@(B), k(g,B) € L, and W N k(g,B)B =
W NngB =. Thus

Yo wm@@B)NeW) = Y m(ope(B)Ne(W))

(B,g)eA (B,g)eA

<Y ) m(ow(B) Np(W))

teL BGQQ:
tBNW=0

verifying (7).
For distinct (Bi,91), (B2,92) in A, we havef(gl,Bl)Bl N k(ga, B2) B2 = 0, and hence By N
(g1, B1) " 'k(g2, Bo)Ba = 0. For any t1,t2 € LL, we have
(21) pHamm(Utllatzv t ) < pHamm(Utl 5 t )+ pHamm(Utflatzaatflh)
S pHamm(ldV7 0,0 t ) +T
< pHamm(ldVa UeH) + pHamm(UeHa 04,0 7 ) + 7
= pHamm(UeH7 UeHUeH) + pHamm<aeH; 04,0 ty ) +7

< 37.
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Thus

> m(¢'(g181) N ¢'(92B2))
(31,91)7(32,92)€A,
(B1,91)#(B2,g2)

= E m(o-l-i(gl,Bl)Qp(Bl) N UH(gg,Bz)(p(B2))
(B1,91),(B2,92)€A,
(B1,91)#(B2,92)

Z Z m(UtlSO(Bl) ﬂUtQQO(B?))

ti1,to€L  Bi1,B2€2),
Blﬁtl_ltzBQZ(Z)

— Z Z m(p(B1) Moy, or,0(Bs))

ti,ts€L  B1,B2€2),
Blﬁt;thBQZQ

IN

IN

tl,tQEf BI»BQG-Q&’
Blﬁt;thBQZQ

(21) _
< B[LPF+ Y Yo meB)Ne(W)No,1,,¢(Bs))
tl,tQGZ BlvBQGQéa
Blﬂtl_lthgzw

19 _ _
< BLPF+ILP8s+ Y > m(p(Bi) Ne(W Nt taBy))

ti1,ts€L  Bi1,B2€2),
Bint] 2 Ba=0

— )
= L 2 T < —
|L|*(3T + 8k) < 10’
verifying (8).
For each t € LL®, we have
(22) > m(owp(B)\ (tB))

Be2]

= > m(e(B)\ ;P (tB)

Be2]

= Y [m(p(B)) — m(p(B) No; '@ (tB))]

Be2]

- 3 [pemy-m(e@ned( U am))

B1€22,91€0(B1),
91 B1CtB

- > [m(w(B))—m U (w(B)ﬂat_l@'(ngl))ﬂ
B1€i2égllg€t@B(Bl),

Z PHamm(o';llo-tza Utl—lt2) + Z m(SO(Bl) N O-tl_ltzsp(B2>)

49
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-3 [ween-n( U e@netm)

B1€25,B1CtB

_ m( U (¢(B)N Utlan(gl,Bl)SO(Bl)))]

(B1,91)€A,
91B1CtB

@) -n( U @ ne o))

Bie Oé,BlgtB

(]

—m(  |J (@B)No; 0ug.5)e(B1) )| + pPHamm (e, idv)
( )

(B1,91)€A,
g1B1CtB

=Y peen-n(U U emnemne o))
Be2) t1€L B1€2),
A(t1,B1)€©(B1),
t1B1CtB

+ pHamm (Tep Oeyyr Oeyy )
B;’l [m(‘P(B)) - m<t1L€JL Blg& (p(B)Np(W)nN Utltl‘P(Bl))>]

A(t1,B1)€O(By),
t1B1CtB

1 _
+ g pHamm(Ut Oty Ut71t1) +T
ti€L

IN

(20),(
VY fwemy-n(U U wmnewnctnm))
Bea, t1€L B1€2),

A(t1,B1)€O(By),
t1B1CtB

+|L|2k + &)+ 3|L|7 + 7

< Z [m(go(B)) - m< U o(BN tltlBl)ﬂ +|L| (2K + 0" + 47)
Be2] tlef,Ble,@g,

)\(tl,Bl)GG(Bl),
t1B1CtB

— Z m((p(B N U t_lngl>> + |L|(2K + & + 47)
Be2] B1€2:\2),
91€0(B1)

§m<<p< U tlngl>>+]L\(2/<a+5’+4T)

B1€2:\2),
91€0(B1)



ENTROPY, SHANNON ORBIT EQUIVALENCE, AND SPARSE CONNECTIVITY

< u( U tlngl) + 08 + |L|(2k + &' + 47)
B1€2:\ 2},
9169(31)

<|S|u(X \ Xgz) + |LI(2K + 20" + 47)

— 1)
<19 L8k < ——————
< ISPy + |ZI8% < garrer
and also

(23) Y m@B)< Y > m(¢'(91B1))

Be2; Be2| B1€22,91€0(B1),
g1B1CtB

<> Y. mle(B)

Be2| B1€92,91€0(By1),
g1B1CtB

<|S10T+ > > B

Be2| B1€22,91€0(B1),
g1B1CtB

=S8+ > > p(g1B1)

Be2| B1€22,91€0(B1),
g1B1CtB

=S8+ > u(B

Be2]
<(IS|+ 15"+ > m(e(B))
Be2]
Thus

S Y mloe(B)AF(LB))

Be2| teLL*®

=Y > [2m(owp(B)\ #(tB)) + m(F (tB)) — m(o1p(B))]

Be,@’ teLL®
L S Y Y m(@B) -~ m(e(B))
Be2| teLL®
(23) § 5
< — 4+ |LL® 1) < —
< g5 HIELTI(S) + )8 < o,

verifying (9).
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For F' € F(G) and L € F(H) we denote by ., the countable Borel partition of X consisting
of Xppand P € p P\ p&. For any F € F(G), the fact that & has finite Shannon entropy

means that for every € > 0 we can find a I'(F, ) € F(H) such that H,(prpa#) <e.

Proof of Theorem 4.1. We may assume that h,(G ~ X) # —oo, which means in particular that

G is sofic.



52 DAVID KERR AND HANFENG LI

By Stirling’s formula there is a function ¥ : (0,1) — (0, 1) such that for any nonempty finite
set V and any 0 < € < 1 the number of subsets V’ of V satisfying |[V'|/|V| < ¥(e) is at most
eVl

Let IT = {m; : G — Sym(V;)}2, be a sofic approximation sequence for G and € a finite
Borel partition of X with hr (G ~ X, %) > 0. Let 0 < e < 1. To establish the theorem it
is enough to show the existence of a sofic approximation sequence ¥ for H and a finite Borel
partition ¢” of X such that hy ,(H ~ X,%6”) > hi (G ~ X, €) — 6e.

Enumerate the elements of F(G) as Fy, Fy,.... Take two decreasing sequences 1 > §; >
§2 > ...and 1 > 71 > 7 > ... converging to 0, an increasing sequence {Lj}ren in F(H)
with union H, and an increasing sequence {% }ren of finite Borel partitions of X such that
the algebra generated by |Jpcy % is dense in the Borel o-algebra of X with respect to the
pseudometric d(A, B) = u(AAB) (such a sequence can be found in view of the fact that every
atomless standard probability space is measure isomorphic to the unit interval equipped with
the Lebesgue measure on its Borel o-algebra [25, Theorem A.20]).

We define T : F(G) — [0,00) by T(Fy) = 2/(¥(e)¥(e/ (25, r(Fy.e 00 2]))) for all £ € N.

Since G ~ (X, 1) has property SC, there is an S € F(G) such that for any Ty, € F(G) there
are ng, Cr, € N, Sg1,...,Sn, € F(G), and Borel sets Wi, Vi 1,..., Vi, C X satisfying the
following conditions:

(1) 2255 TSk g)u(Veg) < 1,
(ii) SWy = X,
(iii) if wy,wy € Wy satisfy gw; = we for some g € Ty then w; and wy are connected by a
path of length at most C}, in which each edge is an S} j-edge with both endpoints in
V}; for some 1 < j < ny,.
We may assume that the sets Sy 1,...,Sk,, are distinct. From (iii) we have the inclusion
Wi € %, Vij. Take an L’ € F(H) such that u(X \ Xg2 1,) < W(e/[%])/(10[S[*).

Fix k € N. Put L} = L U L’ € F(H). Take 0 < 6 < min{dy, ¥(e/|%€|)/(10]S] - |Li)}
Take also an L} € F(H) such that p(X \ Xsre) < 0;/(20[S]) and an Ly, € F(H) such that
LY C Ly and p(X \ Xgz,) < v = 0;/(200[S] - [LyLz|). Put Li = LyL; Ly € F(H). Choose a
Ty € F(G) such that p(X \ XLi,Tk) < Ky, := 05 /(10*|Ly|? - |L;Ly]). Then we have ny, Ck, Sk,
for 1 < j < ny, Wy, and Vi ; for 1 < j < ny as above.

Say Sk = ngyj for 1 < j < ny. Take an LL € F(H) such that U;Lil [(Sj,e/2%%3) C LL and

PXNX e g, 1) < Gee= i/ (1001 U, S| ),

and take 0 < 7, < min{rg, rx/(10Ck|UJ%, Skj|* - [LLPC%)}. Take an Fj € F(G) such that
(X \ X(LuU(LT)Ok)Q 72) < 7/30, and take an Fy € F(G) containing F,E T, U (UL, Sk)kUS
k k Tk

such that j(X \ X1z pycppe ) < min{Ce, 7 /(30[F)}.

Set € = {Wj, X\ Wi} and €, = ?\/Cgé\/s27Lb<@- Applying Lemma 4.5 with € =%, S = S,
W = Wy, and L = L’ we find a finite Borel partition 2y of W}, contained in alg((% V %})g2) and
a map O : 2, — F(9) such that eq € Ok(B) for every B € 2, and the sets gB for B € 2
and g € O (B) form a partition %, of X finer than €. Set 6, = %y, V 6,V U



ENTROPY, SHANNON ORBIT EQUIVALENCE, AND SPARSE CONNECTIVITY 53

Denote by 7, the partition of X generated by Wi, Vi 1,..., Vi n,. Put
— * —
@k_(%k)l/* (@k Tk (\/SkJ,LT'@> U‘;Lilsk,jrl/]tgVL?C7TI€(@VS7LICL@.

Applying Lemma 4.6 first with S =S, W = W}, © = O, 2 = 2}, and Z = Z, to get partitions
211 and #y,1 and then again with S =S, W =W, © =0y, 2= 2,1, and Z = (,9?;.371)%3,6,
we find finite Borel partitions 2}, 1 and 2}, » of W}, such that 2, <X 2.1 < 20, and ), < i1
and (%’m)szk =< X2, where for i = 1,2 we set O(B;) = Oy(B) for B € £ and B; in 24,
satisfying B; C B, and %}, ; is the partition of X consisting of the sets gB; for B; € 2}, ; and
g € Ok(B;). Denote by 2; r1 the set of all B € 2y satisfying B C Xg e, and denote by Q,’C,Q
the set of all B € 2}, 5 sat1sfying B C XS,fk‘ Denote by Ay the set consisting of the pairs (B, g)
for all B € 2, and g € O4(B) \ {ec}-

Let 1 < j < mg. Put Lf = T(Sy;,£/2%4). Since L] . C L}, we have
Denote by #j, ; the finite partition of X consisting of X X\ X

of

Ll ‘@CS,”,LT‘@'

and the elements

Skg’

LT ) LT’

LT Z. Then #, j is coarser than LT ”// and S Ll ,@ and hence

Sk]7 \Skj Sk]7
9

= 2£k2]

Hy(Wej) < Hu( gLl V) <

By [25, Proposition 10.2] we can find an 7, ; > 0 Such that for any large enough finite set V' the
number of homomorphisms ¢ : alg(#}, ;) — Py satisfying ZAE%j im(¢(A)) — u(A)| < ng; is

at most e(Hu (i) +e/2FNIV| < 220V
Take
0 < 74 < min{ry/(100|Fy|*), 7/ (60| Fy,|*) }
and

0 < 9}, < min {%k/(lOHk!Fk\)ﬁZ/(50\LZ RI(ST+ 1)), 7
¥(e)/2, min 1/T(Sk;), min o J}

Let 7, be a finite Borel partition of X refining
(Pr2)wzuwpeny V wiuehonen? V(DU s,

Take my > k large enough so that
1
Vin.|
and so that 7, : G — Sym(Vj,,,) is an (Fj, 7,)-approximation for G.
Pick a subset ® of Hom#(t;z/k,Fk,(ng,ﬂmk) such that different elements of ® have different
restrictions to ¥ and

log ‘ HOIIIH(,Q{k, Fk, (52, ﬂmk)’? > hH,u(G 8% X, ?) — &

|®| = | Hom, (%, Fi, 0f, Tm, )|z
Take a maximal subset ®; of ® which is (pz, ¥(¢/|%]))-separated in the sense that pz(y, ) >
U (e/|€|) for all distinct o, 1) € ®1. For each ¢ € @1, if ¥ € @ satisfies p(p, 1) < ¥(e/|%]) then
for each A € € the number of possibilities for ¥ (A) is at most eclVmil/1%1 gince m(p(A)Ap(A)) <
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U(g/|€]). Thus for each ¢ € @1 the number of ¢ € ® satisfying pz(p, ) < ¥(e/|€]) is at most
¢“IVmil | Therefore

B < | @]Vl
For every 1 < j < nj and ¢ € ®; we have

1
m(p(Vey) < u(Vry) + 0, < g + 05 <

< U, ,
o) < W/, 4 P)

2
T(Sk,j)
Thus for every 1 < j < mng and D € Sp

3J
, eV /@3], v 2D
p € @y is at most e ki “ki . We can then find a subset ®9 of ®; such that for
every 1 < j <mngand D € 1+ P the set (Vi ;N D) is the same for all ¢ € @3 and
k.j

;1 &, the number of possibilities for ¢(Vy, ; N D) for
kg

Sk,j

ng
@] < |y H65|mG\/22k,y < ’@2’65“/’““.
j=1

In particular, the sets ¢(Vj ;) for 1 < j < ny are the same for all ¢ € ®s.
Since T > 2/U(e), for each ¢ € ®3 we have

U(e)

ng
m(ip(W)) < u(Wi) + 0, < 3 (Vi) + 0, < — =+ 0, < U(e).

j=1
Thus the number of possibilities of ¢(W) for ¢ € @, is at most V!, Tt follows that there is
a subset ®3 of @5 such that p(W}) is the same for all ¢ € &3 and
|| < [@3]eflVmel.
For each 1 < j < ny, since ), < n, ; the number of possibilities for |y, . for ¢ € ®3 is at most

0y
e2(e/25 Vil Thus there is a subset ®,4 of &3 such that for each 1 < j < ng the restriction
¢l ; is the same for all ¢ € &4 and

n
3] < [Py He2(5/2ek’3)\vmk| < ‘(1)4‘625|mG‘.
j=1
Note that the set @(Wy) is the same for all ¢ € &4, and for every 1 < j < mny and D €
the set (Vi ; N D) is the same for all ¢ € 4.
Fix a ¢g € ®4. For each t € (Li U (LL)CIC)2 take a map o}, : Vi, — Vin, such that

P
Sk L)

/
OtV = Ty A(t,A)V

for all A € P and v € vo(A). Applying Lemma 4.2 with L = Luk U (L,];)Ck,

(LLU(L]) k)2 F,
T =T FI = F,E, F =F, v =r1,m=mny, 0 =0}, and ¢ being the restriction of ¢y to
alg(((LukU(LL)Ck)Q,Fk P)F,), we find an (L?C U (LL)Ck,?k)-approximation o, : H — Sym(V},, ) for

H such that pHamm (0%, 03, ;) < 7/5 for all t € (Llﬁc U (LL)C’C)Q.
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Let ¢ € ®4. Define ¢' : Zy o — Py, by &'(B) = ¢(B) for all B € Zy», ¢'(gB) = 0 for all
B € ;2\ 2, and g € Ok(B) \ {ec}, and

@l(gB) = O—k,n(g,B)Qp(B)
for all (B, g) € Ag. Extend ¢ to a map alg(%y,2) — Py, by setting &'(D) = Unes, , acp ¢'(4)

for D € alg(%)2). Applying Lemma 4.8 with ¢’ =6, L=L},6 =65, S =5, L* =L}, L = Ly,
T = Tk,C Ckan_nlms _Sk]7W Wkav _ijaLT Lk;77—_7_k7F Fka 0@1 Qk‘,lv
0@2 Qk,% O = ®k7 T = Tka § = 5;@ o = fQ{ka T = Tmg, Y = ¥, $0 = ¥o, and o = Ok, by our
choice of ®4 we have

*

S m(@(eB) N (W) <

40’
(ng)EAk

5*
>, m@FEB)NF¢B)) < .
(B,g),(B’,g’)eAk,
(B,g)#(B'.g")

and

> Y mEeB)Ay(B) < k.

Be2; [ teLiLy

Applying Lemma 4.7 with ¢ = ¢;), L = L}, 6 = 6;, S =S, W = W}, L* = Lg, L = L,
Ql:Qk’l,a@g:Qkyg,@:G)k,rz{:rz/k,g0:w,é’zéz,%sz,anda:ak,we
find a homomorphism ¢ : alg(#y2) — Py, such that ¢(B) = ¢(B) for every B € 2y
and ZAG%M m(@g(A)Ag'(A)) < 6;/5. Furthermore the restriction of @ to alg((%})r:) lies in
Hom, (€}, L}, 05, o).

For any distinct o, in @4, applying Lemma 4.5 with € =%, S =S, W = Wy, L = L’,
2 =29, ="y, 0 =0y 0 =05, and ¢ = ) we have

U(e/[@]) < pylp, )
< 257 + S)IS| + 26715 - [2°] + 218 u(X \ X2 0)
IS P Lo, (3 9)

4 -
< SUE/E) + 1S Pl , (300,
and hence _
. = V(e/[€])
> =17
p?vslmg(% v)ze: 5[8] - |L°|
Thus

log | Homu(‘f V g2 Lb@ vV ., Ly, 5k70'k)

1
|mG’ GV 52 Lb‘@
1

>
Vi |

log | Hom,, (6}, Ly, 65, ak)|?\/32 P
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1
Vi |

v

log [®4]

1
— log|®| — 5¢
V.|

> b, (G~ X, 6) — 6e.

v

Since L C Li and 7 < Tk for every k € N, the sequence ¥ = {0} }ken is a sofic approximation
sequence for H. Set € =€V g2 1» . For any finite partition % of X contained in the algebra

generated by ey %, any L € F(H) containing ey, and any § > 0, we have % =< %,, L C Ly,
and § > ¢ for all large enough k, and hence

hs (€7, 6"V U, L, )

T 1 b
klgrolo Vil log | Hom,(€¢” V % , L,d, o)) |4
- 1 —
> klinolo |mG| log | Homu(% V SQ,Lb‘@ V ., L., 5’“’%)'?\/52,09

> hi, (G~ X, %) — 6e.

Since the algebra generated by |J;cy % is dense in the Borel o-algebra of X with respect to
the pseudometric d(A, B) = u(AAB), by [25, Lemma 10.13] we conclude that

hs  (H ~ X, 6°) > hi u(G ~ X, ) — 6¢,
as desired. O

Remark 4.9. Theorem 4.1, and hence also Theorem A, actually uses only that x is Shannon,
not that A is Shannon.
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