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ABSTRACT. In a previous paper the authors developed an operator-algebraic approach to
Lewis Bowen’s sofic measure entropy that yields invariants for actions of countable sofic
groups by homeomorphisms on a compact metrizable space and by measure-preserving
transformations on a standard probability space. We show here that these measure and
topological entropy invariants both coincide with their classical counterparts when the
acting group is amenable.

1. INTRODUCTION

In [3] Lewis Bowen introduced a notion of entropy for measure-preserving actions of a
countable discrete sofic group on a standard probability space admitting a generating finite
partition. By a limiting process the definition also applies more generally whenever there
exists a generating partition with finite entropy. The idea is to dynamically model a given
finite partition by partitions of a finite set on which the group acts in an approximate way
according to the definition of soficity. Given a fixed sequence of sofic approximations, the
entropy is locally defined as the exponential growth rate of the number of model partitions
relative to the size of the finite sets on which the sofic approximations operate. Taking
an infimum over the parameters which control the localization then defines the entropy
of the original partition. This quantity is then shown to take a common value over all
generating finite partitions. It may depend though on the choice of sofic approximation
sequence, yielding in general a collection of entropy invariants for the system. However, in
the case that the acting group is amenable and there exists a generating finite partition,
Bowen showed in [2] that sofic measure entropy coincides with classical Kolmogorov-Sinai
entropy for all choices of sofic approximation sequence.

Applying an operator algebra perspective, the present authors developed in [9] an al-
ternative approach to sofic entropy that is more akin to Rufus Bowen’s definition of topo-
logical entropy for Z-actions in terms of e-separated partial orbits. This approach fur-
nishes both measure and topological dynamical invariants for general actions, and these
entropies are related by a variational principle as in the classical case [9, Sect. 6]. For
measure-preserving actions admitting a generating partition with finite entropy, our mea-
sure entropy coincides with Lewis Bowen’s [9, Sect. 3].

The goal of this paper is to prove that, when the acting group is amenable, the sofic
measure and topological entropies from [9] both coincide with their classical counterparts,
independently of the sofic approximation sequence. In the measurable case this generalizes
Bowen'’s result from [2] by means of a complete different type of argument. Once we have
the result for measure entropy the topological version ensues by combining the variational
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principle from [9] with the classical variational principle. We will also give a direct proof
in the topological case as it illustrates some of the basic ideas without the additional
probabilistic complications that arise in the treatment of measure-preserving actions.

In [9] we took the operator algebra approach to defining sofic entropy because it was
crucial for showing that one actually obtains a conjugacy invariant in the measurable
case. However, for many purposes, including that of this paper, it is simpler to express
both topological and measure entropy in terms of the dynamics on the space itself, as in
Rufus Bowen’s definition. In the measurable case this requires some topological structure,
namely a compact metrizable space on which the group acts continuously with an invariant
Borel probability measure. Since such topological models always exist, there is no loss in
generality in taking this viewpoint, which we will do in this paper. We will therefore begin
in Sections 2 and 3 by formulating the spatial definitions of sofic topological and measure
entropy and establishing their equivalence with the original linear definitions from [9].

The basis for our analysis of the amenable case is a sofic approximation version of the
Rokhlin lemma of Ornstein and Weiss, which can be extracted from Ornstein and Weiss’s
proof [14]. This appeared in Section 4 of [5] in a form that treats more generally the case of
finite graphs. In our sofic approximation situation we will need a stronger statement that
allows us to prescribe the quasitiling coverage of the finite approximation space and the set
from which the tiling centres come. In Section 4 we will give a self-contained proof of this
Rokhlin lemma for sofic approximations of countable discrete amenable groups following
the line of argument in [14]. In Section 5 we prove that the sofic and classical topological
entropies coincide for continuous actions of a countable discrete amenable group on a com-
pact metrizable space. Finally, in Section 6 we show that the sofic measure entropy from
[9] and the classical Kolmogorov-Sinai entropy coincide for measure-preserving actions of
a countable discrete amenable group on a standard probability space.

We round out the introduction with some terminology concerning amenable and sofic
groups and spanning and separated sets. For general information on unital commutative
C*-algebras as used in this paper and any unexplained notation and terminology see the
introduction to [9]. The classical definitions of measure and topological entropy for actions
of countable discrete amenable groups will be recalled in Sections 5 and 6, respectively.

For d € N we write Sym(d) for the group of permutations of {1,...,d}. Let G be a
countable discrete group. The identity element of such a G will always be denoted by
e. The group G is said to be amenable if it admits a left invariant mean, i.e., a state on
¢*°(G) which is invariant under left translation by G. This is equivalent to the existence
of a Fglner sequence, which is a sequence {F;}°, of nonempty finite subsets of G such
that |F;|~!sF;AF;| — 0 as i — oo for all s € G. We say that G is sofic if for i € N there
are a sequence {d;}°; of positive integers and a sequence {0;}°; of maps s — o; 5 from
G to Sym(d;) which is asymptotically multiplicative and free in the sense that

1
lim —‘{a S {1, R ,dl} : amt(a) = JLSUZ"t(a)}‘ =1

1—00 di

for all s,t € G and

lim %Ha € {1 di} s oinla) # oia(a)}] = 1

71— 00
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for all distinct s,t € G. Such a sequence {o;}32, for which lim;_, d; = oo is referred to as
a sofic approzimation sequence for GG. The condition lim; ., d; = oo is assumed in order
to avoid pathologies in the theory of sofic entropy (e.g., it is essential for the variational
principle in [9]) and is automatic if G is infinite. Note that if G is amenable then it is
sofic, as one can easily construct a sofic approximation sequence from a Fglner sequence.

For a map o : G — Sym(d) for some d € N we will denote o4(a) for s € G and
a € {1,...,d} simply by sa when convenient, and also use o to denote the induced
map from G into the automorphism group of the C*-algebra C({1,...,d}) = C? given by
os(f)(a) = f(sta)foralls € G, f € C% anda € {1,...,d}. For ad € N we will invariably
use ¢ to denote the uniform probability measure on {1,...,d}, which will be regarded as
a state (i.e., a unital positive linear functional) on the C*-algebra C¢ = C({1,...,d})
whenever appropriate.

Let (Y, p) be a pseudometric space and € > 0. A set A CY is said to be (p, )-separated
or e-separated with respect to p if p(x,y) > € for all distinct z,y € A, and (p, €)-spanning
or e-spanning with respect to p if for every y € Y there is an x € A such that p(x,y) < e.
We write N.(Y, p) for the maximal cardinality of a finite (p, e)-separated subset of Y. If
G is a group acting on Y and F' is a nonempty finite subset of G then we define the
pseudometric prp on Y by pp(z,y) = maxsep p(sz, sy).
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during a visit of the first author to SUNY at Buffalo in February 2010 and he thanks the
analysis group there for its hospitality. The second author was partially supported by
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2. TOPOLOGICAL ENTROPY

Let G be a countable sofic group, X a compact metrizable space, and « a continuous
action of G on X. The action of G on points will usually be expressed by the concatenation
(s,x) — sz, and a will be also be used for the induced action of G on C(X) by automor-
phisms, so that for f € C(X) and s € g the function ay(f) is given by = — f(s7'z). A
subset of C(X) is said to be dynamically generating if it is not contained in any proper
G-invariant unital C*-subalgebra of C'(X).

First we recall the definition of sofic topological entropy from [9] and then show how it
can be reformulated using approximately equivariant maps from the sofic approximation
space into X. Throughout this section ¥ = {o; : G — Sym(d;)}°, is a fixed sofic
approximation sequence for G. Let 8 = {p, }nen be a sequence in the unit ball of Cr(X).
For a given d € N we define on the set of unital homomorphisms from C(X) to C¢ the
pseudometrics

oo

psal,) = - o llelon) — (o)l

n=1
00

el ) = 3 5ellebn) — ¥o) o

n=1
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where the norm || - ||2 refers to the uniform probability measure ¢ on {1,...,d}. For a
nonempty finite set F C G, a 0 > 0, and a map o : G — Sym(d) for some d € N we define
Hom(8, F,§,0) to be the set of all unital homomorphisms ¢ : C(X) — C% such that

pS,Q(‘P O Qg,050 90) <4é
for all s € F. For an € > 0 we then set

h5(8, F,0) = hmsup; log N.(Hom(8, F, 6, 0;), ps.2),

71— 00

h5(8, F 1nf h5(8, F,9),

) =
h5(8) = 1nf h5 (8, F),
hs(S) = sup 1 (5)

e>0
where F' in the third line ranges over all nonempty finite subsets of G. If Hom(8, F, 6, o)
is empty for all sufficiently large i, we set h5, (S, F,d) = —oo. By Theorem 4.5 of [9] the
quantity hx(8) is the same for all dynamically generating 8, and we define the topological
entropy hx (X, G) of the system to be this value.
The following lemma is a version of Lemma 4.9 in [9] and can be established by a similar
argument.

Lemma 2.1. Let 8§ be a sequence in the unit ball of Cr(X). Then for every ¢ > 0 and
6 > 0 there is an &' > 0 such that

hmsupdllogN (Hom(S, F, 6,0;), ps,c0) < h5 (S, F,0) + 6

1— 00

for all nonempty finite sets F C G and § > 0.

It follows that hx(S) can also be computed by substituting pg o, for pso, i.e.,

hs(8) = supinf inf lim sup d— log N:(Hom(8, F, 0, 05), ps.c0)

e>0 F >0 0o i
where F' ranges over the nonempty finite subsets of G.
Now let p be a continuous pseudometric on X, which will play the role of § in our
spatial definition. For a given d € N, we define on the set of all maps from {1,...,d} to
X the pseudometrics

poolp, ) = max p(p(a), ¥(a)).

Definition 2.2. Let F' be a nonempty finite subset of G and 6 > 0. Let ¢ be a map
from G to Sym(d) for some d € N. We define Map(p, F,d,0) to be the set of all maps
w:{1,...,d} — X such that pa(poos,as0¢) <0 for all s € F.

Definition 2.3. Let F' be a nonempty finite subset of G and § > 0. For € > 0 we define

So(p, F,0) = hmsupd—logN -(Map(p, F,d,0;), p2),

71— 00 (2
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%,Q(f)v F) = éI;f[; h%ﬂ(pv Fa 5)7
haz,2(ﬁ) = il;f h%g(ﬂa F),
hs2(p) = sup hs; 5(p),

e>0

where F in the third line ranges over the nonempty finite subsets of G. If Map(p, F, ¢, 0;)
is empty for all sufficiently large i, we set hEz,z(Pa F,0) = —oco. We similarly define

h%,oo(pv F7 5)7 hEE,oo(p7 F)7 h%,oo(p) and hE,OO(IO) using NE(’v Poo) in place of N&(’a PQ)

We say that p is dynamically generating [10, Sect. 4] if for any distinct points z,y € X
one has p(sz, sy) > 0 for some s € G.

Proposition 2.4. Suppose that p is dynamically generating. Then
hs(X, G) = hsa(p) = hs.co(p)-

Proof. We will show that hx(X,G) = hx2(p). The proof for hx(X,G) = hy o(p) is
similar, in view of the comment following Lemma 2.1.

We say that two continuous pseudometrics p and p’ on X are equivalent if for any € > 0
there is an & > 0 such that, for any points x,y € X, if p/(z,y) < € then p(x,y) < ¢,
and vice versa. If p and p’ are equivalent, then the pseudometrics py and p, on the set of
all maps {1,...,d} — X are uniformly equivalent in the sense that for any 6 > 0 there
is some ¢’ > 0 such that, for any d € N and any maps ® and ¥ from {1,...,d} to X,
if ph(®, V) < § then po(P,¥) < 4, and vice versa. From this one concludes easily that
hs,2(p) = hx2(p').

Let Y be the quotient space of X modulo p. That is, Y is a quotient of X such that,
for any points z,y € X, x and y have the same image in Y if and only if p(z,y) = 0. Then
p induces a compatible metric on Y. Let § = {p,}nen be a sequence in the unit ball of
Cr(Y) generating C(Y') as a unital C*-algebra. Then we have a compatible metric p’ on
Y defined by

oo
1
P(x.y) = 5alpa(@) = pn(y)l
n=1
Via the quotient map X — Y, we may think of 8§ as a sequence in C(X) and p’ as a
continuous pseudometric on X. Then both 8§ and p’ are dynamically generating, and,
since Y is compact, p is equivalent to p’. Now it suffices to show that hs(8) = hx2(p).
Note that for any d € N there is a natural one-to-one correspondence between the set
of unital homomorphisms ¢ : C(X) — C% and the set of maps ® : {1,...,d} — X. For
each @, the corresponding ¢ sends f € C(X) to f o ®. Via this correspondence, one may
think of pg 9 as a pseudometric on the set of all maps {1,...,d} — X. It is easily checked
that pso and ph are uniformly equivalent. It follows that hs(8) = hx 2(p). O

3. MEASURE ENTROPY

Let G be a countable sofic group, (X, ) a standard probability space, and « an action
of G by measure-preserving transformations on X. As before ¥ = {o; : G — Sym(d;)}
is a fixed sofic approximation sequence. The entropy hyx ,(X,G) is defined as in the
topological case but now using approximately multiplicative linear maps from L (X, u)
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to C% which are approximately equivariant and approximately pull back the uniform
probability measure on {1,...,d;} to p [9, Defn. 2.2]. We will not reproduce here the
details of the definition, which has been formulated as such in order to show that one
obtains a measure conjugacy invariant. Instead we will recall a more convenient equivalent
definition that applies when pu is a G-invariant Borel probability measure for a continuous
action of G on a compact metrizable space X [9, Sect. 5]. This permits us to work with
homomorphisms instead of maps which are merely approximately multiplicative, which
means that, as in the topological case, we can alternatively speak in terms of approximately
equivariant maps at the spatial level, as we will explain.

So suppose that G acts continuously on a compact metrizable space X with a G-invariant
Borel probability measure pu. Let 8§ = {p,}°2; be a sequence in the unit ball of Cr(X).
Recall the pseudometrics pg 2 and pg «, defined in the second paragraph of Section 2. Let F
be a nonempty finite subset of G'and m € N. We write 8, for the set of all products of the
form avs, (f1) -+~ as;(fj) where 1 <j <mand f1,..., f; € {p1,...,pm} and s1,...,s; € F.
For a map o : G — Sym(d) for some d € N, we write Homff(ﬂ’, F,m,0,0) for the set of
unital homomorphisms ¢ : C(X) — C? such that

(i) |Cow(f) —p(f)] <6 for all f € 8p,y,, and
(ii) lpoas(f) —osop(f)lla < forall se€ F and f € {p1,...,pm}
For ¢ > 0 we set

1
5.8 Fym, o —hmsupd—logN (Hom (8, F,m,6,0;), ps2),

1— 00 1

(S Fom 1nf hzu(S,F, m,d),
S8

th(S —supha (8)
e>0

)
) =
5ul8. ) = mf [ 75,,(8, Fm),
) = 1nfh2u(8 F),
)

where F in the fourth line ranges over the nonempty finite subsets of G. If Homff (8, F,m,d,0;)
is empty for all sufficiently large ¢, we set ﬁiAS,F,m, d) = —oo. In the case that § is

dynamically generating in the sense of the first paragraph of the previous section, 52#(8)
is equal to hyx ,(X,G) [9, Prop. 5.4].

The following lemma is a measure-theoretic version of Proposition 4.11 in [9] and can
be proved in the same way.

Lemma 3.1. For every e > 0 and 6 > 0 there is an € > 0 such that

hmsup ElOgN (HOID (SvFama 57 Ui)vpiP,oo) < }_Lez/,p(st?m’ 5) +0

i—00 (2

for all nonempty finite sets ' C G, m € N, and 6 > 0.

It follows that hx ,u(8) can also be computed by substituting ps ~ for pso, i.e.,

FLZ’“(S) = 21;18 1%f%réf£\] ér>1f(’) hzriigpd—z log N, (Hom (8, F,m,6,0;), ps o)
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where F' ranges over the nonempty finite subsets of G.
Now let p be a continuous pseudometric on X. Recall the associated pseudometrics ps
and po, as defined before Definition 2.2.

Definition 3.2. Let F' be a nonempty finite subset of G, L a finite subset of C'(X), and
6 > 0. Let o be a map from G to Sym(d) for some d € N. We define Map,,(p, F, L, d, o)
to be the set of all maps ¢ : {1,...,d} — X such that

(1) p2(poos,asoe) < ¢ forall s € F, and
(i) [(.C)(f) — ()] < & for all f € L.

Definition 3.3. Let F' be a nonempty finite subset of G, L a finite subset of C'(X), and
0 > 0. For € > 0 we define

hs u2(ps Y L, 6) = hmsupd—logN «(Map,,(p, F, L, d,0;), p2),

71— 00 (2

S (o By L

) =

)= mf hEuQ(p>F7L75)7
E,M,Q(pv F)= mf hs N o(p, F, L),

) =

) =

h%,,uZ(p lnth,u,Q(paF)y

hs po(p sup RS 2(p),
>0

where L in the third line ranges over the finite subsets of C(X) and F in the fourth
line ranges over the nonempty finite subsets of G. If Map,,(p, I, L, §, 0;) is empty for all
sufficiently large i, we set h§;,  o(p, F, L,6) = —co. We similarly define h§, , . (p, F' L,0),

h% NS oo(p? F7 L) h% NS oo( )7 h%“u,oo(p)v and hE,u,oo(p) usmg Ne( 7/)00) m place OfN ('7 /02)‘

Recall from the previous section that p is said to be dynamically generating if for any
distinct points x,y € X one has p(sz, sy) > 0 for some s € G.

Proposition 3.4. Suppose that p is dynamically generating. Then

hg,#(X, G) = hz,#,g(p) = hE,u,OO(P)-

Proof. One can argue as in the proof of Proposition 2.4, appealing to the comment after
Lemma 3.1 in the case of hx ;o (p). The only extra thing to observe is that for 8 and
p" as in the proof of Proposition 2.4, given any finite subset L of C'(X) and § > 0 there
exist a nonempty finite subset F' of G, an m € N and a 4’ > 0 such that, for any d € N
and any map ¢ : G — Sym(d), if ¢ is a unital homomorphism C(X) — C? satisfying
ICoo(f) —p(f)] <o for all f € 8pm, then |(P.()(g) — u(g)] < d for all g € L, where ® is
the corresponding map {1,...,d} — X. Indeed, since 8 is dynamically generating one can
find a nonempty finite subset F' of G and an m € N such that for each g € L there exists
some ¢ in the linear span of 8, U{1} with ||g — g||cc < §/4. Denote by M the maximum
over all g € L of the sum of the absolute values of the coefficients of g written as a linear
combination of elements in 8, U {1}. Then one may take ¢’ to be §/(2M). O



8 DAVID KERR AND HANFENG LI

4. THE ROKHLIN LEMMA FOR SOFIC APPROXIMATIONS OF COUNTABLE DISCRETE
AMENABLE GROUPS

Here we give a proof of the Rokhlin lemma for sofic approximations of countable discrete
amenable groups (Lemma 4.5), which will be used in both Sections 5 and 6. The argument
is extracted from [14].

Definition 4.1. Let (X, ) be a finite measure space and let 6 > 0. A measurable set
A C X is said to d-cover or be a d-covering of X if u(A) > ou(X). A family of measurable
subsets of X is said to §-coveror be a §-covering of X if the union of its elements d-covers X.
A collection {A;}ier of positive measure subsets of X is said to be a d-even covering of X
if there exists a number M > 0 such that >, ; 14, < M and ) ., pu(A;) > (1-90)Mpu(X).
We call M a multiplicity of the J-even covering.

Definition 4.2. Let (X, i) be a finite measure space and let € > 0. A collection {A;}ier
of positive measure sets is said to be e-disjoint if there exist pairwise disjoint sets A; C A;

o~

such that p(A4;) > (1 —e)u(4;) for all ¢ € I.
The following two lemmas are from page 23 of [14].

Lemma 4.3. Let (X, pn) be a finite measure space. Let § € (0,1) and let {A;}ier be a

countable §-even covering of X. Then for every positive measure B C X there exists an
t € I such that

pANB) (B

p(Ai)  — (1 =0)u(X)

Proof. If for some measurable B C X we had

~—

1(B)
e (Ad)
(1= 0)u(Xx)""
for every ¢ € I, then taking a multiplicity M for the §-even covering and summing over ¢
would yield

,u(Al N B) >

WIELEE T S 4) = B
> [ 1B<m><§ 1 (l‘))du(w)
-/ (Z; 1AmB<x>)du<x> > ( /. 1AmB($)>du(l‘)
= Z 1(A; N B),
el
a contradiction. OJ

Lemma 4.4. Let (X, p) be a finite measure space. Let 6,¢ € [0,1) and let {A;}ier be a
finite d-even covering of X by positive measure sets. Then there is an e-disjoint subcollec-
tion of {A;}icr which (1 — ¢§)-covers X.
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Proof. Take a maximal e-disjoint subcollection {A; }ies of { A;}ier. If this does not £(1—4)-
cover X then by Lemma 4.3 there is an ig € I such that

1 (Aip N Uses Ai) < p#(Uies Ai)

1(Aio) (1 =6)u(X)

so that by adding A;, to the collection {A;};c; we again have an e-disjoint collection,
contradicting maximality. O

<e€

Lemma 4.5. Let G be a countable discrete group. Let 0 < 7 < 1, and 0 <n < 1. Then
there are an £ € N and n',n” > 0 such that, whenever e € Fy C F, C --- C F; are
finite subsets of G with |(F; ' Fy,) \ Fx| < n'|Fx| for k = 2,...,£, there exists a finite set
F C G containing e such that for every d € N, every map o : G — Sym(d) with a set
B C{1,...,d} satisfying |B| > (1 —n")d and

ost(a) = os0¢(a),05(a) # oy(a),oc(a) =a
for all a € B and s,t,s' € F with s # ', and any set V C {1,...,d} with |V]| > (1 —7)d,
there exist Cq,...,Cy CV such that
(i) for every k = 1,...,4 and ¢ € Cy, the map s — os(c) from Fy to o(Fy)c is
bijective,
(ii) the sets o(F1)Ch,...,0(F;)Cy are pairwise disjoint and the family U£:1{U(Fk)0 :
c € C} is n-disjoint and (1 — 7 —n)-covers {1,...,d}.

Proof. Take n/,n"” > 0 such that 1 —7 — 20" > 0, n(1+7'/(1 —7n)) <1, and (1 — 7 —
20" (1 +1'/(1 —n))~! > 1 —7 —n. Define an increasing sequence {t, }nen in [0, +00) by
setting t1 = n(1 — 7 —1n") and, for n € N,

!
tn+1:7]<1—7'—7]”— <1+ 17177>t"> +tn

ifl—7—n"=Q+7/(1—-n)t, > 0 and t,41 = t, otherwise. It is easily checked
that 1 —7—7n" — (1 +7'/(1 —n))limp—oo tn, < 0. Thus there exists some ¢ € N with
1l—7—=0"=0Q+7/Q=n))te<n” and t; <ty <--- <ty. Thenty, > (1 —7—21")(1+
n/(L=n)"'>1—7—1.

Set F' = FgUF[l. Note that for every ¢ € Band k = 1,...,¢ the map s — o4(c) from F},
to o(Fy)c is bijective. We will recursively construct the sets C1, ..., Cy in reverse order so
that the sets o(F1)C1,...,0(Fy)Cy are pairwise disjoint and the family Uﬁ:kH{J(Fn)c :
c € Cy,} is n-disjoint and t;_-covers {1,...,d} foreach k = 0,...,¢—1. Sincet; > 1—7—n
we will thereby obtain condition (ii). Moreover we will choose C1, ..., Cy to be subsets of
BNV so that condition (i) holds automatically.

Note that o,-105(a) = oc(a) = a for all a € B and s € Fy, and thus for all distinct
a,c € B and s € Fy we have

os-105(a) # o4-105(c),
and hence
os(a) # os(c).
To begin the recursive construction we observe that
> lo(Fel = |F|- BNV > |F|-(1-71—1")d,
ceBNV
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so that the family {o(Fy)c}eepny is a (7+n")-even covering of {1,...,d} with multiplicity
|Fy|. By Lemma 4.4, we can find a set C; € BNV such that the family {o(Fy)c}eec, is
n-disjoint and n(1 — 7 —n"")-covers {1,...,d}.

Suppose that 1 < k < ¢ and we have found Cyyq,...,C¢y € BNV such that the sets
0(F41)Ckit, - .., 0(Fy)Cyp are pairwise disjoint and the family UfL:k_H{O'(Fn)C cce Cp}
is n-disjoint and ty_j-covers {1,...,d}. Set t, , = |Uf;:k+1 0(F,)Cy|/d and E = {c €
BNV :o(Fg)en( Uﬁ:kﬂ o(F,)Cp) =0}. For every ¢ € (BNV)\ E we have o4(c) = o¢(a)
forsomen=k+1,....,¢,a € Cy, t € F,,, and s € F}, and hence

¢
c=04105(c) = 04-10¢(a) = o4-1,(a) € U o(F 1 F,)C,.
n=k+1

Therefore
¢

(BNV)\EC |J o(F; ' Fu)Cn.
n=k+1
For every n =k + 1,..., ¢, since the family {o(F))c: c € C,} is n-disjoint we have
(L =m)[Fnl - |Cnl < [o(Fn)Chl.
Thus

U o((F ' Fa) \ Fo)Cn| +

n=k+1

< Y ETE)\ Fal - [Col +ty_d
n=k+1

l
< Y (ELF)\ Fal - [Col +ty_d
n=k+1
4
< D 0 |Fa] - |Cl + 1y yd
n=k+1
l 77,
Z 1 — ‘U(Fn)Cn’"i_t/E—kd
n=k+1 n

/
n /
=1+ ty_,.d
( 177)6"“’

where the last equality follows form the assumption that the sets o(Fy11)Ckt1,...,0(Fy)Cy
are pairwise disjoint. Therefore

IN

14

U oF'F)C
n=k+1

[E|=BNV|=|[BNV)\E|=(1-7-17")d-

/

Ui ’
> 1—7'—?7//d—<1+ )t_d.
( ) )




SOFICITY, AMENABILITY, AND DYNAMICAL ENTROPY 11

It follows that
/

> lo(Rel = 1Bl 181 2 1Al (1= == (1+ 1 e Ja

cel n
Thus the family {o(F))c}eer is a (r+n"+ (1+n7'(1—n)~1)t,_,)-even covering of {1,...,d}
with multiplicity |Fy|. By Lemma 4.4, we can find a set Cy C E such that the family

o(Fy)c}eeo, is n-disjoint and n(1—7—n"—(1+n'(1—n)"1)t, . )-covers {1,...,d}. Then

{of ecy, is n-disj U 1 n'(L=n) "ty
the sets o(Fi)Ck,...,0(Fy)Cy are pairwise disjoint, the family Uf;:k{a(Fn)c cce Cptis
n-disjoint, and, since n(1 +7'/(1 —n)) < 1 and t,_, > ty_j, we have

4

U e,

n=k+1
>l —7—n"—A+7' 0 —n) tp_p)d+t)_4d
= —7=71" =@ +9' 1 —n) ")) +1t)_4)d
>l —7—1" = U +7'(1=n)"ter) +ter)d
=ty (-1)d,

4
U o(F)Cn

n=~k

= |o(F)Ch| +

completing the recursive construction. O

For an amenable countable discrete group G, by [13, Cor. 5.3], there is a Fglner sequence
{F, }nen of G satistying F,, C F,, 41 and F,;! = F, for all n € N. In particular, this is a
two-sided Fglner sequence. By using n-disjointness to pass to a genuinely disjoint family,
we obtain from Lemma 4.5 the following.

Lemma 4.6. Let G be an amenable countable discrete group. Let 0 <717 <1,0<n <1,
K be a nonempty finte subset of G, and 6 > 0. Then there are an £ € N, nonempty finite
subsets F1, ..., Fy of G with |KFy, \ F| < 0|Fy| and |F, K\ Fy| < §|Fy| for allk =1,...,¢,
a finite set F C G containing e, and an n' > 0 such that, for every d € N, every map
o : G — Sym(d) for which there is a set B C {1,...,d} satisfying |B| > (1 —n')d and

ost(a) = os0¢(a),05(a) # oyg(a),oc(a) =a
foralla € B and s,t,s' € F with s # §', and every set V- C {1,...,d} with |V| > (1—71)d,
there exist C1,...,Cp CV such that
(i) for everyk =1,...,¢, the map (s,c) — os(c) from Fy, x Cy to o(Fy)Cy, is bijective,
(ii) the family {o(F1)Ch,...,0(Fp)Cy} is disjoint and (1 — 1 —n)-covers {1,...,d}.

5. TOPOLOGICAL ENTROPY IN THE AMENABLE CASE

We begin by recalling the classical definition of topological entropy [1, 12]. Let G
be an amenable countable discrete group and a a continuous action of G on a compact
metrizable space X. For an open cover U of X we write N(U) for the minimal cardinality
of a subcover of U. For a nonempty finite set ' C G we abbreviate \/ . s7 U to UF". As
guaranteed by the subadditivity result in Section 6 of [11], for a finite open cover U of X
the quantities )

log N(uf
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converge to a limit as the nonempty finite set ' C G becomes more and more left invariant
in the sense that for every € > 0 there are a nonempty finite set K C G and a § > 0 such
that the displayed quantity is within ¢ of the limiting value whenever |KFAF| < §|F|.
We write this limit as hyop(U). The classical topological entropy hiop(X, G) is defined as
the supremum of the quantities hyop(U) over all finite open covers U of X.

Given a Fglner sequence { F}, }7° | and a compatible metric p on X, the entropy hiop(X, G)
can be alternatively expressed as

sup lim sup 1 log No(X, pr,)

>0 koo | Pk
using the notation established in the introduction. This approach to entropy using metrics
was introduced by Rufus Bowen for Z-actions [4], and the standard arguments showing its
equivalence in that case with the open cover definition apply equally well to the general
amenable setting.

Let ¥ be a fixed sofic approximation sequence for G. We will prove in this section
that hx(X,G) = hiop(X,G). The basis for the argument is the fact that every good
enough sofic approximation for G can be approximately decomposed into copies of Fglner
sets (Lemma 4.5). This decomposition implies that the maps in the definition of sofic
topological entropy approximately decompose into partial orbits over Fglner sets.

Lemma 5.1. Let G be an amenable countable discrete group acting continuously on a
compact metrizable space X. Then hx(X,G) < hiop(X, G).

Proof. We may assume that hop(X,G) < 0o. Let p be a compatible metric on X. Let
e,k > 0. To establish the lemma, by Proposition 2.4 it suffices to show that h%?oo(p) <
htop(Xa G) + 4k.

There are a nonempty finite subset K of G and ¢’ > 0 such that N,/ (X,pr) <
exp((htop(X, G) + k)| F'|) for every nonempty finite subset F' of G satisfying |[KF'\ F'| <
O | F|.

‘Take an 7 € (0,1) such that (N./4(X,p))*" < exp(r) and (1 — )" (htop(X, G) + k) <
hiop(X,G) + 2k. Let £ € N and ' > 0 be as given by Lemma 4.5 with respect to  and
7 = 1. Take finite subsets e € F} C F» C --- C Fy of G such that |(F;_', Fy) \ Fx| < 7/|F|
for k=2,...,0 and |KF} \ F}| < §'|Fy| for every k =1,...,¢. Then

(1) Neya(X pr) < exp((hiop(X, G) + £)[ F)

forevery k=1,...,¢.

Let § > 0 be a small positive number which we will determine in a moment. Let o
be a map from G to Sym(d) for some d € N which is a good enough sofic approximation
for G. We will show that N.(Map(p, Fy,0,0), pos) < exp((htop(X, G) + 4k)d, which will
complete the proof since we can then conclude that h§, (p, F,0) < hiop(X, G) + 4k and
hence h§; o (p) < hiop(X, G) + 4k.

For every ¢ € Map(p, Fy,d,0), we have pa(p o 05,50 ¢) < d for all s € F;. Thus the
set A, of all @ € {1,...,d} such that

p(p(sa), sp(a)) < Vo

for all s € Fy has cardinality at least (1 — |Fy|d)d.
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For each J C {1,...,d} we define on the set of maps from {1,...,d} to X the pseudo-
metric

P00 (9, 0) = poo(l 1, 9] )-

Take a (poo, €)-separated subset D of Map(p, Fy, d,0) of maximal cardinality.

Setting n = | Fy|, the number of subsets of {1,...,d} of cardinality no greater than ndd

is equal to > }i%dj

than exp(fd) for some 3 > 0 depending on ¢ and n but not on d with 5 — 0 as § — 0 for
a fixed n. Thus when § is small enough, there is a subset W of D with exp(xkd)|W| > |D|
such that the set A, is the same, say O, for every ¢ € W, and |©|/d > 1 — 1.

Since we chose £ and 7 so that the conclusion of Lemma 4.5 holds, when o is a good
enough sofic approximation for G, there exist C1,...,Cy C © such that

(;l), which is at most ndd (ﬂg d), which by Stirling’s approximation is less

(i) for all k =1,...,¢ and ¢ € Cy the map s — o(c) from F}, to o(F})c is bijective,
(ii) the family Uizl{a(Fk)c : ¢ € Ck} is n-disjoint and (1 — 2n)-covers {1,...,d}.

Denote by £ the set of all pairs (k,c) such that k € {1,...,¢} and ¢ € Cf. By n-
disjointness, for every (k,c) € £ we can find an Fj, . C F}, with |Fj, | > (1 —n)|Fj| such
that the sets o(Fj.)c for (k,c) € £ are pairwise disjoint.

Let (k,c) € . Take an (¢/2)-spanning subset Vi . of W with respect to py(r, )e,00 Of
minimal cardinality. We will show that |V .| < exp((htop(X, G) + £)|Fk|) when § is small
enough. To this end, let V' be an (¢/2)-separated subset of W with respect to p,(r, )c,00-
For any two distinct elements ¢ and v of V' we have, for every s € Fj, ., since ¢ € A, N Ay,

p(sp(c), sp(c)) = pp(sc), v(sc)) — plsp(e), p(se)) — p(sip(c), p(sc))
> p(p(se)1h(se)) = 2V5,

and hence

Py (p(c), ¥(c)) = er p(se(c), sv(c)) > srélgcxcp(go(sc),w(sc)) —2VE >e/2—e/d =¢/4,

granted that ¢ is taken small enough. Thus {¢(c) : ¢ € V} is a (pF, ., e/4)-separated
subset of X of cardinality |V, so that

1)
|V| < N€/4(X7 ka,c) < Ne/4(Xa ka) < exp((htop(Xa G) + /{)|Fk|)
Therefore
‘Vk,c| < Na/Q(W7 pJ(Fk,c)c,oo) < exp((htOP(Xv G) + H)|Fk‘)7

as we wished to show.
Set

H=A{1,....d}\| {o(Fro)c: (k,c) € £}.

and take an (¢/2)-spanning subset Vg of W with respect to pp oo of minimal cardinality.
We have

Vil < (Neya (X, p))P1 < (Npa(X p))P.



14 DAVID KERR AND HANFENG LI

Write U for the set of all maps ¢ : {1,...,d} — X such that |y € Vi|n and ¢|y(5, ) €
Viclo(Fy.)e for all (k,c) € £. Then, by our choice of 7,

U=l ] rvk,c|s<N5/4<X,p>>2ﬂdexp< 3 <htop<x,c>+m>|Fk|)
(kc)e” (k,o)ez

L
= (VX o (hen(X, ) ) S
k=1

< exp(kd) exp <1in(ht0p(X, G) + /ﬂ?)d)
< exp(kd) exp((htop(X, G) + 2k)d) = exp((htop(X, G) + 3K)d).

Now since every element of W lies within peo-distance £/2 to an element of U and W
is e-separated with respect to p~, the cardinality of W is at most that of U. Therefore

N:(Map(p, Fy,6,0), poc) = | D| < exp(kd)|W| < exp(rd)|U]
< exp(kd) exp((hiop(X, G) + 3k)d)
= exp((htop(X, G) + 4K)d),

as desired. n

Lemma 5.2. Let G be an amenable countable discrete group acting continuously on a
compact metrizable space X. Then hx(X,G) > hiop(X, G).

Proof. Let p be a compatible metric on X. Let U be a finite open cover of X, and let
6 > 0. To prove the lemma it suffices to show that hy; o (p) > hiop(U) — 26.

Take € > 0 such that every open e-ball in X with respect to p is contained in some
atom of U. Then N.(X, pp/) > N(UF") for every nonempty finite subset F’ of G. Thus,
when F” is sufficiently left invariant, one has |F'|~1log N.(X, prr) > hiop(U) — 6.

Let F' be a nonempty finite subset of G and § > 0. Let o be a map from G to Sym(d)
for some d € N. Now it suffices to show that if o is a good enough sofic approximation
then

1
(2) a log NE(Map(pv F, 9, U)’ ,Ooo) > htop(u) —20.

Take & > 0 such that v/¢'diam,(X) < §/2 and (1 — &) (hiop(U) — 0) > hiep(U) — 26.
By Lemma 4.6 there are an ¢ € N and nonempty finite subsets Fi, ..., Fy of G which are
sufficiently left invariant so that

. 1
kzl?fg@ log N (X, ka) > htop(u) -0

such that for every map o : G — Sym(d) for some d € N which is a good enough sofic
approximation for G there exist C1,...,Cp, C {1,...,d} satisfying the following:

(i) forevery k =1,...,¢, the map (s, c) — os(c) from Fy, x Cy, to o(F)Cy is bijective,
(ii) the family {o(F1)C1,...,0(F;)Cy} is disjoint and (1 — ¢')-covers {1,...,d}.
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For every k € {1, ..., ¢} pick an e-separated set Ej, C X with respect to pp, of maximal
cardinality. For each h = (hy){_, € Hf;zl(Ek)C’C take a map ¢p, : {1,...,d} — X such
that

en(sc) = s(hi(c))
for all k € {1,...,¢}, c € C, and s € F},. Observe that if maxy—; ¢ |FF,AF|/|Fy] is
small enough, as will be the case if we take F1, ..., Fy to be sufficiently left invariant, and
o is a good enough sofic approximation for G, then we will have pa(as o p, pp 0 05) < 0
for all s € F, so that ¢, € Map(p, F, 9, 0).

Now if h = (hg)i_, and &’ = (h},){_, are distinct elements of TT4_ i (Ex)C, then hy(c) #
hj(c) for some k € {1,...,¢} and ¢ € Cj. Since hi(c) and hj(c) are e-separated with
respect to pg,, we have poo(@h, pn/) > €. Therefore

4
1 1
7108 Ne(Map(p, F,6,0), poc) > 5> |Ci|log | Ey|

k=1
1 L
> =D Gk Frl (heop(W) — )
k=1
> (1= 0")(htop(U) — 6)
> hiop(U) — 26,
as desired. m

Combining Lemmas 5.1 and 5.2 we obtain the desired equality of entropies:

Theorem 5.3. Let G be an amenable countable discrete group acting continuously on a
compact metrizable space X. Let ¥ be a sofic approximation sequence for G. Then

hs (X, G) = hiop(X, G).

6. MEASURE ENTROPY IN THE AMENABLE CASE

Let G be an amenable countable discrete group acting on a standard probability space
(X, ;) by measure-preserving transformations. The entropy of a measurable partition Q

of X is defined by
H,(Q) = =) 1(Q)log i(Q)-

QeQ
For a nonempty finite set F' C G we abbreviate \/,p 5719 to QF. By the subadditivity
result in Section 6 of [11], for a finite measurable partition Q of X the quantities

1

7 log H,,(2%)

converge to a limit as the nonempty finite set F' C G becomes more and more left invariant
in the sense that for every € > 0 there are a nonempty finite set K C G and a § > 0 such
that the displayed quantity is within € of the limiting value whenever |K FAF| < §|F)|.
We write this limit as h,(Q). The classical Kolmogorov-Sinai measure entropy h,(X,G)
is defined as the supremum of the quantities h,,(Q) over all finite measurable partitions Q
of X.
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Throughout this section ¥ = {o; : G — Sym(d;)}°, is a fixed but arbitrary sofic
approximation sequence for G. Our objective in this section is to show that the sofic
entropy hy ,(X,G) agrees with the classical measure entropy h,(X,G). The proof of
the topological analogue of this equality in Section 5 provides a basis for the argument,
but the measure-preserving condition requires us in addition to keep track of statistical
distributions along orbits. For this we will need a particular form of the Shannon-McMillan
theorem which asserts, for infinite G, the L'-convergence of the mean information functions
to the entropy function (Lemma 6.1). In the proof of Lemma 6.1 and elsewhere we also
require the ergodic decomposition of entropy, which relies on the affineness of the entropy
function [12] (see [16, Thm. 8.4] for the Z-action case) and hence requires G to be infinite.
The proof of Lemma 6.4 also requires G to be infinite for different reasons. We will
therefore need to handle the case of finite G separately, which we do in Lemmas 6.5 and
6.6.

Given that the sofic measure entropy hy ,(X, G) essentially amounts to counting unions
of partial orbits over Fglner sets in the case that GG is amenable, our arguments will pass
through some of the ideas in the proof of Theorem 1.1 of [6], which gives a formula for
the entropy of an ergodic measure-preserving transformation in terms of orbit growth in
the spirit of Rufus Bowen’s definition of topological entropy. Note however that we do not
assume our actions to be ergodic.

Consider a Borel action of a countable group G on a standard Borel space (X, Bx). We
consider the o-algebra

Bxg={A€Bx:sA=Aforall seG}.

Denote by M(X, G) the set of G-invariant probability measures on (X, Bx) and by M¢(X, G)
the set of G-invariant ergodic probability measures on (X, By). Assume that M(X, G) is
nonempty. Endow M¢(X, G) with the smallest o-algebra making the functions p — u(A)
on M¢(X,G) measurable for all A € Bx. Then M¢(X,G) is a standard Borel space (in
particular, M¢(X, @) is nonempty) and there is a surjective Borel map X — M¢(X, G)
sending x to g [15, Thm. 4.2 and p. 204] satisfying the following conditions:

(i) psy = pp for all x € X and s € G,
(ii) for each v € M¢(X, G) if we set X, = {x € X : yu, = v} then v is the unique p in
M(X, G) satistying u(X,) =1,
(iil) for every p € M(X,G) and A € Bx we have u(A) = [y pa(A) du(z).

Furthermore, this map is essentially unique in the sense that if x — ! is another map
satisfying the above conditions then there exists an A € By ¢ such that p(A) = 0 for
every i € M(X,G) and p, = p, for all x € X \ A. It follows that u = [y pi, du(z) is
the ergodic decomposition of u for every p € M(X,G), and that for each p € M(X, Q)
and each C-valued bounded Borel function f on X one has E,(f|Bx.q)(z) = [y f du. for
p-a.e. x, where E,(f|Bx ) denotes the conditional expectation of f in L*(f, Bx g, ).

When G is an amenable countably infinite discrete group, for any finite measurable
partition Q of X and any u € M(X,G), one has h,(Q) = [y hy,(Q)du(x), as one can
deduce from [12, Propositions 5.3.2 and 5.3.5] and the proof in the case G = Z in [16,
Theorem 8.4.(i)].
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For a finite measurable partition Q of X and a pu € M(X, G), the information function
1,,(Q) is defined by

L(Q)(x) = =) 1g(x) log u(Q)
QeQ
for all x € X.

Lemma 6.1. Consider a Borel action of an amenable countably infinite discrete group
G on a standard Borel space (X,Bx). Let Q be a finite measurable partition of X and
p € M(X,Bx). Then the functions ﬁIM(QF) converge to the function x — hy, (Q) in
LY(X,Bx,u) as the nonempty finite set F C G becomes more and more left invariant
in the sense that for every € > 0 there are a nonempty finite set K C G and a § > 0
such that ﬁIM(QF) is within € of the function x +— h,, (Q) in the L'-norm whenever
|[KFAF| </{|F|.

Proof. By the Shannon-McMillian theorem [12, Thm. 4.4.2], there exists an f € L'(X, Bx ¢, 1)
such that the function ﬁ[ .(QF) converges to f in LY(X,Bx, i) as the nonempty finite

set F' C G becomes more and more left invariant. Set g(z) = h,,(Q) for all z € X. Then

g is a bounded Bx g-measurable function on X. We just need to show that f(z) = g(x)

for u-a.e. x.

We claim that fA fdu > ngdu for all A € Bxg. Let A € Bx . We may assume
that u(A) > 0. Define v € M(X,G) by v(B) = ﬁ,u(B NA) for all B € Bx. Let F be a
nonempty finite subset of G. Set £(t) = —tlogt for ¢ > 0. Then & is concave on [0, +00).
Thus
1

1)~

[ 1@") du= Y —u(B)log(B) ~ 3 ~v(B)logu(B)

BeQF BeoF

BeQF

v(B)
<o( X umiy)
g H(B)
=¢£(1) =0,
where the inequality comes from the concavity of &. Dividing the above inequality by
|F'| and taking limits with F' becoming more and more left invariant, we get h,(Q) —

ﬁfAfdugO. Thus

[ =) [ h (@ avte) = phot) < [ s

This proves our claim. It follows that f(z) — g(x) > 0 for u-a.e. x.
For A = X the argument in the above paragraph shows that fX fdu= fX gdu. Thus
f(z) —g(z) =0 for p-a.e. . O
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Lemma 6.2. Let k > 0. Then there are 69 > 0, M € N, and w : N — (0,1) such that if
F is a finite subset of a group G with |F| > M, § € (0,dp), d €N, and o : G — Sym(d) is
a map with | Usterselk € {1,....d} s os(k) = oi(k)}| < &d, then the number of subsets
A CA{1,...,d} such that maxsep |AAos(A)| < w(|F|)d is at most exp(kd).

Proof. Partition {1,...,d} into sets Q1,...,Q, each of which is invariant under the sub-
group (o(F)) of Sym(d) generated by o(F') and has no nonempty proper subset with
this property. Write I for the set of all ¢ € {1,...,n} such that |Q;| > |F| and set
I'={1,...,n}\ I. Then |I| < d/|F|. For each i € I fix an element a; of Q;.

Set R = J;c; Qi and R’ = |J;c ;s Qi For every a € R’ we can find distinct s,¢ € F such
that os(a) = o4(a). Since | Usterszalk €{1,...,d} 1 o5(k) = o(k)}| < dd, it follows that
|R'| < dd.

Now let us estimate the number of sets A C {1,...,d} such that maxsep |[AAos(A)| <
nd. Let A be an arbitrary such set. For each s € F' define the function 7, : R — {0, 1} by
vs(a) = 1 if either (i) a € A and o4(a) ¢ A or (ii) a ¢ A and o4(a) € A, and y5(a) =0
otherwise. For each s € F define the function 45 : R — {0,1} by s(a) = 1 if either (i)
ac€ Aand o;'(a) ¢ Aor (ii) a ¢ A and o' (a) € A, and Fs(a) = 0 otherwise. Also define
a function #: I — {0,1} by B(i) = 1 if a; € A, and ((i) = 0 otherwise.

Let s € F. Since |AAos(A)| < nd, the number of a € R such that vs(a) = 1 can be at
most nd. Similarly, the number of a € R such that §5(a) = 1 can be at most nd.

Note that the collection of functions {75 : s € F}U{7s : s € F'} U{B} uniquely specifies
ANR, for if i € I and a € Q; then for some ty,...,t, € F and ey,...,e, € {0,—1}
the permutation w = oy} - --0p* will send a; to a, which enables us to determine whether
or not a belongs to A by using the functions from {v, : s € F} U{js : s € F} U{S}.
Thus the number of possibilities for A N R is at most the number of possible collections
{vs:s € F}U{7s: s € F}U{B} and hence is bounded above by ( ,EZ% (i))mFle/‘F‘. By
Stirling’s approximation this is bounded above by exp (8|F|d)2%!¥! for some # > 0 not
depending on d or |F| with 5 — 0 as n — 0.

For the number of possibilities for the intersection A N R’ we have the crude upper
bound of 217 which by the second paragraph is at most 29¢. We deduce that the number
of possibilities for A is at most exp (G| F|d)2%1F1+9¢ vielding the lemma. O

Lemma 6.3. Let G be an amenable countably infinite discrete group acting continuously
on a compact metrizable space X and p a G-invariant Borel probability measure on X.
Let p be a compatible metric on X. Let € > 0. Let Q be a finite Borel partition of X with

maxgeg diam,(Q) < &/16. Then hS, , . (p) < hu(9Q).

Proof. Let £ > 0. Take a finite G-invariant Borel partition R’ of X such that sup e by, (Q)—
inf,ep hy, (Q) < K for every R € R/, where & — pu, is the Borel map from X to M*(X, G)
described at the beginning of the section. Denote by R the set of atoms in R with
positive p-measure. For each R € R, set (g = sup,ep hyu,(Q). We will show that

h%”u,oo(p) <> rexréri(R) 4 5k. Since

(@) = [ b (@ duta) = X uB) inf . (9)
ReR
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> Y wR)(r—r) =Y Eru(R) -,

ReR ReR

this will imply £§;, | . (p) < hu(Q) + 6. As £ is an arbitrary positive number, the latter
will imply that hS; , () < hu(Q).

By Lemma 6.2, there exist an M’ € N and a function w : N — (0, 1) such that, for any
finite subset F’ of G with |F’| > M’, whenever a map o : G — Sym(d) for some d € N
is a good enough sofic approximation for G the number of sets A C {1,...,d} satisfying
max,cr |AAcs(A)|/d < w(|F']) is at most exp(|R|~'xd).

Take an 7 > 0 such that (N, /4(X, p))¥MR < exp(k), n < 27 mingex u(R),

T (3 ) v 2R + 20300 3 en) < 3 ena0 + 2

ReR ReR ReR

and for every R € R and finite set Y the number of sets Y C T satisfying |Y/| >
IT|(u(R) —n)/(n(R) +n) is at most exp(k|Y|), as is possible by Stirling’s approximation.
By Lemma 4.5, there are an ¢ € N and an 1’ > 0 such that, whenever e € F} C Fy C
-+ C Fy are finite subsets of G with \(Fk__lle)/FM < n/|Fy| for k =2,...,¢, for every map
o : G — Sym(d) for some d € N which is a good enough sofic approximation for G and
every Yr C{1,...,d} with |Yr|/d > p(R) — n for all R € R, there exist, for every R € R,
sets Cr1,...,Cry¢ C Yg such that
(i) forallk=1,...,¢ and c € Cry, the map s — os(c) from Fj, to o(Fy)c is bijective,
(ii) the family Uf;:l{a(Fk)c : ¢ € Cry} is n-disjoint and (u(R)—2n)-covers {1,...,d}.
Take 0 < 7 < n/4. Let R € R. Note that pu(- N R)/u(R) is a Borel probability
measure on X, which we denote by pug. One has h,, (Q) < &g for pp-almost every x.
By Lemma 6.1, there exist a nonempty finite subset Kr of G and a ér > 0 such that
for every nonempty finite subset F’ of G satisfying |KrF’ \ F'| < dg|F’| there exists an
Arr C QF such that pr(JAg ) > 1—7/¢, and for every A € Ag pr we have pug(A) >0
and —|F'|"'log ur(A) < €g + K, that is

(3) pr(A) = exp(—(€r + K)|F']).

For each A € Ap p pick a point 24 € AN R and set Eppr = {zxa: A € Agp}. Then
EgR pr is an (¢/16)-spanning subset of | J Ap r» with respect to pp.

Now we fix finite subsets Fi,..., F; of G such that e € F} C F» C --- C Fy, |Fy| > M’,
(F ' Fr)/Fy| < 0|Fy| for k =2,...,¢, and |KrFy \ Fi| < 6g|F| for every R € R and
k=1,...,¢. Then we have Ag f, and Eg r, for every R€ Rand k=1,...,¢.

Let A > 0 be a small number to be determined in a moment. Let R € R. Then
MR(ﬂizl UAR,) > 1— 7. By the regularity of up [16, Thm. 6.1], we can find a closed

subset Zp of Rﬂﬂizl UAR,F, such that pugp(Zgr) > 1 —7— X and a closed subset Z}, of R
such that Zr C Z}, and pg(Zy) > 1—A. Then FyZ}, is a closed subset of the G-invariant
set R.

Since the closed sets FyZ}, for R € R are pairwise disjoint, we can find an open neigh-
borhood Ug of FyZ}, for every R € R such that the sets Ugr for R € R are pairwise
disjoint.
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Let R € R. By the continuity of the action of G on X, we can find open neighborhoods
Bpr and B, of Zgr and Z}, respectively, such that Br C B, FyBp C Ugr and Egp, is a
(pF,,€/8)-spanning subset of Br U|JARg,F, for every k =1,...,¢. For each k =1,...,¢
we have

(4) Nej4(Br, pr,) < Neja <BR U U-AR,FkaPFk> < |Er,r,| = [ARF,|

< ur({JArn, )/ exp(— (& + R Fil)
< exp((§r + )| Fi|)-

Take an hr € C(X) such that 0 < hg < 1, hg = 1 on Z}, and hg = 0 outside of Bj.
Also, take a gr € C(X) such that 0 < gr <1, gr = 1 on Zg, and gr = 0 outside of Bg.
Replacing gr by min(gg, hg) if necessary, we may assume that gg < hp.

Set L = Upexihr,9r}. Let 6 > 0 be a small number which we will determine
in a moment. Let o be a map from G to Sym(d) for some d € N which is a good
enough sofic approximation for G. We will show that N.(Map,(p, Fy, L,0,0), psc) <
exp((>_per Er(R) + 5k)d), which will complete the proof since we can then conclude
that 1S, o (p, Fr, L,6) < 3 peq§rp(R) + 5k and hence hS, o (p) < D peg§rp(R) + k.

Denote by A theset ofalla € {1,...,d} satisfying 0.(a) = a. Let ¢ € Map,,(p, Fy, L, d,0).
Denote by A, the set of all a € {1,...,d} such that

(i) |hr(p(a)) —hr(s~te(sa))| < 1/2 for all R € R and s € F, and
(ii) p(p(sa),sp(a)) < V6 for all s € F.

Set
/R,@ ={a€e{l,...,d}: hr(e(a)) > 0},
/Ilhp ={ae{l,....d} : hg(p(a)) > 1/2},
Qpyp = VR, NALNA,
and

Ok, ={a € {1,....d} : gr(p(a)) > 0},
Ok, ={a€{1,....d} : gr(p(a)) > 1/2},
ORr,, = 6’]'37@ NA,NA.
Claim I: Assuming A, d are small enough and o is a good enough sofic approximation

for G, for every ¢ € Map,,(p, Fy, L, 6, o) we have that [Qr ,|/d < pu(R)+n for every R € R,
the sets o(Fy)Qr,, for R € R are pairwise disjoint, and

1
— max

< w(|Fyl).
ma < w(F)

QrAs(QR,p)

To verify Claim I, note first that if ¢ is a good enough sofic approximation for G then
|A|/d > 1 — X. Consider the continuous pseudometric p’ on X defined by

/ — h —1 —h —1 )
P (z,y) ggfgggg! R(s7®) — hr(s™ y)

When § is small enough, for any z,y € X with p(z,y) < V9, one has p'(z,y) < 1/2.
It follows that for any a € {1,...,d} and s € F;, with p(¢(sa),sp(a)) < V3, one has
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|hr(e(a)) — hr(s~'p(sa))| < 1/2 for all R € R. Since ¢ € Map,,(p, Fy,V,6,0), for each
s € Fy one has pa(as o @, po0s) < and hence
{ae{1,....d}: p(p(sa), sp(a)) < \/5}‘ > od.
Therefore [A,|/d > 1 — |Fy|6.
Now let R € R, a € Qg and s € Fy. One has
hr(s™'¢(sa)) 2 hr(p(a)) — |hr(p(a)) = hr(s~ e(sa))| > 1/2 - 1/2 = 0.

Therefore s™1p(sa) € Bl, and hence p(sa) € FyBj C Ug. Since the sets Ug for R € R
are pairwise disjoint, the sets o(F;)Q2r,, for R € R are pairwise disjoint.
Let R € R. We have

(5) (psQ)(hr) = p(hr) =6 > p(Zg) — 0 > W(R)(1 = A) — 4.
Since hr < 1, we have

el > (0. 00m) = w(m1 -0 -5

Since hrhr = 0 for all distinct R, R’ € R, the sets {QSR,@}RER are pairwise disjoint.
Therefore

Q| Vp ]
] < . 7<p
(6) a =! 2 d
R'eR\{R}
<1- Y (u®R)(1-N) -3)
R eR\{R}

< u(R)(1 = N) + A+ [RI3,
and hence

‘QR,‘P‘ < ’Q/R,so,

< n(R)(L = N) + A+ |R]3

d d
< u(R) +1
when A, d are small enough. We have
Ul 10\ V9%, 12,
N h < P P P — P P
(pe)hr) < ==+ =553 2d 2d
LB =N F AR Vgl
- 2 2d
Thus using (5) we get
9%l
(7) g 2 HBE)(L=A) = A= (2+[R])S,

and hence

Qngl 1% (AN, A
> 1 1
d d d d

> u(R)(1 = A) = 2\ — (24 [R] + [ Fy])s.



22 DAVID KERR AND HANFENG LI

Since the sets o(Fy)Qr,, for R € R are pairwise disjoint, for every R € R we have
|U(F€)QR¢ |QR<p| ‘QR’cp’
i _ ) < 1 _ )
1=, =

d d
R'eR
< (14 2IRPA + [RI(2 + [R] + [F2])9,

and hence, using the fact that o(Fy)Qr,, 2 0cQr o = QR 0,

<\U(F4)QR,@| QR ) _ 2<|0'(Fe)QR,<p| 3 |QR,¢|>

Qp Ao
max‘ RpS0s R,e0|

< 2max

s€Fy d s€Fy d d d d
< 2(1 4 2|R|)A + 2|R|(2 + |R| + | Fy|)d
< w(|Fel),

when A, 0 are small enough. This proves Claim I.

Claim II: Assuming A, ¢ are small enough and o is a good enough sofic approximation
for G, for every ¢ € Map,,(p, Fy, L,d,0) and R € R we have Or, C Qp, |OR,,|/d >
p(R) —n, and for every a € ©g , one has ¢(a) € Bg.

To verify Claim II, first observe that, for every R € R, since hr > gr we have 6’R7<p C
Qg and Opy, C Q. Also, for R € R and a € Opy, since gr(p(a)) > 0 we see that
¢(a) lies in Bp.

Now let R € R. One has

(+0)(gr) = p(gr) =6 = p(ZR) — 6 > p(R)(1 =7 — A) — 4.
We also have

o' Q| (6)
Onel el & mya - +a+ s

Similarly to (7), we get

Okl
—RE > u(R) (1 - 27— N) = A= 2+ [R]),

‘@R#)’ > |@,I{2,Lp . 1_M - _m
d d d d

> uw(R)(1 =27 —A) =2\ — (2+ |R| + |Fy|)d

> w(R) =,
when A, § are small enough and o is a good enough sofic approximation for G. This proves
Claim II.

For each J C {1,...,d} we define on the set of maps from {1,...,d} to X the pseudo-
metric

and hence

Poc(: 1) = poo(ipls, ¥]1).

Take a (poo, €)-separated subset D of Map,,(p, Fy, L, 0,0) of maximal cardinality.

By Claim I and the second paragraph of the proof, when ¢ is a good enough sofic
approximation for G there is a subset D’ of D with exp(xd)|D’| > |D| such that, for each
R € R, the set Qg is the same, say Qg, for every ¢ € D’. By Claims I and II and the
third paragraph of the proof, when o is a good enough sofic approximation for G, there
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is a subset W of D’ with |[W|exp(kd) > |W|[]gcxexp(k|Qr|) > |D'| such that, for each
R € R, the set Op, is the same, say Op, for every p € W.

Now take Yr to be ©p in our application of Lemma 4.5 in the fourth paragraph of
the proof in order to obtain sets Cr1,...,Cry¢ C O satisfying the two conditions listed
there. Denote by g the set of all pairs (k,c) such that k € {1,...,¢} and ¢ € Cr. By
n-disjointness, for every (k,c) € £g we can find an Fj, . C Fj, with |[Fy .| > (1 — n)|F|
such that the sets o(Fy .)c for (k,c) € Lg are pairwise disjoint.

Let (k,c) € Zg. Take an (¢/2)-spanning subset Vj . of W with respect to Po(Fy,.e)e,00 OF
minimal cardinality.

Claim ITI: Assuming ¢ is small enough, one has

Vil < exp((€r + )| Fil)-

To verify Claim III, let V' be an (¢/2)-separated subset of W with respect to Po(Fy,.e)es00-
For each ¢ € V, since ¢ € Cr, C OF the point ¢(c) lies in Br. Let ¢ and v be distinct
elements of V. Then for every s € F}, ., since ¢ € A, N Ay we have

p(sp(c), sih(c)) = p(p(sc),ib(sc)) — p(sp(c), p(sc)) — p(si(c), ¥(sc))
> p(p(s0), ¥(5)) — 2V,

and hence

PF,..(p(c),¥(c)) = Inax plsp(c), sih(e)) > max p(o(sc),h(sc)) — 2V > e/2 —e/4 = /4,

k,c seFk,c

granted that ¢ is taken small enough. Thus {¢(c) : ¢ € V} is a (pF, ,e/4)-separated
subset of Bp of cardinality |V, so that

4)
|V| < N.ja(Br, pF,.) < Neja(Br, pr,) < exp((§r + &) Fi|).-
Therefore
Viel < Nejo(W, po(ry, yeo0) < exp((Er + €)[Fi])-

This proves Claim III.
Set
H = {17 s 7d} \ U U{G(Fk,c)c : (k7 C) € gR}a
ReR

and take an (¢/2)-spanning subset Vi of W with respect to py o of minimal cardinality.
Claim IV:

Vir| < (Noja(X, p)) PR,
To verify Claim IV, first note that for each R € R we have

L

U o(Fr)Cr
f=1

‘ Ulo(Fre)e: (ko) € ZrY| = (1) = (1 =n)(u(R) —2n)d.

Since the sets Ui:l 0(F)Cry for R € R are pairwise disjoint, we get

U U{U(Fk:,c)c : (k’ C) € gR}

ReR

> Y (=) (u(R) —2n)d = (1 —n)(1 — 2|R|n)d.
ReR
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Therefore
[H| < (n+2(1—n)|Rln)d < (14 2|R|)nd < 3|R|nd,
and thus
Vir| < (Neya(X, p)) < (N2 ja(X, p)) P00,
This proves Claim IV.
Write U for the set of all maps ¢ : {1,...,d} — X such that o[y € Vi|m and ¢|,(r, )c €
o(Fyo)e for all R € R and (k,c) € Zk.

Claim V:
U| SeXp<(Z£Ru +3m) )

ReR

To verify Claim V, observe that, since the sets Uizl 0(Fi)Cry for R € R are pairwise
disjoint, for each R € R we have

14 4
U oF)Cri| <d— > U (Fi)Cr
k=1 R'eR\{R} ' k=1
<d— Y (uR)—2n)4d
R'eR\{R}

< p(R)d + 2|R|nd.
Therefore, by our choice of 77 in the third paragraph of the proof,

Ul =Val [T TI Weel € (Vea(X, p))m exp ( > e+ H)\Fko

ReR (k,c)eLR ReR (k,c)eZLR

¢
= (NLa(X, )R exp ( S (r+m) S I |cR,k|)

ReR k=1

V4
< ey (- 3 (€t )| U o0
ReR
< explradyexp (1 X (€ W)u(RY +2Rina)
ReR

k=1
< exp(kd) exp ( ( Z Epu(R) + K + 26|R*n + 2|R|n Z §R> d)

ReR ReR

<expl<;dexp(<ZfRM +2/€>>—exp<<Z§R,u +3/<>

ReR ReR

This proves Claim V.

Note that every element of W lies within po-distance £/2 to an element of U, and since
W is e-separated with respect to po, this means that the cardinality of W is at most that
of U. Therefore

N:(Map,,(p, i, L,8,0), poo) = | D] < exp(rd)|D'| < exp(2rd)|W| < exp(2xd)|U|
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< exp(2kd) exp (( Z Er(R —i—?m) )

ReR

= exp (( > &ru(R) + 5/%) d>7

ReR

as we aimed to show. O

Lemma 6.4. Let G be an amenable countably infinite discrete group acting continuously
on a compact metrizable space X and p a G-invariant Borel probability measure on X.
Let p be a compatible metric on X. Then

h‘E,l,L,OO(p) Z hN(X7 G)

Proof. By [12, Lemmas 5.3.6 and 5.3.4], the entropy h,(X,G) is equal to the supremum
of h,(Q) for Q ranging over finite Borel partitions of X with maxgeco u(0Q) = 0, where
0Q denotes the boundary of Q). Thus it suffices to show that hy ;o (p) > hu(Q) for every
such Q. Let Q be such a partition.

Since hy(Q) = [ hu, (Q) du(z) and the function x — hy, (Q) is Xp g-measurable, where
Bx,c denotes the o-algebra of G-invariant Borel subsets of X and x +— p, is the Borel
map from X to M®(X,G) described at the beginning of the section, it suffices to show
that, for every nonnegative sirnple B x g-measurable function g on X with g(z) < h,,(Q)
for every x € X, one has hx ;0(p) > fX gdu. Let g be such a function.

It is enough to show that for every 0 > 0 there is an € > 0 such that A5, (p) >
Jx gdp—26. So let 6§ > 0.

Let 0 < n < 60/8. Also let k > 0, which we will determine in a moment. For every
e >0 and @ € Q we write Q° for the open e-neighbourhood of @ with respect to p. Thus
MNe>o0 Q% = Q for each @ € Q where @ denotes the closure of Q. As maxgeq p(0Q) = 0,
we can find a particular €, which we now fix, such that > 5 g w(@Q% \ Q) < k2. Set
D=X\ UQEQ(Q2€ \ Q). Now it suffices to show hS, , . (p) > [ gdu — 20.

Let F' be a nonempty finite subset of G, L a finite subset of C(X), and § > 0. Let o be
a map from G to Sym(d) for some d € N. It suffices to show that if ¢ is a good enough
sofic approximation then

1
(3) 108 No(Map, (p, F, L, 6,0, poc) > /X gdp —20.

Given a nonempty finite subset F’ of G, set

ppr={aex: 3 tolon) 2 (1- i}

sEF!
Then

WP DE) < [ S Lep(sn) da
X\Dpr gepr

/ S Lyp(s) dp = p(X \ D)|F'| < n2|F],
seF’
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so that u(Dps/) > 1 — k. By Lemma 6.1, when F” is sufficiently left invariant there is a
Borel subset Vg of X with u(Ve) > 1 — k such that if z € Vpr and the atom of QF
containing x is A then

p(A) < exp(—(hy, (Q) = n)|F']) < exp(—(g(x) — n)|F"]).
Since g and the functions x +— . (f) on X for f € L are all Bx g-measurable, we can
take a finite B x g-measurable partition B of X such that g is a constant function on each
atom of B and for every B € B one has

) )
max <§2§ pa(f) — ylgguy(f)) <3
Denote by B the set of atoms of B with positive p-measure. Set 7 = mingeg pu(B). The
mean ergodic theorem [12, page 44| states that, as the nonempty finite set F C G becomes
more and more left invariant, |[F'|~! " v as(f) converges to E,(f|Bx ) in L*(X, Bx, p1)
for every f € L?*(X,Bx,u), where Bx denotes the o-algebra of Borel subsets of X.
Thus, when F’ is sufficiently right invariant, in other words when (F’)~! is sufficiently left
invariant, we can find a Borel subset Wg of X such that u(Wpg/) > 1 — min(k,7/2) and
[[F' [ sepr f(sz) — pa(f)| < /8 for all f € L and « € Wy In particular, when F’
is sufficiently right invariant we can find, for each B € B, a point g » € B such that
[F ™Y ser f(52B.57) = pray, 0 (F)| < 0/8 for all f € L.

Now consider a nonempty finite subset F’ of G which is sufficiently two-sided invariant
so that both Vi and W exist. For each B € B, write Ap g for the collection of all
A e QF such that (AN BN D NV N Wgr) > 0. For each A € Ap pr pick a point
x4 € ANBNDp N Ve N Wg and set E%,F' = {za: A € A} Denote by gp the
constant value of g on B.

Claim I: Assuming x is small enough there is, for each B € B, a (ppr,e)-separated
subset Ep g+ of Ejg, o such that

9) |Ep | > (BN Dpr NV N Wer) exp(max(gp — 21,0)|F']).
To verify Claim I, note first that

M(UAB,F/) > (BN Dpr N Ve N W),

and since p(A) < exp(—(g(xza) —n)|F'|) = exp(—(95 — n)|F’|) for every A € Ap g/, one
has

el = i | J A )/ exp(~(g5 = m)|F')
> (BN Dp NV N W) exp((gs — )| F]).

For each x € EY; 1/, since € D there exists a J, C F' with |J,| = |F’'| — |s|F’|] such

that sz € D for every s € J,,, where |t] denotes the largest integer no bigger than ¢. Then
I

there exists an E%,F’ - EE,’F, with (R‘F,

|)|E2’37F,] > |E'g | such that J, is the same, say
Jp,pr, for all @ € EY; 1.
Let © € EY 1. Let y € EY, 1, be such that pp(z,y) < e. Then sz and sy lie in the

same atom of Q for each s € Jp v, for if sz and sy were contained in different atoms of Q



SOFICITY, AMENABILITY, AND DYNAMICAL ENTROPY 27

for some s € Jp g then since sz, sy € D we would have p(sz, sy) > 2¢, which is impossible
since s € F’. It follows that there are at most |Q||F/|7‘JBJ”| many y € E}, p, satisfying
pr(x,y) < €. Hence there must exist a (pg, €)-separated subset Ep g of E, . such that

’Q“Fll_uB,F/"EB’F/‘ > |E’% w|. We then have

F/I\ 1
|Ep,pr| = |Q||JB’F"7|F/|‘EE,F'| = |Q|_H|F/||E/B,F’|< | H)

k| F'
— |Q|_F”|F,|].A | ’F/’ -
- B,F/ K}|F”

/ -1
> (BN Dp N Vi 0 W) exp((gs — m) /|2~ (’,FF‘,) -
Stirling’s approximation then implies that when « is small enough we have the inequality
(9) for all sufficiently right invariant F’. This proves Claim I.

Let ¢’ > 0 be such that §' < 7, 40'|B|maxyer, || fllooc < 6 and 'Y " pcpgn < 0/4. Let M
be a large positive integer to be specified below.

Let ¢” > 0, which we will determine in a moment. It follows from Lemma 4.6 that there
are an ¢ € N and sufficiently two-sided invariant nonempty finite subsets Fi,..., Fy of G
such that for every map o : G — Sym(d) for some d € N which is a good enough sofic
approximation for G there exist Cy,...,Cy C {1,...,d} such that

(i) forevery k =1,...,¢, the map (s, c) — os(c) from F, x Cy, to o(F)Cy is bijective,

(ii) the family {o(F1)C1,...,0(F;)Cy} is disjoint and (1 — ¢”)-covers {1,...,d}.
Write A for the set of all k € {1, ..., ¢} such that |Cy| > M. Taking M to be large enough,
for every k € A we can find a partition {Cy g} pes of Cy, such that ||Cy g|/|Ck|—u(B)| < ¢’
for every B € B.

For each k € A, set B}, = {B € B: (BN D, NVp, N Wg,) > 7/2}. If B € B\ B,
then (B \ (Dp, N Vi, N Wg,)) > 7/2 > p(B N Dp, N Ve, N Wg,), and hence p(B) <
2u(B\ (Dp, NVE, NWEg,)). Since u(X \ (Dr, N Vi, NWE,)) < 3K, we have

M(U(B \ 93;)) < 2u(X \ (D, NV, NWg,)) < 6.

Taking x to be small enough, we may require that fY gdp < 0/4 for every Borel set Y C X
with p(Y) < 6k. Then

(10) / gdu < 0/4.
U(B\B,)

For each h = (hy.B)k,B € [1en HBE%(EB,F,C)C’“’B, take a map ¢y, from {1,...,d} to
X such that for every k € A, B € B, c € C} g, and s € Fj, the point ¢p(sc) is equal to
s(hi,B(c)) or s(xp,r,) depending on whether B € B} or B € B\ Bj.

Claim II: Assuming F},..., F; are sufficiently left invariant, §” is small enough, and
o is a good enough sofic approximation for G, one has || J,cp 0(F))Cr| > (1 — 26")d and
the map ¢y, lies in Map,,(p, F, L, §, o) for every h € [[;cp HBE‘B;C(EB:FI@)CIC’B'
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To verify Claim II, suppose we are given k € A, B € B} and f € L. Since B € Bxq,

we have
AJWMZAg%UBx@dMZAﬂAﬂdM@-

For each ¢ € Cy, p, since hy g(c) € Ep r, € WE, N B one has

1
MWZV¢”C mmﬂf”

seFy,
1
' ‘Fk| ng;k f th ))) - :UJhk,B(c)(f)‘ + th,B(C)(f) — MB)/B‘LLI(f) d,LL(:C)
56 6
S3tsTw

As |o(F)Cr |7t > aco(Fy)Cp p | (Pn(@)) is a convex combination of the quantities |Fy |t > ser, flon(sc))
for c € Cy, p, we get

(11)

- Z f(enla) /fdu‘<5/4

lo(FR)Crl e s

Inequality (11) also holds similarly for all K € A, B € B\ B}, and f € L. Thus, for all
k€ A and f € L we have

1
e X fean= [ ra

a€a(Fy)Ch

’o’ Fk Ck B’ 1 Z
Z f(pn(a))
lo(Fy)Cy| ‘U( #)Cr Bl a€o(Fy)Cy B

B lo(F)Ck,B] 1 '
Z lo(Fe)Cr|  u(B) /deu

|O’ Fy, CkB| 1
2 omaa uﬂéﬁm /f4

BeB BeB
5, 5§ 5§ 6
hd B <Z4Z-=Z
<4+5| Il}lgllflloo_4+4 5

For all f € L, as | Upep 0(Fi)Ci| ™! ZankeA ()0, | (Pr(a)) is a convex combination of
the quantities |o(Fy)Cy|™? Yaco(Fy)cy f(en(a)) for k € A, we get

: 1)
‘UkeA o(Fy)Cyl Z f(pn(a)) — /de,u‘ < 3

ankeA O’(Fk)ck
Note that if ¢ is a good enough sofic approximation for G then d will be large enough so
that the family {o(F})Cy : k € A} is a (1 — 2§”)-covering of {1,...,d}. It follows that,
when Fi, ..., F, are sufficiently left invariant, ¢” is small enough, and o is a good enough
sofic approximation for G, the map ¢y, lies in Map,,(p, F, L, d,0). This proves Claim II.
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Claim III:

1
(12) glOgNs(Ma'pu(p7 F7L7 67 0)7000)

1

.
> oD -2 [ o)
mint<r<t [F7] g5 ( ) 9 dn

To verify Claim III, note first that if h = (hy )r,p and h' = (h), g)i B are distinct
elements of [, HBGB;C(ERF,C)C’%B, then hy p(c) # hy, g(c) for some k € A, B € By, and

c € Cy,p. Since hy p(c) and h) g(c) are (pp,,)-separated, we see that poo(pn, @n) > .
Therefore

N:(Map,,(p, F, L, 6,0), poc)

IT 11 (Esrp)»

keA BeB),

>

9)
> 1 11 (w(B N Dg N Ve, n W) 5l exp(max(gp — 20, 0)|Fi| - [Cr,5)

kEA BeB)
7\ |Ck, Bl
=TI IT (5) " explmax(gn — 20,0)Fel - [Chp])
keA BeB,
7\ 2 pes/, Ck.5l /
=11 (3) exp 1Fkl - [Chl S max(gs — 20,0)(u(B) — &)
keA BeBj,
7\ |Ckl
>11(5) oo ('Fkl Gkl Y <gB—2n><u<B>—5’>>
keA BEB),
7\ 1/ minj<p<¢ |Fr|\ d )
= ((5) > HeXp | Fy| - [Ckl Z (9 —2n)(W(B) = 4¢") ).
keA BeB,

For k € A, one has

> (g —2)(u(B) =38 = > gpu(B) -8 D> gs—2n Y (u(B)—7)

BeBj, BeB;, BeB;, BeB,
2/ gdp—38"> " gg—2n
U, BeB

> (/ gdu—0/4> —9/4—0/4>/ gdu —0,
X X
where (10) has been used to obtain the second last inequality. Thus
NE(Map,u(p7 Fa Lv 57 U)? :000)

. ((g>1/mimgkselel)dHeXp (|Fk!'|0k\(/ gdu—9)>

keA X
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- ()" e -2 [ =),

and hence the inequality (12) holds. This proves Claim III.
Now by taking §” to be small enough and F1, ..., Fy to be sufficiently left invariant, we

obtain
1
,—logz +(1- 2(5”)(/ gdu—@) > / gdu — 20,
miny<g<e [Fi| 2 X X
yielding (8). O

Lemma 6.5. Let G be a finite group acting on a standard probability space (X, ) by
measure-preserving transformations. Then

he (X, G) < hu(X,G).

Proof. Set £(t) = —tlogt for t € [0,1]. We may assume that h,(X,G) < +oo. Then
there is a G-invariant countable subset Z of X with Y _,u({z}) = 1, u({z}) > 0 for
every z € Z, and h,(X,G) = |G]7' Y., €(u({z})). Let & > 0. It suffices to show that
hs . (X, G) < hu(X,G) + 3k.

Up to measure conjugacy, we may assume that X is a compact metrizable space such
that each point of Z is isolated in X, G acts on X continuously, and p is a G-invariant
Borel probability measure on X. Let p be a compatible metric on X with diam,(X) < 1.
By Proposition 3.4 it suffices to show that 1S, , ,(p) < hu(X, G) + 3k for every £ > 0.

Let € > 0. Take a finite subset Z’ of Z such that the orbits Gz for z € Z’ are pairwise
disjoint, 1 — u(GZ') < €2/2, and £(1 — u(GZ')) < k. Say Z' = {z1,...,2,}. For each
k =1,...,n write py for the characteristic function of {z;} in C(X), and write ¢, and
Gy for u(Gz) and {s € G : sz, = zi}, respectively. Let 7 be a strictly positive number
to be specified in a moment. Let § > 0 be such that the p-distance of each point in GZ’
from any other point in X is bigger than v/8, (cx + 6|G/Gy|)/(1 —8) < ¢, + 7 for every
k=1,....n, (2+|G|)6|G| < 7, and n|G|(2 + |G|)d < €2/2. Set L = {p1,...,pn}. Now it
suffices to show that hS, , 5(p, G, L,6) < hy(X, G) + 3k.

By Lemma 4.6, when a map o from G to Sym(d) for some d € N is a good enough sofic
approximation for G, there exists a subset C of {1, ..., d} such that the map (s, ¢) — os(c)
from G x C to o(G)C is bijective, |0(G)C|/d > 1 — 6, and o.(c) = ¢ and o50¢(c) = o5(c)
for all c € C and s,t € G.

Let ¢ € Map,,(p,G,L,0,0). Let 1 <k <nand s € G. Set Yy 5, = 0 Y(s2x). When
s = e, we write Yy, for Yy e . If a € Yy, and sa & Yy s, then p(p(sa), sp(a)) > V6. Tt
follows that

1
g|(8Yk,¢) \ Yis,0l0 < (p2(as 0,00 0y))? < 62,

and hence [(sYyp) \ Yispl/d < 6. Set Yy = Yy, No(G)C Ny 05 (Yes). Then
Yep \ Y, l/d< (1+[G])d < 7.

For each k = 1,...,n set Cyp = {c € C : 0(G)c C o(G)Y} }. Then o(G)Cyy =
0(G)Yy . Note that if s € G and t € sG}, then tz;, = sz, and hence Yy, = Vi
If t € G\ sGg, then tz; # sz, and hence Yj;, N Yy, = 0. Let a € Yk’w. Then
o(sGr)a C UtESGk Yito = Yis, for every s € G. It follows that Y, ,No(G)a = o(sGy)a



SOFICITY, AMENABILITY, AND DYNAMICAL ENTROPY 31

for every s € G. In particular, for each ¢ € Cj, the set Yk’w N o(G)c is of the form

o(Gys)c for some s € G. Thus, given (C1,...,Cpy), the number of possibilities for
(Y gy, Yy ) is at most

n

M, = H ‘G/Gk“Ck,«p‘.
k=1
Let k=1,...,n. We have

||Yiol/d = il G/Grl™H | = [(040) (pr) — p(pr)] < 6,

and hence
Vi 1/d < Yigl/d < cx|G/Gi| " +6
and
(13) Vi /d > Yol /d — (1+ ]G > | G/Gy| ™t — (24 |GI)6.

Since (Y| = [Cipl - [Gil, we get
Crol/|C] = |G/Gr| - Yy | /1o (G)C| < (er, +6|G/Gr|)/(1 = 8) < cx + 7,
and
ICrol/IC| > |G/Gr| - Yy ol /d > ek — (24 |G])S|G| > e — 7.
Thus

My < JTIG/Grl 19 < exp ((a + ch log !G/Gk!) |G‘>

k=1 k=1

granted that 7 is small enough.
Foreachk =1,...,n, onehas ¢(Cr) C ¢(0(G)Y ) € Gzx. Thusthesets C1,...,Cngp

are pairwise disjoint. Therefore the number of possibilities for the collection (Cip, ..., Cp )
is at most
w5 () (75,
. . n
J1s--5In
where the sum ranges over all nonnegative integers ji, ..., j, such that |ji/|C| —cx| < T

forall 1 <k <mnand Y ,_;jr <|C|. By Stirling’s approximation, for such ji,...,j, one

e
< bexp ((kif(jk/wn re(1- ijmm)) 1)

for some b > 0 independent of |C| and ji, ..., jn. Since the function ¢ is continuous, when
7 is small enough one has

kf::lﬁ(tk)+§<1—§tk> Zéck +§<1—; )
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. gfs(ck) +e(1-wG2) )

<) &) + 2w
k=1
whenever t;, > 0, |ty —cx| <7 forall k=1,...,nand > ;_, t; < 1. Therefore
d
My < b(27d)" exp <<Z§ Ck —|—2n> \G])
k=1

Let D be a (poo, €)-separated subset of Map,,(p, G, L, 6, o) of maximal cardinality. Then
there is a (poo, €)-separated subset W of D with M;Ms|W| > |D| such that the collection

(Y{ -1 Y, ) is the same, say (Y7,...,Y,), for every ¢ € W. Note that the elements of
W are all equal on (J;<;<, 0(G)Y). By our choice of 4,
1 1 (13)
2 U @i =2 > 1G/GH ] = D (e — 2+ G)IG/Grld)
1<k<n 1<k<n 1<k<n
> 3 (- GI2 + [GI)S) = (GZ') — nlGI(2+]GI)s > 1 - &
1<k<n

It follows that any two elements of W have po-distance less than . Thus |[W| < 1.
Therefore

Ne(Mapu(IOa G,L,0,0),p2) = |D| < MiM;

Sbexp<<ﬁ+zck10g|G/Gk‘)‘G|>
x (2rd)" eXp((Zka +2/£> g,)
gb(QTd)”exp<(3m+|G\ EDIRIVICED > >

zeGZ'!
< b(27d)" exp((3k + hu(X, G))d).
It follows that
hSs 2(p; G, L, 6) < 3k + hu(X, G).
O

Lemma 6.6. Let G be a finite group acting on a standard probability space (X, ) by
measure-preserving transformations. Then

hs (X, G) > hy(X, G).

Proof. List the subgroups of G as Hy, ..., Hy. For x € X we write G, for {g € G : g = x}.

Since G is finite, we can find a measurable subset Y of X such that |Y N Gz| =1 for
every ¢ € X [8, Ex. 6.1 and Prop. 6.4]. Foreveryk =1,...,¢set Yy ={x €Y : G, = Hy}.
We may add or remove a measure zero subset of Y; without changing either hy (X, G)
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or h,(X,G). Then we may identify Y}, with a closed subset of the interval [2k, 2k + 1] in
such a way that there exist 2k < ¢, <2k +1and 2k +1 > ap1 > agp > --- > t;, with
Yy = 2k, tx] U {ag1,ak2, ...}, u(E) is the Lebesgue measure of E for every Borel £ C
2k, tg], and p(ak,n) > 0 for every n [7, Thm. 17.41]. Here we allow the set {ax1,ax2,. ..}
to be finite or even empty. Reordering Hy, ..., Hy if necessary, we may assume that there
issome 0 < ¢ < {¢such that ¢, > 2k forall1 <k </ and t, =2k forall ¢/ <k < /.

Now we may identify X with the disjoint union |_|f;:1 Y, x (G/Hy) in a natural way.
Equip |_|,€:1 Y x (G/Hj) with its natural topology coming from the product topology of
Y X (G/Hy). Then G acts continuously on the compact metrizable space X. Let p be a
compatible metric on X such that p(x,y) = |z — y| for all z,y € Y. By Proposition 3.4
one has hyx, ,(X,G) = hx j00(p).

We consider first the case t;, > 2k for some 1 < k < £, i.e. £ # 0. In this case we will
show that hyx; ; o(p) = +00. Let N € N. Take an € > 0 such that € < (¢; —2)/N. Let L
be a finite subset of C'(X) and let 6 > 0.

Let 1 be a strictly positive number satisfying n < min; <<y (G[2k, tx])/2 to be further
specified in a moment. By Lemma 4.6, when a map o from G to Sym(d) for some d € N is
a good enough sofic approximation for G, there exists a subset C' of {1,...,d} such that
the map (s, ¢) — os(c) from G x C to o(G)C is bijective, |o(G)C|/d > 1—n, and o.(c) = ¢
and og04(c) = o4 (c) for all ¢ € C and s,t € G.

For each k = 1,...,¢ take an ny € N U {0} such that the points a1, ...,akn, are
defined and Zi:l > jony H(Gak,j) < n. Denote by A the set of (k,j) such that either
1<k</Vandj=0o0orl1l <k</land 1l < j < ng Note that |C] — 400 as
d — 4o00. Thus when d is large enough we can find a partition {Ck,j}(k,j)eA of C' with

ket [1Chol/1C] = G2k, )| < and 35y 327, (IOl /IC] = i(Garg)| < 1. Set
xy; = 2k + j(ty — 2k)/|Cro| for 1 < k < £ and 1 < j < |Cyp|- For each h = (hy)f_,
consisting of a bijection from C g to {zy j : 1 < j < |Cio|} for each 1 < k < ¥/, we take a
map ¢p, : {1,...,d} — X sending sc to s(hi(c)) for 1 <k < ¥, c € Cyp, and s € G, and
sending sc to say ; for 1 <k < ¢, c € Cyj, and s € G. It is readily checked that, when 7
is small enough and d is large enough, every such ¢y, belongs to Map,,(p, G, L, 6, o).

Note that p(x1,;,21,;/) > € for any 1 < j, 5/ < [Cy | with [j — j'| > |C10|/N. When d is
large enough, we may require that N divides |C1 |. Denote by I' the set of permutations
of {z1; : 1 < j < [Cipl} preserving the subset {z; jiric, /v + 0 < k < N} for each
1 <j <|Cip|/N. Fix one h as above. For each v € I, set hy = (yo hy, ha,...,hy). Then
the set {¢p, 17 € '} is (poo, €)-separated. Therefore

N-(Map,,(p, G, L,5,0), psc) = |T| = (N)ICrol/N,

It follows that
limnf - Jog N.(Map, (5, G, L,6.), prc) > (“(G[2’t1|g|jvn)“ = jog(N1)
_ p(GR 00— w2, 10)/2),

= 2GIN

Since N can be taken to be arbitrarily large, we conclude that hy; 00 (p) = sup.o b, oo (p) =
~00.

og(N).
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In the case that X is atomic, i.e. £ = 0, one can see how to proceed by rewinding through
the proof of Lemma 6.5. We will simply outline the argument and leave the details to the
reader. The goal is to construct sufficiently many approximately equivariant maps from
a given sofic approximation space into X in order to get the desired lower bound for the
sofic measure entropy. Such a map is constructed as follows. Fixing a partition of X into
orbits, if the action is free then we can pair off each base point from a finite collection of
orbits with sets of base points of the decomposition of a fixed sofic approximation as given
by Lemma 4.5, subject to the requirement that the measures approximately match up. If
the action is not free then the components of the sofic approximation decomposition must
be further partitioned as necessary by means of cosets in order to enable the pairing off
with base points in X having nontrivial isotropy subgroup. The choices involved in this
pairing procedure are controlled, up to some error, by the product of the quantities M;
and M> as in the proof of Lemma 6.5. From this we obtain the desired lower bound. [

Theorem 6.7. Let G be an amenable countable discrete group acting on a standard proba-
bility space (X, ) by measure-preserving transformations. Let ¥ be a sofic approximation
sequence for G. Then

hs (X, G) = hu(X,G).

Proof. By Lemmas 6.5 and 6.6, we may assume that G is infinite. Since (X, u) is stan-
dard, up to measure conjugacy we may assume that X is a compact metrizable space on
which G acts continuously and p is a G-invariant Borel probability measure on X. Then
hy ,(X,G) > hu(X,G) by Lemma 6.4 and Proposition 3.4, while the reverse inequality
follows from Lemma 6.3 and Proposition 3.4. O
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