Probability and dynamics
Seminar, SoSe 2024

This seminar will treat some ideas and results at the intersection of probability and dynam-
ics, organized around the themes of entropy, percolation, and the geometry of groups. Basic
references are the books [6] and [7]. The following are proposed topics:

(1) basic ergodic theory: p.m.p. actions, ergodicity, mixing, Bernoulli actions (§2.1-2.3 of

[6])

(2) amenability, soficity, and property (T) (including Glasner—Weiss dynamical-probabilistic

characterization [4]) for discrete groups (§4.1, 5.1, 10.2 of [6]; [1])

(3) measure entropy for p.m.p. actions of amenable and sofic groups (§9.1-9.5, 10.1, 10.3 of

[6])

(4) sofic generator theorem, computation of sofic entropy for Bernoulli actions via second

moment method (§10.4, 10.5 of [6])

(5) Bernoulli bond percolation: first and second moment methods, critical probability, ex-

ample of trees (§5.2, 5.3 of [7])

(6) number of infinite clusters in Bernoulli percolation, amenability implies at most one

infinite cluster (§7.3 of [7])

(7) nonamenability and p. < py ([8] and §7.7 of [7])
(8) characterization of amenability in terms of invariant percolation (Theorem 1.1 of [2];

makes use of the mass-transport principle: §8.1 in [7])

(9) Gaboriau-Lyons theorem: nonamenable groups measurably contain free groups [3]
(10) Hutchcroft—Pete theorem: property (T) groups have cost one [5] (makes use of the mass-

(1]

transport principle: §8.1 of [7])

REFERENCES

B. Bekka, P. de la Harpe, and A. Valette. Kazhdan’s Property (T). New Mathematical Monographs, 11.
Cambridge University Press, Cambridge, 2008.

I. Benjamini, R. Lyons, Y. Peres, and O. Schramm. Group-invariant percolation on graphs. Geom. Funct.
Anal. 9 (1999), 29-66.

D. Gaboriau and R. Lyons. A measurable-group-theoretic solution to von Neumann’s problem. Invent. Math.
177 (2009), 533-540.

E. Glasner and B. Weiss. Kazhdan’s property T and the geometry of the collection of invariant measures.
Geom. Funct. Anal. 7 (1997), 917-935.

T. Hutchcroft and G. Pete. Kazhdan groups have cost 1. Invent. Math. 221 (2020), 873-891.

D. Kerr and H. Li. Ergodic Theory: Independence and Dichotomies. Springer, Cham, 2016.

R. Lyons and Y. Peres. Probability on Trees and Networks. Cambridge Series in Statistical and Probabilistic
Mathematics, 42. Cambridge University Press, New York, 2016.

I. Pak and T. Smirnova-Nagnibeda. On non-uniqueness of percolation on nonamenable Cayley graphs. C.
R. Acad. Sci. Parts Sér. I Math. 330 (2000), 495-500.

W. Parry. Topics in Ergodic Theory. Reprint of the 1981 original. Cambridge Tracts in Mathematics, 75.
Cambridge University Press, Cambridge, 2004.

K. Petersen. Ergodic Theory. Cambridge Studies in Advanced Mathematics, 2. Cambridge University Press,
Cambridge, 1989.

P. Walters. An Introduction to Ergodic Theory. Graduate Texts in Mathematics, 79. Springer-Verlag, New
York-Berlin, 1982.



