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Abstract

Models of autoassociative memories process information contained in a certain number of
states of a neural network and are afterwards able to associate output states with given
input states of this neural network. An important performance aspect of these models is
the ability to reproduce the input configuration as ouput if it is one of the learned neural
network states. This is measured by the capacity which indicates the maximal number
of stored patterns until the described property is lost. A further performance aspect is
the capability of reconstructing or correcting partially erased or corrupted versions of the
stored configurations.

Various models of associative memories storing sparse patterns are studied. The stor-
age capacities and error correcting behaviour are analysed with regard to the application
of different storing mechanisms, retrieval dynamics and probability distributions of the
stored patterns. We prove the existence of sharp bounds on the storage capacity and error
correction, depending on the remaining relevant parameters of the models. Characteris-
tical properties of the different models are examinend.
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1 Introduction

With the objective to model the memory activities of a human brain various models of
neural networks have been introduced and analysed during the last decades. A neural
network usually consists of a simple graph G = (V| E'): the elements of the vertex set V'
are called neurons and are connected through a set of edges E. These take the role of
the synapses. To model neural activities the neurons can take values in a state space S
containing at least two elements. A state of the network is then described by a vector
o = (0i)icy € SV, 0; € S denoting the state of neuron i € V. Additionally, for each
edge e € F, there is a variable J, to be specified later, describing a certain relationship
between the two neurons connected by e and called synaptic efficacy or synaptic weight
(cf. [30]). It is possible to use additional functions indicated by the edges also containing
information concerning the relationship between the connected neurons.

To make the neural network a model of an (associative) memory, it is supposed to
store a certain amount of information. This information comes in the form of M states
of the network ¢ € SV, 1 < < M (called patterns or messages). Hebb, a psychologist,
postulated in [I9] that learned information in a brain is reflected by the simultaneous
firing of certain neurons and this in turn strengthens the connecting synapses. This so
called Hebbian learning (see [41]) is a guiding principle in many models when constructing
the J.. The patterns are usually stored by determining the value J. through a calculation
rule, depending on the £# and this rule in turn describes the outcome of a Hebbian learning
process. The J, are called synaptic efficacies or synaptic weights. In particular, the value
Je is measurable with respect to &', &, 1 < pu < M, if e = {4, j}, i,j € V. This property
is called locality of the synaptic weights, see [30].

A memory is called associative if, confronted with some input pattern, it can produce
an output pattern: in heteroassociative memories, the output patterns are of other forms
than the input patterns, in autoassociative memories they have the same form (see [45]).
An autoassociative or content-addressable memory should be able to recall a stored pat-
tern, given only a part of it (see [25]) and to correct corrupted patterns (see [33]). To reach
this, a dynamics T is defined on SY. The dynamics, confronted with an input pattern
o € SV, can either update all the neurons in one step (synchronous updating/ parallel
dynamics) or one after another (asynchronous updating/ sequential dynamics).

The model that attracted lots of interest to this research area and is the standard
model for an associative memory, see [21], was introduced by Hopfield in 1982 and is
nowadays called the Hopfield model. For some N € N, one considers the vertex set
V = {1,... N} together with the state space S = {—1,1}. The state 1 signifies that
a neuron is active (also called excited) and —1 signifies that it is inactive (also called
quiescent). There are M (N) patterns £*,...6M € SV stored at random, independently
and identically distributed according to the uniform distribution on SY. The underlying
graph is the complete graph on V' and the synaptic weights are determined by the Hebbian
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learning rule
1 MY

B = D & it

p=1

Given an input pattern o, the local field at a neuron ¢ is defined by

Si(o) == Z Jij0;.

J#i

The parallel dynamics T = (T1,...,Ty) maps an input spin configuration o € {—1,1}¥
to (Th(0),...,Tn(0)), with T;(c) = sgn(S;(c)). Alternatively, a sequential dynamics
T =T, nyo...0oT.q can be used, with Tj(c) = (01,...,0,-1,1;(0),0i11,...,0n) and an
arbitrary permutation 7 of the set V. The model can also be interpreted as a spin glass as
introduced by Pastur and Figotin in [39]. The space SV is thus also called configuration
space and the states of the neurons spins. Concretely, the dynamics is related to a
Hamiltonian (energy) function defined on {—1,1}", namely

N
H(O’) = —% Z Jz’jo-z’o-j = —% ZO’ZSZ(O')
i#j i=1
such that, using the sequential dynamics, each step of the dynamics decreases the energy.
Then the sequential dynamics converges to a local minimum of the Hamiltonian and a
stored pattern is stable, this is, a fixed point of the dynamics, if it is a local minimum
of the Hamiltonian. It can be interesting to analyse the energy landscape to determine
the basins of attraction of the local minima: if the input pattern is within the basin of
attraction of a local minimum, the dynamics started in this input pattern converges to
the local minimum.

The maximal number of patterns that can be stored and correctly memorised is called
capacity. There are different notions of capacity, depending on the exact requirements
one has, e. g., if one claims that the stored patterns shall be perfectly memorised (they are
fixed points of the dynamics or local minima of the Hamiltonian, respectively), or if one is
willing to accept small errors (the patterns just have to be located close to local minima
of the energy function, measured in Hamming distance). Another aspect of the notion
of storage capacity is the requirement that all patterns are fixed points of the dynamics,
in contrast to the less restrictive requirement that an arbitrary but fixed stored pattern
is stable. A further, interesting question is if corrupted versions of the stored patterns
are recovered by the dynamics or at least attracted to a local minimum near the stored
pattern, respectively.

Hopfield suggested, supported by computer simulations, that the Hopfield model can
store up to a*- N patterns, with a* =~ 0.15, and that all learned messages will be forgotten
(the stored patterns are no longer close to fixed points of the dynamics) if M (N) > o*- N.
Using the non-rigorous replica trick, Amit et al. (3], [4]) obtained similar results as
Hopfield (a* =~ 0.138), namely that the Hopfield model can store up to aN patterns,
with a similar value for «, if small errors are accepted. Newman in [35] was able to prove
rigorously that the model is able to store a/N patterns, if small errors are tolerated, giving
a lower bound on « > 0.056. This bound was later improved by Loukianova (see [2§],



[29]) and Talagrand (see [42], [43]), up to 0.08. Concerning the more restrictive case where
the patterns have to be fixed points of the dynamics and corrupted patterns have to be
recovered exactly, McEliece et al. showed rigorously in [34] that a fixed but arbitrary
pattern is exactly memorised and in addition a corrupted version of a stored pattern with
a number of gNN errors is corrected by the dynamics if o < % and the number of stored
patterns is at most aN/log(NN) with o depending on o, where o = % for p = 0; a similar
results holds for all the patterns if a < }l. Bovier, also considering the perfect retrieval,
was able to show that this bound is sharp and the network is not able to recognise a stored
pattern, with probability converging to 1 if o > % (see [11]).

Inspired by results of biological research concerning the human brain observing that
only few neurons are involved when something is memorised, sparse models were proposed.
On a vertex set of N € N neurons with a state space S containing states that are either
referred to as active or as inactive, with possibly more than one active state, these models
store patterns with only a few active neurons per pattern, compared to the number N.
Willshaw et al. [44], Palm [37]/ Palm and Sommer [38], Amari [2] and Okada [36], among
others, proposed and/or analysed sparse models and came to the conclusion that their
capacity is much larger than the one of the original Hopfield model. The grade of sparsity
is measured by the activity of the stored patterns, this is the fraction of the expected
number of activated neurons in a stored pattern divided by the total number of neurons
N (see [2]). The models mentioned above either use S = {0,1} or S = {—1,1}, with the
0 or respectively the —1 representing the inactive state. The two possible states —1 and 1
of the neurons in the Hopfield model described so far are interchangeable. If the inactive
state is represented by a 0 instead of a —1, the synaptic efficacy belonging to the edge
connecting the two neurons ¢ and j is only influenced by such messages in which 7 and j
are both activated. In the —1 case, the synaptic efficacy takes every stored message into
account. Besides Okada, all the researchers named above considered the state space {0, 1}.
On the edges of the complete graph on the vertex set V' = {1,..., N} they either used
additive synaptic weights as Hopfield (Amari, Okada) or a binary learning rule (Willshaw
et al., Palm, Palm and Sommer) with binary synaptic efficacies J;; € {0,1} indicating
whether the two neurons belonging to an edge are at least once together activated in one
of the stored patterns (then J;; = 1) or not (J;; = 0).

Initiated by the publication of several variations of a new sparse model of associative
memory, see e.g. [I7], we rigorously analyse two of these models with an activity depending
on N and converging to 0. Chapters [2| and [4] are devoted to the models of Amari and
Willshaw, both using the state space S = {0, 1}, the first one using the additive and the
second one the binary learning rule. In this context the Willshaw model can be defined
with two different dynamics. The first one uses a threshold algorithm that activates
neurons whose local field, defined as in Hopfield’s model, but with the binary synaptic
weights, exceeds a given threshold. The second one is a Winner takes all (WTA) algorithm
as proposed by Gripon, Berrou et al. for their model (|22]), activating a certain number
of neurons that possess the highest local field. Both models, the one of Amari and the
Willshaw model, can be considered in a version where stored patterns consist of a fixed
number of active neurons per message and in a version where the states of the neurons of
a stored message are independent and identically distributed random variables taking the
active state with probability py, where py is the activity in the network with N neurons
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and tends to 0 as N goes to infinity.

The binary state space is expanded to S = {—1,0, 1}, now with a 0 corresponding to
the inactive state of a neuron and both, a 1 and a —1, corresponding to active states. We
analyse two of these models in a sparse version, both using the vertex set {1,... N} for
some N € N and the complete graph Ky on these neurons. The M (N) stored patterns
are chosen at random and for each i € {1,..., N} and p < M(N) the i-th spin of the
p-th stored pattern is 0 with probability 1 — py and £1 with probability 1/2 - py, where
py is the activity of the model using N neurons. As in the binary models, it is also
possible to choose the stored patterns uniformly among the set of all spin configurations
o€ {—1,0,1}" with a fixed number N - py of active neurons.

The first model uses an additive learning rule like the Hopfield model. It is called
Ternary simple model, was introduced and analysed for fixed activity p by Loéwe and
Vermet in [31] and is examined in Chapter [3| in the sparse case with activity py =
log(N)/N depending on N. A more complicated model for the ternary state space is the
model of Blume, Emery and Griffiths, proposed in [7] as a spin glass model to analyse
the behaviour of liquid He® — He! mixtures. Using an additive learning rule with J;; =
224:1 gt ff , the dynamics takes the variables K;;, i # j, into account besides the synaptic
weights. The variable K;; counts common activities with a positive impact and common
inactivities of the neurons ¢ and j per message and with a negative impact messages in
which either ¢ or j is active and the other one is inactive. A neuron i is activated by the
dynamics, if the absolute value of its local field S;(c) = > i+ 0jJij at the input pattern
o, defined as in Amari’s model and using the synaptic efficacies, exceeds the value of the
function 0;(0) = 3=, ;(0;)?Ki;. The neuron is in this case assigned to the sign of the
local field. While Bollé and Verbeiren in [8] and Bollé, Castillo and Shim in [9] stated
that this model performs best compared to other three-state-networks and based their
assertions on the non-rigorous replica theory, Lowe and Vermet in [31] rigorously showed
the existence of lower bounds on the storage capacity of these two ternary models, for
fixed p, observing that the capacity increases for small p in the Ternary simple model,
whereas it decreases as p gets smaller in the BEG model. They supposed that for small
p the BEG model is outperformed by the Ternary simple model. We will show that in
the sparse case with activity py = log(N)/N depending on N the BEG model is indeed
outperformed by the Ternary simple model, but can slightly be changed and then offers
the second best capacity of the models examinend in this thesis. We prove that stored
patterns are not stable in the original model in the considered sparse case and propose a
modification that allows to store a high number of messages, compared to the models in
chapters [2] - [4l

Over the past few years, a series of papers has been published by Gripon, Berrou
et al. (see e.g., [T, [16], [I7], [22], [23], [24], [45]): they deal with several variations
of models whose special feature is a cluster structure. Inspired by the brain, a pattern
to be memorised addresses neurons of different parts of the neural net. The number of
clusters c¢ is small compared to the number of neurons [ contained in a cluster. They
use ¢ = log(l) and N = ¢l neurons in total. The edge set includes all possible edges
that connect two neurons which do not belong to the same cluster and all self-loops (an
edge connecting a neuron to itself). The edges are usually allocated to binary synaptic
weights, but other possibilities are imaginable, as proposed in [20]. The active neurons of



an input pattern send signals through active edges which means that the synaptic weight
of the edge is 1. The decision which edges are active is made by storing a number of
patterns, and an edge connecting two neurons is active if and only if these two neurons
are at least once part of (excited in) the same stored message. There are several ways to
decide which neurons are activated after a step of the dynamics. Usually the decision is
made per cluster by a WTA algorithm, in [I7] still by counting all incoming signals and
determining the neuron that collects the highest number of signals, later (e.g., [1], [23],
[24], [45]) by counting, per neuron, the number of clusters from which it receives at least
one signal. The second decision rule is more plausible because it prevents a high influence
of errors and accounts for the fact that there is only one active neuron per cluster in a
stored message. According to the authors and simulations they made, this decision rule
shows a better error correcting behaviour (see [45]). It is also possible to use a threshold
algorithm per cluster (see [23]), here also counting the number of clusters from which at
least one signal is obtained instead of the total number of signals. In particular, the cluster
structure in combination with the self-loops can be exploitet to guarantee stability of all
stored patterns, independent of their number. Chapter [6] deals with different versions of
this model, called Gripon-Berrou model or GB model, for short.

The authors state that their model performs better than the Hopfield model, which is
indeed the case, but all sparse models analysed in this work possess much higher capacities
than the Hopfield model. We show that the number of stored patterns can in all other
models be at most M(N) = aN?/log(N)?> with a constant « to be determined and
depending on the model, whereas the Hopfield model can only remember N/ log(N) or
aN patterns, depending on the notion of capacity. We have to remark that some versions
of the models of chapters 2-5, namely the ones with independent and identically distributed
spins, can only preserve this high capacity if the requirement is that an arbitrary chosen
pattern is stable with probability converging to 1. As we will show in the corresponding
chapters, this high capacity is lost if one claims that all patterns have to be stable with
probability tending to 1. On the other hand, we will see that in the versions with fixed
number of active neurons per stored pattern and in the GB model, the order of the capacity
can also be maintained under the latter condition on the stability.

We give a detailed analysis of the capacity and the error correcting abilities of the
different models. If M = aN?/log(N)? patterns are stored, the variable « is called
capacity variable. We show that there are sharp bounds on the capacity variables for
each model besides the GB model with WTA algorithm (called SUM-of-MAX rule) and
a version of the GB model with threshold algorithm, i.e., there is an a* > 0 depending
on the model, such that for @ < o* and appropriate choice of the threshold, if there is
one, aN?/log(N)? patterns can be stored such that an arbitrary one is a fixed point of
the dynamics, with probability converging to 1. If a > «o*, an arbitrary stored pattern
is instable with probability concerging to 1 independent of the choice of the threshold.
We prove that the GB model with SUM-of-MAX rule and the GB model with threshold
algorithm, using an appropriate threshold, can store all patterns such that they are stable.
Of course it is not reasonable to store all possible patterns and if one expects the model
to correct a certain number of errors in a stored pattern, the number of stored patterns
is also bounded in these models.

Amari’s model, the Ternary simple model, the BEG model in the adapted version used
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in this thesis, the Willshaw model with threshold dynamics and two versions of the GB
model use thresholds in their dynamics. These thresholds are determined by a threshold
variable 7. We determine the sets of admissible threshold variables and show that in
each considered model in its version with i.i.d. spins, there are sharp bounds a*(y) on
the capacity variables in dependence on the used threshold variable, such that a number
M = aN?/log(N)? of stored patterns leads to instability of an arbitrary stored pattern
if @ > a*(7) and to stability, if @ < «a*(v), both with high probability. Besides the
stability of arbitrary stored patterns we also consider the stability of all stored patterns.
We observe that in the models of chapters 2-5 it is advantageous to choose the stored
patterns uniformly among the set of patterns with fixed number Npy of active neurons
instead of using independent and identically distributed random variables to determine
the spins of a stored message. The capacity of the latter versions (i.i.d. spins) of the
models decreases drastically if one wants all patterns to be stable, compared to the first
versions of the models. The model in Chapter [6] has a fixed number of active neurons per
stored message by construction.

Concerning the error correcting abilities of the models, we can give sharp bounds on
a and v (depending on the type of error) for the one step retrieval of corrupted patterns.
It turns out that there are two principal types of errors that have to be distinguished:
corruption of active and of inactive neurons, respectively. These influence the capacity in
different ways, if one wants to correct a certain number of errors of this kind. The results
obtained in the different chapters are summarised and compared in Chapter 7.



Notations and Conventions

In this thesis, the sizes of the networks depend on a natural number N as do the random
variables in the various chapters. The results are asymptotic. An event is called to happen
with high probability, if its probability tends to 1 as N tends to infinity. All random
variables are defined on a common probability space (£2,.4,P); notations of functions,
synaptic efficacies, local fields, dynamics and random variables are usually made per
chapter. In case of ambiguity, their affilitation is indicated more precisely. The following
notations are used: for two functions f, g : R — R, we write g = O(f), if

3C > 0,dz* e R: Vo > 2" : |g(x)| < C|f(x)|,

and g = o(f), if
o)

im ———— = 0.
=00 | f(z)]
In addition, we write f ~ g as © — o0, if
tim 94 _ .
z—oo f(x)

Finally, a function or a sequence of sets is called increasing or decreasing, respectively, if
it is monotonically (not necessarily strictly) increasing/decreasing. Strict monotony is in
each case indicated specifically.






2 Amari's Model

The first model relies on the complete graph built on the vertex set V' = {1,..., N},
N € N. The set of neuronal states is S = {0,1}: a 1 corresponds to an active and a
0 to an inactive state, respectively. The Hopfield model (see [21]), the standard neural
network, uses {—1,1} as its state space, with a —1 representing the inactive state. The
latter model is symmetric under a spin flip (-1 to 1, and vice versa), which is not the case
in the present model as we will see. Since the neurons are numbered from 1 to N, a certain

spin configuration (also called state vector) o = (0y,...,0n) € {0,1}" correponds to the
state of the neural net in which exactly the neurons iy, ...,4, € {1,..., N} whose spins
Oiy,---,0; are 1 are active and those whose spins are 0 are inactive. We aim at storing

M = M(N) messages in the network. The M patterns are denoted by £ = (&1,. .., &x),
1 <u < M. Amari in [2] proposes a Hebbian learning rule, using the synaptic efficacies

M
=) gl i
pn=1

As Amari points out in his paper, this learning rule demonstrates the difference between
the state spaces {0,1} and {—1,1}: in the first case, the synaptic strength between the
neurons ¢ and j changes by the learning process of a given £ only if both neurons are
activated. In the second case, each pattern contributes to their synaptic efficacy. Besides
that, the essential characteristic of Amari’s model is that the stored patterns will be
sparse: a message consists of a very small number of activated neurons compared to the
total number of neurons. Assuming that for fixed N, the (§§,1 < pu < M(N),1 <j < N)
are identically distributed Bernoulli random variables with parameter py, Amari defines
sparsity by the fact that the probability

PN:P(fle)

converges to 0 as N tends to infinity. This is, the expected ratio of excited neurons in a
stored pattern converges to 0, as IV tends to infinity:

1 N
—Zg#‘] — 0.
N &

Amari mentions two possibilities to choose the probability distribution of (£}');<n < in
the first, the 5;‘ ,J < N, < M are all independent and identically distributed. A second
possibility is to keep the activity

E

Sy

aN ‘(= ——,

N
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that is, the ratio of activated neurons per message, fixed and to choose uniformly among
the set of patterns with exactly N - ay excited neurons. Amari asserts without giving a
proof that the second version works much better than the first one. We will analyse both
and compare them.

The parameter py is chosen as

_log(N)
PN = N )

as the extreme case of sparsity mentioned by Amari, additionally comparable to the
model of Gripon and Berrou regarding this property because they choose almost the same
activity in their model. In case of exactly ¢ active neurons per message, ¢ is chosen as
¢ = |py - N|] = [log(N)]. We will, to simplify expressions, without loss of generality
assume that log(N) € N.

The neural network can serve as an associative memory only if there is some given dy-
namics. Amari uses synchronous updating; here the dynamics is amap T = (T1,...,Ty) :
{0,1}¥ — {0,1}¥. The involved T; are maps T; : {0,1}¥ — {0,1} and T; deter-
mines the state the i-th neuron will take. Alternatively, the spins can be updated
sequentially, e.g., in random order or from 1 to N, thisis, T = Ty o ... o T}, with
E(O') = (0'1, ey, 051, ﬂ(o‘), Oit1y--- ;UN>~

For each o € {0,1}" and each neuron i € {1,..., N}, the local field S;(c) at the state
vector o is defined by

SZ(O') = Z Jijaj-
J#
A neuron i remains or is activated, if the local field S;(o) is large enough, i.e. larger than
a given threshold h > 0. Confronted with the input o = (04, ...,0x), the i-th component
of the dynamics T'= (T3, ..., Ty) assigns to the i-th neuron the updated value

Ti(oc) =© <Z Jijo; — h) :

JFi

where the function © is the Heaviside function defined by

@(x):{l x>0,

0 x<0.

The threshold A is chosen as h = ylog(N) with some +, called a threshold variable, to be
determined. This is reasonable because we expect log(N) activated neurons in a message
and the synaptic efficacies among the activated neurons are non-zero because they are at
least once part of the same message. The threshold should be chosen such that stored
messages are fixed points of the dynamics, i.e. the local field of the excited neurons
should exceed this bound, but it should be large enough to prohibit that the local fields
of non-excited neurons of the message become larger than the threshold. This argument
firstly suggests a choice of v as an element of (0,1) which is consistent with the models
in Chapter 3 and 4, where it is not possible to choose higher thresholds. It will however

10



2.1 Stability and Error Correction

turn out that it is also possible to use a threshold variable v > 1 as long as it is smaller
than the critical threshold variable v* that will be determined in the following section.

The maximal number of stored patterns is supposed to be of size N?/log(N)?, an
assertion made by Amari and proven nonrigorously. We therefore presume a number of
M(N) = aN?/log(N)? stored patterns and will see that this is an appropriate choice
because with the dynamics described above, there will be some a*(y) dependent on the
threshold variable v such that the stability of a stored pattern can be guaranteed with
high probability if a < a*(y) and a stored pattern is instable with high probability if
a > a*(y). From now on, the variable « is called capacity variable. The following section
deals with the capacity - concerning two possible notions of it - of the above model and
its error correcting behaviour. In the subsequent section, we will define a Hamiltonian
function associated with the dynamics and show that there is, with high probability, an
energy valley around a stored pattern.

2.1 Stability and Error Correction

A first question to approach is: how many patterns can be stored in the network until
the system is overloaded with information? The most important task a network should
perform is the recognition of the stored patterns. This means that the stored patterns
should be fixed points of the dynamics T'. We distinguish between the requirement that all
stored messages should be fixed points and the less restrictive condition that a randomly
chosen stored pattern should be a fixed point of the dynamics T'. The capacity of the
model then is the maximal number of messages until this property is lost (dependent on
the notion of stability one requires). We begin with the analysis of the stored pattern’s
stability in Amari’s model with independent spins 5;‘ 1< u<M,1<j5 <N, using the
second definition of capacity.

We will show that it is possible to store up to aN?/log(N)? patterns with a constant «
to be chosen in dependence on « such that an arbitrary pattern is stable with probability
converging to 1 as N tends to infinity. As we will additionally see, there is, for each
v € (0,1), a critical value a*(v) strictly separating the two sets (0, a*(vy)) and (a*(7), 00),
such that each element of the first set is an admissible capacity variable (supposed that
M = aN?/log(N)? patterns are stored, the probability that an arbitrary stored pattern is
stable tends to 1) and each element of the second set is an inadmissible capacity variable
(M = aN?/log(N)? leads to instability of an arbitrary stored pattern, with positive
probability not tending to 0). Of course, M has to be a natural number and we mean by
convention that M = [aN?/log(N)?| if we write M = aN?/log(N)?. We mostly write
M instad of M(N).

The distribution of the f;-‘, uw < M(N), j < N clearly depends on N and so do the
patterns. We firstly analyse the situation and the behaviour of the dynamics for fixed V;
the dependence on N of the f;‘ is, as the one of p and M, not indicated in the notation.
The derived results are asymptotic. An event with probability converging to 1 as the size
of the network tends to infinity is said to happen with “high probability*.

11



2 Amari’s Model

Considering the network with /N neurons, the o-algebra generated by fj““ 1 <5<k

1 < pu < M(N) is called ¥ and the one with respect to £, 7 <k, 1<pu<M(N)is
called FN.
We begin now by stating the following theorem:

Theorem 2.1 (c¢f. [I8]) In Amari’s network using N neurons and the threshold h =
~vlog(N), v € (0,1), assume that the number of stored messages is equal to M =
aN?/log(N)?. Then, if a < v satisfies

—~log <1> +v—-—a< -1, (2.1)
o
an arbitrary stored message " s stable with probability converging to 1:

lim P(Vi < N : Ty(e") =€) = 1. (2.2)

N—oo

On the other hand, the system gets unstable if either 1.) o <~y and

_ b _ _
~log <a> +yv—a>-1 (2.3)
orif 2.) a > . In these cases
]&im P(Fi < N:T;(") #&) =1 (2.4)
—00

for an arbitrary but fixved p.

The critical value of, that is, the supremum of all o such that o is an admissible
capacity variable for Amari’s model using a threshold variable v € (0, 1), is equal to the
root of the function

1
g(a) = log (—> +a—2,
a
o ~ 0.1585.

Concretely, for each a < af there is some v € (0,1), v > «, such that 1s true and
therefore holds for the dynamics T using threshold v if M = aN?/log(N)? patterns
have been stored in the system. For each o > af, holds for the dynamics T' using an
arbitrary threshold v € (0,1), if M = aN?/log(N)2.

Remark 2.2 [In particular, we could not only find upper and lower bounds on the capacity
variable but the bounds obtained in Theorem[2.1 match. We have thus found sharp bounds
on the capacity variable, depending on the used threshold variable ~.

Until now, the threshold variable v is restricted to the interval (0,1). The result of
Theorem including the determined o can be helpful in the analysis of the Willshaw
model in Chapter 4.

Proof of Theorem 2.1k We start by proving the first statement of the theorem. To
this end, we fix a randomly chosen stored message: without loss of generality, let this
pattern be ¢'. To determine the probability that &' is stable, there are two cases to be

12



2.1 Stability and Error Correction

0.18 T T T T T T T T T

critical value of the capacity variable

0.16 -
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0.02

Figure 2.1: Critical capacity variable () in dependence on the threshold variable ~y for
Amari’s model

distinguished: the stability of the neurons that are excited in £ and the stability of those
that are not excited in &

The local field depends considerably on the number of activated neurons in &', This
is why we split the set

{Hie{l,..,,N}:Ti(Sl)%SQ}

into the intersections with the disjoint sets

{‘log(N)— N)} and {llog(N)—

for some fixed § > 0. Then we can bound the probability of an error:

M},

P[Hié {17"'7N}:Ti(’51) #5@1} <P [‘10g(N)—Z§; 2510g(N)]

< §log(N }]

+P

IIMZ

{Hie (1,...,N}: Ti(€Y %g}} m{(log

13



2 Amari’s Model

Since the 5; are independent Bernoulli random variables with success probability p =
log N/N, the first term disappears as N tends to infinity, due to the Chebyshev inequality.

Every activated neuron of ¢! will be stable, that is to say, T;(¢') = &} for each ¢ with
¢! = 1, if the number of activated neurons in ¢! is big enough. Due to the condition
v < 1, the variable § can be chosen such that 0 < § < 1 —~. The inequality

] log(N) — Z ¢l < slog(N) (2.5)

implies Ejv £ > (1 —0)log(N), and for each i with ! = 1, we obtain

M M
SiEN =) Ju& =) &) ge=6) g+ &) &

i i p=l i i u=2
> &> (1—-0)log(N) — 1> ylog(N)
J#i

for N large enough, if holds. The activated neurons in £! are therefore stable with
probability converging to 1.

To facilitate the readibility while examining the behaviour of the inactive neurons of
&', we will denote the event {Zjvzl §j/log(N) € (1 —0,1+6)} by As. In addition, for
each k € {1,..., N}, the events

N

(Co-1) {(Se-Ye-4)

J=1 J=1 J=1

are called Z;, and Z;, respectively.

A neuron i is activated by the application of the dynamics to &' if S;(¢!) > ~vlog(N).
To obtain a stable ¢!, all the inactive neurons of this pattern must remain inactive. The
probability of the complement of this event can be bounded as follows:

PRi<N:&=0T&") =1 <P[{Ii <N:¢& =0,Ti(&") =1} N As] + P(AS)
|(1+6) log(N)
= > PHISN:¢ =0T =1} N 2] + P(AS)
k=[(1-6) log(N)]
L(1-+6) log(N)
= > P[BSN:g =05 2 ylog(N)| 2] P(Z)) + P(45)
k=[(1-6) log(N)]
[(1+6) log(N)
< (N = k)P [Sy(€") = 7log(N)| 24| P(Z5) + P(45).
k=[(1-6) log(N)]

The delimiters of the sum are chosen because the number of excited neurons in the men-
tioned message, Zjvzl & ]1, does only take values in N. Without loss of generality, we assume
for the rest of this part of the proof that (1 + §)log(/N) € N. In the last line, the event

14



2.1 Stability and Error Correction

Z;, is replaced by Z;, because it does not matter in probability which & of the N neurons
are activated. We continue to estimate the probability:

> (N-R)P[Sk(€) 2 ylog(N)| 2] P(Z,) + P(45)

- (N=R)P| > €l > kel > ylog(N)| 2| P(Z4) + P(45)

k=(1-4)log(N) Li<N-1 n=1
(1+44) log(N)
< >~ P(Z;) + P(AS
- keN:rl?/%c)jg(N [ZZSN& 7 log( )] Z (Zk) + P(A5)
€(1-5,1+6) J<k p=2 k=(1-0)log(N)

M
<NP > D ke = ylog(N)| - P(As) + P(Af).

J<(1+6)-log(N) pu=2

The transition from the second to the third line is performed by taking into account that
on Z; we have 5} = 0 for each 7 > k£ and 5} = 1 for 7 < k. Then the maximum of the
conditional probabilities in the last line is attained for & = (1 + ¢)log(N) because the
sum ) Z;]Y[:Q §'¢Y is increasing in k; the maximum is thus attained by choosing the
maximal value for k.

Since P(Ay) tends to 1, we have to find a bound on the probability

Pl > Z€N£“>710g N)

j<(146)-log(N) p

Using the exponential Markov inequality (that will also be called exponential Chebychev
inequality) for some ¢ > 0, we obtain

(1+6) log(N) M

Pl Z£N£“>vlog N)| <exp[—tylog(N)]Eexp [t Y > kel
j<(1+0)-log(N) K j=1 pu=2

(148) log(N) M1

—exp[—tylog(N)] | Eexp [t > &ye (2.6)
j=1

M-1
t)(1+5) 1082(N)} (2.7)

= exp [—17 log(N)] [1 —p+p(l—p+pe

by using independence of the patterns £#,2 < u < M in (2.6) and independence of the
spins £,1 <4 < N of & in 1} Conditionally on {&k, = 1}, the sum Z§L+15) log(N) ENES
is Binomially distributed with parameters p and (1 + ) log(N') which results in the given
exponential moment. To continue, (2.7)) is at most

1+6) log(N) 1M1
exp [ty 1og(N)] [1—p+p (1= p+pe’) 7]

15



2 Amari’s Model

. M-1
< exp [—ty10g(N)] [1 = p + perle'-D(+910s()] (2.8)

<exp [—t’y log(N) + (M — 1)p <ep(et_1)(1+5) log(N) _ 1)} (2.9)
=exp [—tylog(N) + (M — 1)p (p(e" — 1)(1 + ) log(N) + O(log(N)*p*))],  (2.10)

due to the inequality 1 +u < e* for all u € R in (2.8]) as well as in and the power
series representation of the exponential in (2.10) where we assume ¢ to not depend on N.

Using M = aN?/log(N)? p = log(N)/N and in the last line once more the series
representation of the exponential, we obtain

[—ty1og(N) + (M — 1)p (p(e’ —1)(1 4 6) log(N) + O(log(N)*p?))]
<exp [—tylog(N) + Mp?(e' —1)(1 + ) log(N) + O(log(N)?p)]
=exp [ tylog(N) + a(e’ —1)(1 + 6) log(N) + O(log(N)g/N)}

=exp [log(N)(—t7 + a(e' = 1)(1+4))] (1 + O(log(N)*/N)).

To find a good bound on the probability, the function

exp

[s7a(t) = =ty + ale = 1)(1+9)

has to be minimised in ¢. This yields as minimal argument

ts . =log 1)
oy a(l+9)

By choosing 0 < § < (v — @)/, possible due to the condition a < 7, t;_ , is positive.
Inserting tj . , into the above exponential then yields

exp [log(N) (=7t} o + aesre —1)(146))]
— exp [log(N) (—'ylog (ﬁ) Fy—a(l+ 5))} .

The inequality

—vlog (ﬁ) +7—a(l+0) < -1 (2.11)

is sufficient to let the probability converge to 0. Since d can be chosen arbitrarily small, this
condition can be obtained for each « satisfying inequality . This is all we need to prove
the upper bound on a. By chosing § > 0 small enough that the three conditions § < 1—+,
§ < (y—a)/a and are fulfilled, we obtain P[31 <i < N : T;(&') # &}] — 0 for
a <~y and vy € (0,1) such that holds.

To show the reverse bound, we choose an arbitrary message, e.g., £!, and analyse
the probability of having an error at any neuron that is not activated in the message.
With the above notation, the requested probability of having at least one error after the
application of the dynamics is at least equal to

P(Fi<N:T(") #&) >P(Bi<N:& =0,T(¢") #0)

16



2.1 Stability and Error Correction

=P({3 < N:& =0,Ti(€") A0} NAs) +P({3i < N : & =0,Ti(€") # 0} N Af)
>P ({3 < N: & =0,T(¢") # 0} N Ay)
[(1+6) log(N)]
= Y P[AIP[ESN:g =0T(E) #0|3]
k=[(1-0)log(N)]
SP(As) - min P [3@ <N =0, Ty(EY) # o‘z‘k] . (2.12)

keN:[(1—-0)log(N)]<
<[ (146) log(N) ]

We have seen that the probability of As tends to 1 and continue by determining the
conditional probability of the last line for fixed k:

P[HigN:filzo,ﬂ(gl);éOIZ_k}:IP[EIZ'<N:§-1:0 Ty(eY) %0)24
=P [Fi>k+1:T(") #0[2] =1-P[Vi>k+1:T(&") = 0| 2]

M
=1-P [\ﬁ >h+1:)y Y i< vlog(N)] . (2.13)

r=2 j<k

M uz2g<k € {0, LAY of (1), i<k, the events

For a fixed realisation (7

{iszfé’ < vlog(N)}, i >k

n=2 j<k

are conditionally independent, given {(z}),>2j<x = (£),>2,<r}. The last line in (2.13)
is therefore equal to

M
—P [W >h+1:) ) i< vlog(N)]

p=2 j<k

B M
=1 —E),00 <, P (vz‘ >k+1: Z Zg;‘g;f < ylog(N)‘ff,)]

pn=2 j<k

[ N—k
=1- E(&f)uzz,jgk (Z Zfou < 7ylog(N “FN>
n=2 j<k

N—-k
=1- E(&;L)MZZ]'SIQ [ (Z §N qu > "}/log ‘Fk>] . (214)

i<k

To simplify the computations, we note that

Z@Zé“ > > Gy

J<k p>L30 oy € =1 J<k

17



2 Amari’s Model

and therefore

M
0T SEESEE) EEL D DT SU RSO
pn=2

i<k pSLY =1 sk

(2.15)

We continue with the analysis of the behaviour of the random variables Zj <k §§-‘ ;>
2, which are independent and identically Binomially distributed with parameters p =
log(N)/N and k. Consequently, the parameters of the Binomially distributed random
variable

M
X1<k) = Z ]l{ngk€§‘=1}
n=2
are
p1(k) = kp(1 — p)k*1 =kp+ 0(k2p2)

and M, where we only (and also in the rest of the proof) consider the ks belonging to the
set on which the minimum is taken in (2.12)). Using the Chebyshev inequality, we obtain
for each 6 > 0

lim P(%gu—mw)) = 0.

N
e Tog(V)

{—Xl(k) e(1-41 +5)}

The event
N
R e (m)

is denoted by Bjs(k).
To return to (2.14]), we first use (2.15)) and the fact that the interior sum is 1 on the
considered summands:

- Y N—k
=B |17 (S8 T s0] )|
L pn=2

i i<k
r N—k
1B |[10F| X &g 2 als(N)| A
L P>y, =1 J<k
T N—k
=1- E(S;)HZQ,jgk 1-P Z 5]’([ > 'ylog(N)‘]-"]’f,

B P13 & =1

and, taking the expectation on the set Bs(k), we obtain that the last line is at least

N—k

L= By, [ LBy |1 —P > & = ylog(N)|FE — P(Bs(k)°)

18



2.1 Stability and Error Correction

N—k
> —_ . —_ 14 > k‘ _ C
>1-B(Bi(k) max  (1-P| 3T ek > ylog(N)|F§ P (Bs(k)")
p>137 5721
N—k
>1 —max |1-P S fylog(N)‘}"]’i] —P(Bs(k)°). (2.16)

Bs (k) . o
H>1-Zj§k 5]' =1

Hence we can limit our examinations to the set Bs(k) because the probability of its
complement vanishes as N tends to infinity.
Conditionally on F¥, the remaining sum

X(ky= Y &

p>1:305 65 =1

is Binomially distributed with parameters p and X (k). But on the subset Bs(k) on which
we will consider X;(k), Xi(k) is about akN/log(N); X (k) is, given X;(k), therefore
approximately Poisson distributed with parameter X (k)p.

To be more precise, we use Le Cam’s Theorem:

Lemma 2.3 (Prohorov, Le Cam) (see [40] and [27]) Let wx(m) denote the probability
weight of m € Ny under a Poisson distribution with parameter A and 6, 5(m) its probability
weight under a Bin(n,p) distribution. The total variation distance between these two
variables is bounded by

Z On5(m) — ma(m)| < 2np*,
m=0
Keeping the notation of the Lemma, we obtain
P > > vlog(N)‘ffv = > Oxmp (M)
s i<r &5 =1 m=[vlog(N)]
> Z X1 (k) -p (T0) — Z Ox,(k),p (M) = Tx, (1) - p (M)
m=[ylog(N)] m=0
> g () - 2X080) 4 217

m=[ylog(N)]

We only consider the random variable X (k) on the set Bs(k) because its probability tends
to 1. On Bs(k), the last line of (2.17) is at least

min g Tx, (k) -p (M) — 22X, (k) - p?
Bs (k)
m=[1og(N)]

[e.o]

N 2
> Z ﬂ—k’(l—é)aﬁ D (m) - Qk(l + 5>alOg(N) D
m=[vlog(N)]
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2 Amari’s Model

[e.9]

log(N
= Z Tk(1-0)a (m) — Qk(l + 5)0& g]sf ), (218)
m=[vlog(N)]

because the probability that a Poisson random variable exceeds the threshold 7 log(N)
increases with the parameter of the Poisson distribution. A Poisson random variable Y,
with parameter n- A, n € N| is equal in distribution to a sum of n independent Poisson(\)
variables, which we call Y7,...,Y,. This justifies to apply Cramér’s theorem, that is:

Lemma 2.4 (Cramér) (see [13]) For independent and identically distributed random
variables Y1,Ys ... with finite moment generating function,

E [em} <oo, teR
and logarithmic moment generating function
A(t) =1ogE [e™],
define the Legendre transform

A (x) :=sup (tz — A(t)), =z e€R.

teR
Then, for x > E(Y7),

1
lim —logP

n—oo N

iYQ > a:n] = —A*(z).

=1

Taking for n € N a Poisson distributed random variable Y,,, ~ Z:.L:l Y;, Yi,...,Y, inde-
pendent with Y; ~ Poi(\), ¢ < n, the moment generating function of Y; is equal to

E [etyl} = i emAT e A = e)‘(et—l)
= — =
m=0 ’

and the Legendre transform in dependence on the parameter ), indicated as A%(t), is
calculated as

AL(1) = sup(tz— Ay (1)) = sup(te—A(e'—1)) = zlog (f) )\ (f - 1) — zlog (f) Y

teR teR A A
This yields for each z > A

1

lim —logP Yy, > on] = —wlog (5 ) +2—
n—oo N )\

Taking the second term of the last line in (2.12)), we remember that it suffices to show

its convergence to 1 to show the second claim of the theorem. Taking into account

(in)equalities (2.13)), (2.14) and (2.16]), we obtain

Nlinoo keN;[(lrilé?log(Nﬂ t > Sz (5 ) 7’é k
<k<[(146) log(N) ]
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2.1 Stability and Error Correction

N—k
> i 1— 1-P B> ~log(N)|FE
- Nl—r>noo kEN:[(lIEI(gllog(N)] Bm,;z(llg Z §N =7 Og( ) FN ’
<k<[(1+6) log(N)) P13 € =1
(2.19)

because limy_,o, ming P[(Bs(k))] = 0. For these k, we deduce with the help of inequality
(2.18), again denoting by Y} a Poisson random variable with parameter A:

N-k
M

max |1 —P E K> ~log(N)|FE

Bany En = g( ) N
/L>1:ngk£§‘:1

_ N—k

= log(N
1-— Z Th(1—8)a (m) + 2k(1 4 0) Ogji} )
m=[vlog(N)]

- o N—k
=[1— P[Yk(l_g)a > fylog(N)] +2k(1+ ) g]if }

IN

= exp [(N — k) log (1 — P[Yi(i-5)a > v1og(N)] + 2k(1 5)alog]£[]\7))] : (2.20)

By applying the series expansion of the logarithm, the logarithmic term in (2.20)) is

log(N)

N

= — P[Yia—s5)a = 710g(N)] + 2k(1 + 6)a

-0

(P(Yk(l_g)a > vlog(N)) + 2k(1 + 5)0410%5[]\7)) ] . (2.21)

The limit in (2.19) is, by using and (| -, equal to 1 if

, log(N)
]\}1_{{1)0 [(l_gr)l%)gc(m] exp {(N k) ( P(Yea—s)a = v10g(N)) + 2k(1 4 6)a N )] 0
<k<

L(1+6) log(N)]

(2.22)

The minimum of the probabilities P(Yj1_5)a > 71og(NN)) is attained by the minimal value
of k, thisis k = [(1 —0)log(N)]. Convergence to zero in (2.22)) is consequently reached if

lim — [N —(1+49) IOg(N)}P(Y[(l 5 log(V)](1-0)a = V10g(N)) 4 log(N)? = —o0

N—o0

which is fulfilled if

log (P(Y7(1-8) log(3)] (1—8)a = ¥ log(N
g 108 (P00 10 10-9)a = 710g(N))

—1. 2.2
N-s00 log(NV) ” (2.23)
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2 Amari’s Model

Denoting by Aj;(l_ 5) () the Legendre transform of a Poisson distributed random variable
with parameter a(1 — §) at argument x, > «a(1 — 0), Lemma yields for each o <
v/(1=0)

i log (P(Y(1-8)1og(V)](1-8)a = [(1 — 8) log(N)1:%5)
i (1= ) loa(™)]

e v\ v g Y
_Aa<1—5>(1—5) 1—610g<a(1—5)2)+1—6 a(l =9),

and this implies

10g (P(Y7(1-8) og(n)] (1-8)a = 7 log(N))

g log(N)
log (P(Y(1-9)10 sy > (1= 0)log(N) 2
> (1 — 6) liminf 0g (P(Yr(1-5)1og(n)]1-9)a = (1 — 8)log(N)1%5)
N=reo [(1—0)log(NN)]
log (P(Y(1-8)10 sy > (1= 8)log(N)] 2
> (1 —6)liminf o8 (P tog(7101-000 > [ ) log(N)] %)
N=veo [(1—0)log(N)]

The value 0 > 0 is chosen a priori, but arbitrarily small, and it is thus for each a which

fulfills (2.3]), that is,
—~log <1) +v—-—a>—-1,
o

possible to find a suitable J such that is bigger than —1 which yields and
therefore (2.4)).

Finally, the condition o < v indicated in Theorem is not only a sufficient, but
also a necessary condition to achieve stability of the stored messages. To prove this, we
assume that o > 7. We will show in the next part of the proof that there is, for each

~v > 0, an o such that 0 < o/ < v and such that (2.3) holds. The probability

Mk
P(3i > k+1:85(&) > vlog(N)|Z,) =P (Elz' >k+1: ZZ&;‘&;‘)

p=2 j=1

is increasing in M. Since o > ' and the above probability tends for each k € ((1 —
§)1log(N), (14 0)log(N)) to 1 if M = o/N?/log(N)?, it does if M = aN?/log(N)?. The
condition

a <7y (2.25)

is therefore indeed necessary to ensure stability of the stored messages.

The critical value «j is defined as the supremum of all @ > 0 such that a is an
admissible capacity variable for Amari’s model using a threshold variable v € (0,1). The
function ¢ : (0,00)* — R,

v
9(7, @) r=710g( ) —v7+a-—1,

«
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2.1 Stability and Error Correction

is continuous. The partial derivative of g with respect to « is equal to

99 _4_ 7

Oa «
which is negative on (0, 7). This implies that g(v, ) is strictly decreasing on (0, ). Since
liman 0 g(7, @) = oo and lim, », g(77, ) = —1, there is a unique root of g(v,-) in (0,7)
and the preimage of R, belonging to the restricted function g(v,-) to the interval (0,~)
is of the form (0, a*(7y)). The variable a*(y) is the root of g(v,-) in (0,~).

In particular, is guaranteed for each a € (0,a*(7y)) used as a capacity variable.
On the contrary, the interval (a*(7),7) is nonempty. For each « in this interval,
holds. As we have seen in the previous part of the proof, the probability in increases
with the capacity variable o and therefore also holds for @ > 7. This means that
each a € (a*(7), o) is inadmissible.

To determine the critical value aj of the capacity, we determine the partial derivative

of g with respect to v:
5 =os(3)
Y — Og —

0 Q@

which is positive for v > a. Let a*(1) be the root of g(1,-) in (0,1), o*(1) ~ 0.1585. Then
af < a*(1) because for each o > a*(1), @ € (0,1), we have g(1,a) < g(1,a*(1)) = 0 due
to the fact that g(1,-) is strictly decreasing on (0, 1). Since ¢(-, @) is strictly increasing in
v on (a,00) and vy < « is inadmissible, there is no vy € (0, 1) such that « is an admissible
capacity variable for ~.

To see that af = a*(1), we recall that g(1,-) is strictly decreasing on (0,1), that
g(1,a*(1)) = 0 and that g is continuous. Hence for each a < a*(1) there is an vy € («, 1)
such that g(vy,a) > 0.

OJ

We have seen that for each v € (0,1), it is possible to store up to M = aN?/log(N)?
patterns, if & < a*(), such that a randomly chosen one of the stored patterns is stable
with probability converging to 1.

To reach a high storage capacity, it is advantageous to choose a big . So far we
considered threshold variables v € (0, 1); but there is a priori no reason for this choice. We
can use threshold variables v > 1 and reach a higher critical capacity variable a* &~ 0.255
for the model. This improves the maximal capacity obtained in Theorem 2.1} but will also
give rise to a lower bound on a: we have to store at least a certain number of patterns to
guarantee the stability of the stored messages, with high probability.

Theorem 2.5 [t is possible to use threshold variables v > 1 to increase the storage ca-
pacity of the above model. For arbitrary v > 0 there are sharp bounds on the capacity
variables: with the root a*(7y) of the function g(v,-) in (0,7), each

Q€ (maX(()? Y- 1)7 Oé*<7))
1s an admissible capacity variable for v; each

a € (0,max(0,y — 1)) U (a*(y), 00)
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2 Amari’s Model

is an inadmissible capacity variable (that is, holds).
Let 7 be the unique root of

- _
f(’Y)— 62/7 7_'_17
v = 1.255. The critical threshold variable, defined by
v i=sup{y > 0:3Ja > 0: « is admissible for v},

15 equal to . The critical capacity variable for the model is finally

*

v

o :=sup{a>0:3y>0: « is an admissible capacity variable for v} =~*—1= o
e

03

upper bound on the capacity variable
lower bound on the capacity variable

0.25 -

S 0.15 -

0.05 -

1.4

Figure 2.2: Upper and lower bounds on the capacity variable o in dependence on the
threshold variable v for Amari’s model

Proof of Theorem [2.51 We aim to find upper and lower bounds on the capacity vari-
ables in dependence on 7. Given an arbitrary pattern £#, we distinguish between the
stability of the active and of the inactive neurons of the message. The stability of the
active neurons will result in a sharp lower bound and the stability of the inactive neurons
in a sharp upper bound, respectively, on the capacity variable.
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2.1 Stability and Error Correction

Let us begin with the stability of the inactive neurons of £#: to this end, we can use
some of the results of Theorem 2.1} Firstly, we have shown for any o < ~ satisfying

—ylog (v/a) + 7 —a > —1,
that for arbitrary pu € {1,..., M}

lin PG < N:Ti(€) £€) > lm PEI<N: € =0T #0) =1,

if M = aN?/log(N)?. In this part of the proof we did not use the condition v < 1.
Thus the condition (2.3)) remains an upper bound on « and each a < v fulfilling ([2.3)) is
an inadmissible capacity variable. In addition, each a > = is inadmissible because there
is always an o < ~ fulfilling and the probability of the instability of the inactive
neurons is increasing in M and therefore in a.

However, if threshold variables v > 1 are used, the stability of the inactive neurons of
pattern &* is still provided with high probability, if < v and

—ylog (v/a) +7—a < —1;

the proof did not use the condition v < 1, either. For this choice of o, we have for an
arbitrarily chosen p € {1,..., M}:

lim P(3 < N:&=0,T(&") #&') =
N—o00
Hence a sufficient constraint to guarantee stability of the inactive neurons of a message is
a<vy, —log(y/a)+y—a< -1 (2.26)

If we examine the behaviour of the active neurons of a stored pattern under the dynamics,
the threshold variable v > 1 causes a further condition on a: to keep the message’s 1’s,
the constant o must exceed the value v — 1. To show this, assume first v > 1, o < v — 1.
Without loss of generality, we consider £!. With the notation of Theorem we estimate

P(3i<N:&=1T(")£¢)

( 6) kJEN:rk}}llgg(N) ( > 52 ? 7’(5 ) ?é 52 | k’)
€(1-46,149)

[ M N
. 1t et
ZIP’(A(s)-keNg}llgg(N)P > E el < ~log(N)| 2
e(1-s1+5)  Lu=lj=2

SP(As)-  min P |k—1 <l
>P(4;) - min +ZZ§ 7 log( )]
€(1-6,1+4) p=2 j=2

keN:k/log(N) -
€(1-5,1+5) H=2 j=2

M k
>P(4s)- [1— max P k+22£5§¢zﬂogw>]
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2 Amari’s Model

The probability of the set As tends to 1 and we are left with estimating the second
probability in the last line for the considered k.
For some fixed k, the probability is bounded with the help of the exponential Cheby-

shev inequality:
k M—1
o ()|

=2

Mk
P k+zzgf§f2710g(N)] <exp | — tylog(N) + kt]E

pn=2 j=2

due to the independence of the stored patterns; this is, for £ not depending on N, as in

the proof of Theorem [2.1] at most
L M-1
o (i )|

=2

exp [ — tylog(N) + kt|E

<exp [ — tylog(N) + kt] exp [ak(e' — 1) + O(k*log(N)/N)] .

We just consider k € ((1 — d)log(N), (1 + d)log(N)) and the expression in the last line
is increasing in k. An upper bound for the last line is therefore given by inserting k =
(14 0)log(N). Minimising in ¢ yields t = log[(y — 1 —0)/(a(1 + ¢))] which is well defined
if 6 <~ —1 and positive if y — 1 — 9§ > a(1 + ). Since v > 1 and a < 7 — 1, § can be
chosen such that 0 <d <y —1,0<d < (y—1—a)/(1 + «). Then the above expression
converges for all £ of the considered set to 0 as IV tends to infinity, if

The function f(z) = —zlog(z) + = — 1 is negative on R, so the condition is fulfilled for
each choice of 7,9, > 0 as long as 6 <y — 1. This yields (2.4]) for

a<vy-—1 (2.27)

If we want to choose v > 1, the usage of an a such that holds leads to instability
of the stored patterns.

On the other hand, we cannot use the proof of Theorem [2.1] to show the stability of
the messages’ 1’s in the case v > 1. If @« > v —1 > 0 and in the first step, v > 1, we have
for fixed k£ and ¢t > O:

PEL<i<k:Ti() # &12k) < kP(Ta(E') # 1] 21)

M k M kK
=kP [k — 14> ) &l < ’ylog(N)] — kP [1 —k=> ) gret > —ylog(N)
p=2 j=2 p=2 j=2

M—1
<kexp [ — (k— 1)t +log(N)vt|E

k
o (026
j=2

<kexp [ — (k— 1)t +log(N)yt + Mp*(k — 1)(e™" — 1) + O(pk?)].
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2.1 Stability and Error Correction

Again we consider As; whose probability converges to 1. The value of k can therefore be
restricted to ((1 — &) log(N), (1 + 0)log(V)). This yields, for such k:

kexp [ — (k — 1)t +log(N)yt + Mp*(k — 1)(e™" — 1) + O(pk?)] < (1 + 6)log(N):-
exp [log(N) (==t +al =) —1)) +O(plog(N)?) +t —ale™ —1)|.

We choose t = —log((y—1+0)/((1—9d)a)). This is positive if (y—1+49)/(a(l —0)) < 1.
This inequality can be satisfied for each a > v — 1 by choosing a suitable 0 < ¢ <
(1 — v+ a)/(1 + «a). The convergence of the probability P(Ji : & = 1,T;(¢') # 1) to 0
follows now because the function —xzlog(z) + = — 1 is negative on R.

If v = 1 and a threshold variable o > 0 is used, the pattern ¢! is also stable with high
probability:

P(3i: & = L) #1) <P(Ag) - ma kP [k~ 1+ ZZ& & <log(N)| +P(45)
e(1-5143) p=2 j=2
[(1—0) log(N)]

<(1 4 6)log(N Z Z el < Slog(N) | + P(AS)

which is bounded from above by
(14 0)log(N)exp [log(N)dt + [(1 — 6)log(N) — lJa(e™" — 1) + O(plog(N)?)] + P(Aj).

Choosing §/(1 — J) < a, we can use t = — log(ﬁ) > 0, and the probability converges
to 0.
It remains to compute the critical values of the parameters. First, we claim that the

function f, defined by

v
f:R+_>R7 f(7>_ 2/7_7_{—1

has a unique root and is strictly decreasing on R, . Indeed, its derivative is

2 2
fiy)=-1+ ;e‘% te =1+ (1 + ;) :

This is negative on R because 1 + % <en.
Additionally, the function f fulfills lim,_,o f(v) = 1 and lim,_,, f(7) = —1, so there
is a unique root 4 of f in R, and f is positive on (0,7%) and negative on (7, )
We recycle the continuous function g¢(v,«) from the proof of Theorem 2.1}
g:(0,0)* = R,
g(v,a) = vlog (g) —v+a—1.

We observed that g(, ) is strictly decreasing on (0, ) and strictly increasing on (v, 00).
The patterns are instable, if « ¢ [y — 1,7]. But on the interval [y — 1,7], we know as
result of the strict monotony of g(v,-) on (0,7) and its continuity on R

max g(y,a) =g(y,7—1) = vlog (‘711) — 2

agly—1,]
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2 Amari’s Model

Let v > 4. We show that there is no o € [y—1, 7] such that g(v, a) = 7 log (%) —v+a—1>
0. Since the function f is strictly decreasing, we observe that v > 4 implies f(7y) < 0 and
therefore v/e*7 < ~ — 1. This yields in combination with the properties of the function g

max 710g<g>—v+a—1:710g<#)—2<710g< Z )—2:0.

a€ly—1,9] e2/7

So each o > 0 is inadmissible for 7.

We have shown in the proof of Theorem [2.1]that v € (0,1) is admissible. For v € [1,7),
we choose o € (y—1,7/e*7). This interval is non-empty: the strict monotony of f implies
f(y) >0, ie. v/e*7 >~ —1. Note that the inequality a < « is trivially fulfilled because
v/e?/" < ~. With this choice of a we can conclude

v gl 2
g(%oz):ylog(a> —7+a—1>710g(m) —y+v—2=~log (e /7)—2:0.

This shows that there is an admissible capacity variable for each threshold variable v €
[1,9). So v* =7.

It remains to show that the critical value a* is equal to v* — 1. This follows in analogy
to the proof of Theorem concerning «j, if we keep in mind that v* — 1 =4 — 1 is the
root of the function g(~*,) = g(7, ), which follows immediately from the definition of ¥
as root of f.

O

Remark 2.6 The local field of a fixed neuron i, evaluated in a stored pattern &, can
be split up into a signal term, that is, the part of the local field coming from the stored
message itself (for neuron i and the stored message &, it is & Z#i fﬁ-‘fﬁ-‘), and a noise
term (the part of the local field coming from the remaining stored patterns).

If threshold variables v > 1 are used, the stability of one of a stored pattern’s active
neurons requires a certain amount of signals coming from the noise term. The noise terms
of all the active neurons are high enough, with high probability, if o > v—1. A reason for
this phenomenon is that there are only about log(N) active neurons per stored pattern.

Pattern recognition is not the only task an associative memory is able to perform. If
it is confronted with only partial information of a stored pattern, the retrieval dynamics
should succeed in reconstructing the original pattern. If a spin is erased, the neuron
begins in an inactive state. One step further, if a message is partially corrupted, i.e. there
are some incorrect active and inactive spins in the input pattern, the network can under
certain conditions reconstruct this stored message.

Theorem 2.7 In Amari’s model described above, assume that a threshold variable 0 <
v < ~* 1s used and that the capacity variable « is fitted to the threshold variable v according
to the stability conditions derived in Theorem [2.1]

1. a) If v < 1, for each error rate o1log(N), o1 < 1 —, and a fized but arbitrary
pattern £, a fraction of 011og(N) (which is assumed to be a natural number)
of the active neurons can be deleted at random, i.e. set to the inactive state
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2.1 Stability and Error Correction

0, and the dynamics will recover the original message in one step, with high
probability. That is, if £ is obtained by deleting o1 log(N) excited neurons of
&* at random,
lim P(Vi < N : T(") =€) = 1.
N—oo
b) If 0 < v < ~*, the same holds true for a number of o, log(N) deleted 1’s if
01 <1 and
Y140
l—o1
This includes in particular the case v < 1, oy > 1 —~y. Note that the stability
conditions o < v and must also be fulfilled.

c¢) On the contrary, using an arbitrary 0 < vy < v*, the pattern cannot be recovered,
with high probability, even not after multiple steps,

o >

lim P(3i < N :Vn>1: TV (En) £ €4 =1

N—oo

vy—1+0

a <
1—0

2. For a threshold variable 0 < v < ~*, a number of os1og(N) spuriously activated
neurons will be deactivated in one step with high probability if at most aN?/log(N)?
patterns are stored and the inequalities /(1 + 09) > «,

Y
—~1 — |+ —a(l+ < -1 2.28
hold.

The bound is sharp concerning the one-step-retrieval: if v > a(1 + 0q), but

v
log [ )y —a(l+ o) > —1

orifv/(14092) < a, the pattern cannot be corrected in one step, with high probability:
lim P(Vi: Ty(E") = €") = 0.

N—o0
3. Finally, a corrupted version of a stored message, where o11og(N) of the active neu-

rons have been deactivated and g log(N) of the inactive neurons have been spuriously
activated, can be returned in one step into the original message, with high probability,

if v > a(l — 01+ 02),

g
—vlog( >+ —oa(l =01+ 02) < -1
(1_Q1+Q2)a Y ( 1 2)
and additionally
T—1+o
o> ——
=01+ 02
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2 Amari’s Model

holds. The first two conditions are only supplementary to the stability conditions if
01 < 02, the third if oo < 01. If the first two conditions are supplementary, they
are sharp concerning the one step retrieval; if in contrary oy > 0o and the third
condition does not hold, the pattern is never corrected, with high probability.

Proof of Theorem 2.7t The proof is similar to the proof of Thm. 2.1, We begin with
the first case, 1.a): let v < 1 and p; < 1 — . Without loss of generality, we assume that
the corrupted message is a partially deleted version of £! and that in case of k 1’s in &!
the patterns &' and €' are composed by

fl=1,1<i<k §=0k+1<i<N;
€8 =1,1<i<k— o log(N); €l =0,k — o1 log(N)+1<i<N.
To recover the message ¢! from é ! we need to reactivate the erased active neurons of &,

The non-deleted 1’s and the 0’s must remain in their current state.
The local field of the deleted and non-deleted neurons (both activated in &) will show

almost the same behaviour: for ¢ € {1,...,k}, we observe
k—o1
B B B M B B log(N) M
SiE) =D Ju§ =D GG+ D D GEG =k —alog(N) =&+ 3 > &)
i i p=2 j#i =1 =2
JF#i

We call the part of the local field coming from the message ¢! signal term and the part
coming from &*, u > 2, noise term. The only difference between deleted and non-deleted
neurons is that the signal term and the number of neurons from which signals can be
received are both equal to k — g1 log(N) for the deleted neurons and to k — g; log(N) — 1
for the non-deleted neurons. For § < 1 —~ — p1, their local field is on Aj at least

Si(€') >k —o11og(N) — 1> (1 - 8)log(N) — o1 log(N) — 1 > vlog(N),

if N is large enough. Since P(As) tends to 1, the active neurons are recovered or remain
active, with high probability. The probability that an inactive neuron of ¢! is activated
by the dynamics, if £ is the input, is bounded by the corresponding probability when
examining the stability of £, because there are less active neurons in &' than in &', Since
the stability conditions are fulfilled, they remain inactive, with high probability. This
concerns also 1.b) and 1.c).

We continue with 1.b). For g; > 1 —« and a corrupted pattern obtained by deleting
1I’s, we can estimate, as in Theorem 2.5}

; el (€1 . F1 c
P [32 <N =1,T3(6Y) o} <SP(4;), max kP [51(5 ) < ’ylog(N)|Zk} +P(AS)
€(1-6,116)
<(1+9)log(N)exp[—log(N)t(—y+1—0—01) + 1]

exp [(1—6 — o1)log(N)a (e7" = 1) —a (e — 1) + O (log(N)?/N)| + P(Aj).
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2.1 Stability and Error Correction

We are in the same situation as in the proof of Theorem concerning the stability of
the active neurons using v > 1. Similarly to this proof, we observe that the probability
converges to 0 if
y—=1+01+96
1-— 01 — )

by taking t = —log[(y — 14+ + 01)/(a(1l —J — p1))] and using —x log(x) + 2z —1 < 0 for
x > 0. Especially ¢ > 0 by choosing a ¢ such that « > (y — 143+ 01)/(1 — 0 — 91) which
is possible due to the choice of a.

Concerning 1.c), if a < %, there will be errors involving the activated neurons of

o >

£'. We show that after one step of the dynamics, all activated neurons will be deactivated,
with high probability. In addition, as shown in the proof concerning 1.a), none of the
inactive neurons of ¢! will be activated by the dynamics, with high probability. If this
both occurs, the message can never be recovered. The proof is very similar to the proof of
Theorem concerning the instability of the active neurons of ¢! if a < y—1 and v > 1.
First,

M k—op1log(N

(N)
P(3i <k:Ti(€) =1|Z) <kP [ k—oilog(N)+ Y > & >qlog(N)
p=2 j=1

The only difference of the probability on the right hand side to the probability in the
corresponding part of the proof of Theorem is the length of the interior sum and the
reduced signal term coming from the message £!. The proof can be repeated with this
slight difference and we obtain that the term on the right hand side is bounded by

kexp [ —t(y+ 01)log(N) + kt] exp [a(k — 011og(N))(e" — 1) + O(log(N)?/N)] .

We only need to take into account k& € ((1—0) log(N), (1+6)log(N)); the maximum of the
above expression is attained for k£ = (1+49)log(/N). By choosing  such that § < g1 — 1+,
(v+01—1—=0)/(1+09— 01) > a, the above probability tends to 0 by using

Y+o—1-9
=1 .
t=ton (5 ) >0

This yields ~
P(3i < N:¥n>1:TM(E) #£€) — 1

because the probability that él is mapped to (0,...,0) in the first step tends to 1. This
completes the proofs of 1.a), 1.b) and 1.¢).

Let us continue with 2.: we again assume that the active neurons in &' are the first
k ones and the spuriously activated are the subsequent g, log(/V) ones. The local field of
the neurons i, 1 <17 < k, is at least

R ~ M k+o2log(N) R k M k
SN =D GG +> D G > 14y Y g =S¢,
J#i p=2  j#ij=1 J=1,j#i p=2 j=1,j#i

Since « is chosen such that ¢! is stable with high probability, the active neurons of £ L will
also remain activated if the input pattern is &', with high probability.
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2 Amari’s Model

The neurons @ > k get a potentially higher signal as result of the falsely activated neu-
rons and the probability of an error consequently increases. The bound on the probability
is derived in analogy to the one in the proof of Theorem concerning the stability of
the inactive neurons of a stored pattern. Let o be small enough such that the inequality

v

o< ——
149+ 0o

holds. The probability of As tends to 1 and the probability of mapping a fixed inactive
neuron of £! to 1 is increasing with the number of active neurons in the message, k. This
yields

) M_(1+46) log(N) |42 log(N)
P[3i:g =0.BE) A€ < NP D Ehel > v10g(N) | +P(45)

p=2 j=1

<Nexp [log(N)(—ty + ale" = 1)(1 48 + 02)) + O(log(N)?/N)| + P(AS).

With ¢t = log (a( > 0, the probability tends to zero if

#)
1+6+02)

—vlog —
a(l + 6+ 92)

This inequality can be fulfilled for each « such that the condition holds.

The sharpness of the bound can be proven in exactly the same way as we have shown
the sharpness of the stability bound: the only difference is the number of neurons from
which signals can potentially come (we saw already in the previous part that the proof
works exactly as the proof of Theorem [2.1)). Instead of k, it is k+ g2 log(N). We condition
on the random variables §§L > 2,7 < k+ oolog(N) and show that there exists, with
probability tending to 1, a neuron i, i > k + o9 log(/N), that receives enough signals to be
activated. R

For the last part, 3., assume that message £! is a corrupted version of £ with o1 log(N)
deleted 1’s and g9 log(NV) spuriously activated neurons.

To correct the faulty positions of él, it is necessary to recover the deleted 1’s, to
deactivate the spuriously activated neurons and to keep the values of the neurons whose
activity has not been changed from &' to f !, Since the difference between the local fields
of active neurons of &', deleted or not, is negligible, as well as the difference between the
local field of the spuriously active neurons and the correctly inactive neurons in f L we
only distinguish between active and inactive neurons of ¢!. The deleting causes a lower
height of the signal term of the 1’s of ¢!; apart from that, we only have to observe that
there are k — 01 log(N) 4 02 log(N) active neurons in the pattern. The proof of 1.c) can
almost literally be repeated to show

)+'y—a(1+5+g2)<—1.

]P’(Elz' el =1, Ty () = o) 1
if @ < 2222 and the one of 1.b) to show

1—p1+02

P(aigN:gil:l,ﬂ(él):o)—m
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2.1 Stability and Error Correction

if a > E—ii;. If 01 > 09, the inactive neurons of ¢! remain inactive or are deactivated by
the first step of the dynamics, with high probability, because « is chosen subject to the

stability conditions of Theorem . If o1 > 0y and a < 17__911—19912, the pattern is mapped

to (0,...,0) in one step, and it is stable, if a > 17__@11—19912, both with high probability.

If 0o > p1, the active neurons are with high probability stable, because av > ~ — 1.
There are k — 01 + 0210g(V) active neurons in the pattern instead of k£ and the inactive
neurons are or remain deactivated in the first step of the dynamics, with high probability,
if v > (1 — 01 + 02) and

i
1o Fy—a(l— o +0) < —1.
Y g((l_Q1+Q2)a) i ( 1 2)

This follows as in the proof of 2.). The bound is again sharp concerning the one step cor-
rection; this is proven analogously to the corresponding part of the proof of Theorem

O

All the results obtained until now are results concerning the first notion of capacity. If
we want instead all the messages to be stable with high probability, the model at hand
looses the order of its capacity:

Proposition 2.8 The stability of a stored pattern’s 1’s raises problems if one wants all
patterns to be stable.
1. For each 0 < k < 1, we have

N
lim inf P (m e{l,...,M(N)}: Z;g;.‘ < mog(N)) >0
if NP = O(M), 8= rlog(k) — K+ 1, and
N
lim P <3u e{l,... . M(N)}:) &< mog(N)> =1
j=1

for NP = o(M), B = klog(k) — k + 1.

2. In addition, for arbitrary v and o such that they fulfill the stability conditions
of Theorem M = aN?/log(N)? stored patterns and used threshold ~log(N), the
probability of having at least one instable message tends to 1. In particular we have for
any choice of v,a > 0, threshold ylog(N) and M(N) = aN?/log(N)? stored patterns

lim P (3 < M(N) : T(€) £ €") = 1

3. Moreover, if a threshold ~y1og(N) with threshold variable v > 1 is used, any choice
of M(N) such that N® = o(M(N)) for arbitrary but fized 3 > 0 leads to

limsupP (Iu < M(N) : T(&") # &) = 1.

N—o0
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2 Amari’s Model

A threshold variable v > 1 is therefore not admissible for the second notion of capacity.
4. For a threshold variable v < 1 and M (N) stored patterns such that N% = o( M(N))
for some 5 > vlog(vy) — v+ 1, we have
limsupP (3u < M(N) : T(") # &%) = 1.

N—oo

However, if we use v < 1 as threshold variable, we can reach that all patterns are stable,
with high probability, if M = o(N?), 8 = ~vlog(y) — v + 1.

Before proving this statement, we recall

Lemma 2.9 (see [5], Chapter 1, (1.2).) Let X be a Binomially distributed random vari-
able with parameters n and p andY a Poisson distributed random variable with parameter

np. Let A be a subset of Ng. There is a constant C not depending on A, n and p, such
that

IP(X € A) —P(Y € A)| gomg %e‘”ﬁ(nﬁ +m?n7h)
<CP(Y € A) mg(nﬁz +m*n~h).

Proof of Proposition 2.8} 7. Let 0 < x < 1. The probability of having at least one
stored pattern that has less than xlog(/V) active neurons is equal to

N N
P (3,u§ MZ{; </<log(N)) =1-P (V,ug MZ{; > mlog(N))

j=1 j=1

M

:1—P<Z§]1. > nlog(N)) =1- [1—P<Z§; < nlog(N))]

The number of active neurons in a message is Binomially distributed with parameters N
and log(N)/N. Denoting by Yieg(n) a Poisson distributed random variable with parameter

log(N), Lemma [2.9) implies

1-P (i@l < mlog(N))]

>1 - [1 — P [Yiogaw) < wlog(N)] [1 = C(log(N)?/N + x2log(N)? /N)]]M

1—

The application of Lemma, [2.4] yields, as in the proof of Theorem for 0 <k <1,
X 1
]\}1_{%0 Toe (V) log P [Vieg(nv) < klog(N)] = —klog (k) + k — 1.

So we obtain

N—oo

N
lim inf P (3,u e{l,.... M(N)}: Zﬁ;‘ < lflog(N)) >0
j=1
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2.1 Stability and Error Correction

if N® =O(M), B = klog(k) — k + 1, and

N
J&EHOOP (El,u e{l,...,M(N)}: Zlfj” < mlog(N)) =1
‘7:
for N® = o(M), 8 = klog(k) — k + 1.
2. For 0 < k < 1, the expression —x log (k) + k — 1 is restricted to the interval (—1,0).
Hence we know for M = aN?/log(N)?

N
lim P <3u e{l,...,M(N)}: j;g;‘ < mog(N)> =1
for each € (0,1). For arbitrary a and - such that the stability conditions of Theorem[2.1]
hold, especially a < 7, we choose k € (0,1) such that 0 < kK < v — . Since the previous
probability of having at least one pattern with less than x log(/N) active neurons tends to
1, we assume without loss of generality that ¢! has k < klog(NV) active neurons in exactly
the first k& places. As in the proof of Theorem [2.7, where we showed that a pattern is
mapped to (0,...,0) in one step if « is too small, we obtain for arbitrary i < k, using
that 0 < a < v — k:

Mk
P(S(¢") > ~log(N)) =P (Z D &gl > ylog(N) — k)
w=2 j#i
M log(N)
<P Z Z &€ > (v — k) log(N) | — 0.

p=2 j#i

An arbitrary active neuron of the stored message is deactivated after the first step, with
high probability and there is thus at least one instable stored pattern. If the stability
conditions are not fulfilled by « and +, one of the conditions a) v > v*, b) v < ~4* and
a€ (0,y—1U(a*(7),0),c)l <y<A*anda=7y—1or d) v <~*and a = o*(y)
must be fulfilled. Conditions a) and b) imply that an arbitrary stored pattern is instable
with high probability. In the two latter cases, there is again 0 < kK < 7 — « (recall that
a*(y) < ) and we can continue the proof as in the case where the stability conditions
hold.

3. Now suppose that a threshold variable v > 1 is used. If v > ~*, an arbitrary stored
pattern is instable with high probability. Let 1 < v < 4* and fix an arbitrary 5 > 0
and a sequence M(N)yen, N° = o(M(N)). If there is an a > 0 such that there is a
subsequence (N)jey with M(N;) > aN?/log(N;)?, for all [ € N, we know by the second
part of the proof that the probability of an error is tending to 1 along this subsequence
and limsupy_,. P (3 < M(N) : T(&*) # €4) = 1. If in contrary N® = o(M(N)) and
M(N) = o(N?/log(N)?), we first observe with the help of the first part of the proof that
we have for k € (0,1), 8 = rlog(k) — K+ 1

N—oo

N
lim ]P’(Elug M(N) : Zg;‘ < /{log(N)) = 1.
j=1
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2 Amari’s Model

Since v > 1, we have 7 —k > 0 and due to the fact that M(N) = o(N?/log(N)?), another
application of the exponential Chebyshev inequality shows that an arbitrary one of the
active neurons is deactivated after the first step of the dynamics because it cannot allocate
enough signals to make the local field exceed the threshold, with high probability.

4. Let now 0 < v < 1 and ' > vlog(y) — v+ 1. Let M(N) be a sequence with
N# = o(M(N)). We can as in the case v > 1 assume that M(N) = o(N?/log(N)?);
otherwise we see immediately that limsupy_, P (3u < M(N) : T(E") # &) = 1. Since
B > ylog(y) — v + 1 there is an € > 0 such that 8’ > (y —¢)log(y —¢) — v+ + 1.
Using the first result of the Proposition yields limy_,o, P(3pu < M(N) : Zjvzl < (v—
£)log(N)) = 1. The local field of an arbitrary active neuron of a stored pattern with at
most (7 — ¢) log(N) excited neurons does with high probability not exceed the threshold
vlog(N) because M(N) = o(N?/log(N)?).

Finally if M = o(N?), B8 = vlog(y) — v+ 1, v € (0,1), patterns are stored and the
threshold is equal to vlog(N), the probability that there is at least one pattern that is
not stable is at most

N N
P (3 < M,3i < N :Ti(e") #£¢&') < MP [Z&; <qlog(N)| + MP |> ¢ > 310g(N)]
j=1 j=1
N
+ MP <3¢ <N:¢ =0,TiE) # o‘ D g < 310g(N)) , (2.29)
j=1

because the active neurons are trivially stable, if Z;VZI £ > ylog(N). Again, with the
help of the exponential Chebyshev inequality, we observe for ¢ > 0

MP (Z & < vlog(N)> < Mexp [ylog(N)t] (1 —p+pe™)¥

=1

<M exp [ylog(N)t + Np(e™" —1)] < M exp [log(N)(—vlog(y) +v — 1)]
and

N
MP (Z &> 310g(N)> < M exp [log(N)(—3log(3) + 3 — 1)].
j=1
For v € (0,1), =5 = —ylog(y) + v — 1 only takes values in (—1,0). Due to the choice of
M and the fact that —3log(3)+2 < —1, the first two summands in (2.29) vanish. Finally,

N
MP (32’ <N:& =0T # 0‘ D g < 310g(N))
j=1

M
SMNP | Y &hél > ylog(N)

p=2 j<3log(N)
< MN exp [—7ylog(N)t + Mp*(e' — 1)3log(N) + O(M log(N)® /N?)]

for arbitrary ¢ > 0 not depending on N. This converges to 0 for the given choice of v and
M, using an arbitrary t > (8 + 1) /7. O

36



2.1 Stability and Error Correction

In his paper [2], Amari uses a version of the model in which the number of activated
neurons is kept constant, i.e., each message has the same number of active neurons. This
version of the model behaves like the model we analysed until now, but allows in addition
to ensure the stability of every stored pattern without loosing the order of the capacity.

Proposition 2.10 In the second version of Amari’s model, where a stored message has
exactly c = log(N) excited neurons instead of independent and identically distributed spins
5;*, 1 < j < N, let the threshold variable be v < 1 and the threshold vc. Suppose that
M = aN?/c? patterns have been stored. Every pattern is stable with high probability, if
a <y and

—~log (1) +y—-—a< =3
a
The results obtained for independent and identically distributed spins per message con-
cerning the stability of one arbitrary stored pattern & are also valid for this version of the
model: using v < v*, we have
lim P(Vi < N :T;(&") =¢") =1

N—o0

if max(0,v— 1) < a <~ and

— log <1> +v-—a< -1,
o
whereas

lim P(F3 < N:T(&") #¢) =1

N—o0

if either 1. a <~y and

—log <%) +v—a> -1,

2.a>vyord vy>1, a<~vy—1.
Concerning this notion of capacity, the critical variables remain v* and o as obtained
in Theorem [2.5

The results obtained in Theorem remain true for this version of the model.

Proof of Proposition [2.10; We do not give a detailed proof of the results already ob-
tained for the other version of the model because most of it can be carried over from
the corresponding proofs of the first version of the model. However, we focus on the
differences between the models. Concerning the less restrictive definition of the storage
capacity, the exponential Chebyshev inequality is used to show the lower bound concern-
ing the stability of the 0’s and the upper and lower bounds concerning the stability of the
1’s. One can omit the conditioning on As; this makes the proof slightly easier. Assume
that the c activated neurons in &' are the first ¢ neurons 1,...,c. For i > ¢, the following

exponential moment is
M ¢ c M-1
on (3 e )| <2 fon (L)
j=1

p=2 j=1

E =K
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2 Amari’s Model

2 o ()] e o (2]
<exp [ae' = 1)(c — 1) + O(*/N)] = exp [a(e’ = 1)(c — 1)] (1 + O(*/N)).

We used in the second line that there are exactly ¢ active neurons per message and in the
third line that the summand for n = 0 is at most

“ c—1 i | ct c—1 ct
L I DU N . i <.
H( N—l—k) ZN—l—k+O<N2)_ CN—1+O<N2>

k=0 k=0

Now all parts of the proof involving this exponential moment can repeated analogously to
the proofs concerning the other version of the model. In particular, for v < 1, the active
neurons are automatically stable and

PEp<M:FH<N:T(E)#&) <PEu<M:3i < N: & =0,Ti(") #0)
<MN exp [—vct + ale' = 1)(c — 1)] (1 + O(*/N))
<aN?exp [—yct + afe' —1)(c — 1)] (1 + o(1)).

Using t = log(y/a) for a < =, this shows the stability for each £# with high probability, if
—~log (1) +7-—a< -3
Q

For the upper bound, assume again that the ¢ active neurons in &' are the first ¢ ones.
To show that (2.4) holds, if (2.3) is fulfilled, we condition on &}, p > 2,5 < c. But
in contrary to the version with independent and identically distributed spins, the sums
> i<e nyﬁ '€, 1 > ¢, are no longer conditionally independent, given ¥, u > 2,5 < c.

The random variable X7,
M
Xi=D Ly g=
n=2

used also in the corresponding part of the proof concerning the first version of the model,
is again Binomially distributed, but now with parameters M — 1 and

pl—c—ﬁ(l—Nc‘kl_l) Ca+0EN)

The probability of the event

35:{%6(1—5,1%)}

«

tends, again, to 1. We observe that

M
P(Hi>c:22§f§fzyc) 2P<3¢>C-Z > §“§”270>

71<c pu=2 i<c Z]<C B—q
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2.1 Stability and Error Correction

=P (Eli > c: Z gl > 'yc)

e Z]’SC 5;:1

>P(B;) - : ol .. oy
2P(Bs) leN:l/(a]I\Ifl)lerilfé,lJr&) ( t=c Z g > ye| Xy )
w2 € =1

I+1
—P(By) - i PlIi>c:S e > (v % l+1y:S e =1
(Bs) ZEN:Z/(aJIV%IEI%I—é,I—i-é) (l ¢ ;6’ > el e 1} ;5] )

[aN(1—8)]+1
=P(B;) .1@(32' >e: Yy zvc‘Vu €2, JaN(1-08)]+1}: ) &= 1),

n=2 j<c

We will use negative association of random variables to show that the upper bounds on
« of this version of the model coincide with those of the first version. We therefore recall
the definition and some properties of negatively associated random variables:

Definition 2.11 (see [26]) A set of random variables X, ..., X} is negatively associated
if for every pair of disjoint subsets Ay, Ay of {1,...,k} and every pair of (coordinatewise)
increasing functions fi and fo

COV(fl(Xi 11 E Al), fg(Xj j € Ag)) S 0.
Obviously, the increasing functions can equally be replaced by decreasing functions fi, fs.

Lemma 2.12 (see [20], P», Ps and P; and [10], Theorem 1.(8)) Negatively associated
random variables possess the following properties:

1. For disjoint subsets Ay,...,An of {1,...,k} and increasing positive functions
fi,--., [m, the inequality

E (H fi(X;: € Az)) < HE(fl(XJ 1J € A))

holds. The inequality holds likewise for decreasing positive functions.

2. Increasing functions defined on disjoint subsets of negatively associated random vari-
ables are negatively associated.

3. The union of independent sets of negatively associated random variables is negatively
associated.

4. If X4, ..., X, are negatively associated nonnegative integer valued random variables,
then

P(X;=0,i=1,....n) < [[PX;=0).
=1
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2 Amari’s Model

For a fixed p and conditionally on {} .. &} = 1}, the common distribution of the random
variables &, i > ¢, is Multivariate Hypergeometrlc (with parameters N — ¢ (number of
characteristics), ¢ — 1 (number of drawings) and (1,...,1) (vector of multiplicity of the
characteristics)) and they are therefore negatively associated (see [26], 3.1(c)). So are &/,
2<pu<[aN(1-0)[+1,i>c given {Vu >2,u <1+ [aN(1=08)]: >, & =1} since
these are unions of independent sets of negatively associated random variables. So the

[aN(1-8)]+1

Z Hoi>ec

pn=2

are conditionally negatively associated, given {Vu > 2, u < 1+[aN(1-0)] : >0, .. & = 1},
because they are increasing functions defined on disjoint subsets of negatlvely associated
random variables. Finally, the same is true if we apply to Z(QN (1-9)1+1 1 > ¢, the
increasing functions h;(x) = h(x) = Ljy¢,0)(2) and obtain the random variables

[aN(1—-8)]+1

1 [ye,00) Z fzﬂ ) 1> c.

pn=2

These variables are in addition nonnegative and integer valued, and this implies due to
Lemma 4.

[aN(1—8)]+1
]P’(Elz'>c: Z fﬁ‘zfyc’VuE{2,...,(04]\7(1—(5)]—l—l}:ZfJ“:l)

pn=2 Jj<c

[aN(1—8)]+1
:1—]P’<W>c: > gg‘<7c)vu6{2,...,(04N(1—5)1+1}:Z§;¥:1)

p=2 j<c

[aN(1-6)]+1 N—c
21—1@( > fj’f,<70’V,u€{2,...,[a]\f(1—5ﬂ+1}:Z§§L:1> .

p=2 j<c

The sum Z(O‘N (1=0)+1 €y is, conditionally on {Vu > 2,4 < [aN(1-0)]+1: >, & =1},
Binomially distributed with parameters [aN(1 — §)] <=L For an arbitrary ¢ > 0,

choose N big enough such that <2~ >1—¢. Let for n € Nand X € (0,1) Ry, denote
a Binomial random variable Wlth parameters n and A\. Then for X’ > X and x € R,

]P)(R)\/m Z SC) Z ]P)(R)\m Z %’) .

R(1—¢)e/N, [aN(1—5)] 18, as in the proof of Theorem , asymptotically Poisson distributed
with parameter (1 —¢&)c[aN(1—3§)]/N > (1 —¢)(1 —)ca. The rest of the proof can now
be adopted from the corresponding part of the proof of Theorem [2.1] using (1 —¢)(1—d)c
instead of (1 — §)k as parameter of the Poisson distribution.

O
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2.2 Hamiltonian Function and Energy Landscape

2.2 Hamiltonian Function and Energy Landscape

The dynamics of the neural network analysed in the previous section corresponds to an
Hamiltonian function: if the updating rule of one step of the sequential dynamics has
decided to change a state, this decreases the energy of the configuration. The sequential
dynamics of the neural network therefore leads to local minima of the energy function.
This corresponds to a spin glass notion of the associative memory: the dynamics corre-
sponds to a Metropolis algorithm at zero temperature using the associated energy function.
The stability of a pattern defined in the previous section signifies that this pattern is a
local minimum of the Hamiltonian function. Newman, in [35], takes another approach to
the definition of stability: a pattern is considered to be stable if it is not too far away from
a local minimum, measured in Hamming distance. A small number of errors is tolerated.
An energy barrier around the pattern is a sphere of a given Hamming distance centered in
the pattern, such that the difference of the energy functions evaluated in a configuration
on the sphere and the stored pattern exceeds a given amount, for each configuration on
the sphere. If there is an energy barrier around the stored pattern, the gradient descent
dynamics of the energy, started in the pattern, converges to a local minimum within the
ball with the corresponding Hamming radius.

If we suppose a sequential updating, the following Hamiltonian is decreasing after an
updating step of the dynamics:

Proposition 2.13 The function H : {0,1}¥ — R,

N N
1
H(O’) = —5 Z O'iO'jJij +’)/10g(N) ZO']',
j=1

7
2,j=1

is decreasing along each step Ty, 1 < i < N, of a sequential dynamics T.
Proof of Proposition 2.13} Indeed, using the sequential dynamics Tj(o) =

(01,...,0i-1,T;(0),0i41,...,0n), the difference of the Hamiltonians before and after
the updating is

H(o) = H(T}(0)) = —(0: = Ti(0)) Y 0;Jij+ (05 — Ti(e))7log(N).
JEN,j#i
If neuron ¢ is deactivated during this step, the difference is positive:
H(0) = H(Ti(0)) = = (0; = T:(0)) Y _ 03Ji5 + (o = Ti(0)) 7 log(N)
J#
= — ZO'J‘JZ']' +’}/10g(N) >0
J#
because the local field Sj(co) = >, 0;J;; is smaller than the threshold vlog(N), if o; is

flipped from 1 to 0. For the opposite situation, if the value of a neuron is upgraded from
0 to 1, we have

H(o) = H(Ti(0)) = = (0: = T:(0)) Y _ 03Jij + (0 = Ti(0))y log(N)
j#i
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2 Amari’s Model

:Zajjij — ’leg(N) 2 O,

i
because then the local field S;(0) is at least equal to the threshold vlog(V).

O

We want to find valleys of the energy function centered in the stored patterns including
their depth and radii. We therefore consider a fixed pattern in a given Hamming distance
of a stored pattern £* and analyse the difference of the Hamiltonians evaluated in this
pattern and &*.

Proposition 2.14 Consider the given neural network with Hamiltonian function H using
the threshold vlog(N), v € (0,1), and an arbitrary fized 1 < p < M. There are n > 0,
e >0, a > 0 such that the Hamiltonian function of some arbitrary pattern &* in Hamming-
distance nlog(N) of £* exceeds the value of the message £* by at least € log(N)?, with high
probability, if M < aN?/log(N)? messages are stored in the network.

This choice is mazximal: for a Hamming distance h(N), log(N) = o(h(N)), and an
arbitrary pattern " in Hamming distance h(N) of &, we have even

lim P(H(") < H(¢") =1

N—o0

Proof of Proposition [2.14; Take a stored message, e.g., ¢t To shorten expressions,
we define for ¢! the set J by J:={i: & # ¢!} and

={i:&=1,¢=0}, Lh={i:§=0¢&=1}, J=JUl/.

We call |J;| = kq, |Jo| = ko, f = k1+ko. For fixed k, k1 and ko, we assume that the excited
neurons of ! are exactly the first k& ones and consider ¢! such that J; = {k+1,... k+ki}
and Jy = {k — ko, ..., k}. The difference between the Hamiltonians is, for fixed k, given

N
H(EY) — H(EY =——ZJU [l — &) +vlog(N)> " [¢) — €]
zlj;éjl =
1 1 clel =z Y W 11 clel
-5 Zss & - 881+ D el —8g] | +loa(N) k= [k — ky + k]
Z#J U=2 Q]
1,5=1 1,7=1
k k—k
- (2> i < 2) Z Z &'e ¢ &€ +v1og(N) (ko — k1)
u 212]7@1
4k 1 101 Fl71
= — kky + - —ZZ&#&;% (616 — €8] + 71og(N) (kz — k). (2.30)
p=2 i#j
2,7=1
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2.2 Hamiltonian Function and Energy Landscape

We define the random variables A, (k, k2), B, (k, k2) and C,,(k, k1) by

k—ko k k+k1
(ke k) = Zg;‘, Bu(k,k) = > &, Culk k)= ) &
j=k—ko+1 j=k+1

Recalling that A, (k, kg), B, (k,k;) and C,,(k, k1) depend on k and k, or k and k;, respec-
tively, we fix k, k; and ky and write simply A,, B, and C,. We then can rewrite the
random part of the difference of the energy functions:

k

M M
——zzww RS S BTN S SR
H=2 i#j w=2 i#j H=2 i#]j

i,7=1 3,j=1 i,j€{1,....k2}
Uk 1,... ktky}

:é l_(Au—;BM) N (Au;cm)}

W
1M
5Z[(J2+2A(J ~C, — B2~ 2A,B, + B,]

(5)+ a0 (5)-4n] on

The variables (A, > 1,B,,u > 1,C,,u > 1) are (for fixed k, k; and k2) independent.
For each p, the distributions of A,, B, and C}, are Binomial: for A, the parameters are
k — ko and p, for B, the parameters are ky and p and for C, they are k; and p. The
expectation of one summand of the preceding sum is thus

E K%‘) +A,C, — <B2“> - AMBM} =p- K’;l) + (k — k)b — (’“22> — (k- kz)k@} .

For some fixed k < (149) log(N), assuming w.l.o.g. that h(NN)p — 0, a short computation
yields

o[(3) (7)o
—p? ((@ + (";) + k(K — ko) + Kok — /@)) + O (K2 (k — ka) + (k — k2)?ky)).

Using the Chebyshev inequality, we can now show that the Hamiltonian on the Hamming
sphere indeed exceeds the Hamiltonian in &' by at least elog(N)?, if 1, and a are
appropriately chosen and the radius of the sphere is nlog(/N). This statement is also
included in the next theorem and therefore not shown in detail. To show that this choice
is maximal, assume that log(N) = o(h(N)). Recalling that A,, B, and C,, are defined in
dependence on k, k; and ks, the Chebyshev inequality yields

lim max Zlﬁ? (C;) + A0, — (BQM) — AuBy

P
Nooo ki keeNik h(N)—ks ko
Tty \a (00 + () + hN) (k= k)

ka<k,k1=h(N)—k2

l\DI»—

¢(1—61+0) ] =0.
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2 Amari’s Model

Since ko < k, we observe that for k£ < (1 + J)log(N), the expression

a(l—06) Kh<N)2_ kQ) + (1“22) + h(N)(k — kz)} — kky + i ; k2 _ v1og(N)(h(N) — ks)

tends to infinity, as N does. We finally obtain for large enough N and an arbitrary pattern
¢! in Hamming distance h(N) of &', chosen in dependence on k:

P(H(E') < H(E")) > P(As) min  P(H(E') < H(EY)|Z;) > P(As)-

e/ log(N)
€(1-4,146)
M C B
min 2= (3) + AuCh = (') — AuBy €(1-6,1+9)
k,k1,ko€N:k h(N)—k k ;
1og(N)1€(21€—5,14/ra), o (( ( % 2+ (%) + h(N)(k - /{;2))

ko<k,k1=h(N)—k2

and both probabilities tend to 1, as NV tends to infinity. The random variables A, B,
and C), are defined in dependence on k, k1, k2, as described in the proof.

O

The radii will thus be maximal of order log(N); the height of the valleys is of order
log(N)2.

Theorem 2.15 Consider the Hamiltonian in Amari’s model using a threshold variable
0 <~ <1 and a number of stored patterns M = aN?/log(N)? with a capacity variable o
such that o < 7y,

—~log <1) +yv—-—a< -1
a

Fiz some arbitrary &*, p € {1,...,M}. Then there is with high probability an energy
barrier around &*, that is, there are n > 0 and € > 0 such that

dim P(VER € Spyogvy) (€) : H(g) — H(g) < —elog(N)*) = 1.

Sintog(Ny|(&*) describes the sphere with radius |nlog(N)| with respect to the Hamming
distance dy(-,-) centered in E*.

Proof of Theorem 2.15k We first assume that ¢! consists of exactly & 1’s and that
these are located in the first k places. This event is, as in the previous proofs, denoted
by Zj. Furthermore, we assume that k = plog(N) with p € (1 — d,1 4 J) for some fixed
§ > 0. For a pattern ¢* in Hamming-distance nlog(N) (w.l.o.g. we assume nlog(N) € N)
we denote by 71log(N) = ki the number of neurons that are not excited in & ! but in
&, and by nplog(N) = ko the number of neurons whose spins have been changed from
1 to 0. The patterns in Hamming distance nlog(/V) correspond uniquely to the subsets
JC{1,...,N}, |J] = nlog(N). The pattern that differs from ¢! exactly in the values of
the neurons belonging to the subset .J is denoted by &J.

As shown in the previous proposition, the difference of the Hamiltonians (for fixed
choices of k, ky and ko) is given by
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2.2 Hamiltonian Function and Energy Landscape

M
o B! k3 +k
S (F) - () + s = iml] = o B w0 = )

2 2
n=2
with
¥e Y a meYe ey
1e{1,....k}\J2 i€Ja i€Jy
For fixed numbers k1, ks and k, k1 + ko = nlog(N), there are (Nk:k) (:2) possibilities to

choose patterns that differ from ¢! in exactly k; of the inactive neurons of ¢! and in exactly
k5 of the active neurons of &'. The probability of having at least one such configuration
whose Hamiltonian is below the Hamiltonian of ¢! plus the threshold elog(N)? is thus
bounded by
P[Eljl Q {k+1,,N},|J1| = kl,JQ Q {1,,]€},|J2’ :k'Q :
H(&)) < H(E') +elog(N)*| 2]

< (N N ’“) <,f )P (H(€}) < H(EY) + = log(N)?| 2,)

for an arbitrary subset J=JUJy, Ji C{k+1, .. N}, Jy CA{1,...,k}, with |J;| = ki,
|Jo| = koo We take Jo = {k —ko+1,...,k} and Jy = {k+1,...,k + k1 }. To prove the
assertion of the Theorem, we show that

lim max nlog(N)- max P[EJ;C{k+1,..., N} |Ji| =k,

N—00 keN:k/ log(N) 0<k1<nlog(N)
€(1—-6,1+6)
Jo C{1,... .k}, | o] = ko = nlog(N) — ki : H(&)) < H(E') + elog(N)?| 2] = 0.

(2.32)

As the distributions of A;{ , B;{ and Cl{ do not depend on the subset J for fixed k; and
ko, we renounce on the index J. We observe that we need to bound the probability
P (H(EL) < H(E') +elog(N)?|2,) for each choice of ki and k of the considered sets by
exp [— log(N)?k], with x > 7. For this purpose, we determine the exponential moments

of the random variables (02“) — (Bz“) +A,C,—A,B,, n>2. First,

o o((4)-(4) 1040

k—ks ks ki o
= Z Z Z (k _ k?) (kQ) (k';l)pi1+i2+i3(1 — p)k+k17i171'2*2'3et((7‘23)_(122)_i1i2+i1i3>
31 12 ) i3

11=0 i2=013=0

because A, B, and C, are independent and Binomially distributed. Having in mind that
p = log(N)/N, we sort according to the power of p and bound the expectation by

k—ko ko k1 ) )
Z Z Z (k _ kQ) (k2> <%1)pil+i2+i3(1 . p)k+k1—i1—i2—i3et((?)*(?)*ilifrilis)
Al 19 13

11=0 12=0143=0
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2 Amari’s Model

k
<= = k) 20 | ()l e
k k—k
+(22) et + ka(k — ko)e ™t + ( ) 2) + klkz}

+ log(N)? max (lC B k2) <k2) (k.:l>pi1+i2+i3et((%”)—(?)—i—ilig—iﬂg)'

11,42,03:01+i2+432>3 11 19 13
11<k—ko,ia<k2,i3<k1

The last line is at most

(VP max (’f - ’f) (’f) (’“)p<<><>>

11,12,i3191+i2+132>3 1 19 13
i1 <k—k2,i2<ka,iz<ki

<1 N 3 kil kiz k,is i1+1i2+13 t((ig’)—(?)ﬂ-his—hb)' 2.33

- Og( ) i17i2,i311i111—a|-§2+i323 2 F1P c ( )
11<k—k2,i2<k2,i3<k1

To determine the maximal value of this expression, we first fix values ¢, i; and i3. It will

later turn out that ¢ does not depend on N; this is also assumed in the proof.

Since kop < 1 and 47 > 0, t > 0, one sees immediately that the expression decreases
in i5. We thus restrict the choice of is to the set {0,1,2,3} in order to determine the
maximal value in (2.33]).

For fixed k < (1+0)log(N), t < ;, ip and 43, the expression in (2.33) is decreasing in

11: we consider

pt ket — oxp i) (loglog(N) — log(N) + log(k) + tis — tiy)] .

Since i3 < nlog(N), t < %7

loglog(N) —log(N) + log(k) + tig — tis < 0

for N large enough and each choice of iy and i3 of the considered sets. So the whole
expression in the last line of (2.33) is, for fixed iy and i3 and large enough N, decreasing
in il.

For fixed t, i3 and i, we observe finally

2

p's k;i"”et((i?g)ﬂli‘*’) = exp {%’t + i3 <log log(N) — log(N) + log (k1) + tiy — %)] :

This is either maximal in i3 = k; or in the smallest value of i3, i3 € {0, 1,2, 3}, depending
on 4; and iy (because their sum must be at least 3).

For t < %, k < (1+9)log(N) and large enough N, the maximal argument in (2.33) is
an element of the set

{(i1,i9,13) € {0,1,2,3} iy +14y + i3 = 3} U {(0,0,k)}. (2.34)

For each triple of the set on the left hand side, we have

pi1+i2+i3 Rzt k%z k,i?,€t<<i§)*(i22)+i1i3*’ili2) -0 (log(N)G) .

N3
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2.2 Hamiltonian Function and Energy Landscape

Inserting the last triple (0,0, k1) in the right hand side of the last line in (2.33)) yields

phiatia i iz kll'set((ig)_(i22>+i1i3—i1i2) < exp {kl (log log(N) — log(N) + log(k1) + t%)}

and the argument of the exponential is again quadratic in kp, which implies that it is
either maximal in k; = nlog(N) or in k; = 3. It remains to consider k; = nlog(N); using
that ¢ < %, we have

)

exp {77 log(N) (log log(N) — log(N) + log(nlog(N)) +t

<exp [1og(N) (toglog(¥) ~  og(¥) + ogrlos()) )| o (5.

The maximum in (2.33) is therefore attained by one of the elements of {(i,is,i3) €
{0,1,2,3}3 : iy + iy + i3 = 3}. We can now estimate the exponential moment under the
assumption t < 717, using the previous calculations on page :

(e () () 10401

k k
<1+ p? K 21) e+ ky(k — ky)et + <22) et 4 (k — ky)kpe ™

(555 b ()] o ().

The (C;“) — (BQ“) +A,C,—A,B,, p > 2, are independent, which yields

XL /e, B,
E |exp tz 9 )\ 9 +ANCM_ANBM
L p=2

afee () (2) a0 0]

k k
<exp {a K 21) e' + ky(k — ky)e' + (;) e '+ (k — ko)koe™"

(5 i (1) o ()

We obtain for fixed k, ki and ky with the aid of the exponential Chebyshev inequality

exp {—t(kzkzg — k3/2 — ky/2 — y1og(N)(ky — k1) — elog(N)?) + a K";)et + ki (k — ke

(5wt (45 bt~ (3] o]

(2.35)
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2 Amari’s Model

We know that ki + ko = nlog(/V) which means that the argument in the exponential is
quadratic in k; if we replace ko by nlog(N) — kp: the function in &y used as argument in
the exponential is of the form f(ki) = ak} + bk; + ¢, with

a = «(2sinh(t) + cosh(t) — 1) +¢/2 > 0.

The maximum is thus attained by k; = 0 or k; = nlog(N).
If k1 = 0, we use ky = nlog(N) in (2.35). We only need to consider k/log(N) €

(1 —10,149); due to the equality (k;) + (k— ko)ke = (g) — (k_;”) = kky — kg—;’”, 2.35|) is

exp [kQ log(k) — tks (k: —ko/2 —1/2— fylog(N)> + telog(N)*+

cy(kkﬂe—t—l)—-k2;kb@ff—-n)-+<9(mguvY/A0]
=exp [ts log(N)? + nlog(N) {log(k) —t (k — 771%(]\0 — % — fylog(N))

+a(k(e’t 1) - ”l"g(zﬁ(et - 1))} +0 (log(N)7/N)}

<exp [ts log(N)? + nlog(N) [log[(l + 6)log(N)] — log(N)t (1= 6 — 2 =) - L

+angKu—ﬁxfﬂau—g@%—1»+a%@%—n]+Oa%ﬂvaﬂ.

Assuming that the maximum in (2.32) is attained in k; = 0, we observe that (2.32)) is
fulfilled if

e<n(l—36—-n/2—7).
To see this, we consider all the terms of order log(/N)? in the argument of the exponential

function and use an arbitrary ¢ > 0; note that e — 1 < 0 and 1 —§ —n/2 > 0if ¢ is
small enough, since n < 1. This condition can be fulfilled for suitable § > 0 if

e<n(l—v-n/2)
and, to obtain a positive ¢,
0<n<2(1l—7)

Since v < 1, there are €, n such that the conditions are fulfilled.
We continue with the second case, k; = nlog(N), ks = 0. The exponential in (2.35) is
at most

exp [log(N) [k1 — tvk; + telog(NV)]] exp [a Kk;)et + kike' + (’;) - (k +2 kl)”

<exp {log(N)2 <n —tyn+te + ozn;(et — 1) +a(l+d)n(e" — 1)) + O(log(N))] :
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2.2 Hamiltonian Function and Energy Landscape

We used the maximal argument for k, k = (1+9) log(N); it is maximal because e’ —1 > 0
for t > 0. Note also that (’;) — (kzkl) = —kk; — (kzl)
Minimising the expression

2
—tyn + te + a%(et — 1) +a(l+d)n(e" —1)

yields

t*(6,n,€,7,a) = log e = log ik
T na(n/2+1+9) a(n/2+1+9)
as the extremal argument. This is positive if

e<n(y—aln/2+1+9)).

Since a < 7, there are positive ,7 and ¢ such that the inequality is fulfilled.
The probability in (2.32)) converges to 0 as N tends to infinity, if

2
—tyn + te + Oz%(et — 1) +a(l+onlet —1) < -y

is satisfied for some ¢ > 0. Inserting t*(d,7, €, v, ) yields the condition

€ Y5 € Ui
—(y==)1 i ———a=-—a(l+6§) < -—1.
(7 77> Og(a(n/2+1+6))+7 g mellto)<
If all derived conditions are fulfilled, the probability

P(36 : du(€",6) = nlog(N), H(¢") — H(E") = —<log(N)?)
<P(45)+ max P3G dy(€”,€9) = nlog(N), H(¢") — H(§¥) > —log(N)*|2})

k/log(N)
(1-96,146)

tends to 0.

It remains to show that it is possible to choose the variables such that all the conditions
are fulfilled. Setting 7 := v — % and & = « (g +1+ 5), the inequality can be traced back
to inequality whose solutions have been analysed during the last section. For 7 < ~v*,
the inequality is fulfilled if @ < a*(¥). In particular, for a pair v € (0,1) and o < 7, such
that holds, there are ¢ > 0 and 1 > 0 such that all the conditions are fulfilled by
choosing 7 and ¢ small enough, especially to reach t* < 1/7.

O

Remark 2.16 In the Hopfield model, the analysis of the Hamiltonian and the less restric-
tive notion of capacity allow to store aN instead of aN/log(N) patterns such that they are
stable (tolerating small errors). In contrary to the Hopfield model, we do not obtain better
results concerning the bounds on o compared to the stability results of the previous section.
The difference to the result of Theorem 15 that Theorem |2.15] concerns all corrupted
patterns in a given Hamming-distance and shows that their energy if higher than the one
of the stored pattern, with high probability, whereas the results obtained in Theorem
concern an arbitrary fixed pattern with a certain number of errors.
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3 The Ternary Simple Model

This model is an adaption of Amari’s network to ternary spin values as proposed in [31].
The network we consider consists again of N neurons, V' = {1,..., N}, of which each one
can take values in Sy = {—1,0,1}. A spin o; = 0 signifies that neuron i is inactive; an
active neuron can be in the states —1 or 1. The state 0 has a special role; this model
is therefore different in spirit from the three state Hopfield model (Potts-Hopfield model,
see e.g., [32]) using three equal states. We store randomly M patterns £* € {—1,0,1}V,
1 < p < M. The values of these patterns are indicated by random variables £/, 1 <i < N,
and the random variables (¢/',1 < u < M,1 < i < N) are independent and identically
distributed such that

P =0)=1— =1-

(g’L ) N pN?
log(N) 1

P = +1) = =

We will have in mind that py depends on N but omit the index to achieve a better
readability. Given an input spin configuration o € {—1,0,1}", the dynamics described
in the next paragraph is applied. Just as in Amari’s model, the edge set of the graph is
E={{i,j}:i,j€{l,...,N},i# j} and on each edge, the synaptic efficacy J;; is defined

by
M

Ti= &gt

p=1

We define the local field S;(0) in dependence on the synaptic efficacies by

N M
Sl(O') = Z UjJij :ZZO}&?S;L
J=1,5#i j#i p=1

The parallel dynamics 7" will now assign a non-zero value to neuron ¢ if and only if the
absolute value of the local field S; is at least equal to a given threshold. This threshold
will be chosen as vy log(NV), with v € (0, 1), as in the first suggestion of the previous model,
because the expected number of neurons taking non-zero values per message is equal to
log(N). Other than in Chapter 2, the choice of 7 is indeed restricted to the interval (0, 1),
as we will see in Proposition If the absolute value of S;(0) exceeds the threshold, the
neuron is mapped to the sign of the local field. That is,

T.(0) = +1  Si(o) Z £vlog(N)
Z 0 |Si(0)] < ylog(N).
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3 The Ternary Simple Model

Lowe and Vermet analysed this model in [31] for fixed p not depending on N and showed
that stability (for one or for all patterns) can be reached as well as that a certain number
of errors can be corrected, with high probability, if the number of stored patterns does
not exceed a certain bound (depending on the number of errors). The threshold of their
model cannot be utilised in the present, extremely sparse version of the model and has
been replaced by vlog(N), as described above. We will see that this choice is optimal to
obtain a maximal capacity.

The model described so far can be varied in the way that one chooses, as in Chapter 2,
the patterns £, ..., &M independently and uniformly from the set of patterns with exactly
¢ = log(N) active neurons. We will show that the lower bounds on « concerning the
stability and error correction for the model with independent spins are also valid for this
second version and that the latter model outperforms the first version when stability of
all patterns is required. The second version is thus better than the one with independent
and identically distributed spins.

We first examine the sparse model with independent spins. We show the existence of
sharp bounds on the capacity variables concerning the stability and error correction of a
fixed stored pattern and prove afterwards that the lower bounds on the capacity variables
are also valid for the second version of the model. The crucial difference between the two
versions is that in the second one all the patterns can be stable with high probability
without loosing the order of the capacity, whereas the first version cannot keep the same
size of the number of stored patterns if the stability of all patterns (with high probability)
is required.

Stability and Error Correction

A network should provide stability of the stored patterns: as in Chapter 2, it is either
required for one arbitrary fixed pattern or for all patterns, depending on the notion of
capacity. We are interested in perfect retrieval. As in Amari’s model, we suggest a
maximal number of M = aN?/log(N)? messages until the system looses any ability to
recognise a stored pattern, where « has still to be determined. As we will see, this choice
is justified and will lead to sharp bounds on « dependent on v with the property that a
randomly chosen message will be stable if « is smaller than this bound and that it will
not be stable if o exceeds the bound, both with high probability. We state the following
theorem:

Theorem 3.1 In the Ternary simple model using v € (0,1) to determine the threshold
vlog(N), suppose that M = aN?/log(N)? patterns are stored, with o fulfilling

a< L, (3.1)

Yy

where y., is the unique root of the function

1
g, Ry = R, g,(z) = —arsinh(z) + 27" (cosh(arsinh(z)) — 1) + o
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Then we have for each arbitrary but fived of the stored messages & :

lim P (Vi < N : Ty(e") = &) = 1. (3.2)

N—oo

This bound is sharp: for any

oz>l,

Yy
the system looses the ability of recognising the stored patterns: for each arbitrary but fixed
pe{l,..., M}, we have

lim P(3i < N : Ty(¢") # ¢4 = 1. (3.3)

N—oo

0.4 T T T T T T T T

critical capacity variable

0.35 -

0.25 -

0.15 -

0.1 -

0.05 -

Figure 3.1: Critical capacity variable () in dependence on the threshold variable ~y for
the Ternary simple model

Proof of Theorem [3.1k Without loss of generality, we consider ¢ = 1 and begin the
proof by showing the first part of the theorem. We recall that for each 6 > 0 and as N
tends to infinity,

P (‘ >l - log(N)’ > 5log(N)> 0.
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3 The Ternary Simple Model

For later use, the variable § should be chosen such that 0 < 1 — ~; there will be
another condition that results during the proof. Let Z; := {Zjvzl &}] = Kk} and

k= {Zjvzl 161 = Z?:1 &}| = k}. Using the notation

AJ—{\DH—Iog )| < d1og(N >}
we estimate

P(Ji<N:T(E)£&) <PAY+ Y P(2)P(3i < N:Ti(E) # €2
et

<P(A§) +P(A P(J < N:T(&") #¢ |2
<P(A7) +B(4s), _max P (3 < N:TiE) #&12)
€(1-5,145)
<P(Aj P (3 < N :T(& "2 . 4
<P(A) + max | P(3<N:T(E) #&12) (3.4)
€(1-6,145)
We now examine P (T;(¢') # &£}| Z},) for some arbitrary i > k as well as for arbitrary i < k,
for fixed k € ((1 — 0)log(N), (1 + 6)log(N)). First, let i« > k. The probability can be

written in the following way:

P (Ti(€') # &/12) =P (Ti(E") # 0| 2k) = P (|Si(€1)] > v1og(N)| Z%)
M k M
_p (‘ SN elee| > vlog(N)’Zk) —p (( S > g

Jj# p=l
Before we will continue, we state some facts that will play an important role during the
proof.

First, for fixed ¢, the random variables (5]155‘ f;‘ ,2< u< M, j+#1i) are conditionally
independent, given (£, > 2, fjl-, j < N). To explain this, consider independent and
identically distributed random variables Zy, Z,, Z3 such that P(Z; = 1) = P(Z, = —1) =
%. For each choice of 1, xq, 23 € {—1, 1}, the events {717,735 = x3} and {Z) = 21,25 =
xo} are independent. So, for fixed i, the conditional distribution of the random variables
EiENEE, n>2,5 #1, given (§f',p>2,&5,j < N)is

Plgerey = Oft n 22,65 < N| =P |gergr = 0lgh, & =1-plget]
Pleerey = +let > 2,605 < N| =Pleberes = +1]el.er] = eber|

This yields for arbitrary subsets {ji,...,jz} C {1,...,N} \ {i} and {uq,...,us} C
{2,....M}and z,, € {—1,0,1}, r <7, s <3:

p (ﬂ e e — o)

r=1s=1

> '710g(N>‘Zk> :

3’

Mopn>2,85 < N)

]

—~ H { (el 1}2 P& 80|+ Tgja, =0y (1= 165,601 -

r,s=1
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r,s=1

= H ]P](glrglﬂsgis = Ty ;“7111,2275;,] SN)

Note that the (ﬁ}fé‘ 51;‘ ,2<u<M,j+#1) are, for fixed i, also conditionally independent,
given (|£zﬂ‘7,u 2 27 |£]‘7] S N)

As next observation, the random variables

&, > 2,

are independent and identically Bernoulli distributed with parameter p. For each fixed

i and 0 > 0, we conclude with the help of the exponential Chebyshev inequality and
t =log(1+4) > 0:

p [ D2 & exp (tz |§ﬂ>]

N
_p=s 1t > 1 5 < 7&710 (N>t(1+6)E

I
< ety () Mp(e' 1)

:e—a%t(wé) [1 —p +pet]M

N Lt
:@_alog(N) (t(1+5) ¢ —H) = exp |:—a

N
Tog (V) (log(1+9)(1+6) — 6)} .

We used the independence of the (&, p > 2) from the first to the second line, the
inequality 14+ x < e”, for all x € R in the second line and the definition of M in the third.

Analogously we obtain, with t = —log(1 — ) > 0
M
o (13 1e)|
n=2

ny_—Q ‘gf‘ a——t(1-6)
= <K — < log(N) E
P [(YN/ log(N) ! ’ ‘
« 1—-9)lo 1—()—'—()+ Il .

Sea%t(l—é)ewfl)p(e*”l) < exp {—

Note that there is, in contrary to the first estimation, the (negligible) term pd, due to the
fact that we consider M —1 and that e™* —1 < 0 for ¢ > 0. These two computations yield

S
P [W ¢ (1—0,1+40)

<2exp {_alogjsz) - min ((1 + ) log(1+9) —0;(1—0)log(1—10)+ 5) +p5} . (3.6)
Note that

min <(1 +9d)log(1+9) —d;(1 —0)log(l —0)+ (5) > 0.

This bound will be needed later; the corresponding complementary event whose proba-
bility tends to 1 is called

. <N N N
Bs(i) := { ;gi | — aw| < MW}.
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3 The Ternary Simple Model

We want to examine the probability in (3.5) and intersect similarly to what we did in

B

k M
P [\ > geley| = vlog(N) |2

j=1 n=2

M
> [E €1 = 1| 2,
n=2

< P(B5(4)°| Z,)+

P [( iié}f%ﬂ > ylog(N)| 240 { S - Z}]

leN:llog(N)/(aN) j=1 p=2
€(1-6,149)
k M M
<P(By(i)°) + ( tenen| > o1 N‘Zﬂ{ H:z}.
SPB) T envaimgia o) [;;%@ > log(M)|Zenq 2

6(1 —5,140)

In the last line, we used the fact that {Zﬂ/fzz |¢!'] = I} and Z}, are independent.

Recall now that for fixed 4, the £&/'€¥, j # i, u > 2, are conditionally independent,
given (&' u > 2,5’]1,]' < N). In addition, for fixed i, the conditional distribution of

D Zi‘f’:Q §&rel, given (6, > 2,€5,j < N), is completely determined by Zf# 13
and 22/1:2 |£¥|. In particular, if (1, (o, ... are independent and identically distributed with
Cl ~ 5117 we have, given ( zunu > 275]17] < N>7

SN, (et

M
PIYBED DD DTN DI
J#L p=2 jlyéi(:) p>1:E4£0 n=1

J

where ~ denotes identical distributions. This yields for ¢ > k

N

]:1 #:2 j* n= 2

> vlog(N )]

and with the help of the exponential Chebyshev inequality, for t > 0

+1 I+1
[’ Z Zéu > vlog )] < 9V log(N)t exp (t Z Z gu)]

7=1 p=2 7=1 p=2
1k
—2¢~V10s(N)t [exp (t&f)]lk — Qe Vlos(N)t [1 —-p+ pe + pe }
1k Ik
—2¢ Y 108(N)t [1 —p +pcosh(t)} = 9~V loe(N)t [1 + p(cosh(t } . (3.7)

The function cosh(t) — 1 is positive on Ryo. Using that & < (1 4 §)log(V), I < (1 +
d)aN/log(N), the last line is therefore bounded by

aN(1+6)2
9~ log(N)1 [1 + p(cosh(t) — 1)}
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Combining the results (3.4)) to (3.7)) yields
P(Ii < N:& =0,Ti(€) # &)

<P(AS) + N []P’(B(;(N)C) 4 e~ TIoBME oy [1og(N)a(1 + 6)2(cosh(t) — 1)” . (38)

In the last line we again used the inequality 1 + = < e” for x € R. Due to the fact that
P(A$) vanishes as N tends to infinity and to the estimation in (3.6), the probability in

tends to 0 if
N2ev1oeW)t exp [10g(]\7)04(1 + 8)*(cosh(t) — 1)}
does. Let the function f5,~(t) be defined by
fsan(t) = =7t + (1 + 6)*(cosh(t) — 1);
by inserting

* L . i
t&,a,’y := arsinh (m) s

which is positive for our choice of 4,7, a > 0, the last line of (3.8]) converges to 0 if

f57a77(t§,a,7) < _1
To reformulate this condition in terms of the function g, defined in the theorem,
1
g,(z) = —arsinh(z) + x7" (cosh(arsinh(z)) — 1) + -,
~

we define
_ Y

We can write
f5,a,’y(t§,a,7) = f5,a,’y(arsmh<x5,a,7)) = ”ng(x&aﬁ) - L
A sufficient constraint for the convergence to 0 of the probability in is

Gy (T5,0) < 0. (3.9)

We will come back to this later and continue with the study of the behaviour of those
neurons that are active in £!. We start as in the last part, that is, with (3.4)), and consider
now ¢ < k. We thus analyse

P(3i < k:TiE") # €N Z).
panix P <k:T(E) #612)
€(1-6,1+5)

The local field for i < k is, conditional on Zj, equal to

M M M k
SEN =D gard =g > g+ > Y g =gk +> > gt

p=1 j#i J# n=2 j#i n=2 j#i
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3 The Ternary Simple Model

The variable § was chosen such that § < 1—+; the difference 1 —~—4 is therefore positive.
To obtain the stability of £, the sum 224:2 Z#i {}fj‘f’f must not become too large. In
fact, a necessary condition for the instability of neuron ¢ < k is

M k
dYodogae

w=2 j#i

>k —~vlog(N) —1,

and for k > (1 — §)log(N), this event is contained in

ZZf gher| >

w=2 j#i

(1=~ —20)log(N)— 1.

In analogy to the computations for ¢ > k, we estimate

P(3i < k:Ti(E") # €2
poiix (P <k:T(E) #612)

€(1-6,1+6)
I+1
< k |P(Bs(1)° K (1-— o)1 1
_kEN:II?/%())(g(N) (B5(1)°) + lEN: 10?“ [ sz v —d)log(N) — ]
€(1-6,1+4) e(1- 51+5) J#L p=2

To achieve with high probability stability of the active neurons,

41
k H>(1—y—6)l 1
keNrrl?/%(g(N) leNlllgl(aX/(aN [ sz v —06)log(N) — ]
€(1-4,1+9) €(1—6,146) JFAL p=2

must converge to 0. Again using an exponential Chebyshev inequality, this is bounded by

I+1
k (1—~—4)1 1
keN:rl?/alg(N) leNllcgl(&JL\%/ aN) [ ZZ v —d)log(N) — ]
€(1-6,1+6) €(1—6,1+6) J#L p=2

< k 2exp [~ log(N)(1 —~v—§ lk(cosh(s) — 1
S paiax ki exp [—log(N)(1 =~ — d)s + s] exp [plk(cosh(s) — 1)]
€(1—6,1+6) €(1—6,1+6)

for s > 0. Since cosh(s) — 1 is positive for each s > O the expression in the last line
is bounded by inserting £ = (1 4 J)log(N) and | = log(N 5(1+0). With fsa1-9-5(s) =
—(1—=~—=108)s+ (14 9)*a(cosh(s) — 1) and

5570[77 = arsmh m

— note that s}, > 0 for each choice of 4, with 1 —~ > 49 > 0, 0, > 0 — the last line of
the previous estimation is at most

(2 +26)1og(N) exp [} 4. +10g(N) (=(1 =y — 6)8} 4. + (1 +6)*ax(cosh(s;, ) —1))]
=(2+26)10g(N) exp [} 0. +108(N) fs.a1--6(55.04)] - (3.10)
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We define the continuous function g : R — R,
g(x) := —zarsinh(z) + cosh(arsinh(x)) — 1. (3.11)

We observe ¢(0) = 0 and ¢'(x) = —arsinh(z), so g is strictly decreasing on R, strictly
increasing on R_ and negative on R\o. This function and its properties will play an
important role in this chapter, as first property, its negativity on R,. Recall that

Tsal—n—b = ﬁ. The last line of ((3.10)) converges to 0 if

Jo.01-9=6((S5.04)) =Js0,1—y—s(arsinh (s q1-y—s))
=(1+0)*a- g(x501-~-5) <O.

Due to the negativity of ¢ on R, , this condition is fulfilled for each choice of § > 0 such
that 1 —~ > . The stability of the active neurons of £ will thus simply restrict the value
of v to the interval (0,1). This is because § > 0 can be chosen arbitrarily small in the
proof of the theorem.

The remaining condition to examine is the one formulated in . Recall that g, =
—arsinh(z)+x ! (cosh(arsinh(z)) — 1)—!—%. We first observe that on R, , g, (z) = %g(x)—i—%
and thus

1 1 zarsinh(z) — v1 +22+1 arsinh(z B
6)x) = —g(a) + g/(a) = TR v -2 e Ve )

x x
which is negative on Ry. So g, is strictly decreasing on R, . In addition, lim,\ g,(x) = %
and lim, . g,(z) = —oo. The function has consequently a unique root y, € Ry and is

positive on (0, y,) and negative on (y,, 00).
If the capacity variable « is chosen such that

o<

Yy

there is a 0’ > 0 that satisfies N

— = > Y~.

a(l+0y ~ 0
For all § > 0, 6 < ¢, inequality (3.9) holds. This guarantees stability with high probability
if we store at most M = aN?/log(N)? patterns.

We just proved the first part of the theorem. To show the reverse bound, we consider
again ¢! and recall that the probability of the event A; = {Zjvzl &1/ Tog(N) € (1—6,1+
)} tends to 1 for each § > 0 as IV tends to infinity. So we will restrict our considerations
to this event for some fixed § > 0 (the conditions on § will result from the proof). By
showing

li i P(3i>k:Ti()#0|2) =1

Ngnoo keN:%}llgg(N) ( ! (5 ) 7 | k) !
€(1-5,1+96)

we obtain the assertion of the theorem.

As our next step, we assert that the random variables

M M M
Xi(k) =) Uy ey Xo(k) =) Tim _jermey and Xa(k) =) iy ey
n=2 n=2 n=2
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3 The Ternary Simple Model

are Binomially distributed with parameters M — 1 and

pi(k) = kp(1=p)*", pa(k) = (l;)PQ(l -t

and
ps(k) = 1= (1=p)" —kp(1—p)"" = (S)ﬁ(l —p)"?

=1- {1 —kp+ (5)]92 - (]§>p3 + O(k‘4p4)}

— kp {1 —(k—1)p+ (k ; 1)p2 + (’)(k?’pg)} - (];)pz [1—(k—2)p+ O(K*p?)]
= () + 0w,

respectively. Using the Chebyshev inequality and E[X (k)] = (1 — p)* ' (Mpk — pk) as
well as V[X (k)] = (M — 1)kp(1 — p)* 1 — kp(1 — p)*~1] < Mkp, we know for any 6 > 0
and k < (14 0)log(N):

P ( X0 g 161 +5)> < VX (£) ;
kN [6akN/log(N) — Mk(k — 1)p? + O(pk3)]

log(N)

< Mkp
T M0 — (k= 1)p + O(p*k?) >

Note that the term Mk(k — 1)p? + O(pk?) in the denominator is due to the fact that the
expectation is not exactly Mkp = akN/log(N). We obtain analogously, using E[ X, (k)] =
a(3) (1= p)* 2 + Op?) and V[Xs(k)] < af5),

Xo(k) , . o(3)
: ( oy U 5>) < Bal) —a() (k- 2p+ U

Both probablities tend to 0 as N tends to infinity. Finally, X3(k) vanishes with probability
converging to 1:

P(X3(k) #0) < MP (Z &M > 2) < M(l;)p?’ + O(ME*p*) — 0

i<k

as N tends to infinity. We denote the sets

X (k) l_S5146 Xo(k) 161456 X3(k) =0
{akﬁe( ’+)}’ {a(g)E( ’+>}’ () =0}

by Bs(k), Cs(k) and D(k), respectively.
We observe by similar considerations as on page [54] that for ¢ # j, u > 2

pleerer =ole] =1-pgll, P [gere = 1]g)] = el
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and that conditionally on Zj,
(e =2, < ki > k)~ (€, n =27 <k,i>k),
where ~ denotes identical distributions. In particular, conditional on Z,
M N Mk
DoD_geg ~ Y > d
p=2 j=1 p=2 j=1
This implies
P(3i>k:Ti(&") #E&|20) =1 =P (Vi>k:T,(¢") =& 2)
=1 —IP’(V@ >k ]Si(€Y)] < vlog(N)|Zk)

1P |Vi>k: ‘2255*‘5*‘ < ylog(N ‘zk
=2 j<k

1P |Vi>k: ‘ZZ&“ < ~log( )]
p=2 j<k

The sums nyﬂ > <k &€, i > k, are conditionally independent, given (£/,j <k, u > 2).
This explains the transformation from the second to the third line in the subsequent
computation. Defining 7\ := o (&}, j <k, > 2), we estimate:

[VZ >k ‘225“5*‘ < ~log( )]
p=2 j<k
=Eeb j<hyiz) |P |Vi >k ‘225“5“‘ < ylog(N (fk”
L pn=2 j<k

N—k
=E(er j<kpuz2) [’ Zz&mﬁ“‘ < vlog(N )J'"k ]

pn=2 j<k
N—k

+P((Bs(k) N Cs(k) N D(k))%).

< ~ylog(N )fN

< Bs(t) mléléaX [’ Z Z §k+1§“

n=2 j<k

(3.12)

Since P((Bs(k) N Cs(k) N D(k))¢) vanishes for the k of the set of interest, it suffices to
consider Bs(k) N Cs(k) N D(k). It remains to show

N—k

I ’ il <1 }FN —0. (313

N keN:rl?/alc)jg(N) B (k) m%léax [ Z Z §en&| < vlog(N (3.13)
€(1-6,1+4) =2 j<k

We split the sum nyzz > i<k ey into

M
DD g = > Do GaE > > o

p=2 j<k p>1:37 2 1€1=0 J<k pu>L30 oy €8 =1 J<k
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3 The Ternary Simple Model

o> > EE Y Y e

p>L30 o €8 1=2 I<k p>1:30 o € 1>2 G<k
= > DENE Y g Y D anE 31
p>1:370 5 1€ 1=1 <k u>130 o €] =2 G<k p>1:37 o 1€ 1>2 G<k

and analyse the three remaining parts.
The third sum is zero on the set D(k). We continue with the second one. On Cj(k),
the following conditional probability of a contribution of the second sum to the total sum

is bounded by

Pl X g AR

p>130 1€ 1=2 J<k

<P <3u > 123 | = 2,6, # O\fév)

i<k

<Xo(k) - P(Eyy #0) = Xa(k) -p < (1+ 6>a@ . (3.15)

It remains to examine the first summand in (3.14)),

> D> g (3.16)

p>1:30 0y |£§‘|=1 i<k

As explained in the next paragraph, this is conditionally on F} distributed as a random
walk with random length determined by a Binomial random variable with parameters
Xi(k) and p.

Assume that X, (k) = 2, and that ), [§¥] =1 for p € {1, ..., pz, }. Then

et Z fur = &) i 0

J<k

1 < r < z;. The index j, is here chosen such that j,. is the one and only element of
{1,..., k} with £ # 0.

A dlrect consequence of the observation at the beginning of the proof (p. . concerning
the random variables Z; and Z, is that for each r < zq,

1
(fk+1 Jr > = §p| ?:L <§k+1 i = h) =1 —p| "|.
This yields
X1 k’)-i—l
Z Zglﬁf-i-lgf ~ Z 512:-1 Z §k+1 (3-17)
<k 1€ |1=1 3<k w3 < 165 1=1

and conditional on (£§, > 2,5 < k), this is a sum of X;(k) independent and identically
distributed random variables, each one distributed as &,,. Given X, (k), this is finally a
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random walk of random length, the length independent of the steps and the distribution
of the length given by a Binomially distributed random variable with parameters p and
X (k).

As next step, we observe that the length-determining distribution can be approxi-
mated by a Poisson distribution with parameter X;(k)p. For z; € {1..., M — 1}, the
total variation distance of a Poisson(x;p) random variable whose probability weights are
denoted by m,,,(m), m € N, and the Binomially distributed random variable ZIIH

is at most o
> |e (Z €l = ) — pp(m)

m=0
(see Lemma [2.4). Let, for z; € N, R,, denote a Binomially distributed random vari-
able with parameters z; and p, Y,,, denote a Poisson distributed random variable with
parameter x1p and let Z,, n € N, be identically distributed random variables such that

€|

< 2p*z;

and that
Rxla }/xlpa Zla ZQa o

are independent.

We continue with the analysis of (3.17): with the objective to examine a random
walk whose length is given by a Poisson random variable (instead of a Binomial one), we
observe that

Rzl o0 m
P> Zy>log(N)| =Y PRy, =m)P |> 7, > 'ylog(N)]
n=1 m=0 n=1

ZZ > ~vlog(N)| +
> PV, = ZZ > ~log( )]

Z—Z‘]P’[Rm:m] Yorp = \+ZP p =
m=0

mP | Z, > vlog(N)]
n=1

> — 2z, + P Z Zn > vlog(N)| . (3.18)

n=1

Our last analysis of this theorem is thus directed at a random walk of random length;
this length is by now determined by a Poisson distributed random variable. This Poisson
random variable, whose parameter will be about log(N), is distributed as the sum of
independent Poisson random variables. Now the important observation is that it does not
matter in distribution if we run one random walk of a length determined by a Poisson
random variable with parameter w > 0, with w =Y °_, w,, wy,...,w, > 0, or if we run
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3 The Ternary Simple Model

s independent random walks where the length of the rth random walk is determined by
a Poisson(w,) random variable, and consider their sum. Formally, if (Y, Z,,n € N) as
well as (Yi,s .-y Yo, Zn € N) and (Yo, ..., Y., Znr 1 <r < s,n € N) are in each case
independent and Z,, , ~ Z; for each r > 1, n > 1, this is

Y Yo, +. +Yw, s Yy,

;an S Zu~ Y Zs ::;WT.

n=1 r=1 n=1

Wi, ..., Wy are then independent and W, is a random walk with random length given by
a Poisson(w,) random variable (such that Y,, , Z,,,n > 1 are independent).
The next step is to see that on Bs(k), the equality

mn P Yo

1Yy €4=1 <k

> vlog(N)‘féV

X1(k)+1
=min P I )> lo N’}"N
i ; Eer1| =7 g(N)|Fy
Ray
— min P ‘ N) (3.19)
z1€N:z1 log(N)/(akN)
€(1-5,146)
holds, where R,,, Z;,... are independent and distributed as described above. Combined
with (3.18)), we obtain
Ra,
min P ‘ Z,| > ~vlog(N
z1€N:z1 log(N)/(akN) Z =7 g< )
€(1-6,1495) n=l1
Ry,

> min P Z, > vlog(N
T x1€Nzy log(N)/(akN) Z =7 g( )

€(1-5,1+9) n=1

& Nk

> Zy > 71 —2p*°(1+0
_xleNmbHél(% /(akN) (Z 7 log( )> p(l+ )alog(N)

€(1-5,1+5)

Yipa
> 1m}5%+6 (Z Zn > vlog( )) —2p(1 + 0)ak. (3.20)
Using the notation of the previous considerations, Yj,, is distributed as the sum of &
independent Poisson random variables with parameter pa, each, i.e. s = k and w, = pa,
red{l,... k}.

These random walks with random length follow as independent and identically dis-
tributed random variables with, as we will see, finite moment generating function, a large
deviation principle by the application of Cramér’s theorem (see Lemma . The loga-
rithmic moment generating function of a random walk with Poisson length of parameter
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A is equal to

log

A

=log Z P(Yy=m) (E(exptZ;))

Erens((£)
ZIP’YA_ (le —I—%e t)m]

m /1 1 m
=log e Z A" (—et + —e_t) ] = log [e A" 0] = X(cosh(t) — 1).

= log

The Legendre transform of A, is defined as

AN(z) = ig}i(m — (1))

We determine

d .
pr (tx — A(cosh(t) — 1)) = o — X - sinh(¢).

Since
2

o] (tz — A(cosh(t) — 1)) = —\ - cosh(¢)

is negative on R,
t = arsinh (f)
A

is the global maximum of tx — Ay(x), t € R. This yields

A} (z) = arsinh (;) T — A (cosh (arsinh (;)) — 1) :

For independent random variables Y, Z,, », n,7 > 1, and Yjpa, Zn, n, k > 1, respectively,

using the above notation, we obtain for each v > 0 by the application of Cramér’s theorem:

Yk pa

k Yoo
1
klgroloklog P E Zn >k kh_gloklog P E E: Zny | >k AL (7).

We observe by simple transformations

’I

1

' 1 P Znr | = ~log(N

log(N) keN:IkI}llgg(N o8 Z Z 7log(N)
€(1-6,1+6) r=1 \n=1

k ™
1 1
>(1-4 n  ———— _log |P Zw | > yh——
2(1=0) i o et = 3) 8 Z 2 Zar | Z kT3
€(1-6,1+4) r=1 \n=1
k

1 1

>(1—6 i —1 P E E Z. > vk— 21

_( ) kEN:%}ll{)lg(N) k 8 o =7 1—-96 (3 )
€(1-6,146) = =
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3 The Ternary Simple Model

and therefore

Y’V‘
1
>
hNHl)loréf kENk/log ) log(NV) log | P Zl ZZ"’" 7 log(N)
€(1-6,146) = =
> (1A% (L), (3.22)
- PENT =4

For fixed z > 0, the function F(\,z) : R — R, F(\,z) := Aj(z) is decreasing in \:
BFé:\\’I) =1—4/1+ i{—i is negative for x, A > 0. This yields

Ykpa
li f i 1 P Z, > vlog(N
(fnllslhé) INHBO% kENk/log( ) log(NV) & Z = 71og(N)
€(1-5,1+3) | \n=L
[ k[ Yia
— in  liminf i log |P Zny | = vlog(N
e it iy 108 || 2 | 22 2 | 2 2 loa()
6(1—671-‘1-6) L r=1 n=1
* Y
—(1- 5)A(175)a <ﬁ) ) (3.23)

We finally resume and conclude, starting from (|3.13) and using the considerations in

(3.15), (3.19) and (3.20]) on the three summands in ([3.14):
N—k
K N
Bég)ll’?és [ (‘szk+1€ < ylog( )‘]-“k>]

ND(k) p=2 j<k

- . Ra, N—k
< |1+ (14 — min P Z, > vlog(N
- ( ) (2)p z1€N:z1 log(N)/ 2_:1 =7 g(

L (akN)€E(1-6,1+9) n=

- . Yipe N—k
< (14 (149 2p(1 4+ 0)ak — i P Z, > vlog(N
<1+ (1+ )Oz<2)p+ p(L+d)ak - min ; > ~log(N)

So there is an error with high probability, if
Ykpa

i lim inf i 1 P Zn > vlog(N > —1.
e TOIE 00 ) fogy 108 | { 2 2 2 log)
€(1-6,1+6) n=

Due to (3.21) and (3.23)), this is fulfilled if
* g
(1 ) s 1
(1= 0)AG—g)a (1 _5) >

Finally F(A, z) is continuous in A and z, and

. " Y %
(151\12% —(1=0)A{1_5)a (m) =-A, (7).
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Because § can be chosen arbitrarily small, P (3 < N : T;(£') # &}) — 1 holds for any
a > (0 with
—A (v) > -1

This condition can be written as
—~arsinh <1> + <COSh (arsinh <1>> — 1) > —1
o «
and is fulfilled if g,(y/a) > 0, i.e. if & > 7/y,.
OJ

Proposition 3.2 Any threshold ~vlog(N) with v > 1 leads to instability of an fized but
arbitrary stored pattern, with positive probability not converging to 0; each v > 1 is thus
an inadmissible threshold variable.

Proof of Proposition Using v > 1 and p =1,

P (Z €} < 710g(N)> > P (Z €3] < log(N)) o

This is a result of the two observations

N

< 2p’N = 2plog(N),

P (Z €51 < log(N)> — P (Yiog(n) < log(N))

Yiog(ny ~ Poi(log(N)), and

2

Yioe(n) — log(N
P (Vieg(y) < log(N)) = P | —2&) og(N) _,
log(N)

according to the Central Limit Theorem. We again assume that the non-zero entries are
exactly in the first k places if Z?f:l |§J1| = k. For an arbitrary i < k, the local field of ¢! is

M N Mk
S =) D geeg =k-Dg+) ) el
p=1 j=1 u=2 j=1
i J#
If k < vlog(N), the neuron is definitely instable if sgn(ZﬁiQ Z;?:L#i EErEN) # sgn(&)),
and the probability of this event tends to %

OJ

Proposition 3.3 The set of permissible threshold variables «y is the interval T' = (0, 1).
For each v € (0,1), the critical value a*(7), such that (0,a*(7y)) is the set of admissible
capacity variables for v and (a*(y),00) is the set of inadmissible capacity variables for -y,
is a*(7y) = v/y, with the root y, of the function g.,.
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3 The Ternary Simple Model

The critical value o == sup{a > 0: 3y € (0,1) : o is an admissible capacity variable
for v} is equal to

1
of = —, —arsinh(y;) + y; *(cosh(arsinh(y;)) — 1) +1=10, o*~0.3829. (3.24)
Y1
In particular, if o« > o, we have for each v € (0,1) used as threshold variable and

arbitrary p
lim BEi< N (g9 £ = 1
— 00

and if o < o, there is some vy € (0,1) such that for the dynamics with threshold variable
v, M = aN?/log(N)? stored patterns and arbitrary pp < M,

lim P(3i < N: Ti(e") £ &) =

In this case, there is a nonempty interval (v*(a), 1) of possible threshold variables v such
that o is an admissible capacity variable for .

Proof of Proposition [3.3} First, we showed in the previous Proposition that v > 1
leads to instability of the stored messages. We derived in the proof of Theorem that
« fulfills the stability condition if o < 7/y,, where y, is the unique root of g, in R,
and leads to instability of the stored patterns if & > +/y,. For each v € (0,1), there
is thus a nonempty interval (0, a*(7y)) with a*(y) = 7v/y, such that holds for each

€ (0,a*(v)) and holds for each a € (a*(7y),00). The set of admissible threshold
variables is (0, 1).

To show that a* = y%’ define the function G : R% — R,

G(v,7) :== g,(z), g,(x) = —arsinh(z) + 2" (cosh(arsinh(y;)) — 1) + %

G is continuous and for fixed z strictly decreasing in . For this reason, v < 7/ implies
Y, > y and therefore a*(v) < o*(v').

Now let a > yll, y1 as defined in (3.24). We show that there is no v € (0, 1) such that
« is an admissible capacity variable for 7. Due to the definition of y; and the properties
of y, we obtain

for each v € (0,1) and consequently an arbitrary stored pattern is instable with high
probability if « is used as capacity variable, for each v € (0,1). This shows that o* <

If in contrary a < y%’ we show that there is some 7 such that a € (0,a*(7)). ThlS

implies a* = yil Due to the three facts that y; is the root of g1, a < yil and that g; is

strictly decreasing, we have
1
9N (—) < g1(y1) = 0.
a

Since G is continuous, there is an v € (0, 1) such that G(v,7v/a) < 0 and « is an admissible

capacity variable for v. In addition, we saw that o*(y) < (7) if v < /. There is thus
a nonempty interval (v*(«a),1), v*(«) = inf{y € (0,1) : a € (0,a*(7))}, such that « is
admissible for each vy € (7*(«), 1) and for none v € (0, 'y*(a)). O
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Proposition 3.4 The capacity in the model with independent and identically distributed
spins per message drastically decreases if one wants all patterns to be stable. Precisely, in
the model using threshold vlog(N), v € (0,1), there is at least one stored pattern that is
not stable, with positive probability not converging to 0, if NP = O(M),

B =~log(y) —v+1.
In contrary, there are exclusively stable patterns, with high probabillity, if
M = O(N¥)

for some [ such that

—vlog(7) +v -1 < —5.
In particular, B € (0,1) because v € (0,1).
Proof of Proposition [3.4 Concerning the proof of the last statement, assume that
the threshold is ylog(N), v < 1, and that M < CNP, for some C > 0, and —f >
—vlog(y) + v — 1. Let 6 > 0 be chosen such that —5 > —(y + d)log(y+0) +v+6 —1

and that v+ 0 < 1. The probability that a stored pattern has less than (v + 0) log(N)
excited neurons is at most

P (Z €51 < (v+9) log(N)) < exp [t(y + 0) log(N)] (1 — p + pe™H)N
<exp [log(N)[t(y +6) + (e — 1)]] < N-(r#9)leslrd)r+d—1,

In the same way, we obtain

N
P <Z ‘é}u| Z 310g<N)> S N*3log(3)+3,1.
j=1

We observe that —3log(3) +2 ~ —1.3 < —(y+6)log(y+9d)+~v+0 —1 € (—1,0) for
each v+ 9 € (0,1). The excited as well as the inactive neurons will now be stable in each
pattern with high probability: for s, > 0,

P(3p < M:3i < N:Ti(e") £ ¢ < MP (3 < N : Ty(¢") £ €})

M
<9 M N~ (+0) log(v+8)+y+5—1 + MN max P merl > A loo( N
> keN:k/log(N)e(v+4,3) ; ]; €N£] =7 g( )

f:zk: Ng#

=2 j=2

M max (
keN:k/log(N)e(y+46,3)

> §log( ))
<2 M N~(rt8) log(y+6)+7+5—1

+MN exp [—tylog(N) + M3log(N)p®(cosh(t) — 1) + O (M log(N)*p?)]
+M3log(N) exp [—s6 log(N) + M3log(N)p*(cosh(s) — 1) + O (Mlog(N) )]
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3 The Ternary Simple Model

With arbitrary constants ¢ > % and s > g (that can be chosen independently of N),
this tends to 0.

For the opposite bound, let us first observe that a pattern whose number of excited
neurons is too low, that is, below 7log(/V), is not stable with positive probability not
tending to 0 because the signal term in the local field of the active neurons is not sufficiently
high (it is £ — 1 if k& neurons are active in the pattern). An arbitrary but fixed excited
neuron of the pattern has a positive probability of not being stable because the noise term
of the local field of £&* in neuron 1,

> DG

vER

has, with positive probability (= %), the wrong sign. Hence it is enough to recall the
results of Proposition [2.8| 0

Proposition 3.5 If the model is altered in the way that the random variables &, i <
N, are (for fixed j1) no longer independent, but there are exactly ¢ excited neurons per
message, the lower bounds on o concerning the stability and error correction obtained in
Theorem [3.1) remain true. In addition, the stability of all patterns can be reached if

1—
04<L, a < 7

Yv/3 Y(a-)/2

where y., is the unique root of the function
. - . 1
g+(z) = —arsinh(x) + v~ (cosh(arsinh(x)) — 1) + s
Then
PEu<M:3i<N:TE") £ — 0.

Proof of Proposition As in the proof of Proposition 2.10] we determine, for i > ¢,
the following conditional exponential moment, given Z.:

M ¢ r c M—1
exp (tZZ%f#@“) \zc =E |exp (tZé%&j-”)]
L j=1

p=2 j=1

) . M-1
_ 1—%+%E (exp (tz;éf”@M) {SZM%O}H

B c—1 n c—n—1 M-1
c c & c—m c—1—-n n
= 1_N+N<ZO<H)HN—mII[O <1_N—1—n—k>COSh<t) )]

m=1

E

]

<exp [a(cosh(t) — 1)(c — 1) + O(¢*/N)] .
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In the first line we used that >, §&1€l, u > 2 are conditionally independent, given
}, j < ¢, and that the conditional distribution of one of these sums, given Z., is the same
as the distribution of ). &/'¢%. In the third line we used that the distribution of

A

J<e

Jj<c

is conditionally Hypergeometric, given {|&/| = 1}, with parameters N — ¢ — 1 (failure), ¢
(success) and ¢ — 1 (number of drawings). Finally, {'¢}, j < ¢ are conditionally indepen-
dent, given |¢/'[,[€}],7 < ¢, and identically distributed with

1
P (e =olierl lel) =1 leligrl, P (gler = Iglen) = Slerlied.

Conditional on {[§}'| = 1,5, [§]'| = n}, the exponential moment of ¢}, &/'¢Y is thus
cosh(t)".

This can be used to show a fixed pattern’s stability with high probability for small
enough «, as in the proof of Theorem The lower bounds on « remain true.

If we consider all messages at the same time, the probability of at least one error is

bounded by

P(3u < M,3i < N : T}(€") # €
<M(N—=¢)P(Fi<N:& =0T(")#0)+ McP (I <N :& #0,Ty(¢") =0).
The first summand, concerning the inactive neurons, differs from the one concerning one

fixed stored pattern by the factor M = aN?/log(N)?; using the exponential moment
above, it tends to 0 if

—~arsinh <1> + a (cosh <arsinh <1)> — 1) < —=3.
a a
Using the termini of the proof of Theorem 3.1} this condition can be written in terms of
97/3 :
gl
V9v/3 (a) <0.

Since g,/3 is strictly decreasing on R, this is for o,y > 0 equivalent to

a<
Yvy/3

Concerning the active neurons of a stored pattern, their noise term of the local field must
not exceed the threshold ¢ — 1 — ¢ = (1 — )c — 1. We obtain the condition

—(1 — v)arsinh (1?77) +a (Cosh (arsinh (1 - 7)) - 1) < -2

In terms of g_)/2, this is

L —~
(1 =792 <T> <0
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3 The Ternary Simple Model

and this is finally fulfilled if
|

o < .
Ya-)/2

O

Choosing the stored patterns among all messages with exactly ¢ active neurons thus
improves the performance of the model.

In addition to the stability of the stored patterns, we are interested in the error-
correcting abilities of the network. We distinguish three types of errors. Suppose that a
stored message &* is destroyed. Then it can be corrupted by

1. deleting spins of neurons whose values are either 1 or -1, i.e. deactivate the corre-
sponding neurons (erasure),

2. reversing spins of excited neurons, i.e multiply them by —1; and finally
3. spuriously activating neurons whose state in £ is 0: map them either to 1 or to -1.

We can prove the following result for these three types of errors and, finally, for a message
concerned by all types of errors.

Corollary 3.6 (Corollary to Theorem [3.1t) Let & be an arbitrary stored pattern.
Suppose that the number of stored messages is in any case at most M = aN?/log(N)?,

a < %, if v € (0,1) is used as threshold, to guarantee stability of the stored messages (see
Theorem |3.1)).

1. Suppose that the pattern éf is obtained by deleting at random o1log(N) non-zero
spins in E*. Then the errors can, with high probability, be corrected in one step by
the retrieval dynamics, if 01 < 1 —, where vy determines the threshold vylog(N). If
01 > 1 — 1y, the pattern is never corrected, with high probability.

Other than in the Hopfield model, it is in particular possible to correct a number
of errors p11og(N) (obtained by deleting entries), o1 > 0.5, more than half of the
non-zero entries of the message, if the threshold is small enough.

2. Concerning a pattern ég obtained by multiplying 02log(N) randomly chosen non-
zero spins of " by —1, we can recover the original message & in one step, with high
probability, if oo satisfies

-y
02 < 5
The pattern is never corrected, with high probability, if 0o > 1_77 In this case of
corruption it is not possible to correct more than 0.5log(N) errors.

3. If p3log(N) of the inactive neurons of " have been spuriously activated, we can
correct these errors with high probability in the first step of the retrieval dynamics if

a satisfies
f‘)/

o< ——
Yy (1+ 03)
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where y, is again the unique root of the function g,. This bound is also sharp con-
cerning the one step retrieval: the message is not corrected in the first step, if
l

&= e

4. Finally, iof éff 15 a corrupted version of E# which combines these three types of errors,
i.e.: 011og(N) of the activated neurons have been deactivated, pslog(N) of the spins
have been inverted and p3log(N) inactive neurons have been activated, either to 1
or to -1, the correct message will be recovered with high probability in one step, if 01
and o9 satisfy

01+20<1—7
and « satisfies
~y
(1 =01+ 03)yy
The second condition is not supplementary to the stability condition , if 01 > 03.

If 01 < o3 and o > m, the pattern is not corrected in one step, with high

probability. Finally, the pattern is not corrected in the first step, with high probability,
Zf@l+2@2 >1—7.

a <

Proof: Without loss of generality, we consider ¢!, assuming that the active neurons of &*
are exactly in the places 1,...,k for some k € N, k/log(N) € (1 —6,1+ 9). We keep the
notation of Theorem [3.1l

We begin with the first case and assume that g, log(N) of the active neurons of &
are deactivated in éll We suppose that « fulfills the stability condition of Theorem .
Then the inactive neurons will also be stable with high probability if some of the non-zero
entries are deleted. To see this, consider for ¢ > k

M M
Sy =) g = Y Y el

7 p=l j<kgl#0 H=2

The only difference to the proof of the previous theorem is that the exterior sum has
k — o1log(N) summands instead of k, if there are k activated neurons in the message.
Using again As and Bs(7), we show by the same arguments as in the proof of Theorem
that the probability of turning a deactivated neuron into 1 or —1 is bounded by

P(3i: & =0,T,(¢") # 0) < P(45) + NP(B5(N))+

N  max max e 1MW) (1 4 p(cosh(t) — 1)) k-erloe)),
keN:k/log(N) 1eN:llog(N)/
€(1-6,146) (aN)e(1-6,140)

The term cosh(t) — 1 is positive for ¢ > 0, so
(1 + p(cosh(t) — 1))!k=erloe™) < (1 4 p(cosh(t) — 1))*

and the last line is upper bounded by inserting | = aN(1+46)/log(N), k = (1+6) log(N).
We are now in the same situation as in the proof of Theorem concerning the stability
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3 The Ternary Simple Model

of the inactive neurons. Since their stability is provided with high probability if ( . is
fulfilled, they also are stable in 51, with probability converging to 1.
Concerning the active neurons, we have for any ¢ < k

M M
=> Y dgg = Y gagr > gy

g#i =l §<k,j#i,€L#0 <k, j#i,€L#0 #=2

M
=&(k—olog(N) =€)+ Y Y ogerer

<k, g6l #0 H=2

The difference between active neurons of £ concerned by the deletion and active neurons
of ¢! not concerned by the deletion again is negligible. To reach that an active neuron of &*
is not corrected after the first step or does not keep its correct value, respectively, the sum
on the right hand side of the last line must exceed the value k — g; log(IN) — ylog(N) — 1.
There are two differences compared to the proof of Theorem [3.1} there are less summands
in the random term of the local field and the threshold to exceed to reach instability is
decreased by 07 log(N). We obtain analogously to this proof

max P(3i < N : € #0,Ti(EY) = 0|2)

keN:k/log(N)e(1—6,1+6)

k—p1log(N
< kP ‘ Ty
" keNk/ logI(Izl\%}e((pg,Hg) ( Z Z & 5

<(1+6)1og(N) [B(Bs(1)") + ¢~ (Gt (14 pleosh(t) — 1) FOoeeN]

The steps we made are the same as in the proof of Theorem or the previous proof
concerning the stability of the inactive neurons and are therefore not explained in detail.

With ¢ = arsinh((1 — 0 — 01 — 7)/((1 +0)(1 4+ 6 — p1)a)), the wanted convergence is
reached for each o1, 01 < 1 — v if § is chosen such that 0 < § < 1 — vy — p; because the
function g (see (3.11))) is negative on R.

To show the reverse bound, consider g, > 1 — ~. For an active neuron of &£, the
absolute value of the signal term coming from message £ is with high probability not big
enough to exceed the threshold: on Ay, it is at most (140 — p1) log(/N). So the probability
of turning ! into (0,...,0) is for k < (1+ 0)log(N) at least

P(vVi < k: |S-(€11)| < ylog(N)|Z) = 1= kP(|S1(£])] = 7log(N)| Z3)
(14+6—p1) log(N)+1

1—2kPZ Z e > (y—1=6+01)log(N)|.

Analogously to the computations concerning the case go; < 1—y, this vanishes as NV tends
to infinity, if 6 < oy +7v — 1.

We do not prove the statements concerning the other three cases in detail, because the
proofs are very similar to the one of Theorem and to the first part of this proof. There
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are only two things to observe: first, for arbitrary ¢ < N, the probability that 22:1 3

exceeds a threshold, e. g.,
!
P (Z g > vlog(N)> ,

p=1

is for each choice of t > 0 and I’ < [ bounded by

P (Z gt > fylog(N)) < em1eeM) (1 4 p(cosh(t) — 1))

Hzl
Se—tvlog(N)(l + p(cosh(t) — 1))Z/-

We can thus use upper bounds received for sums of bigger length (this is what we did in
the first part of the proof when we explained the high probability of the stability of the
inactive neurons in f ! by the one of the stability of the inactive neurons in ¢! where the
length of the sum in the noise term of the local field is larger).

Second, we have to examine the effects of the corruption on the local fields in the
different cases:

1. This case has already been examined.

2. If we multiply the values of g3 log(N) activated neurons by -1, which are, without loss
of generality, neurons i = 1,..., gy log(N), this does not cause any supplementary
requirements on « to guarantee the stability of the inactive neurons of £'. Their
local field is for some i > k equal to

M M
= Y ager= > Z g+ Y > gt

J<k p=1 j<p2log(N) u=2 02+1<j<k p=2

M
~Y oo

J<k p=2

The probability P(|S;(€1)| > ~log(V)) remains the same as the corresponding prob-
ability in the proof concerning the stability of ¢! in Theorem because the same
number of neurons is active in the two patterns.

For any active neuron i < k of &', the local field is

. log N) M k M
Si@) =k~ 202 108(N) Ty )&l = D Dogeg+ 3 e
J#L p=2 J#LG> p=2

02-log(N)

The remaining computations are thus made as in the proof of Theorem con-
cerning the stability of the active neurons of a message £*. The signal term is just
decreased by pslog(N); due to the results on page , the conditional distribution
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3 The Ternary Simple Model

76

of the noise term, given Zj, does not change, compared to the distribution of the
noise term of the input pattern £!. To have T;(£') # &}, it is necessary that

log
- Z Z££“§“+ Z Zé&“&“ > k — 20, 1og(N) — 7 log(N) — 1.
JFL p=2 JFLI>  p=2

02-log(N)

The probability P(Ji < k : T(£') # £}/ Z,) then vanishes for each k € N, k/log(N) €
(1—-6,140),if 1 —0 — 20y —y > 0. Combined with the fact that As tends to 1 for
each 6 > 0 the assertion follows immediately, if 20, < 1 — 7.

If 20, > 1 — ~, for an active neuron in £!, the absolute value of the signal term in
S;(€}) coming from pattern &' is at most k — 20, log(N) and with high probability
smaller than (1 -+ — 2p2)log(N). Since 6 can be chosen such that § <y — 1+ 2p,,
the probability of turning the pattern into (0, ...,0) in the first step of the dynamics
tends to 1.

. If p3log(N) of the inactive neurons have been activated, assuming that these are

the neurons k +1,..., k + p3log(N), the local field is for any i > k equal to

M
= > gee+ Y Zégﬁ%*‘

i<k p=2 k+1<5<
k+o3log(N) J?él

We can thus refer to the proof of Theorem [3.1] concerning the stability of the inactive
neurons, with the difference that the length of the exterior sum in the local field
is k + o03log(N) instead of k, because there are k + p3log(N) active neurons. The
exact value of féz, kE+1<i<k+oslog(N), does not play any role but only the
fact that the neuron is activated. We obtain

P(3i < N: ¢ =0,T(&) #0)
SNeft'y log(N)elog(N)(cosh(t) 1)(146)(1++03)x + I[D(Ac) + NP(Bg(N) )7

the only difference to (3.8)) is that «(1 + 0) is replaced by a(l + § + g3). The
convergence of this term to 0 is ensured if

Yy

« 1 + < s 1.e. o< —
( 93) y’y 1 5
as mentioned n the Lemma.

The excited neurons of £!, i.e. neurons 1,...,k, possess a local field that is equal to

M M
Sié) =(k—1)-&+ > e+ Y D e

J<k,j#i p=2 E+1<i< p=2
k+o3log(N)



The signal term of the local field of these neurons remains unchanged compared
to €' and the increased number of active neurons does not change the result: for

k/log(N) € (1 —0,149),

P (30 <k TiED) # €1%)
§2(1 + 5) 10g(N) (67(17677) 10g(N)telog(N)(cosh(t)fl)(lJrJ)(1+5+93)a + ]P)(Bg(l)c))

for each ¢t > 0. Comparing this with (3.10]), we observe that the probabiity tends to
0if 1 — 90 — v > 0 due to the negativity of the function g.

Concerning the reverse bound on «, consider the neurons that are not activated in
€'. Then with high probability, there is at least one of them that is activated by
the dynamics if the bound on « is exceeded. The proof works identically as in the
proof of Theorem [3.1} the only difference is that potential signals can come from
k + 03log(N) instead of k£ neurons.

. Finally we have to examine the case where all these errors are combined. Errors of
the first and second kind (as considered in 1. and 2.) decrease the absolute value
of the signal term of the local field of the active neurons by g1 log(N) + 205 log(V).
These errors are corrected and those active neurons of ! that are not affected by the
corruption remain stable, if p; +20s < 1 —7. If 01 +205 > 1 —~, the active neurons
of &' are all deactivated in the first step of the dynamics, with high probability.
This is proven analogously to 1. or 2.; the fact that the number of active neurons is
increased by the spuriously activated neurons does not change the result.

Concerning the inactive neurons, the relevant information is the number of active
neurons in é 1. If more neurons are deleted than spuriously activated, the inactive
neurons of ¢! are inactive after one step of the dynamics, applied to 51, with high
probability. If g; < p3, we can continue as in 3.: the supplementary condition to
the stability condition o < 7/y, then is

v

o<
Yy (1 — 01+ 03)

to correct (if they have been corrupted), respectively keep (if they are the same in
¢! and &}) the inactive neurons of £!. Again, this bound is sharp concerning the one
step retrieval.

OJ

Remark 3.7 The errors of the first and second kind (corruption of active neurons) affect
the choice of v. If o1 log(N) deleted neurons shall be corrected, v < 1— 0y and if p2log(N)
reversed spins shall be corrected, v < 1 — 205. For a fized v and « according to the
stability conditions, it is possible to correct a certain number of errors, without changing
a. On the contrary, an adaption of o cannot lead to stability in this case, if too many
neurons are corrupted. In addition, the model is more vulnerable to a corruption in form
of multiplication by —1 as to deletion.
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3 The Ternary Simple Model

For fized 7y, a decreases antiproportionally with 1 + o3, if 031log(N) neurons are cor-
rupted by the third type of error (spuriously activation) and shall be corrected. If a(v)
is the critical capacity variable for v and p3log(N) neurons are spuriously activated, the
errors are corrected, with high probability, if o < a*(7)/(1 + 03).

Remark 3.8 The energy function

N
H(o) = —% Z 0;0;Jij + v1log(N) Za?
i =1
ij=1
15 associated to the dynamics of the present model. It is possible to prove the existence
of energy valleys of this Hamiltonian. However, the proof is very similar to the proof of
Theorem[2.15 and does not lead to an increased capacity by a less restrictive notion of the
capacity. The radii of the valleys are of order log(N), the depths of order log(N)2.
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4 The Willshaw Model

The model to which this chapter is devoted was proposed in a paper by Willshaw (see [44]).
As in chapters 2 and 3, the neuron set is V' = {1,..., N} for some N € N. The set of edges
is enlarged by adding the self-loops {1},...{/N}. The model uses, as Amari’s model, the
configuration space {0,1}"V: the neurons can be active or inactive. The major difference
to Amari’s model is that also the synaptic weights are binary. A number of M patterns
£ ..., €M s stored; the information of their spins is used to built the synaptic weights.
The weight J;; does not depend on the number of messages in which neurons 7 and j are
activated together; it rather indicates whether there is any pu with & S;TL = 1 (that is to
say, whether there is any message that contains both neurons) or not. Even though there
is more information contained in Amari’s model, Willshaw’s model offers better storage
capacities than Amari’s model. This can be understood considering the fact that the
additional information contained in Amari’s model does not lead to any improvement of
the performance but only favours errors: if one stabs the dynamics in a stored message,
the neurons that are not excited in this message can accumulate more signals than in
the Willshaw model. The synaptic efficacy J;; counts the number of messages in which
neurons ¢ and j are both activated and the local fields can easier become too large. This
is prevented in the Willshaw model, whereas the important information to recognise a
stored pattern, i.e., the information that the participating neurons are contained in the
same message, is still contained in the synaptic efficacy. All the neurons belonging to
a stored message are interconnected which means that the synaptic efficacies among all
these neurons are 1. Here it is important that the model is sparse and there are only a
few synaptic weights that are 1.

As in the previous chapters, we can use two possible settings for the model. For the
first one we assume that the (£!') are i.i.d 0 — 1 random variables with success probability
p = 10;ng . For the second version we choose the M messages uniformly at random from
all sets of M messages with exactly ¢ = log N active neurons. We begin with the analysis
of the model with the first setting, because in this case the messages as well as all their
spins are independent.

In the Willshaw model, the synaptic efficacies are defined by

M . -
Jij:@(Z@”fﬁ—l) :{1 e =1

0 otherwise.
p=1

© is the Heaviside function, with ©(z) =1 if z > 0 and ©(z) = 0 for < 0. Especially
Ji; is defined in this model and it is 1 if there is at least one message that contains neuron
i. The model benefits from admitting a self-signal, which means that we consider the
local field S;(0) = Zj\;l Jijoj instead of Sj(o) = >, ; Jijo;; we will see that it improves
performance to modify S; in this way. This modification is called “memory effect”. Edges
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4 The Willshaw Model

whose synaptic weight is 1 are denoted as active; we sometimes call an active edge a
connection (even though, strictly speaking, each pair of neurons is connected in the graph,
but possibly by an inactive edge that cannot transmit signals).

There are two different types of dynamics to be considered. The first one, the threshold
dynamics comparable to the dynamics used e. g., in Amari’s model, can be applied to both
versions. Formally, we use a parallel dynamics whose i-th component sets for an input
oe{0,1}"

T(0) = © (Si(0) — )
with a fixed threshold h = ylog N, for some v € (0, 1].

The second setting of the model also allows for the application of another retrieval
dynamics. It keeps the neurons with the highest values of the local field S;(c) active.
Formally, let the ordered values of S;, 1 < i < N, be denoted by 5(1) > 5’(2) > >
5'(6) > ... > 5'(N). A neuron i is activated if and only if S;(o) > S’(C). This procedure is
called “Winner takes all”-algorithm (WTA algorithm, for short). The above dynamics is
not appropriate for the first version of the model, because a stored pattern might consist
of less than ¢ active neurons. The WTA dynamics activates by construction at least ¢
neurons and the stored pattern would definitely not be stable.

Finally, there is a variation of this second dynamics that is also applicable to the
first setting where the £§L , b < M, j < N, are independent. In this variation only the
most active neurons are activated, that is, all neurons with a value S;(0) = S(1); all other
neurons are deactivated. Compared to the WTA dynamics using S, this dynamics using
5(1) does not change the first step (and therefore the behaviour of the one-step retrieval)
if the input is a partially erased version g“ of a stored message &* or a stored message.
This is only true if S is used. The variation using 5(1) is also applicable if in the second
setting the fixed number of neurons per message is unknown.

The first section deals with the convergence of the three different dynamics of this
model; the second one contains an analysis of the stability and error correcting behaviour
as well as a short view on the energy landscape of the Willshaw model using the threshold
dynamics. In the third section, we analyse the Willshaw model with WTA algorithm and
show that it offers the best behaviour of the binary models. In the whole chapter, we use
the notation of As, Z; and Z;, used in Chapter 2.

4.1 Dynamical Properties of the Willshaw Model

As described in the introduction of this chapter, we consider three different dynamics for
the Willshaw model:

1. the threshold dynamics using the fixed threshold h = vlog(N),
2. the WTA dynamics using the variable threshold h = 5(1),

3. the WTA dynamics using the variable threshold A = S’(C).

The first version uses a fixed threshold, whereas the second and third work with variable
thresholds that are determined in each step of the dynamics. Note that in all cases we
consider the memory effect, i.e., use S. We consider, in all three cases, a parallel dynamics.
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4.1 Dynamical Properties of the Willshaw Model

In this section we show the following results:

1. choosing a fixed threshold h enforces convergence of the dynamics, if the input is a
partially deleted stored pattern or a stored pattern,

2. choosing the threshold h = 5(1), the performance does not benefit from iterating
more than once,

3. choosing a variable h = S(C) can lead to oscillation effects in the dynamics.

Theorem 4.1 The dynamics of the Willshaw model with threshold dynamics (with a fized
threshold h) definitely converges if the input pattern is a partially deleted version of a stored
pattern £ or a stored pattern.

Proof of Theorem 4.1k Let g“ be a partially erased version of {#. We denote by k,
the number of activated neurons of ¢#. 1If k, < h, none of the neurons gets a signal
that is higher than k, which means that & is turned into (0,...,0) in one step of the
parallel dynamics. One step of the dynamics here means the updating of all neurons, so
the pattern after one step is (71(&"), ..., Tn(£")).

If k, > h, we introduce the sequence
&) = &
gt+1) = T(&0) = (ME W), ... (@) teN,

and the sequence (a*(t)),5
att)y={ie{l,... N}:&t)=1}, teN,.
We will show the following proposition:
Proposition 4.2 Ifh < k,, the sequence (a"(t)), is increasing with respect to inclusion.

Proof: We prove the assertion by induction. Firstly, we observe that a*(0) C a#(1): each
activated neuron is part of the stored message £* and thus

Vi,j € a*(0): Jy; =1

which implies S;(€#) = k, > h for all i € a*(0). This proves the base clause.

Then suppose that a*(t) C a*(t + 1) holds for some arbitrary ¢ € N. By definition
of the dynamics, each i € a*(t + 1) gets at least h signals. So we have, for fixed i,
{j € a*(t) : J;j = 1}| > h. According to the induction hypothesis, a*(t) C a*(t + 1)
and therefore [{j € a*(t + 1) : J;; = 1}| > h. This implies that i € a*(t + 2) and that
a'(t+1) Cak(t +2). O

Proposition (4.2 implies that (a*(t)),-, converges.
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t=2kk>1 t=2k+1,k>1

< 4 <-4

Figure 4.1: The oscillation of the WTA dynamics in the Willshaw model using h = Sp.
The model contains N = 5 neurons and the number of activated neurons in a
stored message is ¢ = 2. Active edges are visualised.

Theorem 4.3 Choosing a variable h, that is, one of the WTA dynamics, can lead to
oscillation effects, even if the input is a partially erased stored pattern.

Proof: To see this, we propose an example where N = 5 and ¢ = 2. We firstly choose
the threshold h = S(y. Let us consider the stored messages

1 1 1 0 0 0
1 0 0 1 0 0
(&), <u<6 = 0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 1 1
Let the input pattern be the partially erased pattern
1
. 0
go=1|o
0
0
Then, due to the memory effect, the subsequent two outputs of the dynamics are
1 1 1
) 0 1 0
( 1(t)> || o 1 0
0<t<2 0 1 0
0 0 0

and thus £'(2t 4+ 1) = (1), £1(2t) = £1(2 ) for each ¢ € N.
If we use the variable threshold h = S instead, in our example S , this will also
lead to an oscillation of the output patterns:

—_

|
o O OO
O = ==
_ o O O
O~~~k O
_ o O O
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t=2kk>1 t=2k+1,k>1

< - <-4

Figure 4.2: The oscillation of the WTA dynamics in the Willshaw model using h = S().
The model contains N = 5 neurons and the number of activated neurons in a
stored message is ¢ = 2.

here we have £1(2t) = £'(2) and £'(2t + 1) = £'(3) for each t € N.
In the figures, only the active edges are drawn, even though actually all edges exist in
the graph, but some of them are inactive and cannot transmit signals.

0

Interestingly, the WTA dynamics using h = 5'(1) does not benefit from further iterations,
if the input is a stored or a partially erased stored pattern.

Theorem 4.4 Consider the Willshaw model where the threshold is chosen as h = S(l).
Choose as input a partially erased version f“ # (0,...,0) of a stored message " or the
stored pattern itself. Then the dynamics converges if and only if it converges in one step.
In particular, it can only converge to &* if it does so in one iteration.

Proof: We use the same notations as in the proof of Theorem [4.1 We denote by h(t)
the value of the threshold at step t. There are two cases to consider:

1. After the first iteration, the activated neurons in €#(1) are completely interconnected
(in the sense that the synaptic weights corresponding to their connecting edges are
all 1). Due to the memory effect, we have

Since h(0) is at most the number of activated neurons in the input pattern that is a
partially erased version of a stored pattern and thus the edges among its activated
neurons are all active, we observe that

The neurons activated in €#(1) are thus exactly those neurons that are connected
by active edges to each initially activated neuron. In particular, a*(0) C a*(1).
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4 The Willshaw Model

84

The local field of the inactive neurons in (1) is thus smaller than k(1) because
they have not been activated by the first step of the dynamics and did not receive a
signal from each of the initially activated neurons. Since additionally the threshold
h(1) is reached by each active neuron in £#(1), we observe &#(t) = £#(1) for t > 2.

. There are 7 and j' such that £4(1) = 55,(1) =1 but Jy; = 0, i.e., after the first

step, there are activated neurons whose connecting edge is inactive. In this case
EH(1) # &* because the edges between neurons of a stored pattern are active.

We fix such a pair ¢/ and j’. As we saw in the first part,

h0) =D&

and the neurons activated in £#(1) are those neurons that are connected by an
active edge to each initially activated neuron. Consequently, a*(0) C a*(1) and the
activated neurons of £ are contained in a*(1).

Since at least all neurons activated at step 0 are connected by active edges to all
neurons activated at step 1, we obtain

Consequently, 51“ (2) = 0 for each i that is not connected by an active edge to every
other neuron of a*(1), at least for the two neurons i’ and j'. This implies £#(1) #
£M(2). Since h(1) = Zfil €"(1), the neurons activated in £#(2) are exactly those
that receive signals from all neurons in g“(l). In particular the initially activated
neurons are connected by active edges to all activated neurons in é“(l) and we
obtain a*(0) C a*(2). In addition, we saw that a*(0) C a*(1). So each one of the
activated neurons in £"(2) is also activated in £(1) because it receives signals from
each activated neuron in £”(1) and therefore also by each activated neuron in £#(0);
this implies a*(2) C a*(1).

The threshold A(2) is at most S~ | £*(2). Since a*(2) C a*(1) and each initially

activated neuron is actively connected to each neuron of é“(l), hence also to each
neuron of €#(2), it collects SN  €"(2) signals and we deduce

h2) =Y &),

The neurons activated at step 3 are thus the neurons that get signals from each
activated neuron of £%(2). But the activated neurons of £#(2) are connected by active
edges to each activated neuron of £#(1), so a*(1) C a*(3). Since a*(0) C a*(2), each
neuron connected to all neurons of £#(2) and therefore activated in £#(3) is connected
to every i € a#(0) and thus also activated in €4(1). We conclude a*(3) C a*(1) and

£r(1) = €4(3). This yields
g2t +1)=€"(1) and (20)=€(2), teN.



4.2 The Willshaw Model with Threshold Dynamics

We observed that £#(1) # £#(2). The dynamics does thus not converge.
0J

Remark 4.5 In the Willshaw model with WTA dynamics using g(l), the dynamics started
i a partially erased stored pattern either converges in one step or does not converge. For
the Hopfield model, Burshtein in [I2] showed that a correction of a pattern in a certain
Hamming distance oN of a stored message is corrected in at most q steps, q depending on
0 and on the number of stored patterns. In particular, he showed that there is a distance
such that the dynamics requires exactly 2 steps to correct the pattern. Multiple steps are
indeed important in the Hopfield model, but do not to lead to an improved performance in
the considered case.

4.2 The Willshaw Model with Threshold Dynamics

The Willshaw model with threshold dynamics as described in the introduction offers higher
bounds on « (in dependence on 7) for the capacity and also a better error correcting
behaviour than Amari’s model.

4.2.1 Capacity and Error Correction

A first approach to obtain a lower bound on the capacity of the Willshaw model can be
made by using the results of the second chapter.

Proposition 4.6 Suppose that in the Willshaw model with i.i.d. random wvariables
(&, n < M,j < N), the threshold dynamics with threshold h = ~ylog(N), 0 < v < 1,
is used and M = aN?/(log N)? patterns are stored. For an arbitrary message £*, we have

lim P(Vi < N:Ty(¢") =€) =1

N—o0

if a fulfills the two conditions
a <7y

and
—~log <1) +7—-—a< -1
a

Proof: The statement of the proposition is a direct consequence of Theorem 2.1 The
only fact one has to observe is that the synaptic efficacies among the activated neurons
of ¢! are 1 and consequently the dynamics keeps these neurons activated if the message
consists of enough activated neurons. Formally, if £} = 1, the local field is

N N

Si(¢h) = Zf;Jij = Z@l

j=1 j=1

because Ji; = 1 for all 4,5 with £ = £} = 1. Since v < 1, the probability P[Z;V:l & >
~vlog(NV)] tends to 1.
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4 The Willshaw Model

On the other hand, for each i with & = 0, the probability of turning &} into a 1 by
the dynamics is given by

P(T;(¢")=0) =P (Z & Jij > vlog(N)) :

Jj=1

But the local field in Willshaw’s model is bounded by the one of Amari’s model: denoting
by SWiand SA™ the local fields and by JZ-\J’V Pand J,{}m the synaptic efficacies defined in the
corresponding models, we observe

N N
e =3 - 3 - 3o (St 1)
7=1 JF#1 JF
N Ny 74 #
D DI P
i# =l j#i

So
P(J<N:g=0T"(E)#0) <P(I<N:& =0T"(E") #0)

with the dynamics 7™ of Amari’s model and TW! of the Willshaw model. Thus the lower
bound on « obtained for Amari’s model is also a lower bound on « for the Willshaw model
with threshold dynamics.

O

Remark 4.7 In the Willshaw model, it is not possible to use threshold variables v > 1
because the synaptic efficacies are binary: the S; are bounded by the number of activated
neurons per message. If the messages are chosen uniformly from the set of patterns with
exactly ¢ non-zero spins, a threshold ~yc with v > 1 implies convergence to (0,...,0) of
every stored pattern in the first step. If the spins are independent and identically Bernoulli
distributed with parameter p, the probability of A§ vanishes for each § > 0, especially for
0 <d <vy—1, and an arbitrary stored pattern is turned to (0,...,0) in the first step,
with probability converging to 1. If in this model v = 1, the probability of turning &" into
(0,...,0) tends to 1/2, whereas v = 1 is an admissible threshold variable in the version
with exactly ¢ activated neurons per message. Depending on -y, the (preliminary) lower
bounds on the storage capacity obtained in Proposition [{.6 are thus smaller as the ones
obtained for Amari’s model because there is no option to increase the value 7y to reach a
higher capacity. As we will see, Proposition [{.6 underestimates the real storage capacity
of Willshaw’s model that will be revealed to perform better than Amari’s model, even by
only using threshold variables v < 1.

For the Willshaw model with threshold dynamics and i.i.d. distributed spins f’;‘ , we try
to improve the results obtained in Proposition by dealing with the characteristical
properties of the dynamics. The local field of a neuron counts the number of activated
neurons to which it is connected (their common synaptic efficacy is positive). Fix a stored
message, e.g., £', and some neuron i. To examine the behaviour of the dynamics, we will
determine the distribution of the number of activated neurons in ¢! to which a neuron ¢
is connected.
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4.2 The Willshaw Model with Threshold Dynamics

Lemma 4.8 In the Willshaw model with i.1.d. spins fj“, w< M, 7 <N, suppose that one
of the messages, e.g., £, consists of k 1’s and that k < (1 + 0)log(N) for some § > 0.
Let i € {1,...,N} be chosen such that & = 0. The distribution of the number of active
neurons in £ to which neuron i is connected is asymptotically Binomially distributed with
parameters k and p:=1—e"* As N — oo, we have for m € {0,... k}:

P (Z]j: i = m‘Zk> = (Z) (1 — e )me ak=m) 11 4 o(1)].

For each i with {’Zl =1, we have Zjvﬂ §}Jz‘j =k.

Proof of Lemma [4.8 Without loss of generality, we assume that the activated neurons
are exactly the first k ones. Let m € {0,...,k} and ¢ > k. In addition, let .J;; denote the
synaptic weight that only takes into account the messages £2,. .., ¢M:

M
Jij = © (foff - 1> -
n=2

For i > k, define X' (i) := {p > 2: &' = 1}. The probability of interest is transformed into

(Z)P[Vjém:J_Z'j:LVjE{m+1>---ak}3<]_ij:0]

k _ _
( ) 3 IP’[X(@'):B]]P’[ngm:Jijzl,Vj>m,j§k:Jij:O‘X(i):B].
BC{2,...M}

The distribution of the size of X'(i) is Binomial with parameters M — 1 and p. The
probability
P[ngm:Lj:1,vy’>m,jgk:Jij:()’)c(z):B]

only depends on |B|. It is, for some arbitrary set B C {2,..., M} with |B| = n, equal to
P [vj <m:Jy;=1Yi>mj<k:Jy;= O‘X(z’) - B} —[1—(1—p) " — p)rlt=m,
Consequently,

3 IP’[)((z‘):B]P[ngm:szl,Vj>m,j§k::Zj:0‘X(i):B]

BC{2,..,.M}
:M (Mn_ 1)p"<1 — M L= (1= )" (1= p)
-y (M=o S (M) vt -

o

=0

n=
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4 The Willshaw Model

—i <ﬂ;> (=) [p = p)m 1= p]

We just applied the Binomial formula, the definition of the Binomial distribution and
our observations until now. The next step takes into account that k = O(log(N)), p =
log(N)/N, the series representation of the logarithm (at argument 1+ z, for |z| < 1) and
finally the size of M:

}M—l ]Mfl

[p(L—p " +1-p =pQ-pk—m+)+0@*(k—m+1)°>)+1—p
=[1- 2(k—m—|—l)+(’)(p3(/<;—m+l)2)]M_1
=exp [(M —1)log (1 —p*(k—m+1)+ O (p*(k—m+1)?))]
=exp [(M = 1) (—=p*(k —m+1)+ O (p(k —m+1)*))]
=exp [—ak —m+1)+ O (p(k —m+1)*)]
-

=exp[—alk—m+01)] (1+ 0O (p(k —m+1)?%)).

This result is used to determine

(:”L) g; @) (1) [p(L = p)* 1= p)

_ (Z) g; (”;) (—1) exp [—a(k — m +1)] (1 +O (1°g](VN) (k—m+ z)Q))
— <k)e—a(’“—m> (1—e)" (1+0(1)).

m

The second statement of the Lemma follows immediately because the synaptic efficacies
among the active neurons of ¢! are 1.

O
With this information we can now improve the results of Proposition

Theorem 4.9 In the Willshaw model with i.1.d. random variables fﬁ,u > 2,5 <N,
threshold dynamics using the threshold h = vylog(N), v € (0,1), and number of stored
patterns M = aN?/(log N)?, an arbitrary but fived pattern " is stable with high probabil-
iy, i.e.,

lim P(Vi < N:T;(g") =¢") =1 (4.1)
N—o00
if a satisfies
—log(1 — )
and additionally
gl e
—v1 1—9)1 —1. 4.2
vog(l_e_a>+( v)og(1_7)< (4.2)
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4.2 The Willshaw Model with Threshold Dynamics

This bound is sharp: for each o with 1.) o < —log(1 — ) and

i log (1 _7€_a> 4 (1) log (16_:) > 1 (4.3)

or 2.) a > —log(l —~), an arbitrary stored message is not stable with probability con-
verging to 1:

lim P(3i < N : Ty(e) # €4 = 1. (4.4)

N—oo

0.5 T T T T T T T T T

critical capacity variable

0.45

04 -

0.35 -

0.3 -

S 0.25 -

0.2 -

0.15 -

0.05 -

Figure 4.3: Critical capacity variable () in dependence on the threshold variable ~y for
the Willshaw model with threshold dynamics

Proof of Theorem 4.9t We consider an arbitrary p, e.g., u = 1. The event As denotes
again As = {Zﬁvzl &€ ((1—0)log(N),(1+6)log(N))}. The probability of As tends to
1. In addition, the event {Zjvzl & = 25:1 ¢j = k} is denoted by Z.

We begin the proof by showing that the active neurons of ¢! are stable with high
probability. To see that they receive with high probability a signal that is sufficiently
strong, we consider some § < 1 — v and obtain for ¢ with £! = 1:

P(T;(¢) =1) =P [Z & Jij > vlog(N)]
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4 The Willshaw Model

=P [Z §J1 > 'ylog(N)] > P(4;),

which tends to 1. This holds in particular independently of the choice of a.
We continue with the behaviour of the inactive neurons of £!. Firstly,

P(i<N:¢ =0T #¢)
< < N el = 0. To(EY) £ € ¢
<P(Ay) ey ax P (Ji <N : & =0,Ti(&) £ & 2) + P(AS)

< P (3i > k: Ti(€") # 0| 2k) + P(AS).

max
keN:k/log(N)e(1-6,1+6)

In Lemmawe showed that the asymptotic distribution of Zle J;; for some fixed i > k
is Binomial with parameters £k and p = 1 — e™®. Let a random variable with Binomial
distribution with parameters k£ and p be denoted by Ry ;. The conditional probability of

the last line is then bounded by

P (3i > k: Ti(€") #0|12k) < (N — k)P (Tw(£") # 0| Z)

Z ij > fylog(N)]

j=1

=(N — k)P

S(N = k)P [Ryp > vlog(N)] - (1+ o(1)).

The probability P[Ry; > ylog(/N)] is maximal for the maximal value of k, k = [(1 +
9)log(N)], which is without loss of generality assumed to be a natural number. The
probability is bounded with the help of the exponential Chebyshev inequality:

(N —k)P[Rrs > vlog(N)] - (1+0(1))
<N P [R115)105(v).5 = 7 10g(N)] - (1 + 0(1))
<N exp [ — tylog(N)] [1 = (1 — e ) + (1 — e)e'] 5™ (14 0(1)).

Minimising in ¢ yields

5o =10 e
e TN =) (1= o)

as minimal argument; ¢’ 5 . is positive, if a < —log(1 — /(1 +0)). We assumed that
a < —log(1 — 7y) and can thus choose an appropriate 0 in the beginning of the proof.

Finally the condition

—Q

i e
710g<1_6_a> +(1+4 7)10g<1+5_7) + (14 0)log(1+4) < —1

should be fulfilled in order to enforce the probability to converge to 0. Obviously,

—Q

: Y e
(151{% ylog(l_e_a> +(1+9 7>10g(1+5—7) + (1+6)log(1 +9)

g e ™
= 91 1—7)1 .
vog(l_e_a)ﬂ 7) 0g<1_7)
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4.2 The Willshaw Model with Threshold Dynamics

So, if the condition

gl e
fylog(l_e_a>—|—(1 7)10g(1_7)< 1

is fulfilled, as in the formulation of the theorem, § can be chosen appropriately small to
obtain

—log (1 _7€_a> + (146 —7)log (L) + (14 6)log(1 + ) < —

1496—7

Thus we have
lim P (3 < N:Ty(¢") #¢&) =
N—oo

for this choice of . This proves the first part of the theorem.
For the second part of the proof, we first assume that a < —log(1 — ) and that (4.3))
holds. The probability of an error is bounded by

P(J<N:Ti(¢") #&) 2P (Fi < N: ¢ =0,Ty(¢') #0)

> . . T 1
_]P)<A6) keN:k/ logl(%l)lé(lfﬁ,lJré) P (Ell >k ,I’l(g ) # O’Zk)
>P(As) min [1-P(Vi>k:T;(¢") =0|2)] .

keN:k/log(N)e(1-68,1+6)
(4.5)

For an arbitrary realisation ()52 <k € {0, 1}*M =1 of (€/),22,j<k, the events {T;(¢') =

0}, @ > k, are conditionally independent, given {(&)u2 <k = (¢/).2,j<r}. We therefore
obtain

P (Vi> k:T,(6") = 0Z) :P<Vi>k'ZJij <710g(N)>

=Ee)nn5a [P (W >k Z Jij < vlog(N ‘]:N>

7j=1

:E(gy)p,ZQ,jgk < <Z JN] < 710g ‘_FN ]
N—

k k
=E(e) s e <1 N (Z ;2 vlog(N ‘FN>> . (4.6)

As we will see, it suffices to analyse the contribution of messages that contain exactly one
of the k activated neurons of £, to Z?Zl Jnj. We therefore examine the event

Bs(k) = {Vj <k: Z]l{zjékgéf:l} £ € [(1 —9) 102&)’00) }

H>2
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4 The Willshaw Model

The sum ) ., 1 (5 5;:1}5]’.'“ is for each fixed j < k Binomially distributed with param-
eters M — 1 and p := p(1 — p)F—L.

We bound the probability of B;(k)¢ to show that it tends to 0:

B(Bs(k)) =P|3j <k: ) Ly, emné) € |(1-0) 102& %))

n>2

L aN
SB[ 15, gl < (=0
u>2

<kexp[Mp(1—0)t](1+p(e " - 1))M71

<kexp [Mp(—(1—0)log (1 —8) —0) + O(Mp°k)] .
This implies that P(Bs(k)¢) tends to 0.

Now for some ¢ > k, the number of active edges between neuron ¢ and excited neurons

of &' is at least

- o($hee 1) T (St )

i<k i<k i<k

In addition, for each j < k and ¢ > k, the conditional probabilities

M
Z]\[ v 5
7 <Zﬂ{zjsksﬁ1}£é‘£f_ 1) B 1’;’5] —1— (1 p) ™ g

n=2

are increasing in E {Z]<k gr=1} 5 Furthermore, for fixed i > k, the events

M
{@ (Z]l{zj'qif:l}f?ff - 1) = 1}7 J<k
n=2

are conditionally independent, given {(&}),>2,j<r = (¥})u>2j<k} for an arbitrary realisa-
tion (33“)#>2 j<k of (f Vu>2,j<k-

Without loss of generality, assume that (1 — 0) 2= y € N. We define the event

log

R N
Bg(k}) = {V] <k: Z]I{Zjékgle}f; - (1 a 5>10§W}

H>2

Due to the conditional independence mentioned above and the fact that the conditional
probability of an active edge between ¢ and j, j < k, is increasing in Z =2 {2J<k ¢ _1}§] ,
we obtain

min P
Bs(k)

29 (Z (5, =160 85 —1) > 7y log(N ‘Fk]

n=2

>P|)_© (Z Ly o= &€ — 1) > vlog(N)‘Ba(k)

i<k p=2
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4.2 The Willshaw Model with Threshold Dynamics

These considerations allow to bound the last line of (4.6)):

N—-k
e s (1 ~B{ X Ty 2 ylog(N)| Y ))
J<k

- M
N
SE(ﬁ?)uzzu‘gk 1-P Z © (Z Iz, 5521}5%591 N 1) = fylog(N)‘}"k

Lj<k p=2

-

- o N—k
< max (1 —-P Z © Z Lis,., fle}fﬁff - 1> > ylog(N)’FéV]> + P (Bs(k))

Bs(k) <k 2

g(l_P

The conditional distribution of 3, © (Z“ oLy e &N — ) given Bys(k), is

M
P|Y © (Z Ly, =1y &nES — 1) = mléa(k)

) + P (Bs(k)°) .

M
> © (Z Ly, er=1€nES — 1) > ~log(N )‘Rs(k)

i<k p=2

J<k =2
k M R
_(m)P visk:® (Z]l{xﬂkg;‘uﬁﬁrﬁf - 1) = Lj<m|Bs(k)
n=2
:(k) (1 . p)(l—é)a%(k—m) |:1 _ (1 _p)(l da log(N):|m . (47)
m

With the help of the series expansion of the logarithm and the one of the exponential
function, we obtain

(1 _p)(l*é) log(N)(k m) elog(l p)(l 5) 10g(N)(k m)

—e—(1=8)a(k—m)+O(p(k—m)) _ ,—(1—=8)a(k—m) 1+ O(p(k —m))] = 67(176)a(k7m)[1 + o(1)]

and, using that p = log(N)/N and m < k = O(log(N)),

m

[1 _ (1 _ p)(l 6)alog(N):|m _ [1 _ elog(l p)(1— 5)0‘10g(1\/)}
— [1 — e*@*&)a*p%(l*é)aw(ﬁ]m = [1 — ¢ (179 (1 - p%(l —d0)a+ O(zﬂﬂ
Y Pl - { k) LR 10 )
o 1 — e~ (1-d)a

=[1 - 0799)" (1 + O(log(N)?/N)) = [1 — e =] (1 4+ o(1)). (4.8)

Finally

m

(k)(l—p)““” ) 1 (1 = p) (Dt |
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k m
— —a(1-96)(k—m) 1 — —a(1-9) 1 1)).
<m) e [ e ] (1+o0(1))

Ry 1_.—a-a again denotes a Binomially distributed random variable with parameters &
and 1 — e~*0=9) Inequality (4.5)) as well as the subsequent conclusions imply
P(F<N:Ti(&")#¢&) >P(A;) min [1-P(Vi>k:T,(£") =& 2)] > P(As)-

keN:k/log(N)
€(1-6,149)

. N—k =
i [1 — [1=P (R 1e-tm0a > ylog(N)) (14 0(1))]¥ " = P(Bs(k) )} .
€(1-4,149)

The minimum of P (R, ;_,-a-9a > v1log(N)) is realised by the argument k = [(1 —
d)log(N)]. The probability thus tends to 1 if the equation

o 1
hNHLlo%f m IOg []P) (R[(l—ci) log(N)], 1—e—(1=)a Z Yy 10g<N))} > —1 (49)

holds. Using Lemma and that the Legendre transform Aj(z) of a Bernoulli random
variable with parameter p € (0,1) is

Af(z) = zlog (g) —(1—2)log G_;i) ,

o 1
hNHl}oI})f W log [IP (R[(lfé) log(N)], 1—e—(1=8)e Z Y log(N))}

we see that

o 1 Y
>(1 —9) lim inf "1 = 0) log (V)] log {P (Rm_(s) log(N)], 1—e=(-9a = 7~ [(1 = 9) 1Og(Nﬂ)]

=-{-9 [%—5 log ((1 —6)(1 - ea(ld))) - (1 - 1%5) log (Tf;j)]

1 ( il ) (=5 —)log [
= —ylog — )+ (1= —19)log
(1=0)(1 —eo=9) -5

for v > (1—6)(1 — e *(=9), that is, & < —%5 log(1 — :25) (which is fulfilled if 4 is small
enough and o < —log(1 — v)). Hence the condition (4.9) holds if

1 v L6 ioe [ A1
—~ Og((l—é)(l—e—“(1—5)))+( —6—)log -z > —1. (4.10)

gl e
—~1 1—9)1 ~1
vog(l_e_a>+( 7)0g<1_7)> :

as formulated in the Theorem, the variable § can be chosen in dependence on v and «
such that (4.10]) is fulfilled, since by continuity we have

lim — 71 ( b ) (15— )log [
1m — y log —= + (L —0—)log
SN0 (1=06)(1 — eo(1-) 1 L

If now
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4.2 The Willshaw Model with Threshold Dynamics

Y e’
=71 1—7)1 .
70%(1_6_a)+< 7) 0g(1—7)

Finally, this yields

lim P(3i < N:Ty(€) #&) — 1
N—o0
for each a < —log(1 — ) that satisfies (£.3).

If « > —log(1—7), we choose some o/ < —log(1—+) such that holds. We will see
in the proof of the next proposition that this is possible for each v € (0, 1). The probability
of having at least one inactive neuron that gets too many signals clearly increases in the
number of stored patterns. Since this probability tends to 1 if o/ N?/log(NN)? patterns are
stored, it also does if N?/log(N)? patterns are stored. This finishes the proof.

O

Proposition 4.10 In the situation of Theorem there is for each ~y a critical a*(7),

such that holds for 0 < a < a*(7y) and holds for o > a*(7y). In particular,
the set of admissible capacity variables is nonempty for each v € (0,1). Each v > 1 is

inadmissible.
The critical value

o 1= sup {oz >0:3y€(0,1): a is an admissible capacity variable for 7}

18 equal to
o = —log(l—e™ ') ~ 0.45.

For each a < o, there is a nonempty interval (v*(«), 1) such that (v*(«), 1) contains ad-
missible threshold variables for a and (0,v*(«)) contains inadmissible threshold variables
for a.

Proof: The functions f: R, — R, £, : (0,7] = R, v € (0, 1),

fio ==t = =i (2) 0= (1)

are continuous and strictly increasing on R and strictly increasing on (0, v), respectively.
In particular, lim,~ o f,(x) = —oo and f,(v) = 0. So, there is a unique root x., of f, +1
in (0,7), and for « € (0,7), we know

Ho)<-1ler<z, flz)>-1z>7,.

For fixed =, the fact that f is strictly increasing implies that (4.2) holds for 0 < a <
—log(1 — z.,) and holds for & > —log(1 — z,). In particular, =, < v and therefore
—log(l — z,) < —log(l — ). Thus the whole set (0, —log(1l — z)) contains exclusively
admissible capacity variables and (—log(1 — z,), 00) only contains inadmissible capacity
variables; o*(y) = —log(1—=z,). The choice of v > 1 is inadmissible, because ]P’(Zj.vzl £ <
log(N)) tends to 1/2 and the synaptic weights are binary.
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4 The Willshaw Model

Finally, to determine a*, we state that for fixed «, the continuous function

fa:(0,1) =R, fo(y) = —7log (1 _Vea) (1 =7)log (16:a7>

is strictly increasing on (0, =), strictly decreasing on ({7,1) and

. Y CER RN
y{% 710g(1_6a>+(1 7)10g(1_7)— a>—1,

. 0 e a
}/1/(11{—710g<1_6_a) +(1—7)10g(1_7) =log (1—€e%).

This implies that the set of possible threshold variables for « is of the form (v*(«), 1) and
that a*(7) is strictly increasing in ~. In particular, o* = —log(1 — e™!), because for each
a > —log(l —e™'), we have f,(y) > —1 for each v € (0,1) and for a < —log(1 —e™!),
there is some v € (0,1) such that f,(y) < —1.

O

Corollary 4.11 In the Willshaw model with independent and identically distributed pat-
terns and spins using the threshold dynamics with threshold vlog(N), v € (0,1) let a
number of M = aN?/log(N)? patterns be stored, with « such that the stability conditions

a < —log(l—7), of Theorem[4.9 are fulfilled.

1. Let é‘ be a partially erased version of an arbitrary message &*, where at most
01log(N) of the 1s have been deleted at random, 0 < o1 < 1. If o1 < 1 -1,
the probability of a one step correction of & into £* tends to 1:

: . L ERY el
A}lg(l)()P(V@SN.ﬂ(&)—@)—l
If on the other hand o1 > 1 — 7,
: . L ER wy _
]\}LH;OP(HZSN.Y}@)#@)—L

In this case we can even conclude

lim IP’(VnZlHinSN:(T"). (Er) £ “) —1.

N—o0 bn
for=1-7,

lim inf P (Vn >1 3, <N : (T), () # &ﬁi) > 0.

N—oo

2. If we consider a message £ obtained by randomly activating o log(N) additional
neurons, 0 < o < 1, the probability of correcting the message in one step to &*
tends to 1 if « fulfills o < —log(1 — /(14 02)) and

—

—log (1 _7€_a> + (1 + 02 _'7) log(

) + (1 + 02) log(1 + 09) < —1.
(4.11)

L+o—n
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4.2 The Willshaw Model with Threshold Dynamics

This bound is again sharp concerning the one step correction: if either o < —log(1—
v/(1+ 02)) and

—

Y e
—1 1 — ) log [ ——— 1 log(1 -1
’Yog(l_ea>+( +02—7) Og(1+gg—”y)+( + 02) log(1 + 02) >
(4.12)

or a > —log(1 — /(1 + 02)), the message is not corrected in one step, with high
probability.

3. If finally € is a randomly corrupted message such that o,log(N) activated neu-
rons have been deactivated and o9 log(N) inactive neurons of " have randomly been
activated, 0 < 1 < 1, the probability of a correction in one step tends to 1 if 1.)

o1 <1l—v

and, in case 01 < 09, if the conditions 2.a) o < —log(1 — /(1 — 01 + 02)) and 2.b)

f}/ e_a
—~lo +(1—01+0—7)lo
v g<1_ea) (I—01+0—17) g<1_gl+g2_7)

+ (1 — 01 +Q2>10g(1 — 01 +Q2) < —1

are fulfilled. If o5 > 01, the bound in 2. is sharp concerning the one-step retrieval.

Proof: Concerning the first point, we cannot correct a number g log(/N) of deleted entries
if py > 1 — v : since the synaptic efficacies are binary, the local field of a neuron ¢ can be
at most k — o1 log(N), where k is the number of 1’s in £&#. For 0 < 6 < g1 — 1 + v and
each k < (14 0)log(N),

k—o1log(N) < (146 — o1)log(N) < vlog(N).

Due to P(As) — 1 for As = {Zjvzl £/ log(N) € (1 —6,1+46)}, the pattern ¢! is turned
to (0,...,0) in the first step, with high probability:

P <Vi <N :Ty(E") = o) > P(As) — 1.

In this case ¢! can never be recovered.
If oy =1—1, " is turned to (0,...,0) with positive probability because

N

1

. W _ -

A}l_tg@]?(élfj <log(N)) =3
j:

If in contrary o1 <1 — 1, we choose 0 <1 —~ — p;. The activated neurons of " receive
k — 01 log(N) signals if the input message is the corrupted pattern &* and &* consists of
k active neurons. On A,

k—o01log(N) > (1 =0 — 01)log(N) > ~ylog(N);
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4 The Willshaw Model

so these neurons remain activated or are reactivated if they have been deactivated to
obtain é“.

The inactive neurons of £* get a lower signal if é“ is the input vector of the dynamics
compared to the situation where £# is the input and are thus stable if £ is stable, which
is the case with high probability because one of the conditions of the theorem is that the
stability conditions a@ < —log(1 — ) and are fulfilled.

Concerning 2., if in €* a number of o, log(N) neurons is spuriously activated, the
inactive neurons of £ are more likely to be activated by the dynamics. The only difference
to the proof of the previous theorem is that the number of potential neurons from which
signals can come is increased and equal to k + g2 log(N) instead of k if k is the number
of activated neurons in £#. We can adopt Lemma and see that the distribution of
the number of activated neurons in £ to which a fixed neuron 7 > k is connected by an
active edge is asymptotically Binomial with parameters k + g log(N) and 1 — e~®. The
rest of the proof of Theorem can almost literally be repeated and we obtain that the
probability of a correction in one step tends to 0 if v > (14 g2)(1 —e™®) and holds
and to 1 if either v < (1 + g2)(1 —e ) orif v > (1 + p2)(1 — ™) and holds.

In the last case, where g; log(/N) neurons have been deactivated and g2 log(/N) neurons
have spuriously been activated, these two conditions are combined. The neurons belonging
to £" get at least k— o1 log(N) signals, which exceeds the threshold with high probability if
01 < 1—7, whereas the remaining neurons can potentially get signals from k— o; log(N)+
0210g(N) neurons, which leads in case g > p; to the sharp bound formulated in the
corollary.

O

Remark 4.12 Again, if one wants to correct a certain number of erased entries, one
must choose an appropriately small vy and the critical capacity variable o*(7y) decreases
with . A correction of a number of olog(N) spuriously active neurons also decreases the
mazimal capacity variable: if x., is the root of f, + 1 in (0,7), as defined in the proof of

Proposition [4.10, o must fulfill o < —log(1 — a/(1 + 0)) instead of a < —log(1 — ).

Theorem 4.13 The bounds on « concerning the stability and error correction of the
Willshaw model obtained so far are also valid if the M = N?/c* messages are chosen
uniformly among all patterns with exactly ¢ = log(N) active neurons.

Proof: We only give a short summary because the proof is very similar to the one of
Theorem [4.9) We consider ¢!, assuming that the first ¢ neurons are active. Concerning
the lower bound on «, we consider the random variables

M M
Xa(0) =3 Lis,gmn and Xs(0) =) iy, ooy

[L:2 #:2

each Binomially distributed with parameters M — 1 and p, = (5) ]\?Ef\,__li) (1+ O(*/N)) =

(5) J‘\:,—Z(l +O(?/N)) and p3 = (5) Jff—sg,(l + O(c?/N)), respectively. As in the previous proof
of Theorem die probabilities of the sets

Cs(e) = {ff(ij) c(l-61+ 5)}, Do) = {Xs(c) = 0}

2
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4.2 The Willshaw Model with Threshold Dynamics

tend to 1. This is also true for the event

i N
Bs(c) = {W se: 21{21955:1} & € (_ 00, {1+ 5)102(]\[)) }’

n>2

similar to the computation on page , using that for each j < ¢, P(1{2j<c£§‘=1} fj“ =
1) = ¢/N(1+ O(c?/N)). To obtain stability of {', we need >°°_, Jij < e for all i > c.
We first consider the distribution of

M
> 0 <Z Ly er=ny&'€) — 1)
n=2

j<e

instead of ngc Jij = ngc@(zyﬂ §eE —1).

Similarly to the considerations on pages - and the computations in and
, by replacing p (the probability of activating neuron 7 in a message, given that
exactly one of the first ¢ neurons is already active), by (¢ —1)/(N — ¢), we can bound the
probability

M
F (Z © (Z ]l{zjscfle}éz%f - 1) > e

Jj<c n=2

Bg(C)) <P (R&lfe—(l-&-é)a > ’)/C) (14 o(1)).

Since additionally the following probability vanishes, as N tends to infinity:

P(3i>c: Z gl > 1’05(0) < (N —¢) (a(l —;5)(5))132 —0,

M:ngc 5;22

we obtaln

P (Eli >c: Z Jij > 76) <P ((Bs(c) N Cs(c) N D(c))) +

j=1

2

gl e
—v1 1—7)1 —1
70%(1_6_a>+( v)og(1_7)<

by choosing an appropriate o > 0.

Concerning the opposite bound, the situation is more complicated as in the model with
i.i.d. spins. First, we can proceed as in the proof of Theorem [£.9 Again the probability
of the event Bs = {Vj < k : _2@2 Iy, o=y £ € [(1—0)aN/log(N),00)} tends to 1.
Additionally, the sum 2521 Jij is estimated to be at least

(N —¢) (a(l +9) <g))p2 + (N —¢)P (RC_271_6—(1+6)04 > ye — 2) (1+0(1)).

This vanishes, if

SazYe| ¥oag-n
Jj=1

Jj=1 w5 € =1

99



4 The Willshaw Model

Now, given a realisation of f’]“, 1> 2,5 <c, the events

{i@( > 555;%—1)270}, i>c

J=1 N:Z;zl 67:1

are not conditionally independent (in contrary to the other version of the model). For
arbitrary (z!)j<c>2 € {0,137 the (£), i > ¢, p > 2, are conditionally negatively
associated, given {(&})j<c >2 = (7)) j<c 2} for fixed p, (7 > ¢) is conditionally Multi-
variate Hypergeometrically distributed with parameters N —c¢ (number of characteristics),
¢ =Y <. (number of drawings) and (1,...,1) (vector of multiplicity of the character-
istics), because there are exactly ¢ active neurons per message. So the (¢!, i > ¢, p > 2),
are conditionally negatively associated as union of independent sets of the conditionally

negatively associated random variables (/)7 > ¢), u > 2. The variables

Zc:@ Yoo, ixe

J=1 /‘:Z;=1 5;21

are, for fixed ({fj” )j<N,u>2, coordinatewise increasing functions using disjoint subsets of the
negatively associated random variables (£!',7 > ¢, u > 2) and therefore also conditionally

negatively associated, given {(£});j<cu>2 = (7})j<cu>2}. We obtain, with Lemma m 4.,

]P’W>c:i@ ST e <’yc’fcjv

Jj=1 w5 € =1

=P |Vi>c:1

- o)fgv
251 @(Zuzz§:1 ehm Ef&f—l> >ve
B N—c
C
slye ¥ agr] <

L= e

The rest of the proof of Theorem can now be modified for this version of the model.
We consider Bs and compute analogously the probabilities in (4.7) and (4.8), using £,

N—c
instead of p in the computations, because we consider patterns with exactly one active
neuron out of the neurons 1, ..., c. This is a negligible difference and does not change the

result. We obtain the upper bound on « : the pattern is instable if

gl e
—v1 1—7)1 ~1.
vog(1_€a>+( v)og<1_7)>

The proofs concerning the error correction can be adapted in the same way.

100



4.2 The Willshaw Model with Threshold Dynamics

Theorem 4.14 If at most M = o(N?), 8 = vlog(y) — v + 1, messages are stored in the
first setting of the model (i.i.d. spins), these are stable with high probability: then

lim P(3p < M :T(€") # &) =0.

N—o00
If in contrary N® = o(M), B = ~vlog(y) — v + 1, there is, with high probability, at least
one pattern that is not stable:

lim P(3pu < M :T(&*) # &) =1.

N—oo

In particular, in this case

lim P3u < M :T(&") =(0,...,0)) = 1.

N—o0
In the second version of the model, with exactly ¢ active neurons per stored message, all
patterns are stable with high probability, if M < aN?/log(N)?, such that

8 e
—~1 1—)1 _3.
’70?3(1_6_a>+( v)og(1_7)< 3

Proof: The first two statements follow immediately from Proposition 2.8 If on the one
hand M = o(N?), 8 = vlog(y) — v + 1, there are with high probability enough activated
neurons (> 7c) in each message, and we showed in Proposition that the inactive
neurons in Amari’s model are stable for this choice of M. Since their local field is in
the Willshaw model smaller than in Amari’s model, the messages are also stable in the
Willshaw model, with high probability.

On the other hand, if M is too large, there are not enough activated neurons (< ~yc)
in at least one message and since the synaptic efficacies are binary, the activated neurons
get in this case a signal that is too low; the whole message is turned into (0, ...,0).

The last claim follows analogously to the computations of the precedent Theorem [4.13
To take the number of messages M into account, one to observes that MP(B;s(c)¢) and
MTP(C5(c)?) vanish, where Bs(c) and Cs(c) are defined as in the proof of Theorem
in addition, one has to consider messages with 3 and 4 active neurons in the set {1,...,c}.
However, these only lead to a negligible number of connections and do not change the
result as N and ¢ tend to infinity. In fact,

b

MNP(R, 1 o 19a > vlog(N))

vanishes for fixed x (x is 11 in the worst case) if —ylog(y/(1—e™*))+ (1 —~)log(e=*/(1—
7)) < —3 and ¢ is appropriately chosen.

O

In the next section, we analyse the capacity of the Willshaw model with WTA dynamics.
As we will see, the bound of the latter model is of another form as the one we found for
the first version: the WTA dynamics outperforms the threshold dynamics. However, they
both lead to the same maximal capacity for v =~ 1, whereas they give different bounds
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4 The Willshaw Model

for the error correcting case. This is reasonable because using a threshold variable near
1, an error concerning the inactive neurons of £# occurs if one of the inactive neurons is
connected to almost all of the activated neurons. The WTA dynamics will produce an
error if one of them is connected to every of the active neurons.

In computer simulations the threshold dynamics in the Willshaw model is outper-
formed by WTA (see [18]). Our theoretical results support this observation.

4.2.2 Energy function of the Willshaw Model with Threshold
Dynamics

The Willshaw model with threshold dynamics is related to the following Hamiltonian
function:

Proposition 4.15 The function H, defined by
| N
H(O’) = —5 Z UinJij + Z g; [—J“ + ’YlOg(N)]
i#j i=1
is decreasing along steps of the sequential dynamics T =T o...0Ty.

The term J;; is chosen for the reason that this model includes self-loops of the neurons.

Proof: Suppose that one spin of o € {0,1}" has been updated. Then, using Ti(o) =
(01,...,Ti(0),...,0n), the Hamiltonians evaluated in o and T;(o) differ by

H(Ti(0)) = H(0) = [Ti(0) — 0i] (— Z Jij + ’Vlog(N)>

which is, in each possible case of updating, non-positive due to the updating rules. Con-
cretely, if an activated neuron is deactivated, we know that

N
Ti(c) —o; = —1 and ZJZ-J- < vlog(N);
j=1
in the opposite case, we have
N
T;(0) —0; = 1 and Z Jij > vlog(N)
j=1

which leads in both cases to nonpositivity of the difference of the values of the energy
function.
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4.2 The Willshaw Model with Threshold Dynamics

The question then is: can we determine energy barriers, i.e. are there Hamming spheres
around the message £ such that on each point on the Hamming sphere of a certain radius,
the energy is at least higher than the energy of £ plus a given constant? We suppose, as
in the previous models, a radius of nlog(NN), with n < 1. A pattern in Hamming-distance
nlog(N) of a given message, e.g., !, is uniquely characterised by the k; places where
a neuron of &' has been activated and the k; places where a 1 has been deleted, with
k1 + ko = nlog(N). These sets are denoted by J; and J,, respectively. The pattern that
differs from £! in exactly the spins of the neurons belonging to J is denoted by &}, We
assume without loss of generality that

& =1fori<k, & =0fori>k
for some fixed k € N, k/log(N) € (1 — 6,1+ 0), and consider
Jo={k—ko .. kY, J={k+1,.. k+k}.

As in Amari’s model, we can show that there exist energy valleys around a fixed but
arbitrary stored pattern. As in Theorem [2.15] we do not obtain a higher capacity than
concerning the perfect retrieval (Theorem 7 but the result shows that every corrupted
pattern on the sphere has a higher energy than the stored pattern. In Corollary [4.11] we
only consider a fixed corrupted pattern.

Theorem 4.16 In the Willshaw model with threshold algorithm, for v € (0,1) used as
threshold variable and o as capacity variable, such that o < vy and

—~log (1) +v-—a< -1,
a
there are n > 0 and € > 0 such that
A}im P (EIJ C{1,...,N}:|J| =nlog(N), H(&") — H(&)) > —glog(N)2) =0
— 00
for the Hamiltonian function defined in Proposition [{.15|
Proof: Suppose that there are k active neurons in £!. Since J; = 1 for all neurons that

are active in £! and J;; < 1, the difference of the Hamiltonian functions evaluated in &*
and ¢} is bounded from above by

N
H(E) ~ HE) = —5 S Jele+ 306 [+ 7log(N)]
=1

i,5:9747
1 N
+§ Z Jijg}]z’é}]j - Zﬁlh [—Jii + 7 log(N)]
i,jri] =1
k k — ko 1
S_(2>+( 9 )—l—h/log(N)—lHkQ—kl]—l—u' Z Jij—i-i Z Jij

i,j:0€{1,....k—ka}, 1,5:17£3,(4,5) €
Je{k+1,....k+k1} {k+1,....k+k1 }2

103



4 The Willshaw Model

k2 ko 1
:—kk2+5+5+[’ylog(N)—1][k2—k1]+‘” E Jij+§ E JZ]
Z,]S’Le{l 7777 kik2}7 17]”;&.77(17])6
Je{k+1,. k+k1} {k41,... k41 }2

The random variable

Y (k, k1, ko) := Z Jij + % Z Jij

’L,]’Le{l 77777 kka}y 17]7‘;é.77(l7])€
je{k+1,....k+k1} {k+1,....k+k1 }2

denotes the number of positive synaptic efficacies on edges within the set of neurons
{k+1,...,k+ ki} (without loops) and between neurons of the latter set and neurons of
the set {1,...,k — ko}. We are interested in estimating the following probability

P\Y (k. k1, ko) > ko — k3/2 — ko /2 + [ylog(N) — 1]k — ko] — clog(N)?

such that the product of this estimation of the probability with the number of possible
patterns on the Hamming sphere with radius nlog(/N) (assumed to be a natural number),
centred in £, converges to 0. Using

k—k2

YO (k, k) o= Zg;‘, Y2 (k) = Z&;‘,

j=k+1

this number is bounded from above by

Y (k ko k) < (Y“(l)(k’ kl)) + YD (k, k)Y, (k, ko).

2
pn=2

To be precise, the variables Y,fl) and Yu(z) depend, of course, on k1, ke and k, but we omit
this in the notation. To estimate the probability, we determine the moment generating

. . . . 1
fuirzl'ctlotn of the random variables: as in the proof of Theorem we can for ¢ < ;
estimate:

M Y(l)
E |exp tZ( ; )+Y#(I)Y#(2)
p=2

11=0 i9=0

k
— |:(1 _p)k+k1*k2 + (kl +k— kg)p(l - p)k+k1fk2*1 T (21)p2€t

+ (k _Qk2>p2 + (k — ko) k1p*e' + O(p*(k + k1)4)] e
- {1 o <_ (k ' ké . k2> + k;)et + <k 5 kz) (k- /@)klet) + Ok + kl)ﬂ o
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4.2 The Willshaw Model with Threshold Dynamics

M-1

2
<exp [a ((’;1) (b — 1) + (k — ko) (et — 1))} (14 o(1)).

By the application of the exponential Chebyshev inequality, we obtain

- [1 +p? ((kl) (e' = 1) + (k — kq)ki (&' — 1)) + Ok + k)"

P

Y (k, ky, ko) > kky — k2/2 — ko/2 + v 1og(N) (ki — ky) — ky + ko — 510g(N)2]
<exp (—t [kko — k3 /2 — ka/2 + v10g(N) (k1 — ko) — k1 + ko — £log(N)?])
exp {a ((];1> (e — 1)+ (k — ko)ky (el — 1)” (1+0(1)). (4.13)

By intersecting with Ay, it suffices to consider

P(37.C {1, N} J] = nlog(N), H(E) = H(€) 2 —eTog(N)I24)
N) (k)P <H(gl) —H(G,) 2 —Slog(N)QIZk> (4.14)

<nlog(N
<nlog( )kleN:OSHklflg}iylog(N) (k:l ko

for k/log(N) € (1 — 6,1+ 6), with Jy, == {k—ky+1,...,k}U{k+1,... .k + ki },
ko = nlog(N) — k1. We take into account that nlog(N) = k; + ko: similarly to the proof
in Chapter [2 by inserting the last two lines of and replacing ko by nlog(N) — ki,
we see that the maximal value is either attained in k; = 0 or in k; = nlog(N).

If k; = 0, the second exponential in (4.13]) vanishes. We observe

a0 ) JP(HIED — H(€) = ~<lon(VP121) — 0

if kky — k3/2 — k2 — vlog(N)ky — elog(N)? > 0, which is fulfilled if
e<o(l—-6—-0/2—7).
For ky = nlog(N) and k < (1 + §)log(N), the probability in (4.13) is at most
k
exp [—tv log(N)k? + thy + telog(N)* + « (( 21> (e" = 1) + kky(e' — 1))}

2

< exp [—tlog(N)2 (yn —¢) + alog(N)*(e' — 1) (% +n(1+ 5)) + O(log(N))] .

Using t = log( =), the last line in (4.14)) vanishes, if

n—
a(n?/24n(1+9))

- <” - ﬁ) o (am?z_fﬁ 5>> e (amZz_jﬁ 5 1) (3r1r0) <t

We are now in the same situation as in the proof of Theorem [2.15 It is possible to find
e > 0,17 > 0 such that all the named conditions are fulfilled (including ¢t < 1/7), if a <~
and —ylog(y/a) +v —a < —1.

O
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4 The Willshaw Model

4.3 Capacity and Error Correction of the Willshaw
Model with WTA Dynamics

Content of this section is the Willshaw model with WTA dynamics as described in the
introduction of this chapter. We first consider the behaviour of the one step retrieval. Our
first observation involves the difference between the dynamics using the variable thresholds

g(c) and S(l):

Remark 4.17 Consider the Willshaw model with WTA dynamics in the version with
stored messages containing exactly ¢ active neurons. There is no difference in the first
step of the WTA dynamics between the usage of the variable thresholds g(c) and 5(1), as
long as we consider a partially erased version of a stored pattern or the stored pattern
itself as input.

This can easily be understood: assume that f of the activated neurons have been erased;
f =0 in the case of the correct pattern. The S; are bounded by the number of activated
neurons in the input, because the synaptic weights are binary. The highest possible value,
that is, ¢ — f, is at least attained by the ¢ neurons of the stored pattern. Consequently
we have 5’(0) = 5'(1). This is only true if self-loops are accepted: otherwise the inactive
neurons in a partially erased pattern get ¢ — f, the non-erased ¢ — f — 1 signals, and
we cannot guarantee 5(1) = S(C). In particular, for all the results obtained for 5’(1), it is
important to respect self-loops.

The WTA dynamics using 5(1) can also be applied if the messages do not consist
of exactly ¢ neurons, but whose spins (£,4 < N), are independent and identically dis-
tributed. We begin with the analysis of this version, but can afterwards show that the
obtained results are also valid for the model with stored patterns chosen uniformly from
the set of all messages with exactly ¢ active neurons.

Theorem 4.18 Consider the Willshaw model with patterns such that 55‘, w>17 <
N, are independent and identically distributed. Assume that in the model with WTA
dynamics using 5(1) a number of M = aN?/(log N)? patterns has been stored. Then for
a < —log(l —e Y and for any fized u

lim P(Vi < N:T;(g") =& =1
N—o0

This bound is sharp: for a > —log(1 —e™') and any fized i, we have
lim P (3 < N :Ty(¢") #£¢&) =1.

N—oo

If olog N, 0 < 0 <1 of the initially activated neurons of message §" have been erased at
random to obtain £", we have for a < —log(1l — e‘l/(l_g)) and any fixed pu:

lim P <Vi < N :T(é") = gf) ~ 1

N—oo
Again, this bound is sharp: For a > —log(1 — e~ Y(1=9) we have for any fized u
lim P (3@ < N T(é") £ gf) ~ 1

N—oo
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4.3 Capacity and Error Correction of the Willshaw Model with WTA Dynamics

Proof of Theorem [4.18: We just prove the second part of the theorem. By setting f
to 0, we obtain the first part. We again assume that k neurons in the message &' are
active, with k/log(N) € (1—4,1+§) for some small § > 0, and that & = 1 for i < k and
& =0fori>k+1.

Assume that f of the k active neurons are erased. Let &' € {0,1}" be the version of
€' corrupted in the way that £! = 1 fori < k— f and & = 0 for i > k — f + 1. The S;

are bounded by
k—

Si(él): Jij <k —f,

~

<.
Il
-

but the activated neurons of ¢! have positive synaptic efficacies among them coming from
their common activation in &, so

Si(fy=k—f i<k

The value of S;) is thus equal to k — f and therefore T;(£1) = & for each i < k.

Obviously, we have T’ (§~1) # €V if there exists some i > k + 1, such that neuron i also
attains k — f signals, which is possible if and only if the synaptic efficacies between neuron
¢ and each of the £ — f activated neurons is 1.

Lemma can be modified to an arbitrary subset of the activated neurons of &1,
e.g., {1,...,k— f}. The probability that a fixed neuron i, i > k, has non-zero synaptic
efficacies with every of the first £ — f neurons is then

k—f
P (Z Ty=k- f) = (1) L+ o(1)]

This can be used to bound

k—f
P(Hz‘zkﬂzzzj:k—f)
1

J
<N(1 — e )1 4 o(1)]
=exp [log(N) + (k — f)log(1 — e )] [L + o(1)].
Taking the maximum over all k& € N such that k/log(N) € (1 — 4,1+ 0) yields
P(Hi <N:el=0,T(E) = 1)
< . T cly c
ST A R EOREE
<exp [log(N) + (1 — 6 — o) log(N)log(1 — e~*)] [1 + o(1)] + P(AS).
This tends to 0 if

(1-6—0)log(l—e®) < —1, ie. a < —log (1 —e /17070,
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4 The Willshaw Model

Let a < —log (1 — 6*1/(1*9)). Then, due to the fact that P(As;) — 1 and by choosing ¢
such that (1 — 0 — p)log(l —e™®) < —1, we obtain

P[HigN:]}(fl)#@l] 50

as desired.

It remains to prove the reverse bound on the storage capacity. We assume that M >
aN?/log(N)? for some a > —log(1 —e~'/(1=9)). To show that there will be an error with
high probability, the proof of the corresponding part of Theorem can almost literally
be repeated. There are only two differences:

1. If f # 0, it suffices to condition on a realisation of the variables &, u € {1,..., M},
i < k — f, instead of i < k; the corresponding events change to Bs(k — f) and
Eg(k? — f), respectively. The probability of Bs(k — f) tends, of course, also to 1, as
it is included in Bs(k). The minimum of the conditional probabilities is attained on

Bs(k — f).
2. After having stated that
M M
S oe(Yeg-1)> ¥ oS eeg 1),
j<k—f p=2 j<k—f p=2 -
it suffices to compute the probability in (4.7)) and (4.8) for m =k — f:

P [’Z © (Z ]I{ngk—fgﬁzl}g#gf - 1) =k — f‘éé(k - f)]

<k—f  \p=2

—[1— e 14 o(1)).
We obtain
P(3i<N:T(E) £ €))

>P(As) i 1P (Bs(k — f)°) — (1 Rl 0(1)])%1
(1—05g,1+6)

This converges to 1 if
(1-6—o)log [l —e 9] > —1. (4.15)

We consider an « with
a>—log (1 - e_l/(l_g)) ;

obviously § can be chosen small enough such that (4.15) holds and thus the probability

converges to 1. This finishes the proof.

O
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4.3 Capacity and Error Correction of the Willshaw Model with WTA Dynamics

Proposition 4.19 The results concerning the one-step retrieval of the WTA dynamics
using 5(1) obtained in this section are also valid if the stored messages contain exactly c
active neurons and either 5(1) or S’(C) is used: for a fixed stored pattern &, stability is
reached if < —log (1 —e™') and a partially erased pattern, with oc erased neurons, is
corrected in one step, if a < —log(1 — e~/(1=9)) . Both bounds are sharp.

Proof: Take a stored pattern £ and assume that f (possibly f = 0) of the ¢ active
neurons have been deactivated. The pattern £* is not recovered in the first step if and
only if there is a neuron not belonging to the pattern that is linked by active edges to each
one of the active neurons of £#. To prove that the bounds coincide, we refer to the proof
of Theorem [4.13] The difference to this proof is that we are interested in the probability
that none or at least one, respectively, of the neurons not belonging to £* is connected by
an active edge to every one of the ¢ — f activated neurons of &* or &*, instead of to at
least vc of them.

OJ

Remark 4.20 Both dynamics used in the Willshaw model allow to reach a better capacity
than Amari’s model and the Ternary simple model.

If we are only interested in the stability of stored patterns, we set v < 1 and see that
the threshold dynamics is as efficient as the WTA algorithm. But as soon as we analyse
the error correcting abilities of the network, we see that the WTA algorithm outperforms
the threshold dynamics and reaches explicitly better values. To correct golog(N) deleted
neurons, some vy < 1 — o must be used, and the critical capacity variable in dependence on
7 is smaller than —log(1 — e~Y/1=2)) However, this comparison is not fair because the
WTA algorithm uses the information of all local fields to update a fized neuron, whereas
the threshold algorithm only needs the information of the local field of the concerned to
update 1t.

The Willshaw model with WTA dynamics is also able to correct patterns with spuriously
activated neurons:

Proposition 4.21 In all versions of the Willshaw model with WTA dynamics (i.i.d. spins
or patterns with exactly ¢ activated neurons; dynamics using h = S(l) or g(c)), a corrupted
version of &# can be corrected in one step if

1. p9c additional neurons are spuriously activated and o < —log(1 —1/(1 + p2)),

o (e ) (1 e e ) <
_ o _ oo | -2 _
1+ 02 & (1+02)(1—e) 1+ 02 & 1— 5
or if

2. 01¢ neurons of & have been deleted, ooc ones are spuriously activated and o <
—log(1 — 01/(1 — 01 + 02)),

1—o0 ( 1—o0 ) { 1—o0 ] e ™
——— 1o 4+l —-— Jlog| ——— | < —1.
1—01+ 00 & (1—01+02)(1 —e@) 1 —01+ 02 & 1 — e

1—p01+02
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4 The Willshaw Model

Proof: The proofs concerning the i.i.d. spins and the patterns with exactly ¢ activated
neurons are very similar. We prove the proposition for the second version; in the first
version it is necessary to take As into account, but the result is not changed.

In both dynamics, the messages are corrected in one step, if none of the neurons not
belonging to £* gets more signals than the neurons of £#. In the first case, the correct
neurons get at least ¢ signals, in the second case at least (1 — ;)¢ signals. Analogously
to the proofs of Lemma [£.8 and of Theorem [£.9, we see that for an arbitrary neuron not
belonging to £*, the number of incoming signals is asymptotically Binomially distributed
with parameters 1 — e~ and (1 + g9)c and (1 — 91 + g2)c, respectively. This yields the
statement of the proposition.

O

Theorem 4.22 In the Willshaw model with exactly ¢ activated neurons per message and
WTA dynamics using either Sy or S, all patterns are stable with high probability, if

a<—log(l—e?).

Proof: In each message, there are exactly ¢ activated neurons. The pattern &* is not
stable if there is at least one neuron not belonging to &* that is connected by active
edges to each of its activated neurons. We consider ¢! and can proceed as in the proof of
Theorem or alternatively modify the proof of Lemma the distribution of X()
remains the same as in the model with i.i.d. spins (Binomial with parameters ¢/N and
M —1), and for each B C {2,...,M — 1},

P [vj' <eilJy = 1’2((2') - B}
is in the model with exactly ¢ active neurons per message upper bounded by
P [Jﬂ — 1)2((1') — BT,
because the J;; = @(Zﬂ/fz2 el — 1), j < ¢, are for each (2#)a<u<pr € {0, 1} condi-
tionally negatively associated on {(&!")o<u<m = (2#)2<u<nm}. We are then in the situation

of the proof of Lemma and only need to replace p by va__11 in the rest of the proof; this
does not change the result. This yields, for i > ¢,

PVj<c:Jy=1] <(1—e*)1+0(1)).
So

P(3u< M:3i < N :Tie) # €
<MN (1—e*)(1+0(1)) < exp [3log(N) + clog(1l — e™*)] (1 + o(1)).

This immediately yields the statement of the theorem.
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4.3 Capacity and Error Correction of the Willshaw Model with WTA Dynamics

Finally, with the help of the first section of this chapter, we can shortly analyse the
behaviour of the dynamics concerning the mutiple step retrieval.

Proposition 4.23 In the Willshaw model with either independent and identically dis-
tributed spins or exactly ¢ activated neurons per stored message and the WTA dynamics
with h = 5'(1), suppose that the input is a partially erased version of a stored pattern
with oc deleted spins. Then the pattern is corrected if and only if it is corrected in one
step. In particular, the bounds on o derived in Theorem are also sharp concerning
the retrieval process involving multiple steps: if & < —log(1 — e~/(1=9) the message is
corrected (in one step); if a > —log(1 — e~ V/(1=9) the dynamics does never converge to
the correct pattern (both with high probability).

In the second version, using 5'(0), the pattern is corrected with high probability, if o <
—log(1 —e /(=9 If it is not corrected in the first step, it can benefit from further steps
of the dynamics.

Proof: We showed in the first section of this chapter that the dynamics using the variable
threshold h = 5(1) either converges in the first step or does not converge. This shows that
the sharp bounds derived concerning the one-step retrieval are also valid for the multiple-
step retrieval.

Since the first step of S(C) coincides with the first step of S’(l), the dynamics S’(C)
converges in the first step if o < —log(1 — e~1/(179)),

O
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5 The Sparse Blume-Emery-Griffiths
Model

The model analysed in this chapter is called Blume-Emery-Griffiths model (Blume, Emery
and Griffiths, [7]). It uses a ternary state space and has been introduced by Blume, Emery
and Griffiths as a three-state spin glass model to study phase separation of liquid He?-He?
mixtures. The model has been analysed by Léwe and Vermet in [31] for fixed activity p
not depending on the size of the network. They showed the existence of lower bounds on
the capacity; these bounds are decreasing with the activity p.

Again, we consider a neural network of N neurons, N € N, V = {1,..., N}. The state
space of the neurons is the set S = {—1,0,1} and the edge set is E = {{i,j} : i,7 € V,i #
j}. The setup is firstly the same as in the Ternary simple threshold network: M patterns
& e {-1,0,1}", 1 < u < M, whose values are indicated by the random variables 5;-‘,
1 <j<N,1<u< M, are stored. The ( f,l <pu< M,1<j<N) are independent
and identically distributed, such that

P =0)=1—py=1- BN
1
P@fZ*fU==%pN=:O§%YX

We will omit the index and write p instead of py but have in mind that p depends on N.
The information of the stored patterns is processed in two expressions: on the one hand,
in

M
Jy=Y &gt i ije{l,... N}
pn=1
and on the other hand, in

1 M
Kiyj=——=Y o', 143, 4,j€{l,....,N
J (1 o p)g ; 1l { }
with
W= (€

This distinguishs this model from the previous models where only J;; is built. The Kj;; are
an indicator of common activation in a pattern: stored messages in which both neurons 7
and 7 are active or inactive have a positive impact, messages where one neuron is active
and the other one is inactive have a negative impact. Given a pattern o € {—1,0, 1}V,
the local field is again given by

M
Si(0) =Y Ty =Y Y &'y

j#i J#i p=1
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5 The Sparse Blume-Emery-Griffiths Model

additionally, the function
92(0') = Z KijO']Z
J#
is defined.
The dynamics originally used in the Blume-Emery-Griffiths model in [3T] is the dy-
namics 7" given a pattern o € {—1,0, 1}N, it assigns to neuron ¢ the new spin

Ty(0) == sgn (Si(0)) © (|Si(0)] + 6i(0)) -

The Heaviside function © is again defined by ©(z) = 1 o) (2). A randomly chosen pattern
has, in expectation, log(/N') non-zero values (out of the total number of N neurons); this
is why we will call it the sparse Blume-Emery-Griffiths model (BEG model, for short). As
we will see, the model as defined so far is outperformed by the Ternary simple threshold
model of Chapter [3] if we do not adapt it to the sparsity. The new dynamics is of a similar
form, including additionally a threshold term: the :—th component of T" assigns to neuron
¢ the value

Ti(0) = 560 (S(0)) © (|:(0)] + 6:(0) — log(N)) .

We can show that we obtain stability of an arbitrary stored pattern with high probability,
if T" and a suitable « are used, with the best maximal capacity of the four models analysed
so far.

5.1 Stability of the Stored Patterns in the Original
BEG Model

The BEG model in the extremely sparse version with py = log(N)/N depending on N
first provides a remarkably worse capacity than the Ternary simple threshold model and
Amari’s model: if M = aN?/log(NN)? messages are stored, a randomly chosen message &#
is not stable with positive probability not converging to zero. In fact, a randomly chosen
inactive neuron of £ is mapped to a non-zero value with positive probability.

The BEG model does thus not work as sparse version with this grade of sparsity
without being modified.

Proposition 5.1 In the original BEG model with activity p = log(N)/N and M =
aN?/log(N)? stored patterns, the stored patterns are instable with positive probability:
that s,

lim inf P (T(g“) £ 5#) >0

N—o00
for a fized but arbitrary 1 < u < M.
Proof: We consider message ¢! and consider without loss of generality the case where &!
consists of k active neurons which are the first neurons 1,..., k. The corresponding event

is denoted by Z. It suffices to show that at least one of the inactive neurons is activated
with non-vanishing probability. In fact, this is even true for an arbitrary neuron ¢, i > k.
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5.1 Stability of the Stored Patterns in the Original BEG Model

To see this, we observe that an inactive neuron ¢ > k is mapped to a non-zero value if
the Heaviside-function of |S;(£')| 4 6; is 1: this happens if

1S;(€N)] +6:(") >0
which is equivalent to
- 2
DIp I - T ()
p=1 j#i p=1 j#i

We will now show that with positive, non-vanishing probability,

ZZ RS (5.1)

pw=1 j#i

which implies O(|S;(¢Y)| + 0:(¢Y)) = 1.
To analyse the left hand side of (5.1f), we first insert the values for y = 1, assuming
that exactly the first k neurons in £ are activated:

ZZ flek Zme

pn=1 j#£i pn=2 j<k

which is negative if

kp( ZZm ;. (5.2)

p=2 j<k

The left hand side of (5.2) is smaller than 1, if £ < (1 4 §) log(V). Since

P(As) =P ((1 —0)log(N) < Z & < (1+9) log(N)) — 1

as N tends to infinity, it suffices to show that

liminf min P [Eli >k Ty(€h) # O\Zk] > liminf  min )IP’ [TN(Sl) # 0| 2%

N—oco keN:k/log(N) N—oo keN:k/log(N

€(1-5,145) €(1-5,114)
> B> .
ot 7 (S5 > 1) 53
(1 51+5) n=2 j<k
is positive. To shorten the expressions, we denote by U(N) the random variable
M
U(N) =3 [l ~ Bin(M — 1,p).
pn=2
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5 The Sparse Blume-Emery-Griffiths Model

U(N) is Binomially distributed with parameters M — 1 = a2 “ 5 — 1 and p. Without

log(N)?

loss of generality, we replace M — 1 by M to obtain a better readability. This does not
change the result. Again, using the Chebyshev inequality, we obtain

(1—-6)Na (14 0)Na
( g~ VW) < g ) !

for each 6 > 0 as N tends to infinity. We again call the set

{w e —5,1+5)} =: Bs(N).

It then suffices to consider the set Bs(N): we observe

M
PSS nint =1 = BBs(N i P
( nNnj - > - ( 6< )) mENslrl;Ll}(I)}g(N)/

p=2 j<k (Na)e(1—6,1+3)

SN it = 1‘U(N) :m] .

n=2 j<k

Now, for neuron N, we define the following two random variables, depending on k:

V(k,N) = Y Z €|

wlEh =1
and
k
Wk N) = Y > e
pilél|=0  J=1

We fix k and omit the reference to the dependence on N and k in the next computation
in order to write V', W and U instead. The sum in (5.3) is transformed into

DD ahiti= D > A=pmi+ > D (—pn)

u=2 j=1 wlehl=1 =1 wlehl=0 =1
=V (1=p)* + Uk =V)(=p)(1 = p) + W(1 = p)(=p) + (M = U)k — W) p’
=V —Vp—Ukp—Wp+ Mp*k =V —Vp—Ukp — Wp+ ak. (5.4)

Assume that U(N) = m. Then V(k, N) is Binomially distributed with parameters km
and p. We can use the Berry-Esseen-bound:

Lemma 5.2 (Berry-Esseen) [0,[15] Let X1, X5 ... be independent and identically dis-
tributed random variables with

E(X;)) =0, EX})=0*>0, E(Xi|*) < oo.

Then there is a constant C' > 0 such that for all n € N, denoting by ® the distribution
function of the Standard Normal distribution,

P (S ) - o0 < LB

sup
zeR
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5.1 Stability of the Stored Patterns in the Original BEG Model

This yields

. (V(k;, N) — kmp

p(1 —p)km

<blu) = m) ()

For k,m of the considered sets, i.e. fulfilling
|k —log(N)| < dlog(N), |m—aN/log(N)| <oaN/log(N),
the right hand side is at most equal to
Cpl—p)(1=pP+p°) . C(0—p*+p’)
p(L=p)v/pL =plkm ~ /(1 —pla(l —0)*log(N)

and therefore vanishing as N tends to infinity. In particular, this implies

P (V(k:, N) e (k;mp + 0.1\/kmp(1 — p), kmp + 3+/kmp(1 —p)> \U(N) = m)
1—2p+2p?
V(1 —p)a(l —8)*log(N)
for the choice of £ and m made above.
The same argumentation holds for W (k, N) — conditionally on {U(N) = m}, W(k, N)
is Binomially distributed with parameters (M —1—m)k and p. Without loss of generality,

we again replace (M — 1 —m)k by (M — m)k for a better readability. The Berry Esseen
bound is in this case

Wk, N) — (M —m)kp _ o\ Cp(l —p) (1 —p)* +p°)
‘P ( V(L= p)(M —m)k : b‘U(N) - m) 0= VP = p)PS (M —m)k

and this also tends to 0 for our choice of £ and m. We conclude

>®(3) — 0(0.1) — 2C

P <W(k, N) e ((M — m)kp — 33/ (M — m)kp(1 — p), (M — m)kp—

0.1/ (M — m)kp(1 — p) ]U(N) - m)
1—2p+2p?
_2C .
VIog(N)(1 — )l — PN/ Tog(N) — 1 0]

>d(—0.1) — &(—3)

We will see that for an arbitrary but fixed choice of £ and m, such that £ and m are
chosen as described above, and with

Fk,m,N) = {V(k,N) e (k:mp+ 0.1/kmp(1 — p), kmp + 3\/m) }

and

Gk, m, N) ={ W (k, N) € ((M = m)kp — 33/(M = m)kp(1 - ),

(M —m)kp — 0.13/(M — m)kp(1 —p))},
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5 The Sparse Blume-Emery-Griffiths Model

we have

(UN) =m}n { SN it = 1} > {U(N)=m}nF(k,m,N)NG(k,m,N).
n=2 j<k

This yields
liminfP (3i < N : & =0,T5(EY) #0)

N—o0
M
s : B op _
2l inf P(A)P(Bs(N)) | min 0 PIY D 1‘U(N) —m]
mlog(N)/(aN)e(1-5,14+6) LH=2 j<k
> lim inf P(Ag)P(Bs(N i IP’[F, N ,N‘N:}
> lim inf P(A5)P(B5(N)) e (k,m, N) N G(k,m,N)|UN) =m
mlog(N)/(aN)e(1-6,1+6)
>0.

To show the precedent claim, we write
U(N)=m = psaN/log(N), k= p;log(N),

with p1,p2 € (1 — 0,14 6), as well as

V(k,N) = p1psclog(N) + psr/prpscrlog(N)(1 — p)

and

W(k,N) = api [N = palog(N)] = psr/aps [N — palog(N)] (1 — p)
p3, pa € (0.1,3). Recalling the last term of (5.4), we transform

V(k,N) = V(k,N)p — U(N)kp — W (k, N)p + ak

=psy/ prp2clog(N) (1 — p) — Wplpaa - pzlog]E]N) Vp1paalog(N)(1 - p)
— apylog(N) + log](VN) p1p2ce + logJE[N) piv/apy [N — p2log(N)] (1 — p) + apy log(N)
=psv/prp2alog(N) (1 —p) + O <%> > 1

if N is large enough.

Consequently, with positive probability not converging to zero, a randomly chosen
inactive neuron of message ¢! is turned into a 1 or a -1 and &' is not a fixed point of the
dynamics.

O

Remark 5.3 The sparsity of the model poses problems in the original version. For a
stored pattern used as input and an inactive neuron i of the pattern, the negative signal
term in 0; (the part of 0; coming from the stored pattern itself) is too small: on the one
hand, there are only a few active neurons, on the other hand, p is very small and the
resulting threshold can easily be exceeded by the noise term of 6;.
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

5.2 Stability and Error Correction in the Sparsity
Adopted BEG Model

To adopt the dynamics of the BEG model to the sparsity of the patterns, we add a
threshold and change the dynamics slightly into

T;(o) :=sgn (S;(0)) O (‘SZ-(U)} +0;(0) — vlog(N))

with the functions defined at the beginning of the chapter. This adoption now allows to
store up to M = aN?/log(N)? patterns such that an arbitrary one is stable with high
probability if « is appropriately chosen and N tends to infinity:

Theorem 5.4 In the BEG network with activity p = log(N)/N, the dynamics T =
(Ty,...,Tn), defined by

Ti(0) = sgn(Si(0)) © (| Si(a)| + 6i(0) — v1og(N)) ,

provides
lim P (3 < N : T,(€") £ £) =0

N—oo

for any arbitrary but fized u, if the following conditions are fulfilled:
0<y<?2

and
7

*
7 1

o <

with the unique root x¥ in (1,00) of the function

6, () = (1 + % _ log(x)> _1-2

g

This bound is sharp: if
f)/

o > ,
*
x 1

an arbitrary stored pattern is instable with high probability:

lm P(3i< N T #6) = 1.

Proof of Theorem [5.4t Without loss of generality, we consider message ¢'. First, we
observe that there are two principal types of errors which can occur, namely:

e 3 0 is turned into a 1 or to a -1

e a non-zero spin is turned to a 0 or multiplied by (-1).
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0.6 T T T T T T T T T

critical capacity variable
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0.4

303
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0.1

Figure 5.1: Critical capacity variable a*() = /(2% — 1) in dependence on the threshold
variable ~ for the BEG model

To begin with the proof, keeping the notation of the previous chapters, we recall that we
can estimate

P(3i < N:T(¢" #¢)
< < N : T.(€! 1 ¢
P(Aj) . P (3i < N :Ti(€") # & | 2n) + P(A).
€(1-4,1+9)

The probability P(A$) tends to 0 and it suffices to examine the conditional probabilities,
given Zj, for k belonging to the set mentioned above.

We begin with the analysis of the first kind of error: to this purpose, we fix k and take
some i > k+1,e.g.,i=k+ 1. An error in this place occurs if [Sgi1(EY)| + Opy1(EY) —
~vlog(N) >0, i.e., if

M
YD G

Jj#k+1 p=1

1 M
> —m Z (5})22nﬁ+1ﬁ5+710g(N)- (5.5)
PI™ ik =1
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

Since we consider ¢ = k:+ 1 and Zj, i.e., &, = 0 and additionally fl =0forj>k+1,
the left hand side of ([5.5) is equal to

k M
D GG YD G

J#k+1 Jj=1 p=2

E

M
> g =

J#k+1 p=1

7j=1 pu=2

We multiply the random part of the term on the right-hand side of (5.5) by (1 — p)? and
observe that

k r M
Sy (e znkﬂm oy n,zﬂn;@m;]

J#k+1 Jj=11 H=2
k kM
S0 )l [CTIERED S IR 9 St )
j=1 pn=2 J=1 p=2
After these transformations, the inequality (5.5)) becomes
kM kp kM
Tt p
2.2 88| > QZEDM%+M%W)
j=1 p=2 j=1 p=2

This is either fulfilled if

LI 1 k
S5 [detug + mitant] > s +los(Y)

Jj=1 p=2

or if

kM
1
ZZ [ fjg;jﬂff + mnﬁl?ﬁ

Jj=1 p=2

kp

> + vlog(N).

(1—p) (N)
We recall that for independent and identically distributed random variables 71, Z5, Z3 such
that P(Z; = 1) = P(Z; = —1) = 1, the events {Z, 2,73 = x3} and {Z, = x1, Zo = x5} are
independent for each choice of z1,x9, 23 € {—1,1}. The same is true for {717,753 = z3}
and {Z; = 1} for arbitrary 1,23 € {—1,1} as well as for {717y = x5} and {Z; = 21}
for arbitrary z1,z9 € {—1,1}. In particular, the conditional distribution of Z; 7,73 with
respect to an arbitrary realisation of 7,75 is the same as the distribution of Z3.
' So for fixed i, the conditional distribution of £j,£/'€",, for j" # i, given £, 1 < j < N,
is

i

P(ehereh = 41| i < N) =2

&l P =0]¢,7 <N)=1-gp’

which is the distribution of &€/, if |€},| = 1. Given an arbitrary realisation of £}, < N,
and for fixed 7, the

('€} # i, p > 2) and (&) 5 # im0 > 2)
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5 The Sparse Blume-Emery-Griffiths Model

are identically distributed and we can conclude that conditional on Zj, the sum
Zj\;l 224:2 £;€/'El has the same distribution as

k M
D) ek

J#L p=2

In addition, conditional on Zj, we have for some arbitrary ¢

Z Zf g + )2 (&) i ~ Y Zf“f“ )2771773
J=Llj#1 p=2 j<k,j#i p=2
and
> Zf“f“ )gmm > Z —gret + )Qmm,
J<k,jF#i p=2 i<k, j#i p=2
because the sums
N M ,
> > (E) g Z Zm%
J=1j#i p=2 J=1,j7#i p=2

are measurable with respect to ]5;-‘], 1<7< N, 1< u< M and the sums

N M k M
SN e, > > ey

=151 p=2 =157 p=2

are symmetrically distributed with respect to these random variables. We obtain for the
inactive neurons of ¢!:

P[3i>k+1:T;(¢") # 0|2

u 1 k
<NP [Tin(€) # 012:] < 2NP [Z P T writ vlogw)] .

1
j<k p=2

In the last line, we used the previous considerations. With the intention to give an upper
bound on this probability, we use the exponential Chebyshev inequality: for ¢ > 0,

kp
[t bt > 12 o tn)|
Li<k p=2
[ k
S exp —t (Tpp + VIOg(N))] exp (tz Z§k+1§# )2”]{4»1”])]
L 7<k p=2

The M messages are independent: this yields

exp (tzzgk+1§“ )277k+177]>]

J<k p=2

122



5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

=E

M-—1
1
exp <t Z é.k—i—lg + ( p)2 nk+1773 >]

1<k

9 k k M-1
b1 1
(1-p)- [(1 — p)e' @7 +pe‘tlfp] +p- [(1 —pe T+ opet + 51?] ] :

Remembering the argumentation at the beginning of the proof, it is enough to analyse
the conditional probability for each k € N satisfying k/log(N) € (1 — 4,1+ §). We use
the series representation of the exponential function in combination with the Binomial
formula, for ¢ not depending on N:

i 9 k k
P 1 1
(1—p)- ((1 — p)e' w7 +P€_tlpp> tp ((1 —p)e TP + §P62t - §p> ]

I
4
3
|
|
|
b~
+
3
]
8
+
S
3
™)
e
o
|

R S o

{1 + kp? <1 u_1_ L) + O(p3k2)]

2 2 1-p

1 1 t 1 1
< Lo LT 37.2\ | _ Lo L 2|
_exp{ka(Qe 5 1_p)+(’)(Mpk)} exp[k:oz(Qe 5 t)—i—@(pk)}
(5.6)

In the last steps we used the inequality 1 + z < e* for each x € R as well as the number
of stored patterns M = aN?/log(N)?2.

In combination with the previous steps of the proof, the following conditional proba-
bility is at most

P(3i>k+1:T(E") #0|2)
<exp (log(N) + log(2) — %pp — tylog(N) + ka (%ezt — % — t)) (1+ 0 (pk?)).

Since we conditioned on A, the second line must vanish for each k such that k/log(N) €
(1 — 4,14 9). Anticipating that the variable ¢ will not depend on N and assuming that
k = plog(N) for some p € (1 — 9,1+ §), the exponent is equal to

log(N) — tylog(N) + plog(N)a (%e% - % — t> + o(log(N)). (5.7)

Convergence to zero of P(Ji < N : &} = 0,T;(£') # 0) is reached if there is for each p €
(1—10,1+6) some t,~, > 0 depending on p, v and « such that

1
ha,%P@%%P) = —ta,%p’}/ + pa (2 Place — 5 - ta,fy,p) < -1

123



5 The Sparse Blume-Emery-Griffiths Model

Using the global minimum of A - ,,

1
t '——log<l+l), t: >0
pa

a,,p T 2 a,Y,p

the dominant term in (5.7) is equal to

. 1. 1
log(N) — boyp log(N) + plog(N)a (562%,%,] -5 trxmp)

2
1 1 1 1
=log(N) |1 —~=log 1+l + —pa 1—1—1 — —pa — —palog 1—1—l
2 pa 2 pa 2 2 pa
=10g(N) fa,p(Za,y.,0)
with .
faolr) i= 1 Spo (—rlog(x) + 2 — 1)
and o
xm%p =1 =+ p_a

To let the conditional probability tend to 0, the condition

fo«p(xamp) <0

must be fulfilled for each p € (1 — 6,14 6). For fixed v and «, fo ,(%a4,,) is continuous
in p, p € R,. If for fixed v, @, the inequality fa1(Za,1) < 0 holds true, then also

foap(Taryp) <0 Vpe(1—10,140)

if 0 > 0 is small enough. For a fixed pair of v and « such that f,1(za~1) <0, 0 can be
chosen in dependence of o and 7. The satisfaction of the inequality fu1(%a,,1) < 0 implies
therefore the desired convergence to zero of the probability P (3i < N : &} = 0, T;(€') # 0).
It remains thus to determine the set {ov > 0 : f51(24.1) < 0} for fixed . Multiplying

by 2/« and replacing 1/a by (x4,,1—1)/v allows to reformulate the condition f, 1(2a~1) <
0 in terms of the in Theorem [5.4] defined function: it holds if

2 2

Gy (Tan1) = Tanqa (1 +—- - log(xaml)) -1--<0.

Y Y
The function g,(0,00) — R has two roots, one is equal to 1, the other one is bigger than
1 (and bigger than the extremal point &, = €2/7). The derivative g, (x) =2/ —log(w) is
positive on (0, %) and negative on (Z,,00). Let 27 be the unique root of g, bigger than
1. The function g, is negative on the intervals (0,1) and (27, 00) and positive on (1, z7).
We choose o depending on ~ such that

v

—.
xvl

a< (5.8)

Then each pair of v > 0 and o > 0 chosen subject to these conditions provides

P[3i<N:&=0T(")#0] —0
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

as N tends to infinity. Due to conditions following from subsequent calculations, v must
be chosen such that

7 €(0,2). (5.9)

We now analyse the second type of error. We choose an arbitrary neuron that is
activated in £'; assuming that Z; holds, we take i = 1. The neuron is not mapped to its
original value if either

[S1(EN)] +01(€") — v1og(N) <0 (5.10)
or if the two conditions
[S1(€1)] + 01(€") — vlog(N) > 0 (5.11)
and
sgn(S1(€1)) # & (5.12)
hold.
Without loss of generality, we set & = 1. Due to the symmetric distribution of
Do, 205 &5ENEY, the case & = —1 is run analogously. Inequality is either satisfied if
[S1(EN)] = S1(€1), Si(€") +01(€") — v1og(N) <0 (5.13)
or if
1SUEN] = =51(€), —Si(g") +0u(€") — vlog(N) < 0. (5.14)

Condition (5.12)) is necessary for ([5.14]). So the probability of having an error, given Z
and £ = 1, is bounded by the sum of the two probabilities

P(S1(€") +01(6) = 710g(V) < 0,[Si(€")| = Si(€)|Zen el =1})  (5.15)
and
P (sgu(Si(€) # 112N {el = 1}). (5.16)
The probability in is transformed into

P [sgn(S1(€Y)) # 12N {& = 1}]
N M
k14> eleter < o‘zk

j=2 p=2

=P

N M
—P [_szﬁﬁf >k 1‘3,6

Jj=2 p=2

Conditionally on Zj, the distribution of Z;VZQ 23422 f‘jlff f;f is symmetric and identical

with the distributions of
E M E M
d
DD g~ = e

j=2 p=2 =2 p=2
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5 The Sparse Blume-Emery-Griffiths Model

We saw in Chapter [3| that for s not depending on N

M
[ ZZ£§f§“>k—1‘Zk _]P’[ Z§“§“>k—1]

7j=2 p=2 J=2 p=2

<expls(—k+ 1) [p(1=ptp-coshls) 41—

<exp [—s(k — 1) + (k — 1)a(cosh(s) — 1) + O(pk?)] .

Minimizing the exponent in s yields s = arsinh(1/«) as global minimum. According to
the definition of s}, the equality

—si 4+ a(cosh(s}) — 1) = —arsinh(1/«) + a(cosh(arsinh(1/a)) — 1)

holds. The right hand side is negative for every choice of o > 0 because the function

g(x) = —zarsinh(x) + cosh(arsinh(z)) — 1 in Chapter |3|is negative on R,. The probability

vanishes because k can be assumed to be of order log(/N) and therefore tends to infinity.
It remains to examine the probability in . We show that

P :|Sl(fl)| = S1(€Y), S1(€Y) +01(¢1) — vlog(N) < O‘Zk N{& = 1}}
<P :51<51) F01(EY) — v log(N) < o‘zk n{el = 1}]

2
=P ZZ&S“& (5) L pipt — y log( )<0’Zkﬂ{€%=1}

Lj=2 p=1 )

r 2
=P [2(k — 1) — vlog(N) + Y ZS grel + (g))yhn] <O‘Zk

1<j<k p=2

—P: <Z > g+

1<j<k p=2

)277177]> > 2k—2—710g(N)] : (5.17)

By the same arguments and the proof techniques we used to estimate the previous two
probabilities, especially in ([5.6)), the probability in ([5.17)) is for u > 0 bounded by

[ (Z 25#51 )277177]) > 2k — 2 —ylog(N)

1<j<k p=2

<exp [u (—2k + 2+ v1log(N)) + ka (%e—% — % + u)] (1+O(pk?)).

Due to the condition of the theorem, v < 2. If a >2—~v,let 0 <6 <7/(2—«a) — 1 and
d < (2 —+)/2. Then, for some k = plog(N) of the considered set we choose

to minimise
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

*

*any and k= plog(N) in the above expression leads to

Inserting u

1 X 1
U (~20108(N) +9108(V) + plog(N)a 520 = 54 )

2 2 P07y
1 2 2 2
=—log(N)pa [—log (1——4—1) (1——+l> ___|_l]
2 a  pa a  po o po

1
25 log(N)pa [_Upvow 10g(Vp.ay) + Vpay — 1],

Vpany =1 —2/a+7/(pa). As we know, the function —zlog(z) + x — 1 is negative on R,

Since

2p —~v >0, oz>2—z

p
due to the choice of 4, both conditions uj , . >0 and v,4~ > 0 hold.
If 0 < a < 2 —7, the choice of u > 0 is irrelevant. For 0 < § <

and on Ag,

2—y—«
2+a

, arbitrary u > 0

1 1
u(—2k 42+ ylog(N)) + ko <§e_2“ -5t u)

<ulog(N) (—2(1 = 8) + 7+ (1 +8)a) +2u+ (1 — ) log(N)a% (e — 1)
<2u+(1-96) log(N)a% (e —1)

due to the choice of §. The function e™®

last line tends to —oo for fixed u > 0.
For a = 2 — v, we estimate

— 1 is negative on R, , so the expression in the

1 1
u (—2k + vlog(N)) + ka <§e_2“ -5t u)

1 1
=u (—(y+ a)k + vlog(N)) + ka <§e_2” ~3 + u)
1 1

<u (=31~ 0)og(N) + 7 log(N) + (1 = &) log(N)a 3¢ = 3

and choose u = —1/2log(dv/((1 — 0)a)), if 0 < a/(ax+ ). As P(As) tends to 1 for each
0 > 0, this finally implies that

P(3i < N : € #0,T(€") # &) < P(A5) (1 +8) log(N)B(T1(€") # €] 2) — 0

for
0<y<2

without a further condition on «.
In the second part of the proof we show the sharpness of the bound on «. It is based
on the following observations:

1. The probability of the event Ay converges to 1, for each § > 0.

127



5 The Sparse Blume-Emery-Griffiths Model

2. The random variables

M M M
Xi(k) = gy ey Xo(k) =) My ey, Xa(k) =D Iy jerpy
n=2

/1':2 }L=2

are Binomially distributed with parameters M — 1 and

) = koL palh) = (3= and ) = () + Ok

respectively, as in the proof of Theorem[3.1] We saw in Chapter [3|that the Chebyshev
inequality implies for each 6 > 0

P( X (k) ¢ (1_571”)) - log(N)

ak—2 (0 —(k—1)p+ O(k®p))?akN’

log(NV)

which tends to 0 as N, k tend to infinity for the given choice of k < (1 + 0) log(V),
as well as

P(XQ(k)¢(1—5,1+5)>§ ! —0

(%) (6 = p(k — 2) + O(k*p?))a(})

as N tends to infinity. Additionally one sees immediately
k
P(X3(k) #0) < Mps(k) =M ((3>p3 + O(k4p4)) —0

as N and k < (1 + d)log(N) tend to infinity.

The corresponding complementary sets

{a)k(ﬁ < (1_5’1+5)}’ {XZ((kl;) € (1_5>1+5>}, {X3(k) =0}

log(N)

are denoted by Bs(k), Cs(k) and D(k).

3. For each n € N, n < M — 1 and arbitrary ¢« > k, we estimate

Pl Y 3 jeter| > 0’X2(k:) —n| <np.

ey lEf1=2 <k

This yields

log(N)3.

max  P| Y Z|5;55|>0)X2(k):n < (1+0) a5

k,neN:k/log(N), 4
n/(a(5)e(1-s1+6) LHDjcklEf1=2 ISk

(5.18)
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

This means that neuron ¢ > k is never activated in any message with more than one
of the activated neurons of message 1, with high probability.

The event
{ >, er;‘&;‘r:f)}

1Y €2]=2 <k

is denoted by C'(k,1).
. Let X4(k, i) be, for some ¢ > k, defined as

M
Xy(k,i) =) Ly, jeri=op Liersoy-

p=2

The conditional distribution of X4(k,17), given F = o(&¥, u > 2, j < k) is Binomial
with parameters M — 1 — X (k) — X2(k) — X3(k) and p. The conditional probability
of

Ey(k, i) = {X‘*(’“’Q]\lfog(m c(1—61+ 5)},

given the intersection of the sets Bs(k), Cs(k), D(k) is at least

P (Es(k,1)|Bs(k) N Cs(k) N D(k))
2 oo oy £ (Ealk ) 75)
— min P (Es(k,i)| X1 (k) = m, Xao(k) = n, Xa(k) =0).  (5.19)

m,neN:mlog(N)/(akN),
n/(a(}))e(1-5,1+6)

Conditionally on {X;(k) = m, Xs(k) = n, X3(k) = 0}, X4(k,i) is a Binomially
distributed random variable with parameters M — 1 —m — n and p; applying the
exponential Chebyshev inequality yields

|:X4(k7 Z)

P = 14 00 ) = m Xalk) = n Xa(h) =0

1- max
m,neN:mlog(N)/(akN),

n/(a(5))e(1-6,1+4)
>1 - a expl—t(1 + O Mpl(1 — p + pet)yM—1-m—n
N myﬂEN:mIlI()lg&(V)/(akN)’ Xp[ ( ) p]( p pe)
n/(a(}))€(1-5,143)

>1 — exp|[—t(1 4+ §)Mp](1 — p + pe" )™ > 1 — exp[(—log(1 + 6)(1 + &) + §) Mp],
(5.20)

as well as

Xy(k, 1)

a P
m,nGN:mlﬁ)lg&E/)/(akN), |: Mp
n/(a(h))€(1-8,144)

>1 — explt(1 — 6)Mp](1 — p + pe~t)yM-1=(+0a(Nk/ log(N)+(3))

1—

<1 5|X, (k) = m, Xo(k) = n, Xa(k) = 0
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5 The Sparse Blume-Emery-Griffiths Model

>1 — expl(—log(1 — 8)(1 — &) — 6)Mp] exp [(5}9 +6(1+0)a <k + (I;)p)] .
(5.21)

In particular, N - P(Es(k,i)|Bs(k) N Cs(k) N D(k)) — 0.

. As penultimate point, we observe that

Xs(k,i):= > ¢,

N:ngk |ff‘:1

is, given F¥, Binomially distributed with parameters p and X; (k). Assuming that
kE < (1+6)log(N) and that X;(k) < (14 0)a(kN/log(N)), the random variable
X5(k, 1) is asymptotically Poisson distributed with Parameter pX; (k). Referring to
Lemma and again denoting by my\(m), A > 0,m € N, the probability weights of
a Poisson random variable, the total variation distance of these two distributions is
for some i > k at most

P S 1 =mFY | - mxm(m)| < 20° X0 (k).

u:ngk ‘5;”:1

. Finally, the events

{sz“f” )Qmm <vlog(N)}, P>k,

pn=2 j<k

are conditionally independent, given F7.

First, we estimate

P(H<N:T()#0) >PEi < N:& =0,T,(¢Y) #0)

>P(A;) min  P(I<N:& =0,T(¢") #0[2)

keN:k/log(N)

€(1-6,149)

— : 1\ 2

=P(As) kEN:r]g}llgg( (Elz >k Z Zg gret + )2 (&) il > ”)/log(N)’Zk>
e(1_5,1+5) n=2j<N

N . o u .

=P(A;s) keN:%}llEg( <E|z >k Z Z{ &+ )2771 ny > 710g(N)> ; (5.22)
e(175,1+5) n=2 j<k

because conditionally on Z,

(ZZf ghet + )2 (€N it i > k) ~ (ZZS“&“ —p > k) ,

p=2j<N

pn=2 j<k

as we saw in the first part of the proof.
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

So we can conclude, writing Bs N Cs N D(k) := Bs(k) N Cs(k) N D(k) for short:

<E|z >k Z > e+ )Qm = vlog(N ))

n=2 j<k
N—k
=1- E(§;7j§k,#>2 (Z Zfou )277N773 < ~vlog(N ‘fk >
pn=2 j<k
N—k
N c
>1 - fax P (Zngg“ )277N77; < vlog(N )}" ) —P[(BsNCs N D(k))].
ND(k) w=2 j<k

(5.23)

For every k in the considered set, the probability of Bs(k) N Cs(k) N D(k) tends to 1 and
we analyse the second part of the last line. The sum

Sy e

pn=2 j<k

)2 77N77]

can be split into the sums

Z Z§N§“ )277N771 T Z 251\75“ )277N77]
w3 i<p €5 1=0 J<k wi<p 1€ |I=1 I<k
+ Z Z§N§“ )QnNnJ + Z Z§N§“ )277N77]

MZ]<k|£H‘ 2 j<k B>2:3 5k |5“|>2 J<k

On Bs(k)NCs(k)NC(k,7) N D(k)N Es(k, i), the last sum is zero; the penultimate sum is

o> e+

wyj<p € 1=2 J<k

2

2p p
)QUNT]] <_1Tp + (k? 2)(1——]))2) Xg(k) (524)

and therefore tends to 0 on this set, because XZ(k)/(a(’;)) €(1—=461+9).
Concerning the first sum, we state that

M
Z ]lzg'gk |§;-L|:0 =M-1- Xl(k) - XQ(k) - X3(k)
=2

and thus

S S ”N"J
NZ]<I€ |£M| 0 j<k )

p2

=[M —1-Xi(k) — Xa(k) — X3(k) — Xu(k, N)] km

— Xy(k,N)k——
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5 The Sparse Blume-Emery-Griffiths Model

Mp? 1 1456
_ﬁ—xm,]v)k P>k — k- (5.25)

1—-p—  (1-p)p? l—p
on the considered set.
The remaining second sum is equal to

2. 28T

wdin 165 1=1 i<k

k U
_ 1Y ]
> (1—p1—+2av£)+ DI DY
W<k |§;L| J<k i<k |§H‘ J<k

—1,]¢k =1 =1[ex]=0

The right hand side of the last line in (5.26) is at least

)2 77N77J

2

S B 0w - e ) (- D - ) 2

—_m)2 _
s e = (1-p3? 1-p
=1 ‘5]\]‘

(5.27)

because Xi(k) > X5(k, N). It remains to examine the left hand side of the last line in
(5.26)); this is the last step in the proof.
Due to the results of (5.22)) and ([5.23)), our goal is to show that

N—k
]\}l—r}(lx k/glg%]}\(f)e ercr*la% [ (Z Z £N£ )2 77N771 71og(N) “F’f > ] 0.
(1-8,1+6) n=2j<k

This is fulfilled if

. ‘ - log [IP’ (Zu 2 2 ek NG+ Iy = v log( )!fév)}
lim min min > —1.
N—s00 k/log(N)€ BsnCsnD(k) log(N)
(1—5,146)

(5.28)

Due to the results in (5.24)), (5.25), (5.26) and (5.27)), the sum under consideration is, on
Bs(k) N Cs(k) N C(k,7) N D(k) N Es(k, i), at least

> T i > (2 6o 0-on () sty

pn=2 j<k

1496 N P kE—1 e
akl—p (1+5)aklog(]\7)1—p+ Z (1 pl_p+Z€N§j

M¢ngk |f;| i<k
:1’|§%|:1
—1-26 ) k-1 o
>ah———+0(p)+ ), (1 -, WIGHE (5.29)
< X J<k
=Llgy|=1
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

We have seen in 4., (5.19), (5.20) and (5.21]), using 5 = min(log(1+0)(1 + ) + d; log(1 —
§)(1 —6) —d) >0, that

N
P(Es(k, N)|FN) < —
Ba(k)mrgﬁi()m(k) (Es(k, N)IFi) < exp ngog(N)

and in ((5.18)), that

+O(k)

log(N)3
P N FNY < (1 3,08V )"
Ba(k)mrcr‘la%?)mz)(k) (C(k,N)|F)) < (1+0)°a N

So we can conclude for the probability in ([5.28)), using additionally (5.29)),

M
1
. B Y > ~1 N
B(gmrcrll;lmnp(k)P (ZZ&N&] + (1 _p>277N77] =z og(N)\}"k )

u=2 j<k
. E—1 ak(l+26)
> P 1—p—— REE | > ylog(N) + ——= 2 ‘ N
> min ( > ( pl_p+Z§N§j>_’70g( ) + T +O(/€p)]:k>
W<k |§f| J<k
N log(N)3
- — Y| — (14 6)Pa—2. :
exp [ Eéalog(N) + O( )} (14+0)°a N (5.30)

Finally we consider the behaviour of the summand on the left hand side in the last line

of (5.26)), that is,
k—1
> (1 —p, Zggs;‘) . (5.31)

X< IE1] j<k
—1jék =1

It is, conditionally on £, j <k, > 2 and [{[, p > 2, distributed as a sum of X5(k, N)
independent and identically distributed random variables Z,(p, k), n > 1, with distribu-

tion k—1 k—1 1
P(Z,(pk)=—p—->" ) =P Z,(pk)=2—p—"= | = =.
( (p, k) pl_p) ( (p, k) pl_p)

Xs5(k, N) has still to be determined and is, given X;(k), Binomially distributed with
parameters X;(k) and p. Consequently, the sum in is, given X;(k), distributed
as a random sum of random variables Z,(p,k), n > 1, and length determined by a
Bin(X; (k), p)-distributed random variable Ry, ), such that Rx, , Zi(p, k), ... are inde-
pendent. This Binomial distribution can again be approximated by a Poisson distribution;
the subsequent computations are therefore made for a Poisson distribution instead. Let
additionally for each € > 0 Z,(¢), n > 1, be independent and identically distributed such
that

P(Z,(e)=—¢)=P(Z,(c) =2 —¢) = %
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5 The Sparse Blume-Emery-Griffiths Model

Let now Y, denote a Poisson random variable with parameter A. For independent sets of
random variables (Yyg, Z,(g),n > 1), respectively (Yy,Zr(e),r = 1,...,k,n > 1), with
Y7 ~ Poi(\), Z(e) ~ Z(¢g), for each r and n > 1, the two following sums have the same
distribution:

Yk koYY
PRACEDDPIFMC
n=1 r=1 n=1

The :il Z'(e), 1 < r < k, then are independent. This yields, with the help of
Lemma 2.4

Yk
. 1 . 1 T *
kh_)rrolo % log (]P’ ( E Zn(e) > :vk:)) = kh_)fgo log | P E E Zr(e) > zk =—A5.(2)

r=1 n=1

with
Yl
A% sup tx —log |E | expt Z
(@) = sup g p nzl
and if

A A
z>E ZZi(a) , E eXptZZ,}b(e) < oo, teR.
By Wald’s identity, the expectation of this sum is
ZZl E (Y))E(Zi(e)) = M1 — ¢).

To determine the Legendre transform, consider the moment generating function of

SN ZL(e):

1
A € —E t Z1 = - = ,—&tm 1 2t
e ) B
— _ é —et( 2t
=exp |—A+ e (e*+1)
Then
v \
R [ ] P SEAICH | ) B (e ]
7 teR n=1 teR 2

We are for fixed x > A interested in lim.\ o A} (7). First, we observe that for ¢ <0,

tr + X — %e‘gt(e275 +1) <tzx+ - %(6% +1) =tx —log (Axo(t)) .
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

Define for fixed A and x > A the continuous and differentiable functions . : R — R,
A
Ye(t) :=tx + X — §e_€t(62t +1).
We easily compute for 0 < & < 2
/ A —et A (2—e)t : / : /
Pi(t)=x+e-e " —(2—¢)ze ;o lim Yl(t) = —o0;  lim Yl(t) = 0.
2 2 t—o0 t——00

In addition, for this choice of €, ¥?(t) < 0 on R. So

sup . (t) = . (ts)y

teR
with the unique root ¢, of ¢/.(¢). For each t <0, £ > 0,

A

A
YL(t) 2x+€§—(2—5)
and for each t > log(1 +2z/X) and 0 <e <1,

A
w’(t)§x+§—§et<0.

Soforz >\, 0<e<1

sup . (t) = sup  e(t).
teR te[0,log(1+2z/N)]

On [0,log(1 4 2x/A)], 1. is uniformly convergent to 1y as € — 0. So we can conclude
}:1{% te = to, }:1{% Ve(te) = o(to).

We finally determine the Legendre transform AJ j:

Y3
Al o(z) =sup tr —log |E | expt Z Z1(0)
teR —

_1 (E) _i(z_1>
EPRAOV ARG A
using ty = %log (%)

We combine the recent conclusions and deduce for ¢ > p(k — 1)/(1 — p), using in the
first step 5. and that ak(1+ 20)/(1 —p) = ak(1 + 2J) + O(kp),

. E—1 ak(l+26)
P 1—pr =2 “’.‘>1N—(’)k2‘}"N
min ( > ( pl_p+Z£Né}>_’vog( )+, TOWD)|H

Wik |§f| J<k

—Llek=1

YP‘Xl(k)

>minP | Y Zu(k,p) > vlog(N) + ak(1 +20) + O(k’p)| FY | — 2p°X: (k)
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5 The Sparse Blume-Emery-Griffiths Model

apk:

> Zn(€) > ylog(N 1+2 p) | -2 :
1m}s%+5 Z vlog(N) + ak(1 4+ 26) + O(k*p) papk

Since 2papk < 2(1 + 6)?alog(N)/N and due to the estimation in (5.30)), it suffices to
show

log [P (202 Za(2) = Y10g(N) + ak(1 +26) + O(k?p) )|
lim inf min min > —1
N—oo keN:k/log(N) pe(1—3, log(N)
€(1-5,1+8)  1+0)

to obtain convergence of the probability of instability of €' to 1. We analysed the behaviour
of the random variable S Z,(¢) and saw that

. log (P |20 Zu(2) = (%5 + a1 + 20))k] )

k—o0 k

A% v
=—A,. (1_5 +a(1+25))

if %54+ a(1+420) > pa(l —¢). We saw that the maximal argument . of 1), was positive;
one easily sees that tx — log(Ac(t)) is decreasing in A for fixed € < 1/2 and ¢ > 0, and
therefore

log [P (2024 Zu(2) > log(N) + ak(1 +20))
min lim inf min

pe(1-8, N—oo keN:k/log(N) log(N)
1+9) €(1-8,1+5)

g [P (S04 2,(0) 2 gk + k(1 +29)

>(1—9) min liminf  min
pe(1—5, N—oo keN:k/log(N)
1+6) €(1-6,1+9)

(1 — - LI
=(1-90) pe(lnflg}q%) ( Ao e (1 5 +a(l+ 25)))

>(1-0) (—Aa_a)w (1%5 +a(l+ 25))) .

Due to our considerations on Z,(¢), there is some &’ > 0 such that for all 0 < e < &/,

=

1= O e (L5 a1 +20)) > -1,

* i
—(1 - 5)/\(1_5)&’0 (m —+ Oé(l -+ 2(5)) > —1.

Since additionally A7, 5, o(x) is continuous on R, this condition is sufficient to guarantee
the convergence of the probability of the instability of ¢! to 1 (the term O(k?p) in the

probability P (2?:{6 Zo(€) > ylog(N) + ak(1 + 28) + O(k;?p)) is neglibile).
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

Using the function

1
o (@) = 1+ 5 (1 = 6%~z log(x) + & — 1)
of the first part of the proof and

_ vy 1426
Tay,s = +
o a(l—46)2 1-6"

a sufficient condition for the convergence of P(Ji : T;(&') # &) to 1 is

fa,(1—5)2 (j:a,’y,é) > 0.

Finally, if  and ~ fulfill

1
fur@ano) =1+ 30 |~ 1og (1+ g) (1+7/a) + %] > 0, (5.32)
d > 0 can be chosen small enough to obtain f, 1_s2(Tan~s) > 0. As on page m
we observe that condition (5.32) is fulfilled if g,(Z4,0) > 0, with Zq,0 = 1+ 2 and
gy(z) =x (1 + % - log(:r;)) —-1- % Since g, is positive on (1,27), with the root z7 of g,
n (1,00), the precedent condition holds if

Zfa,%o € (1,1‘:)

As Zy 0 > 1, this is true if
f)/
xh — 1

We conclude that limy_ o P(3i < N : T;(EY) # &) =1 holds if a >
theorem.

o >

as stated in the

*17

Proposition 5.5 The threshold variable v cannot be chosen from (2,00).

Proof: Suppose that v > 2. Choosing some ¢ < %(7 — 2), we will see that,

lim max P (Ty(¢) #&1|12) =1

N—oo keN:k/log(N)e
(1—6,146)

independently of the choice of a.. Using ([5.6)), we easily conclude

P (T Z SL(EY] + 0,(€Y) > v log(N)| 2
max  P(LE) =612 < max P (S1(6)]+0(€1) > y1og(N)|24)
(1—6,1+6) (1—6,146)
S ol Zzﬂf“ i | = ylog(N) +2 — 2k
keN:k/ log(N)e =2 )
(1-6,149) <y<k p=2
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5 The Sparse Blume-Emery-Griffiths Model

< exp[-tlog(N)(y 2 - 28)] xp (1 + ) log(V)a 5

et — % — t) +0 (plog(N)Q)
1
<exp {log(N) <(1 + 6)045 (—Wy5.010g(Wr5.0) + Wy 50 — 1))} ,

v—2(1+9)
(140)x

with wy 54 =1+
tends to 0.

and after having used ¢t = %log (Wy6.4) > 0. The probability

O

Proposition 5.6 The critical value v* = sup{y > 0 : v is an admissible threshold variable}
18
v = 2.

The critical value o = sup{a > 0 : v is an admissible capacity variable for the model} is

2
= ~ 0.51.
(0% " 1

513'2—

Here x% s the root of
go(z) = 2 (2 — log(z)) — 2
in (1,00).
For a € (0,a%), there is v*(a) € (0,2), such that (0,7*(«)) is a set of inadmissible
and (v*(«),2) a set of admissible threshold variables for a.

Proof: The first assertion follows immediately from the previous Theorem [5.4|and Propo-
sition [5.5

The second claim is proven by considering the function G(v,z) = g,(x) on Ry x Rs;.
This is strictly decreasing in v for fixed z. Additionally, for fixed v, we saw that g,(z)
is positive on (1,27}) and negative on (z7,00). Thus v < ' implies 27 > a7, If in
particular there is a 7 € (0,2) such that a is admissible for v, each v € (v*(«), 2), with
v*(a) :=inf{y € (0,2) : « is admissible capacity variable for v} is admissible for a.

If now o > 2/(a3 — 1), the inequality 1 + 2 < 3 holds. Choose v € (0,2]. Then,
resulting from the two facts that G is decreasing in v and that 1+ v/« € (1, x3),

9~/<1+1) 292(1+1) > 0.
a a

There is thus no v < 2 that allows to use a as a capacity variable. Since v > 2 leads in
any case to instability, « is inadmissible.
For a < 2/(x} — 1), the inequality 1+ 2 > z} is true. So go(1 + 2) < 0. We consider

Y _ _ 1 gl Y
9y (14 2) = farl@an0),  farl@ano) =1+ 50 [=log (1+2) (1 +7/a) + 2],

Ta~yo = 1+ 7/, see (5.32); this function is for fixed a continuous as a function in v on
R, and there is thus some v < 2 such that

fa,l (‘7_7017%0) <0

holds, if fu1(Za20) = g2(1 +2/a) < 0. So « is an admissible capacity variable. O
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

Remark 5.7 Besides the GB model in Chapter|[6, the BEG model has the best mazimal
capacity. Besides the fact that it has a ternary state space, its good performance is owed
to more information processed in the two functions J;; and K;;. In the sparse models, it
1s very rare that two neurons are activated together in one pattern. The BEG model uses
this important information twice, in J;; and K;; and a stored pattern benefits from a high
signal term.

Corollary 5.8 (Corollary to Theorem [5.4t) Suppose that in the BEG model with
threshold ~y € (0,2), there are M = aN?/log(N)* patterns stored, with a such that
a <v/(xf —1). Let & be a faulty version of the stored pattern &.

1. If in &", there are o log(N) of the active neurons of " deactivated, 0, < 1 — /2,
the pattern is corrected in one step, with high probability.

2. If oolog(N) neurons are spuriously activated, the pattern is corrected in the first
step, with high probability, if

f)/

oDt

Here again x7, is the root of g, in (1,00) as defined in Theorem .

3. If p3log(N) neurons are mapped to the opposite value (a 1 is turned into a -1 and

the other way around), the pattern is corrected in one step, if o3 < 1—73 and o3 < %

4. If all these errors are combined, the pattern is mapped to & in one step with high
probability, if

Q1+Q3<1—%7 01+203<1

and, in case 91 < 0o, if o fulfills additionally

/y

a < .
(ﬁ —1)(1+ 02— 01)

All bounds are sharp concerning the correction after one step of the parallel dynamics.

Proof: We just refer to the proof of Theorem and point out the differences and
similarities in the proofs. W.l.o.g. we take ;4 = 1 and assume that Z; holds.

1. The difference between active neurons of ¢! that are or are not deleted in él is
negligible. The signal terms of their local field and of the function 6; is decreased
by 01 log(IN) — 1 (respectively o; log(N)).

The noise terms of S;(€') and ;(€') become

M M
Yoo geg e~y Y e and Z 2 T

H=2 joti £t =2 j£i £10 p=2 1751751#0
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5 The Sparse Blume-Emery-Griffiths Model

140

The interior sums are of length k& — oy log(N) — 1 (resp. k — p1log(N)) compared
to k — 1 in &' As in the proof of Theorem , we observe that these neurons are
corrected in one step or remain correct if they have not been corrupted, with high
probability, if o3 < 1 — /2. Note that p; < 1 and the local fields of the active
neurons of ! have the same sign as their spins, with high probability, if £ is the
input. The sharpness is proven analogously to Proposition [5.5]

Concerning the inactive neurons of &', the signal term of 6;(¢') is —(k —
0110g(N))p/(1 — p) instead of —kp/(1 — p) in &'. This difference is not important
for the proof; the exponential in (5.6 changes to

1 1

exp | (k — o1 log(N))a (56% -5 - t) +0 (pk‘)} ,

because there are less active neurons in the pattern. This is upper bounded by the
term in (5.6). Since « fulfills the stability condition of the model, these neurons
remain inactive, with high probability.

. The local field of the active neurons of ¢! is attached by this kind of error in terms

of the number of involved neurons in the noise term; it increases from k — 1 to
k—14 021og(N), if there are k active neurons in £'. The signal term of the function
0;(¢") does, compared to 6;(£!), only change by 0 log(N )12 and the random term
is increased by

M
oD

#=2 j:£1£0,61=0

These changes do not raise problems for the stability of the active neurons of &
they remain correct with high probability.

For the inactive neurons, the proof is almost the same as the corresponding part
of the proof of Theorem concerning the stability of the inactive neurons. The

signal term of 6;(£!) is only increased by 9o log(N )ﬁ compared to 0;(£'), which

is negligible. The noise term of S;(£') + 0;(£') includes additionally the random
variables

M
DS 5}§f§§+ﬁn5‘n§’-

P=2 jaigl#£0,61=0

There are g log(NV) additionally active neurons and the exponential in ([5.6]) changes

to

1 1
exp {(k + 02 log(N))a (56% —5- t) +0 (pk)] :
The rest of the proof is the same as in the proof of Theorem [5.4] Correction or
respectively stability of the inactive neurons is reached if o < v/[(2% — 1)(1 + 02)].
The bound is sharp; this is also proven as the corresponding part of Theorem
using that there are k + gy log(N) active neurons in £



5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

3. The local field of the activated neurons of &' changes, it is

M k
& (k = 20310g(N) + Tguse) + Y > EjErer,

n=2 j#i

with

Mk Mk

DD g~y > e

u=2 j#i p=2 j#i
The difference between active neurons of ¢! whose value is multiplied by —1 and
those that are not affected by the corruption again is negligible. The function 6;
does not change. So the signal term of Si(él) + Hi(fl) is decreased by 2p3log(N)
compared to £!. These neurons are active after one step of the dynamics, with high
probability, if 203 < 2 — . If p3 > 1 — v/2, an arbitrary active neuron of &' is
deactivated after the first step of the dynamics, with high probability: this follows
as in the proof of Proposition. In addition, P(Vi < k : sgn(S;(£')) = sgn(£})| Zx)
tends to 1, if g3 < 1/2. On the contrary, for an arbitrary active neuron i of £, we
have P(sgn(S;(€1)) # sgn(&l)) - 0, if o3 > 1/2 (see Chapter .

The distribution of the local field of the inactive neurons of £! is the same in £! and
&' and the function 6; does not change for these neurons; since « is chosen according
to the stability condition of the model, they remain inactive, with high probability.

4. The relevant changes for the excited neurons in ¢! are the decreased signal terms of
the local field and of the function €, which are equal to & — g log(N) — 203 log(NV)
and k — 01 log(N) — 02 1og(N)p/(1 — p), respectively, instead of £ — 1. Since an error
concerning one of these neurons can only occur if either the random part of |S;| + 0;
falls below vlog(N) — 2k + 2(01 + 03) log(N) + 02 log(N)p/(1 — p) or if the random
part of S; exceeds k — g1 log(N) — 203 1log(N), we observe analogously to the proof of
Theorem that the corresponding probability vanishes, if o1 + 03 < 1 —7/2 and if
01 + 203 < 1. If one of these conditions is not fulfilled, an arbitrary active neuron is
not stable, with positive probability not concerging to 0 (in the case o1 +03 > 1—7/2
it even tends to 1).

Concerning the inactive neurons, the signal term of #; changes, compared to &1, from

—M)to-%k—mbaNM7 02 log(N)p?

1—p 1—p (1—p)?
which is negligible. There are k — o1 log(N) + 02 log(N) active neurons in &' and

the proof works as the corresponding part (stability of the inactive neurons) of
Theorem , using (1 + g2 — 1) instead of a. If g3 > o1, o must fulfill

g
(2% = 1)(1 402 — 01)

a <

to guarantee the stability /correction of the inactive neurons of &' with high prob-
ability. If oo > 01 and a > v/[(#} — 1)(1 + g2 — 01)], the pattern is not corrected
after one step of the dynamics, with high probability.
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5 The Sparse Blume-Emery-Griffiths Model

Remark 5.9 The corruption of active neurons of a stored pattern affects the choice of
~v: if one wants to correct a high number of errors of this kind, one must choose a small
~v. Of course, this decreases the capacity. Interestingly, there is no difference respective
the choice of v between the deletion and multiplication by —1 (plog(N) errors require
v < 2—=2p), in contrary to the model in Chapter@ which s more vulnerable to the sign
change than to the deletion: the deletion has a less negative tmpact on the local field and
the correction of plog(N) deleted neurons requires v < 1 — o, whereas the mulitplication
by —1 requires v < 1 — 20. However, o € (0,1) is in both models allowed for the deletion,
in contrary to a restricted choice of o € (0,1/2) for the multiplication by —1.

The spuriously activated neurons affect directly the bound on «: the critical value
decreases antiproportionally with 1 4 o if plog(N) errors have to be corrected. There is
no further condition on o.

Proposition 5.10 There is at least one instable pattern with probability converging to 1
if there is some

J <Z)_1
5>210g 5 2—1—1

such that N° = o(M(N)), where M(N) denotes the number of stored patterns.
In contrary, all patterns are stable with high probability, if M = O(NB,), g <
Ilog(2) -2 +1.

Proof: To prove the first part, we can assume that M(N) < N2/log(N)? for almost all
N € N, because otherwise an arbitrary stored pattern is instable (there is at least one
spuriously activated neuron after the first step of the dynamics) with high probability.

Using Proposition , we have for N® = o(M(N)) and ¢ > 0 such that 3 >
(G-log(3-o) 3 +e+1

N
limIP’(EI,ugM(N): ! Z\§f|<’y/2—5>:

N—o0

Using now M(N) < N?/log(N)?, we see analogously to Proposition [5.5 that an arbitrary
active neuron of a pattern with k£ < (v/2 — ¢) log(N) excited neurons is inactive after the
first step of the dynamics, with high probability.

If in contrary M(N) = o(N?), B/ < Zlog(1) — 2 + 1, we have for ¢’ > 0 such that
§<G+e)lon(3 +<) 3~/ +1

N—oo

limIP’(V,u<M(N Tog(V Z|§“|>7/2+6>—1

As in the proof of Proposition , using that P (Elu < M(N): Z L 1651 > 3log N))
0, we observe that the stability of all stored patterns is provided if M(N) = o(N?),
g <Zlog(3)—-1+1.

To improve the performance, it is also possible to consider a version of the sparse BEG
model with a fixed number ¢ & log(N) of active neurons per stored pattern, using p = ¢/N
in the definition of the variables K;; and n;.
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5.2 Stability and Error Correction in the Sparsity Adopted BEG Model

Proposition 5.11 If the stored messages are chosen independently and uniformly from
the set of patterns with exactly ¢ ~ log(N) active neurons, if the number of stored patterns
is M = aN?/c* and the threshold ~yc is used, each v < 2 is admissible, each v > 2 is
inadmissible and for fized ~y, each a that fulfills the stability conditions of Theorem[5.]] is
also admissible for v for this second setting of the model.

In addition, if the two conditions 1.)

%a( (1+ >log(1+ )+%><—3

1 1
—arsinh (—) + «cosh (arsinh (—)) —a< =2
o o

are fulfilled and additionally either condition 3a.)

1 2— 2 — 2 —
—a(—(l— 7)log(l— 7)— ’7)<_2 and a>2—r
2 « « «

or 3b.)

and 2.)

a<2—vy
hold, we have

lim P(3u < M(N):T(&") #¢&*) =0.

N—o00
Proof: For a fixed neuron i > ¢, the exponential moments of
pek 4
Z Zé’ &t / )2 T
pn=2 j<c

are as in the previous models similar to those of the model with i.i.d. spins: we consider
for fixed i > ¢

exp (tZZE#EM / )2771 773> ‘Zc

n=2 j=1

c—i-l1 c/N c2/N2

1 .
c—n cC—1 ti +t(c—1)
1 - —) 1 — 1—c/N (1—c/N)2
( Z()gl\f—l—ng< J\f—l—z‘—m)6 -
c A\ c—1—n T c—1—i itioi <N (1, 1 v
_ - - = 1— = Cllc/N —el 4 et
NZ(z’)nON—1—ng< N—l—z’—m)e (2 2" )

o (@] 553t coo ()]

(e +1)—1— t) +0 (6—6)] o = a1 (1 4 o(1)).
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For fixed ¢ < ¢ we obtain analogously

exp (tZZ€M€M / )2771 77;) ’Zc

u=2 j#i

S ea(c—l)[%(ew—&—l)—l—t](l +0<1))

Combined with the results of Proposition and Theorem we observe that stability is
reached with high probability in this second setting of the model if the stability conditions
of Theorem are fulfilled and that particularly each v < 2 is admissible. In addition,
the same arguments as in the proof of Proposition [5.5 show that v > 2 is inadmissible.

Concerning the second notion of capacity, the conditions to guarantee the stability
of all patterns are obtained analogously to the conditions of Theorem using P(Ju :
T(Er) # &) < MP(T(€Y) # £'). Condition 1.) is sufficient to keep the stability of the
inactive neurons (compare (5.7) and subsequent calculations) and conditions 2.) and 3.)
for the stability of the active neurons ((5.16) and subsequent calculations for the second
condition and finally , and page for the third condition).

O
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6 The Gripon-Berrou Model

Gripon, Berrou et al. proposed in a series of papers, e.g., [16], [I7], [22] or [23], several
variations of a model relying on a cluster structure. The model uses N = ¢l neurons
organised in c clusters, each cluster containing [ neurons. The patterns that are stored
in the network consist of exactly one activated neuron per cluster. The authors propose
a choice of ¢ = log(l): ¢ should not be a constant, as we will see in the next section, but
also be as small as possible (see [I7]). The patterns are therefore extremely sparse, as
in the previous models. A further difference to the models considered so far is that the
underlying graph is not the complete graph on {1,..., N}: apart from self-loops, neurons
are connected if and only if they belong to different clusters. Both, cluster structure and
sparse patterns are properties of the network inspired by brain structure and activities.

Gripon and Berrou motivate the groups of neurons as an alphabet A of size [. Each
cluster then consists of [ neurons of which each one is associated to exactly one value of
the alphabet. The patterns, also called messages, can be identified with words of length ¢
of this alphabet. By identifying A with A’ = {1,...,[} by some bijective map, a message
is associated with an element £ = (&, ...,&,) of (A')°. The value &, 1 < a < ¢, indicates
the one and only element in cluster a that is activated in (also referred as part of) the
message. This representation is, to reach a more convenient notation, replaced by the
following one: instead of £, we use £ € ({O, 1}1)6, and € is transformed into ¢ through the
map & — (e, --rez) € {0, 1}, with the i-th [-dimensional unit vector e;.

We assume the messages to be chosen independently and uniformly of the set of all
valid (which means that exactly one neuron is activated per cluster) patterns in {0, 1}<.
The stored patterns are denoted by &',...,6M: M = M(N) is the number of stored
messages. In particular, these patterns are sparse because each one has ¢ active neurons,
only, with ¢ = log(l) ~ log(N), comparable to the models in chapters [2|- [f]

The model is originally close to the WTA algorithm in the Willshaw model, using
binary synaptic efficacies and a sort of Winner takes all algorithm. Gripon and Berrou
illustrate the storing process and the dynamics by a graph visualisation (see [17]): using
the underlying graph structure of the model, a message £* is stored by establishing the
complete graph G(&") between its activated neurons and the corresponding self-loops.
This means that each edge between two neurons being part of the message is activated,
that is, J. is set to 1. In this context, we sometimes speak of existing connections between
the neurons or of a fully connected graph even though strictly speaking the edges already
exist but are inactive. The set of neurons that could form a valid message together
with the (activated) edge set of its complete graph is also referred as clique. Once
activated, an edge cannot be erased. If it is already active, nothing is changed. This
corresponds to the synaptic efficacies in the Willshaw model: they are also set to 1 if the
corresponding neurons are at least once activated in the same message and remain at this
value afterwards. The model can be defined with or without self-loops: taking them into
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6 The Gripon-Berrou Model

account, each neuron that is once excited in a message is then connected to itself. In [23]
Gripon and Berrou also propose a weighted self-loop.

For a given configuration of the network used as input, a dynamics can be applied.
Given this input, each neuron receives a certain number of signals: signals are emitted
by activated neurons and can only be transmitted through active edges. In particular, a
neuron can only obtain signals from neurons of different clusters or from itself. However,
the decisive information is not how many signals a neuron receives in total: the idea of
the model is to count only the number of different clusters from which a neuron receives
signals. Finally there are different options to proceed and to decide which neurons will be
(or remain) activated, but the original one which turns out to provide the best capacity
is to activate the neuron within a cluster that obtains the most signals from different
clusters (this is called SUM-of-MAX rule). It is reasonable to count at most one incoming
signal per cluster because the network aims to decide if messages belong to the stored
ones or to repair deleted or corrupted messages. Let us e. g., consider a corrupted stored
message as input pattern such that in at least one cluster there are at least ¢—1 spuriously
activated neurons and that in one cluster the active neuron has been erased and no neuron
is active. The fact that a message only consists of one activated neuron per cluster implies
that a neuron in the erased cluster that is e. g., connected to ¢ neurons of the cluster with
spuriously activated neurons and to none of the other clusters should not win against a
neuron that receives one signal from each of the ¢ — 1 clusters to which it does not belong
because this neuron and the neurons that send signals to this neuron could form a correct
stored message, whereas the first neuron cannot be part of a valid message formed by,
besides the neuron itself, active neurons of the input. The second neuron should thus be
more likely to be activated.

Formally, the GB model can be described as follows: on a vertex set V = {(a,i) : a €
{1,...,¢c},i € {1,...,1}} the edge set is given by

E={{(a,i),(b,7)} : (a,i),(b,j) € {1,...,¢c} x{1,...,l} :a# b} U{{(a,)} : (a,i) € V}.

Denoting the stored patterns by &!,..., &M, ¢+ = &y -2 €y oy - - ,§é‘c y)s the
synaptic weights are for each e € E defined by

T = 1 H”E{17""M}:§Ef;,i)€€;),j):1
(a:4),(0.9) 0 otherwise.

The synaptic efficacy Jiq (i) is equal to 1 if and only if the neuron (a, 7) (the i-th neuron
of the a-th cluster) is part of at least one message £*. The synaptic efficacy Jiq),@1,5) is 1
if and only if the ¢-th neuron of cluster a and the j-th neuron of cluster b have been part
for at least one time in the same stored message.

The model Gripon and Berrou propose in e.g., [16] and [22] uses a WTA algorithm
which is called the SUM-OF-MAX rule. The local field is, in dependence of the intensity
of the self-loop influence, defined by

c l
SBan(o)= > © (Z J(a,0),6.5) T (0.5) — 1) + BJ(a,0),(a,1) (asi)-
j=1

b=1,b#a
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© again is the Heaviside function, ©(z) = 1,59. We concentrate our analysis on the
extremal cases =1 and S = 0, for which the local fields are called

S(a,i)(a) ::S Z @<Zjaz ),(6,1)0 (bg)_1>+Jaz (a,3)0 (a,i)

b=1,b#a j=1

and

Sta(0) = 5(0)@i (o Z ®<ZJM )T (0) —1)

b=1,b#a

By analysing both variations in comparison, we will see that the self-loops improve the
stability results and additionally observe that the dynamics using S(8), 8 € (0,1), behaves
exactly like the one using S. In dependence on S(3), the parallel dynamics is defined by

TB)=(TB)ay, - T(B)ew)
T(8)(ai)(0) = O(S(8)(ai)(0) — h(a)), where h(a) = max{S(8) ).t =1,...,1}.

If there is no ambiguity, T'(/3) is also called T, for short.

There are several variations of the model, obtained by modifying the dynamics and
sometimes also the synaptic efficacies. These models are also referred to as GB model
because they use the cluster structure, but their characteristics are indicated by their
specifying names. The model described so far is called the GB model with binary
synaptic efficacies and SUM-of-MAX rule. Concerning this dynamics and local
field, speaking in terms of the graph illustration, a pattern o’ € {o € {0,1}¢ : V1 < a <
c: Zizl O(ai) = 1} is considered to be stored if each edge of the complete graph spanned
by its activated neurons (the corresponding clique) is contained in the set M :={e € E :
J. = 1}. We will see that in this case the dynamics cannot decide whether the pattern is
one of the stored ones or not and will recognise it as stored.

The first variation was also proposed by Gripon and Berrou (see [23]). It uses a
threshold dynamics while keeping the definition of the synaptic efficacies and the cluster
structure. The dynamics is, for some 0 < v < 1, defined by

1 S(ﬁ) (ai) = V€
0 otherwise.

T(ﬁ)(a,i)(0> {

We will call this model the GB model with binary synaptic efficacies and threshold
dynamics.

A second variation of the model is obtained if the cluster structure is maintained, but
the synaptic weights are replaced by

az ),(b,7) Zgaz (b,5) a 7é b7 J(a,i),(a,i) =0

as in the Hopfield model, Amari’s model or the Ternary simple model. This is combined
with a threshold dynamics:

c l
T(a ’L) (O') = {1 Zb:lvbia ijl J(a=7')7(bvj)o-(b7]) Z 7(C - 1)

0 otherwise.
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6 The Gripon-Berrou Model

This model was proposed and analysed by Lowe, Vermet and Heusel in [20]. This model is
called the GB model with weighted synaptic efficacies. It turned out that it shows
the same behaviour as Amari’s model with fixed activity.

The different variations are analysed in the following sections. We will see that each
of them corresponds to one of the models of the previous chapters and offers the same
capacity variables but also benefits from the cluster structure and has some advantages
compared to the corresponding model. In particular, the GB model with binary synaptic
weights and SUM-of-MAX rule has some interesting properties. The first section deals
with the GB model with weighted synaptic efficacies and the second with the the two
binary versions of the model.

Finally it is also possible to adapt the model to the two ternary models while keeping
the cluster structure. This will shortly be described in the last section of this chapter.

6.1 The GB Model with Weighted Synaptic Efficacies

A detailed analysis of the associative abilities of the GB-network with SUM-OF-MAX
rule first seemed to be difficult. Therefore the following variant of this model has been
proposed and analysed in [20].

As indicated in the name, the synaptic efficacy between two neurons used in the original
model is replaced in this section by one counting every joint activation in a message of
these two neurons. However, the cluster structure is maintained. The synaptic efficacies
are given by

M
ﬂmnﬂm)IZE:féﬂﬁé@a a#b; Jaiai =0
pn=1

and the local field of an input o € {0, 1} at some point (a, ) is defined as

!
St (@) = DY Tair )T

a#b j=1

The dynamics activates a neuron if its local field exceeds the threshold h = v(c — 1).

We will see that this model generally behaves like Amari’s model. Assuming that
the number of stored messages is M = «l?, the variable o must be chosen according
to the same constraints as in Amari’s model to achieve stability of an arbitrary stored
pattern or to allow correction of a certain number of errors. However, the model has some
advantages over Amari’s model: it is possible to achieve stability of every pattern with
high probability without loosing the order of the number of stored patterns but only by
adapting the constant a. In the first version of Amari’s model on the contrary, the size
of M cannot be maintained: to ensure that all patterns are stable, M must be adjusted
downwards to M = N?, for some 8 < 1 depending on the threshold +.

Theorem 6.1 In the GB model with weighted synaptic efficacies and threshold dynamics,
suppose that there are M = al? stored messages &4, ..., M. The threshold variable v > 0
1s chosen such that

*

V<7
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6.1 The GB Model with Weighted Synaptic Efficacies

with the root v* of f(v) = 2 — v+ 1, v = 1.255. If now o < 7,

—log <1> +y—a<-—1 (6.1)
Q@
and additionally
a > max(0,v — 1),

an arbitrary stored message " 1s stable with probability converging to 1:

lim P (V(a, 1)t T (€)= € ) —1

I—00 ’ (i)
On the other hand, if either 1.) o >~ or 2.) a < and

—log <1> +y—a>-—-1 (6.2)
Q@
or 8.) in case y > 1
O<a<~vy—1,

we have

lim P (3(a, ) : Tias)(€") # o) = 1.

l—o0

Each message s stable with high probability,

lim P (vu, (a,0) : Ty (§") = 5&:&)) =1

l—o00

if we choose v <1 and o < 7y such that

—~log <1> +y—a< -3
a

If we use the threshold ~ and a threshold variable a fulfilling the above stability conditions,
a randomly chosen &* which has been bwilt by deleting randomly oc entries of &* and
by replacing them in o1c, 01 < o clusters by another randomly chosen neuron of the
corresponding cluster, is mapped with high probability directly to &:
lim P (W(a,) T (€) = &) =1
if the inequality
0<1l—v+a(l—op)

holds, with oo = 0 — 01. This 1s in particular guaranteed if o < 1 — v + a.
Proof of Theorem [6.1: Without loss of generality we consider g = 1 and assume that
the first pattern is &' = (ey,...,e;). To begin with the proof, let v <1 and a < 7.

There are two cases to consider. An active neuron should remain activated and an

inactive neuron should remain deactivated. Let us start with the first case.
Fori=1land1<a<eg,

c l c M
1 1
SanE) =D D Janeifby =c—1+ D D &l

b=1,b#a j=1 b=1,b#a p=2
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6 The Gripon-Berrou Model

so if we choose v < 1, we immediately see that
PVl <a<c:T,(¢")=1) =1

We consider a = 1 and ¢ = 2 representatively for the case 5(1”) = 0. Then

c l
P (Ta2(€') # Ehay) = (Z Z J1.2),06.5)E0,) = (€ — 1))

b=2 j=1

c M
=P (Z 256,2)5&1) > y(c— 1)) < e hle-VE [€t2§:2 Zulo 551,2>57b,1>}

=

:eft'y(cfl)E |:€t22=2 5(21,2)6(217,1) (63)

for arbitrary t > 0. Here we first applied the definition of the dynamics, the definition of J
and the assumptions concerning ¢!. Finally we used the exponential Chebyshev inequality

and the independence of the messages. We compute E [etZ§:2 £(21v2>£<2’~‘~1)] and obtain the
following bound:

E |:€t2§:2 5?1,2)5(21,,1):| — ( 1) 1+ 1 (E[etzgzzfé,n])
l l

1\ 1 11 ,\“" 1\ 1 ey
— _ _ _ _ < _ _ (C—l)'
(1 l>+l(1 l+le) _<1 l)—l—le o

due to the estimate 1+ x < e for all x € R. Inserting this into (6.3]) yields, by using once
more 1 4+ x < e”:

1 1 d 1M ((c 1)-€
IED( 12)(£ ) # é 1,2 ) > 7t7(c*1) |:(1 — 7) + 76(01)'l:| < eft'y(c 1)

(6.4)

For fixed t not depending on [ and [ — oo, expanding the exponential and taking into
account M = «l? yields

M e —1
P (T(L?)(gl) # 6(1172)) < exp[—ty(c—1)] exp T ele=1) _ 1)}

=exp [_t7(6_1)+¥ ((0_1)6 l_l o (%))]

=exp {(c —1) (—ty+afe' = 1)) + O <672>}
—exp [(c— 1) (—t7 + a(e — 1))] {1 e (Cl—z)] |

The last line takes its minimum at ¢ = log(y/«). The condition ¢t > 0 is for this choice
fulfilled if v > «a. Since we have [ neurons in each cluster, the probability of having an
error is, as long as v < 1 and o < 7, at most

1
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6.1 The GB Model with Weighted Synaptic Efficacies

P (3(a,4) : Tiap)(€") # Efusy)
<el P (T (") # Elyy) < exp [log(c) + ¢+ (¢ — 1) (=t + a(e! — 1))] {1 +0 (Clj)} :
Using ¢ = log(y/a), this vanishes if
—+log G) ty—a< -1,

Let now v > 1, @ > max(0,v7 — 1) and a < y, —ylog(y/a) + v — a < —1. We observe
again that the local field of an activated neuron, i.e. i =1, is

c l c M
Do > Janeabby=c—1+ D D Eanélon

b=1b#a j=1 b=1b#a p=2

and that the pattern is stable with high probability if

]P’<1<a<c Z Z£<a15<b1 )(c—l)>—>0.

b=1,b#a p=2

In analogy to the exponential moment computed in the first part of the proof, the expo-
nential moment of — 37|, Z;]Y[:Q 5(”1 1)5(‘2 )y is at most

2
E [6_t2":2 Siuls 5?1,1)%7,1)] < exp [(c — 1)a (e_t — 1)] {1 +0 (CT)}

and the above probability is bounded by

c M
P <31 <a<e: Y, Y & <(r=1)(c— 1))

b=1,b#a p=2
<cexp[(y—1)(c—t]exp [(c—Da(e" —1)] {1 + 0O (072)} .

With ¢ = — log ( ) positive if v — 1 < «, this converges to 0. The part concerning the
inactive neurons can be shown as in the first part of the proof. Thus an arbitrary pattern
is stable if the conditions of Theorem [6.1] are fulfilled.

In addition, all the patterns are stable, that is,

lim P (31 <a<el<i<ll<p< M Tuy(€) £ €,) =0,

=0

if v <1 and
Mlcele—D(=vlog(v/a)ty=a) __y (.

This happens if
—~log <1) +y—-a< -3
a
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6 The Gripon-Berrou Model

Concerning the stability results, it remains to show that the derived bounds are sharp.
First, assume that v > 1 and 0 < o < v — 1. Take (a,4) with 5(1a » =1, wlog. (1,1).
5(11 1y is not stable if

M ¢

Z Z 56,1)55;,1) <(y=D(e—-1).

p=2 b=2
Now the probability is bounded, by applying the exponential Chebyshev inequality and
the exponential moment obtained in the first part of the proof

M ¢
P (3a <ei > Eanbln 2 (- 1(e- 1))

n=2 b#a

2
<cexp[—(y—1)(c—1t]exp [(c — D)a (&' — 1)] [1 +0 (07)] .
Taking ¢ = log (%1) > ( because v — 1 > «, this probability vanishes. Thus
lim P (T(¢) #¢') =1
l—00
for v — 1 > «. In particular, if « < v — 1, even

lim P (T'(¢') = (0,...,0)) =1
l—00
holds.

Let now o < v and —vlog (g) + v —a > —1. We saw in the first part of the proof
that the lower bounds on a of this model coincide with those of Amari’s model. The
exponential moments of the local field have the same form in these two models. But also
the upper bounds coincide. In comparison to the proof concerning Amari’s model, the
cluster structure complicates the situation. There are two main differences to Amari’s
model: on the one hand, we will just consider one fixed cluster and prove that there
will already be an error with high probability. It is not necessary to consider all inactive
neurons. On the other hand, the cluster structure implies that for some fixed cluster
a, the §é‘a7i), 1 <7 <[, are not independent. But these random variables are negatively
associated which will be helpful in the proof.

So we fix some cluster, e.g., a = 1. We consider the random variables

(9(265,71)_1): [LZQ
b=2

which are independent and identically Bernoulli distributed with parameter p; =1 — (1 —
1/1)°! = & 4+ O(c*/1?). As in Chapter , the probability

C

> e (Z &y — 1) < (1 —=¥8a(c— 1)z] — 0.

P

b=2
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6.1 The GB Model with Weighted Synaptic Efficacies

The complement of the corresponding event is called

Bs = {i@(i%) - 1) > (1 - 8)alc — 1)1}.

In addition, the variables 5{‘1@, 1 > 2, are for fixed p negatively associated. This can easily
be checked by computing the covariance for increasing functions fi, fo due to the fact
that the variables are binary and exactly one of them takes the value 1, each with equal
probability or by observing that they are Multivariate Hypergeometrically distributed with
parameters [ — 1 (number of different colours/characteristics), 1 (number of drawings) and
(1,...,1) (multiplicity of the characteristics) (see [26]). Using Lemma[2.12]3.), we observe
that &, > 2,7 > 2, are negatively associated. Given {%71), > 2,b> 2, the sums

M c
>0 (3th 1) th i3
b=2

n=2

then are conditionally negatively associated because we applied increasing functions on
disjoint subsets of the negatively associated variables. We write F = a(f& = 2,0>2).
This yields, using Lemma [2.12] 4.) in the penultimate step of the subsequent computation

) v
PIVi>2:) Y & &y <lc— 1)‘4

n=2 b=2

M c
r%in P Z@ ( 1) — 1) o = (- 1)‘}"]

é

E]P) 5?172) Z 7(6 - 1)

This is true because the (conditional) probability of the event that the sum in the first
line exceeds the threshold (¢ — 1) is increasing in the number of non-zero summands
0 f& 1y — 1), # = 2, so the minimum of the conditional probabilities on this set is

attained for 224:2 0, 5&,1) —1) = a(c—1)I(1-9), assuming that a(c—1){(1—0) € N.
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6 The Gripon-Berrou Model

Now the proof is continued analogously to the proof of Theorem 2.1, The random
variable ZZ‘(:C; Dii=é)+1 5&2) is approximately Poisson distributed with parameter a(c —
1)(1 — §). The total variation distance between the two distributions is at most 2ac/I.
Let Y) denote a Poisson distributed random variable with parameter A > 0. Combining
the above results, the limit

lim P (EIZ' > 2 T(l,i)(fl) # f(ll,z'))

l—00

RL
> lim P(Bjs) (1 — [1 - P (Ya(l,(;)(c,l) > ~(c— 1)) + 2(16—:| )

l—00 l

is equal to 1 if

1
M e o8 (P (Yiena-sa 2 7(c—1))) > —1.

Since —vlog (”) +v—a > —1and a < v, a suitable choice of § yields

67

1 gl
lim ——log (P (Ye—1)(1-6)a = —1))) =—~1 _ —a(l—-0)> -1
and a stored pattern is instable, with high probability.

Let finally o > v and v < 7*. As shown in Chapter [2] we observe that there is some
o/ < 7 such that —ylog(y/a’) + v — o > —1, which means that

if M = o/l? patterns are stored. Since a > o, this also holds if M = al?, because the
probability that the correcponding neuron allocates enough signals to exceed (¢ — 1)
increases in the number of stored patterns.

Concerning the error correction, let the pattern &' corrupted as described in the theo-
rem be used as input for the dynamics. The inactive neurons of ¢! are or remain inactive
with high probability, because at most ¢ neurons are activated and the stability condi-
tions are fulfilled. The activated neurons of &' are recovered or remain activated with
high probability, because the local field of one of these neurons is

M
S(a,l)(fl) = (1 - Q)(C o 1) + Z Z géia,l)g&,ib)a
n=2 bzéazﬂibgl:
g(lbﬂib):l

which can exactly be treated as in the previous proof concerning the stability of the
activated neurons if v > 1. Note that there are (1 — gy)c clusters with exactly one active
neuron and pyc clusters with no active neuron.

This finishes the proof of Theorem

O

Corollary 6.2 The critical values of the threshold and the capacity variables in this model
are v* & 1.255 and o* = 0.255, respectively, obtained in Chapter[J
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

Proof: This results from the analysis of the relation of the capacity and threshold vari-
ables in the proof of Theorem [2.5]

Remark 6.3 We saw that the model behaves exactly as Amari’s model concerning the
bounds on the capacity variables. The main difference to Amari’s model is, on the one
hand, that the number of active neurons per stored pattern is fixed (in contrast to the first
version of Amari’s model) and, on the other hand, that the location of the active neurons
15 restricted to the different clusters. The cluster structure cannot be exploitet to obtain
better results. However, it improves the performance of the models in the next section.

6.2 The Gripon-Berrou Model with Binary Synaptic
Efficacies

6.2.1 The SUM-OF-MAX Rule

As already explained in the introduction of this chapter, the neurons of this network are
organised in clusters and the updating dynamics activates the neuron(s) in each cluster
that possess the highest local field within their cluster. The local field counts the number
of clusters from which at least one signal is received. Each activated neuron that is linked
to the neuron by an active edge sends a signal; the important feature of the model is that
it is not decisive how many signals a neuron receives in total but the number of different
clusters in which it is linked by an (active) edge to at least one activated neuron. The
winner(s) within a cluster is/are activated and each other neuron is set to 0.

We will see that this model, as long as it counts self-loops, i.e., the local field S is
used, guarantees the stability of all stored patterns, independently of their number. This
is stated and proved in the following proposition:

Proposition 6.4 In the GB model with WTA dynamics (SUM-OF-MAX rule) and local
field S or S(B), respectively, with an arbitrary 5 € (0,1), each stored pattern is a fized
point of the dynamics, independent of the number of stored messages in the network.

Proof of Proposition We take one of the stored messages, e. g., £!. There is exactly
one activated neuron per cluster, and these ¢ neurons are fully interconnected (by active
edges) because they are all part of £!. Each of them consequently gets one signal per
cluster, in total ¢ signals. A neuron that is not activated in £! does not get a signal from
its own cluster because it is inactive and there are no connections within a cluster beside
the self-loops. It can thus collect at most ¢ — 1 signals. We therefore know that

This yields immediately T'(¢!) = £,
Taking § > 0, we observe the same, because again for each neuron (a, i) with 5(1(”.) =0,
the local field is at most

S(B)n(€) c—1
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6 The Gripon-Berrou Model

and for a neuron (a,?) with 5(1(1 » = 1, we have

S(ﬁ)(a,i)(fl) =c—14+0>c—1.
O

Of course, it is not reasonable to store all possible valid messages; the network would
then be needless. Besides the stability of the stored patterns, a task the network should
perform is the error correction of partially corrupted messages. If too many patterns are
stored, the network is intolerant to small errors.

To illustrate this problem, imagine that a stored pattern &* is defective in the following
way: in one fixed cluster, the activated neuron has been replaced by another one. If this
spurious neuron has connections to the rest of the neurons of &£”, the message will not
be recovered. If S is used, the correct neuron will even not be activated; if S is used
instead, it will be activated, but the spurious neuron will never be deactivated. It is thus
reasonable to restrict the number of stored patterns such that not too many of the edges
are contained in M.

In addition, patterns that are not stored should not be recognised as stored ones. The
network cannot distinguish stored patterns from patterns whose edge set connecting the
activated neurons is completely contained in M. The probability of having activated all
the edges corresponding to an arbitrary pattern should converge to 0.

We will analyse the mentioned probability and gather informations about an appro-
priate number of messages to be stored in the network. To this end, let £° be an arbitrary
valid message. It is recognised as stored if each of the (g) edges of the complete graph
G(€°) connecting the ¢ active neurons of the message is contained in M: this event is
denoted by G(£°). Note that we do not consider the self-loops belonging to £° in G(£°)
because they are automatically contained in M if the other edges connecting all pairs of
active neurons of £% are; then each neuron has been active in at least one stored message.

Theorem 6.5 Consider the GB model with binary weights using N = cl neurons organ-
ised in ¢ = log(l) clusters of size . Assume that the total number of stored patterns is
equal to

M = a(logc)l* = alog(logl) - I*.

If « > 2, a randomly chosen message (independent of the stored patterns) will be recognised
as a stored message with probability converging to 1 as | — oo.

If a = 2, with positive probability not tending to 0 a random message will be recognized
as a stored message as | — 0.

If a < 2, the probability that a random message will be recognized as stored goes to
zero as | — oo.

In the proof of this theorem, we will use association of random variables (see e.g., [14]).

Definition 6.6 (see [10] and [1]]) A set of real valued random wvariables X =
(X1, Xo, ..., X,) is associated, if

Cov(f(X),9(X)) =0
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

for every coordinatewise increasing functions f and g from R™ to R for which the corre-
sponding expectations exist.

Lemma 6.7 (see [1])], P1, P4 and Theorem 1)
1. Any subset of associated random variables is again associated.
2. Independent random variables are associated.
3. Increasing functions of associated random variables are associated.

For nonnegative integer valued respectively binary associated random variables, the fol-
lowing two Lemmata hold and can be applied in order to bound the probability P(G(£Y)).

Lemma 6.8 (see [10], Theorem 1) Let X1, X, ..., X, be associated nonnegative integer
valued random variables. Then

0<PX;=0i=1,....n] - [[PX;=0]< > Cov(X;, X))
i=1 1<i<j<n

Lemma 6.9 (see [T]|/, Theorem 4.1) Let Xi,...,X, be associated binary random vari-
ables. Then

Proof of Theorem [6.5] Let £° be a randomly chosen valid message. Without loss of
generality we may assume that 58171) =1, forall a =1,...,c. The probability P(G(£?)) is
given by

P(G(E") =P(Ya,be {1,....cha#b: Iue {l,... M} &l & =1)
=P(Va,b e {1,...,c},a<b: maxgé‘a 1)557 = 1).
H ’ £

The (fé‘a 1) 1 <a<e¢, pu>1) are independent random variables. Building their product
and taking the maximum of these products are increasing functions. Thus (max,, £ é; 1)5 5) 1)
a < b) are associated. The application of Lemma yields

(5)
P (Va,b e{l,...,c},a<b: maxé* 51;1) 1) > P (mfxfﬁg)fé,l) = 1)

The right-hand side can be approximated by inserting M = «log cl? and using the series
expansion of log(x) for 0 < z < 1:

(1= =) = (1= o)
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6 The Gripon-Berrou Model

= exp < _ (g) [ —alog(e) | (9( —2alog(c))] ) ~ exp (_%e—alogc> _

~1/2 if o = 2, which shows the first two statements

This converges to 1 if & > 2, and to e
of the theorem.

For the third statement we can use the upper bound given in Lemma 6.8, Define,
for an edge e belonging to £°, e = {(a,1),(b,1)} for some a # b, the random variable
X, = max{ﬁ’é‘a’l)Sé‘b’l) cp=1,...,M}. X, indicates if the edge e is contained in the set
M. Let

Z=Y X, withV ={{(a,1),(b,)},a,b€{1,...,c},a#b}.

eeV

Z denotes the number of edges belonging to G(£°) that are contained in M. £° is recog-
nised by the system if and only if Z = (g)

PG(E")] =P[Z = c(c - 1)/2].

The random variables Y, = 1 — X, are also associated (since for coordinatewise increasing
functions f and g, — f((1,...,1)—X) and —g((1,...,1)—X) are coordinatewise increasing
in X) and nonnegative (even binary). Lemma yields, denoting by L = (g),

P> Ye=0

ecV

PIG(£")] = <[Jerv.=0+ > Cov(¥.,Yo)

ecV e#el e €V

Y, is Bernoulli distributed with parameter (1 — 1/12)™ X, Bernoulli distributed with
parameter 1 — (1 — 1/12)™. Denoting by d the parameter of X,, the probability of G(£°)
is bounded by

PZz=L] < d"+ Y  Cov(X, Xo) (6.5)
e#el e '€V

Concerning the covariances, notice that Cov(X,, X./) = 0, if e and €’ are disjoint, which
means that they do not share a common vertex. So we assume that e = {(a, 1), (b,1)} and
¢ ={(a,1),(V),1)} and put M(a, 1) := {p : ) = 1} . The number of elements |M(a, 1)|
in M(a,1) is Binomially distributed with parameters 1/l and M. On {M(a, 1) = B}, the
events

{Fn e M(a,1): §,,) =1} and {Iv € M(a, 1) : { ) = 1}

are independent and have equal probabilities. So

E(X.X.,) = P(Elﬂ,VGM(a 1) & =1, _1)

_ (3nv € M(@,1) : €18y = 1] IM(a, 1] = 7) P(IM(a,1)] = 1)
r=0

= ZP (El,u € M(a,1) :5&71) = 1’ IM(a,1)| = r)zP(M/l(a, | =r)
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S (-0 -

The last line can be simplified to

s = L) (-
) )
= 1—2(1—%)M+<1—%+%)M.

r

Iz M=

(ei0-)

o~

In addition,

2
1\ 2 1\M 1\ M
COV(Xe,Xe/) = 1 — 2 (]. — l_2) + (1 — l_2 + l_3) — (]_ — (]_ — l_2) )

2 1 2 1
= exp(Mlog(l—l—Q—f—l—))—exp(Mlog(l—l—z+l—4))
2M M M 2M M
- oo (g o (q) e (o (w))
2M M M
= op{ - J(F 0 7))

after using the series expansion of the logarithm and the exponential. We now use
M = al*loglog!
and obtain, by using ¢ = log! S log N and [ = N/c:

Z Cov(X,, Xo) < 2(;)(0—2)C0V(X(171),X(172))

e#e’,
e, e’ eV

loglog loglogl
< ¢ exp(—2aloglogl) [% +0 ( ngog )}

c c?loglogl
< exp(—2aloglogl) [a(log log N)N +0 (T)]

Q

(log N)4% exp(—2aloglog N)a(loglog N)[1 + O(¢/N)].

GIOICH
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6 The Gripon-Berrou Model

Inserting this into (6.5]), we obtain

PIG(E")] = P[Z=c(c—1)/2]
< d"+ ) Cov(X., Xv)
ete e/ €V

IN

-+ %a(log log N)(log N)* exp(—2aloglog N)[1 + O(c/N)]
d + %a(log log N)(log N)!“"*[1 + O(c/N)).

We remember that

()
1\ c? e

L _ . - ~ _ = p—alog(e)| . )
d (1 (1 l2) ) exp{ 7€ } exp{ 5 }

Obviously d¥ converges to 0 if @ < 2. The covariance term clearly vanishes for this choice
of M. Thus P[G(£°)] converges to 0 if o < 2.

We are also interested in the size of P[G(£°)]. For this choice of M, P[G(£°)] is exactly
of order d* if a > 1 because in this case

exp [¢®7*/2] = o(N).

The probability P[G(£°)] converges to 0 and is exactly of order d” if a € (1,2).
For a < 1, we can state that P[G(£")] converges to 0 but we cannot draw conclusions
concerning the exact order of P[G(£7)].

O

Remark 6.10 The previous theorem shows that it is not reasonable to choose a constant
c. In this case, the first part of the proof can be applied analogously: the edges remain
positively associated and we obtain

PIG(EY)] > d* — <1 B <1 ) %)M> c(c—l)/z'

The right hand side converges to a positive constant, if ¢ is constant and if we either
use M = a(loglogl)l* or M = al?. A randomly chosen pattern £° not belonging to {&*,
pe{1,..., M}}, should not be recognised as a stored message with a positive probability.
It is thus not reasonable to choose some ¢ not depending on N.

Corollary 6.11 In the GB model with cluster size | and number of clusters ¢ = log(l)
suppose that
M = al?

patterns have been stored. Then the probability that a randomly chosen message is recog-
nised as a stored one converges to zero as | tends to infinity for each choice of a.

The estimation obtained by the application of Lemma[6.8 in the proof of Theorem [6.5
does not permit to draw conclusions concerning the exact order of P[G(EY)].
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Proof of Corollary The fact that the random variables Y,, e € V| are positively
associated, does not depend on the number of stored messages M. Thus the inequality

P(Z=L)<d"+ Y Cov(Y,Yo)=d"+ >  Cov(X.Xo)
e#el e €V e#el e e’ €V
holds again, with d =1 — (1 — 1/1*)M.
The computation of the covariances can also be used in this case: if e and €’ are not
disjoint, we obtain

Cov(Xe., Xo) = exp [~2M /1) (M/I* + O(M/1") = ™ (T + O17)) ;

if e and ¢’ are disjoint, X, and X, are independent. There are on the whole 2(5)(c — 2)
non-zero summands in » Cov(X,, Xo). The value of d¥ is approximately

(5)
~ (1 — e_“)(g) .

e, e’ €V

This yields immediately
—2a 2a

P(Z = L) <d"+ =+ 0 (I7) ~ exp K;) log(1 — ea)] + c3e_l L0,

This probability tends to zero for each v > 0; nevertheless the second term dominates the
first one and we cannot see if P(Z = L) is of the same size as d”.

O
With the exception of Proposition [6.16], we will for the rest of this chapter assume that
M = al®.

Gripon and Berrou suppose in their papers that the variables X.,e € V', behave for this
choice of cluster size and the numbers of neurons per cluster and of stored patterns as
independent ones and that the probability P[G(£°)] is well approximated by d¥ (see [17]).
If the edges X, were independent, Z would be Binomially distributed with parameters (g)
and d =1—(1—1/1*)* ~1—e . On the one hand, we can show a Weak Law of Large
Numbers for Z, see Proposition [6.12] However, the last remark showed that we cannot
confirm the assumption of Gripon and Berrou so far. As we will see in the Proposition[6.13
the conjecture of Gripon and Berrou is even not true: for o < —log(1l — e™2) ~ 0.14, we
can actually show the contrary.

Proposition 6.12 Consider the GB model with ¢ = log(l) clusters, | neurons per cluster
and a random (valid) message £ € {0,1}. To point out that ° depends on c, we write
during this proposition and its proof £°(c). Let V(c) be the set of edges spanned by the
neurons of £°(c) and Z, = > eevi(e) Xe as defined in the proof of Theorem . The number

of stored messages is M = al?®. Then Z, obeys a Weak Law of Large Numbers, i.e.

Jim ® ( e b ) -
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6 The Gripon-Berrou Model

Proof of Proposition [6.12: As [ tends to infinity, (1—1/12)M = (1—1/12)*" converges
to e~®. For any fixed € > 0, let /; be chosen such that

"
|(“z‘2> -

for [ > [;. Combined with the Chebyshev inequality, this yields for [ > [;

<e/2

=

§€2?)2 (;) (1 = (1 - 112) ) (1 = %)M + e#,;w Cov(Xe, Xe/)]
S I [ e

by the usage of the computations of the covariances in the proof of Corollary [6.11} this
clearly vanishes as [ tends to infinity.

O

Proposition 6.13 Consider the GB model with N = [log(l) neurons organised in ¢ =
log(l) clusters with | neurons per cluster. Suppose that M = al?. For each a < —log(1 —
e™?), we have
dL
lim ——— =0,

=00 P(G(£9))
which means

P(G(€")) # d"(1+o(1)).

Proof: First of all we recall that d = P(X. X, = 1) =1 — (1 — 1/1?>)*. The probability
P(G(£9)) is at least

We took into account that MI* — 0 for k < —2.
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

On the other hand, one can use the series expansion of the logarithm and M = al? to
obtain

c

_ [1 a0 ) (9 1g(1-ee)

This yields

. d- o e(;) log(1—e~)
e P(G(EY)) ~ i el DR [ + O (I-o+2))

= lim exp l (% log (1 —e™®) + 1) —c (M + 2) — log(oz)] :

l—o00

This limit is equal to 0 if
1log (1 — e_a) < —1
2 )

that is,
a < —log (1 —6_2) .

The probability P(G(£°)) is thus not well approximated by d* if a < —log(l — e72) ~
0.1454.

O

For @ > —log(1 — e?), we can find a bound that is clearly better than the one used in
the proof of Theorem : The probability of G(£°) is at most the square root of d-.

Proposition 6.14 Let t and k be such that
O<t<2, 0<kr<l

The probability P(G(E°)) is, for M = al?, bounded from above by

P(G (&)

<exp | =n(§)] 114 o]+ exp (1 = w101 = e (5) | 1+

In particular, the optimal choice of kK and t is such that —tk =
Such a choice is possible for each o > —log(1l — e72); using Kk =
—log(1 —e7?)

1 — k)log(l —e™@).

(
% we obtain for each

P(6(€) < 2w (1 - m)tog(1 - ) (5] 114 o) <29/ = )1 401,

Proof of Proposition [6.14k Let £ = (e;,...,e;). We denote the number of active
neurons of £ belonging to the u-th pattern by

c 1
X, = ‘225&1)5&1)

a=1 i=1

= } > )
a=1
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6 The Gripon-Berrou Model

The edge set of £V is again denoted by V and the edges in V are identified by the two
clusters they connect: e, is the edge that connects (a,1) and (b,1). In addition, we call

Y=|{ew€V:3u X, =2:¢4 & = 1}‘.

For some 1 > k > 0, the probability P(G(£%)) is bounded from above by

P(G(eY) <P X:(?)ZRG)-HPQK%:;;(?)<HG) . (66)

WX >3
We first consider the first summand on the right hand side. The exponential moment of
ZMIXHZ3 ();“) is, for 0 < t < 2,

X X\ 1"
E [exp t Z (;) :E{exp t]lX123<21)]

_ Z;; C) %(1 — /1) exp (t - (;))]
=5 (5) w2 () pa- v mQ@»]. (©:1)

For fixed t and i € {3,..., ¢}, the expression

(i en(s () <eton 0 )

=exp [ilog(c) — ic + t(i*/2 — i/2)]

is either maximal in ¢ = 3 or ¢ = ¢. Evaluating in these two arguments yields that for
t < 2, the maximum is attained in 7 = 3. With this, (6.7)) is bounded by

[-5(6) oS (i ()]

{1 - l%@ + O e 0311363'51 Y [Mllgcg(ce:gt —1/6) + 0(04/l2)} . (6.8)

With this,

P :;3 (i“) > m(g) < exp {—m(;)} (1+ O(c*/1)).

For the second part, we observe that

X
{ea,b eV :3du, X, >2: 5&71)5&71) = 1}‘ S Z ( 2’“),
w: X >3
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Let V' be an arbitrary subset of V with |[V’| = (1 — x)(5) and

Y= ‘{ea,b €V i3 X, =2: ¢ &l = 1}’.

Then the second probability on the right hand side of is bounded by

W%;S ();“) < /{(2) <P (Y’ = (1— k) (g) (VM X, < 2) .

To estimate the probability on the right hand side, we define by Z, :=

P | G(%)

D a<hepeV” 5&71)5&71)‘ the number of edges of V' contained in £# and denote by

(1—r)(5)1/1P(1 —1/1)2
(L—1/0)+c/I(1 = 1)1 + (5)1/12(1 — 1/1)e2

_ (1—r)(5)1/ PN
71—1—(0—2)/[—1—1/[2((;)—{—1—0)7(1 “>(2>12(1+O(0/m'

In the next computation, using in the third line the number of sujective maps from a set
with ¢ elements to a set with (1 — k) (g) elements and the total number of maps from the
first set to the second one, we see that

P(Y’z(l—m)(é)’VugM:XMSQ)

p =Pz, =1]X, <2) =

:f; (]\Q ()1 —p)MP <Y’ = (1—k) ;) ‘vu S Xy=2,Vu>i: X, < 2>
S (00) (s n )

_ (””_(3) 1y ((1 —7;:)(;)) (1 _ l%m(l + O(C/z)))M

_ (l:f)u)m (72 expam + o)

For a > —log(1—e~?), there is some 0 < t < 2, 0 < k < 1 such that tx = —(1—x) log(1—
e~ ). Especially, for kK = %, we obtain with ¢ € [—log(1l — e %),2)

1 1
—(1—=k)log(l —e™@) = —§log(1 —e < t§ = tK
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6 The Gripon-Berrou Model

which implies that

P (G (")) < 2exp B log(1—e™®) (g)} [1+0(1)] <21/ (1 = =)&) [140(1)] .

This shows the claim of the proposition.

O

Remark 6.15 The bound is improved if o increases. Taking o = —log(1 — e™1), which
1s the critical capacity variable for the GB model using binary synaptic weights and the
WTA algorithm or the threshold algorithm, both with S instead of S (we will see this in
Corollary [6.2{] and in the next section), we obtain k = 0.187 and

(&

P (G (&) <2 {(1 — e—a)@] (14 0(1)).

To make a first approach to the analysis of the error correcting abilities of the network,
assume that oc bits of a message £* have been deleted. We will see that it is impossible
to reconstruct this message, if there is a clique (not corresponding to £*) containing the
remaining, non-deleted neurons of £# and whose edge set is contained in M; this will
happen with positive, not vanishing probability if M is too large.

Without loss of generality, we consider ¢! and assume that S(la’l) = 1 for all clusters
1 < a < ¢, whereas 5(1,1,@') = 0if 7 # 1. Let us consider a partially erased pattern. Assume
that the 5(1(171) are still 1 for the clusters 1 < a < (1 — 9)¢, 0 < p < 1 and that all
other neurons are set to 0. We are interested in the probability that a randomly chosen
completion of the partially deleted message, a pattern ' as described below, is recognised
by the network. We choose for each cluster (1—p)c+1 < a < ¢ aneuron (a,i,), 2 < i, <1
and set it to 1. Let G(£!) be the event that the message ! having 1’s in positions (a, 1),
1 <a<(1l—-p)candin (a,i,), (1 —p)c+1 < a < ¢, is recognized by the system as a
stored message.

The following proposition shows that the probability of G(£') converges to a positive
constant, if M is chosen too large. This confirms the bound on M derived in Theorem [6.5}
if M exceeds the bound of this theorem, a partially erased message can never be corrected
with positive probability not tending to 0 because the edges of an arbitrary £° containing
the non-erased part of ! are stored in M, with positive probability.

Proposition 6.16 Let &' be a message in the GB model that consists of (1 — o)c neurons
of &' and oc randomly chosen neurons, one in each erased cluster. Suppose that there are
M = al?log c messages stored. Then P(G(EY)) tends to 0 if and only if a < 2.

If M = al? patterns are stored in the network, P(G(EY)) tends to 0 for any choice of

the parameter c.

Proof of Proposition [6.16; Without self-loops, there are (;) edges that belong to £!.
Since only pc of the neurons are spurious, there are ((1_29)0) edges of £ that also belong to
the set of edges of ¢! and thus are part of M. There remain r(c, ) := (1 — g)oc*+ oc(oc —

1)/2 = %(1 — (1 — 0)%) — 2co edges. To bound the probability of the event that these
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r(c, p) edges exist in M, we observe that positive association is still valid for a subset of

positively associated random variables. Thus the probability P(G(£!)) is bounded from
below by (1 — (1 — l%)M)T(C’Q) = d "(»®_ More precisely, we have, for M = al?log(c),

P(G(£Y)) > (1 — (1 _ %>M>T(C,Q)

2—a

- (-op).

~ exp [—7(c, 0)e 5] ~ exp <—

This implies that P(G(£')) does not converge to 0 for a > 2, as stated in the proposition.
The positive association can also be used to bound the probability from above: the
same exponential inequality as in the proof of Theorem (6.5 also shows that P(G(¢!)) is
at most equal to d "(“® plus a vanishing term. This term differs from that in the proof

of Theorem only by the number of non-zero covariance terms, which is larger in the
proof of Theorem [6.5] Concretely, we have

P(G(E) < d 7 + L a(log )" loglog N(1 + O(c/N).

The second term vanishes and P(G(£')) converges to 0 for a < 2. Similarly we can

conclude that P(G(£1)) — 0 for M = al?, for each choice of a.

O

Remark 6.17 If M = al*log(c), we see as in Theorem that P(G(£Y)) is well approxi-
(12

mated by d= V=1=9%) and additionally the latter goes to 0, if o €]1,2[. For M = al?log(c),

a €]0,1[ or if M = «l?, for arbitrary «, the additive error term in the upper bound van-

02
ishes slower than dz(1—(1-9%)

For the rest of this chapter, the number of stored patterns is assumed to be M = «l?.
Concerning the subclique, the conjecture that the edges behave as independent (and thus

— C2 2
P(G(£Y)) is well approximated by dz(1~(1=2%)) is false for small o

Proposition 6.18 Consider the GB-model with ¢ = log(l) clusters and | neurons per
cluster, with M = al? messages stored in the network. Let £ be a pattern consisting of
(1—o)c of the original neurons of £ and of oc arbitrarily chosen neurons that differ from
the neurons of £'. &' is valid, i.e. has exactly one activated neuron in each cluster.

The probability P[G(£Y)] that the edges of G(E') are contained in M is not well approz-
2 2
imated by d=z (=07 4f
a < —log (1 — 672/9) )

Then ,
AT 1-01-0?)

P(G(£")

— 0

as | tends to infinity.
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Proof: Without loss of generality we consider ¢! and assume that this message consists
exactly of the activated neurons (a, 1), 1 < a < ¢ and that f(la py=1lifa< (1—-p0)c,i=1
or a > (1— p)c, i = 2; otherwise g(la =0

The probability P(G(£1)) is at least

P(g (¢1)
>P (Va > (1 - o)c: 5(2(172) =1)P (Va >(1—-0)ec,b<(1—p)c:3Tu>3: 5&72)5&’1) = 1) :

this means, the whole set of spurious neurons is activated in the second message, and
the rest of the edges, that is, the ones between the spurious neurons and the non-erased
neurons of ¢!, is activated during the storing process of the remaining M — 2 messages.
Let V' be the set of edges belonging to &' and X' the indicator variable of having stored
the edge e within the edges of the last M — 2 messages:

/ p—
Xe = Lussel, o, =10

if e = ((a,i),(b,7)). The random variables X!, e € V', are positively associated. In
addition, each subset of these variables is positively associated, e.g., the variables con-
cerning the edges between the first (1 — g)c clusters and the last gc clusters. This yields
in particular

P[Va> (I1—-0)c,b< (1—9)033,“23:5&,2)55}1 =1

) )

. . c2o(1-9)
>P [H,u >3 f(c,Q)g(Ll) - 1}

and the last probability is equal to

_g7 ¢ e(1-0)
2o(1-0) 1\ M2
P3u=3: €8, =] = [1 = (1 = 1—2) ] .

Putting these things together, we obtain

P(G(€))
>P(Va > (1 — p)c: 5(211,2) =1DP(Va > (1 —0)e,b< (1 —p)c: >3 &, 584 =1)

1 M—2 ?o(1-0)
1= (1-3) ]

~exp [ (—o+ o(1 — 0)log(1 —e®))] .

> exp [—c¢]

P(G(€1)) is definitely not well approximated by d(1~(1-9*)¢*/2 if the following limit

J(—(1-0)2)c?/2 e (e—0?/2)
lim —————— = li

o B(GE)) e B(G(E)
< lim exp [*log(1 — e™*)(¢ — ¢*/2)] exp [~ (=0 + (1 — ) log(1 — ¢™%))]
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= lim exp [*log(1 — e™*)0°/2 + ?0]

c— 00

is 0. This happens if

log (1 — e_o‘) g < -1,

which is for p, & > 0 equivalent to
a < —log (1 — 6_2/‘9) .
O

Similarly to the case where we considered a complete pattern £°, we can also give an upper
bound on the probability of having stored the edges of a subclique.

Proposition 6.19 Suppose that £' consists, as in the previous proposition, of (1 —p)c
neurons of &' and oc neurons differing from those of &', exactly one in each remaining
cluster and that M = «l?®. The probability of the event that the remaining r(c,0) =
c?o(1—0/2) —co/2 edges of the complete graph connecting the neurons of - are contained
in M s bounded from above by

P (g(él)) < exp [—tkr(c,0)] [1 + o(1)] + exp [(1 — k) log(l — e ¥)r(e, Q)} 14 o0(1)].

The variables t and k must fulfill

1
0<t< o= 0/2)" 0< k<l
Proof: The proof of Proposition [6.14] can almost literally be repeated; the only two
differences are that on the one hand, the number (;) is replaced by r(c, 0) and on the
other hand, the bound concerning ¢ changes. This is due to the bounds in and
in : the clique consists of the gc neurons in a deleted cluster and of the (1 — g)c
non-deleted neurons belonging to the message £'. We are looking for a bound of

ZZ (‘;:) (“i:i)c) %(1 — 1/ exp (t k(i — k) + t(’;)) :

1=3 k=0

as in ; here k£ denotes the number of active neurons belonging to the spurious neurons
of €' and 7 the total number of active neurons of £! in a fixed stored pattern £#, ;1 > 2. The
difference to the term in is that the number of edges that are activated if i = k+i—k
neurons of the clique are activated in one message, k in the oc deleted clusters and i — k
in the (1 — p)c remaining clusters, is only equal to k(i — k) + (’;), because the edges among
the neurons in the non-deleted clusters are already part of M. For fixed i, we have

%(9];) ((11:?? exp (t k(i — k) + t(];)) < %(i) exp <t k(i — k) + t%2> .

We fix i € {3,...,c}. The expression k(i—k)+k?/2 is, for i < pc, maximal in k = i. Note
that ¢ < ¢, but the number of deleted clusters (and the maximal value of k) is just equal
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6 The Gripon-Berrou Model

to poc. For oc < i < ¢, the expression is maximal in k = gc. So, for i < oc, 0 < k < i, we
have
1/c . k2 . i2
i) exp tk(i—k) —|—t7 < exp |i(log(c) —¢) +t§
t\1
and the right hand side is maximal in ¢+ = gc or ¢ = 3. By using ¢t < %, the maximal
argument (on {3,..., oc}) of the right hand side of the previous estimation is ¢ = 3, if [ is
large enough.
For @ > oc, 0 < k < oc, we estimate
1 L2 2.2
7 <C) exp (t k(i — k) + t;) < exp {z (log(c) — ¢) + toc(i — oc) + t%} :
P\
using k = oc, as concluded above. The argument of the exponential function is linear in 1,
and the maximum is either attained in ¢ = oc or ¢ = ¢. Since we already examined i = gc,

we insert ¢ = ¢ and see that for each ¢ < m and [ large enough

1 foc\ [((1—=p)c , k 1,
— — < —
s<ice, 11 (k) ( ik )P ER(i = k) +1 0)) = B¢ P (50).

0<k<pc

The inequality
2>1/(1-0¢/2)
for o < 1 implies that the second condition on ¢ is the stronger one.

O

The probability of having stored a (sub)clique in the network is interesting concerning
the question if a corrupted pattern can be corrected after a certain number of steps.
If the subclique (by which we mean the union of active edges belonging to the set of
spurious neurons and the connections between the correct neurons in the non-deleted
clusters and the spurious neurons) exists, there is no way to recover the correct message
by the dynamics. This is considered in the next part of this section.

A message is retrieved in multiple steps if and only if there is no other clique than the
one of the message containing the non-erased neurons. To see this, note that the correct
neurons are activated in the first step, because the largest possible value of the local field
is the number of neurons that can fire signals, and the correct neurons obtain a signal by
each one of these. Due to the self-loops, they collect from the second step a number of ¢
signals, which cannot be reached by a neuron not activated in the first updated version of
the pattern. The neurons that are newly activated in the first step are exactly the ones
that are connected to every one of the initially activated neurons. On the other hand, if
there is a (valid) clique that contains the non-erased neurons and at least one neuron in
a deleted cluster that does not belong to £, all neurons of this clique are activated in the
first step and remain activated, because they also obtain (1 — g)c signals in the first step
and c signals from the second step, each.

Proposition 6.20 For an arbitrary stored pattern & and a randomly deleted version g“
of €, where oc, 0 > 0, neurons have been deactivated and if a < —log(1—e~/1(1=e/2)(1=2)])
then the pattern is with high probability recovered after finitely many steps.
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

Proof: As already mentioned, a necessary condition of the event that the pattern is not
recovered after finitely many steps is that a clique containing the non-deleted (1 — p)c

neurons exists. We assume that = 1, that &' = (ey, ..., e;) and that the deleted clusters
are the clusters (1 — g)c+1,...,c. To estimate the corresponding probability, we state
(350 # ¢ O valid, 501 1) == 5?(1 oe) = 1y G e M)
oc (1-g)c c
<3 P3¢ € valid, Z Gy =(L=0)c. > €y =0c—i, GE) e M),
i=1 a=(1-p)c+1

Depending on 4, there are 1/(c,) := (c — i)i + (1) edges of G(£°) not contained in G(£1),
if €9 differs from &' in exactly @ clusters. Let £°(i) be the pattern only differing from ¢&*
in the last ¢ clusters, where the second neuron is active instead of the first one. Then

(1-o)c

Zp(ago ¢ valid, Z Sy=0=0e S &y =oc—i, G(50)6M>

a=(1—p)c+1
<Z VP (G(E°(31) € M) < ge max (7)1 P (G(E°(1)) € M)
T\ 1<i<pc \ 1 '
For fixed i and £°(i), we can apply Proposition m

P (G(£°(i)) e M) <2 [exp [max { — tkr'(c, 1), (1 — k) log(1 — e *)r'(c,1)}]] 1+ o(1)],

with k € (0,1) and ¢ < For 1 <i < pe, the two expressions

o(1-¢/2) /2)

(ic> lexp [—tr(ci — /2 —i/2)], (9;) lexp [(1— k) log(1 — e ®)(ci —i%/2 — i/2)]
(6.9)

are both maximal either in i = 1 or i = gc. For a < —log(1 — e~ V/l1=e/2(1=0)) " we know

that
1

el =) <~ T o)

and we can find a kK > o such that still
1
(1-0/2)

such that still

(1—-r)log(l—e@) <

o - . 1

Furthermore, it is possible to choose t < )]
1

1—0/2

With this choice, we examine the expressions in , first for ¢ = 1: the left hand side is

tk >

QC<Q10>11 exp [—tk(c — 1)] < exp[2log(oc) — tk(c — 1) + ¢] — 0,
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6 The Gripon-Berrou Model

because tk > 1, and the right hand side

1
<exp [2log(oc) + (1 — k) log(l — e *)(c — 1) +¢] — 0,

QC(QC> Mexp [(1— k) log(1 — e )(c — 1)]

because —(1 — k) log(1 — e=*) > 1. For ¢« = gc, we obtain in on the left hand side

oc
= exp [log(gc) + oc® — tr(oc? — 0*c?/2 — QC/2)} — 0,

QC(QC)ZQC exp [—tr(oc® — /2 — oc/2)]

because .

1—0/2
Finally, the right hand side of is, for ¢ = pc, at most

tk >

gc(ii)lﬁ)C exp [(1 — k) log(1 — e™*)(oc® — 0°¢*/2 — 0c/2)]

= exp [log(gc) + oc® + (1 — k) log(1 — e7*)(oc® — 0*¢*/2 — 0c/2)] — 0,

because |

(1—r)log(l—e) < =)

This proves the proposition.

O

The proof strategy is also used when proving that the GB model can correct a high
number of spuriously activated neurons, see Proposition [6.27} Interestingly, the result of
Proposition [6.20] is improved when considering the one step retrieval:

Theorem 6.21 Consider the GB model using the SUM-of-MAX rule and synaptic effi-
cacy S. Fiz p € {1,..., M} and take a randomly deleted pattern &4, such that f of the
activated neurons of & have been deactivated. Suppose that f = pc. Then the probability
of correcting f” i one step tends to one,

lim P (T({u) _ gﬂ) _ 1,

l—o00

if
o < —log(l — e 1/0179)),

This bound is sharp: " is not corrected in one step,

P (1) £ 1

for each fized but arbitrary p if

a > —log(l — e 1/179)),
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

The proof needs the following Lemma: we determine, for a fixed neuron, the asymptotic
distribution of the number of active edges to the set of neurons belonging to a (fixed)
clique:

Lemma 6.22 Let £ be a stored message and (a,i) be a neuron that is inactive in .

We define Y by
c l
V=22 Janwifhs
b#a j=1
Y is the number of neurons in clusters b # a belonging to the message &* which are

connected by an active edge to (a,1i).
The distribution of Y is asymptotically Binomial with parameters ¢ — 1 and 1 — e~

(“H (1—e)" e l=m(1 4+ 0(1))  form € {0,...,c— 1},

P(Y:m):{

0 otherwise
as [ — oo.
In particular, the probability of having (a,i) completely connected with the neurons of
an arbitrary but fived message is, for &* = (ej,, ..., e;.),
—_a\c—1
P(Vbe {1,....c} \{a} : Jaippjy =1) = (L =€) (14 0(1))
as [ — oo.

More generally, if we take a set of neurons {(b1,j1),- .., (br, )} with the restriction
that by, 1 < k < r, are pairwise distinct, for a neuron (a,1) not situated in one of the
clusters by, ..., b., the variable Y, defined by

Y = Jai) o)
k=1

18 asymptotically Binomially distributed with parameters r and 1 — e™“:

P (f/ = m) = <T) (1—e)"e ™™ (14+0(1)), me{0,...,r}.
m
Proof of Lemma [6.22: We choose w.l.o.g. p =1, & = (e1,...,e;) and assume that
a =1 and 2 = 2. The random variable Y indicates the number of neurons belonging to the

message &' which are connected by active edges to (1,2). To determine the distribution
of Y, we split the event {Y = m} into the disjoint events

M
{Y:m,Zﬁm) :n}, ne{l,...,.M—1}
n=2

where n indicates the number of stored messages containing neuron (1,2). The conditional
probability of {Y = m}, given the event {224:2 {(12) =1} is equal to

(rorlSen =)= () (-1 0D
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6 The Gripon-Berrou Model

In addition, 224:2 {é %) is Binomially distributed with parameters M — 1 and % This
yields

M-1

P(Y = m—;P<Zg(12 n,Y = m>
>t 1)

(" 1)% (1—%>M 1 ”(C;f) SCOINCH

and, using the Binomial formula, this is

COZ O TR e ()

n=0
m M-1 M—1—n+nk+n(c—1—m)
-1 M—-1\1 1
)2 @S () ()
m. ) = k — n [ l

M-1

O IO Rt
:(C;zl> i (7:) — % ST O((k 4 e - m)) 41 - ﬂ o

() i L e (]

As in the proof of Lemma [4.8 we obtain, using M = «al?, with the help of the series
expansions of the logarithm and of the exponential that

<C; 1) fé (7:) U [1 - ]HC;# +O((k+c— m)zr?’)] o

:(67;1) é @) (=1)*exp [—a(k +c—1—m)] (1 +0 ((k+cl—_m)2)>
(1) @ eyrere o),

m

in particular

P(Y =c—1)= (1—¢ ) (14 0(1)).

The same computation can be made for a subset of neurons belonging to a stored message
(this will be needed if we consider a partially erased message) or, more generally, for a
random set of neurons with the restriction that they belong to pairwise different clusters.
The asymptotic distribution is a Binomial one with parameters p = 1 — e~ and r, if r
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

is the number of neurons to which the fixed neuron should be connected. The proof can
almost literally be repeated, in the latter case with the only difference that the number
of messages to which neuron (a,i) can belong is equal to M instead of M — 1, but this
does not change the result.

0J

Proof of Theorem [6.21: We take a stored message, e.g., £', and assume that f = oc
entries have been deleted at random. We assume w.l.o.g. that &' = (e;,...,e;). The
message ¢! is not mapped to £! in one step of the dynamics if at least one neuron of one
of the clusters which does not belong to the message &' is activated by the dynamics.
Note that this can never happen in the clusters not concerned by the deletion of neurons
(w.l.o.g. these are the clusters 1,...,¢c — f), because we respect self-loops. We note that
the neurons (1,1),...,(c— f,1) are activated and each synaptic efficacy corresponding to
the edges among them is positive, so they get ¢ — f signals whereas each other neuron
of the cluster can only get up to ¢ — f — 1 signals because it is not activated. This is,
formally, for 1 <a < ¢

c—f

S(a,l)(gl) J(al al)gal)‘l'zzjal ,] :J(al)(al (a,1) +Zja1 (b,1) _C_f
II;;éclz 7=t b;éa

since Jig1),6,1) = 1 for 1 < a,b < ¢ as result of the fact that the neurons (1,1),...,(c, 1)

are part of the message £!.
Fori>1,a <c— f, we have

l

g(a’i)(él>:J(avl)( +ZZJCLZ (b,g Zjaz (b1)<C—f—1

=1 j=1
b#a b;éa

o

It is indeed possible to produce errors in the remaining f clusters where the neurons
have been deleted. The local field of the neurons (a, 1), a > ¢ — f, is again equal to ¢ — f.
This is the maximal attainable value because the total number of activated neurons is
equal to ¢ — f. But in the clusters ¢ — f + 1,..., ¢, this value can be reached by the
other neurons of these clusters, ¢ # 1. So an error occurs if there is a neuron in one of
these clusters not belonging to &' which gets as well ¢ — f signals. This is the case if
and only if this neuron is (actively) connected to each one of the ¢ — f activated neurons.
By Lemma the probability of this event is, for a fixed (a, ), asymptotically given by
(1 —e ).

The probability of an error is therefore bounded from above by

P (3(0,1) : T (1) # €lup) < FU— VP (Tea)(€) # €y

=f(l =11 —e ™) (1+0(1)) <exp [log(gc) +c+(c— f)log (1 — e_o‘)} (1+0(1))
=exp [log(oc) + ¢+ (1 — g)clog (1 — e™*)] (1 + o(1))
and convergence to 0 is reached if (1 — p)log (1 — e™®) < —1; this is fulfilled if

—log (1 e—l/(l—g)) )
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This shows the lower bound mentioned in Theorem [6.21]
For the upper bound, we fix a cluster in which the neuron has been deleted, e. g., the
last cluster. The probability of an error is at least

P (3(0.1) : T (€1) # €luy) = 1= P (V(@,) : Ty (€)) = )
>1—P (Vi > 1: Ty (€1) = 0)
=1-P(Vi>1:3b;€{l,....c— f}: Jeapmin =0).
The probability in the last line is bounded by

P(Vi>1:3b€{l,....c— f}: Jeamn) =0)
<P (3by € {1,...,c— f} : Jeayon) = 0)

This inequality is first explained by a plausibility argument: the fact that neuron (c,2)
is not connected to all of the neurons (1,1),...,(c — f,1) gives us no information about
the connection between neuron (¢, 3) and (1,1),...,(c — f, 1) besides the fact that (c,2)
has possibly not been activated often enough. This is because different neurons of one
cluster cannot be part of the same message and thus the connections of neuron (¢, 2) give
us no information on the connections of (¢, 3),...,(c,1) to (1,1),...,(c —1,1). If (¢,2)
has not been activated so often, the probability of an activation of one of the neurons
(¢,3),...,(c,1) increases and so does the probability of the connection of one of these
neurons to the complete set {(1,1),...,(c — f,1)}. Certainly the fact that (c,2) is not
connected to each of the neurons of {(1,1),...,(c—f,1)} does not decrease the probability
that one of the neurons (c,3),..., (¢, 1) is connected to all neurons {(1,1),...,(c—1,1)}.

To give a rigorous proof of this inequality, we recall that for fixed p, the set of random
variables Sé;i), 1 > 2, is negatively associated. So the variables (fétc’i), i>2, pu>2), are
negatively associated (Lemma 3.)). Taking increasing functions of disjoint subsets
of negatively associated random variables preserves negative association, so

M
D ey 122
n=2

are negatively associated.
The conditional probabilities

C*f M
P (Z Jeirom < c=F| D€y = k) L i>2
b=1 p=2

are decreasing in k, and additionally we have for each tuple (ko,..., k) € {0,..
1}! with positive probability under the distribution of (Zﬁ/[zg o) ,ZM 2 &l ) i.e.
Yo ki <M -1,

c—f M
P <Vi >2: > S < €— f’Vz’ >2:) &= k)
b=1 pn=2
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:ﬁp<§m 6. f)me )

=2

We define the decreasing functions f; : {0,..., M — 1} — R, i > 1:

c—f M
~2 (S s <o 1|3 =)
b=1 pn=2

Using the first part of Lemma [2.12] we obtain the desired inequality:

c—f
P (VZ >1:4db; € {1, oo, C— f} : J(c,i),(b,-,l) = 0) =P (VZ >1: Z J(c,i),(b,l) <c— f)

b=1

l M l M

_ ) e ) H
—Ei e, o) [H fi <Z2 5@))] <[Ese,..sme, [f@ <Z2 5<c,z‘>>]

= H= =2 H=

! l
—1
H (ZJH (1) < c—f) =P (3 € {l,....c— [} : Jea)man) = 0)
2

Back to the last line of the precedent calculation, we continue by applying Lemma [6.22}

—f -1
— P (Hb S {1, e, C— f} . J(c,2),(b,1) = 0)1_1 =1-P (Z J(c,2),(b,1) S C — f — 1)
b=1

o—f -1
=1 [1 ~-P (Z Jie2) 1) = € — f)] =1- [1 —(1-e ) 0(1))}

=1—[l—exp[(c— flog(1—e)] (14 0(1))}#1 :

A sufficient condition for the convergence to 1 of the expression in the last line is (1 —
0)log (1 —e ) > —1, and this is for p < 1, @ > 0 equivalent to

—log (1 — 6_1/(1_9)) .

-1

O

Remark 6.23 The results of Theorem are the same, if we use S(B) instead of S,
B € (0,1). This follows immediately because the self-signal is, for the activated neurons,
positive and can, as long as the activated neuron in the cluster is not erased, not be
compensated by non-excited neurons.

We can use most of the proof of Theorem to make the following observations con-
cerning the error correction of the GB model without self-loops:

Corollary 6.24 1. The maximal capacity variable of the GB model without self-loops,
using M = ol? is
o = —log(l—e™).

For each oo < o and arbitrary but fized pu, we have lim;_,o, P (T'(*) = &H) = 1.
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6 The Gripon-Berrou Model

2. In contrast, if M = al® with o > o*, a fized stored pattern is not stable, with high
probability: we have limy_,o, P (T (€") # &) = 1.

3. If oc bits of §" are erased, for arbitrary ji, we can correct the partially deleted pattern
& in one step,

i (1 =) =1

if
a < —log(1 — e 1/0179)),

4. On the contrary, the pattern is with high probability not corrected in one step,

bee (1 £¢) -
of
a > —log(l — e /179,

5. The stability of all stored patterns is guaranteed with high probability if
a < —log(l—e™).

Remark 6.25 This shows that the self-loops are advantageous for this model, because we
can guarantee the stability of each stored pattern but do not loose error correcting abilities
concerning the error correction in one step.

Proof of Corollary We can adopt the proof of Theorem [6.21] and will use the
same notation and assumptions: we consider ¢! and assume that &' = (eq,...,e;) and
that the entries of the last f cluster have been deleted and set f = 0 if we want to analyse
the stability. We just have to reflect the differences between the two models. The maximal
attainable value of S, (&) is, within each cluster, equal to ¢ — f (deleted clusters) or to
c¢— f—1 (non-deleted clusters), respectively. Each of the neurons can attain this value, the
activated neurons have no advantage by the self-loops. In particular, an error is possible
in each cluster, not only in the ones concerned by the deletion of the activated neuron.
In the case f = 0, this leads to the loss of the guaranteed stability.

In a fixed cluster, there occurs an error if and only if there is at least one neuron not
belonging to the message {# that is actively connected to the ¢ — f activated neurons (or
¢ — [ — 1, respectively) in the other clusters. We get an upper bound of the probability
of the failure of the correction in one step by

P (3(0,1) : Tan(@) # €hy) < el = VP (Tun(€) # b))

c—f
zc(l — 1)P (Z J(1,2),(b,1) =c— f— 1) < C(l — 1)(1 — 6_a)c_f_1(1 + 0(1)),

b=2

the last line obtained by Lemma [6.22] This again vanishes if

(1 —p)log (1 — e_a) < -1,
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ie.
a < —log (1 — 6_1/(1_9)) .

Especially, for f = 0, we obtain
a < —log (1 —6_1) .

For the upper bound, we again fix a cluster, e.g., the first one, and show that there
will be an error with high probability if we use o > —log (1 — e~*/(!79)) . Here the only
difference to the model with self-loops is that in the latter model, an error can only occur
in a cluster where the correct neuron has been deleted. Therefore there cannot be an error
if a stored pattern £* is the input. In the model without self-loops, there can be an error
in each cluster, despite the fact whether the correct neuron has been deleted or not. It
is thus possible to get an incorrect output if the input pattern is a stored pattern & and
there is an upper bound of the number of stored patterns.

Since the proof only uses one fixed cluster and shows that there will be an error with
high probability if too many patterns are stored, the proof is the same as the proof of
Theorem [6.21], completed by the case o = 0 in case where the input is a stored pattern.
We obtain

l

I
—_

lim P (T(§) # €') > 1= lim (1- (1 =) (140(1)))

—00

if @ > —log(1 — e~ Y(1=9) in particular if & > —log(1 — e~!) in case o = 0.

OJ

Remark 6.26 For an arbitrary stored pattern &* and a randomly deleted version é’” of
&, where oc, 0 > 0, neurons have been deactivated, we observe concerning the retrieval
process with multiple steps, using S or S:

1. If a > —log(1 — e™1), the message can never be recovered, with high probability.
2. Ifa < —log(1—e~Y/1=0)) the pattern is corrected in one step, with high probability.

Concerning 1., if a > —log(1 — e™1), in an arbitrary cluster where the entry has been
deleted, there is at least one neuron that is connected to every neuron of the other ¢ — 1
clusters that belong to & (see the proof of Corollary , 2.). This neuron is activated in
the first step because it is in particular connected to every one of the c— oc initially excited
neurons. Since it is connected to every of the ¢ — 1 neurons in different clusters being
part of £# it remains active; this error will never be corrected. The second statement is
a result obtained in Theorem [6.21]/ Corollary

The GB model with SUM-of-MAX rule and self-loops is particularly resistent to spu-
riously activated neurons. In the other models analysed in this thesis, a number of gc
spuriously activated neurons decreases the capacity noticeably, mostly antiproportionally
with (14+0). This is not the case in the GB model: it is possible to correct a comparatively
high number of spuriously activated neurons.
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6 The Gripon-Berrou Model

Proposition 6.27 In the GB model with self-loops and SUM-of-MAX rule and M = al?
stored patterns, with some o > 0, let the input pattern be a corrupted version & of a stored
message £*. In each cluster, there are up to oc neurons spuriously activated, for some
fized but arbitrary o > 0. Then the pattern is corrected in one step, with high probability:

P(T(E") =€) — 1
as N tends to infinity.

Proof: We first state that the message is not recovered if and only if there is a clique
within the activated neurons (spuriously or correctly active) that is not the message itself;
this means, the clique forms a valid message and each of the connecting edges is active. If
there is not such a clique, the correct neurons obtain each at least one signal per cluster,
in total ¢ signals. Neurons that do not belong to the active neurons of £ can only get
up to ¢ — 1 signals and remain inactive. The activated neurons will all be deactivated
after some steps because there is no clique that includes a subset of the initially activated
neurons. If there is in contrary such a clique, the contained neurons remain activated
forever, as the neurons belonging to &*.

We proceed as in the proof of Proposition and split the probability into a sum, the
summands distinguished by the number of neurons that differ from the original message.
The big difference to this proof is that the number of possible cliques that differ from &
in i clusters/neurons decreases drastically from (f) I' to at most (f)(gc)’ because we can
only choose from the initially active neurons. Using the upper bound of the probability
of G(£°(7)) of such a clique derived in Proposition we observe that the probability
of not being able to correct the pattern tends to 0.

OJ

6.2.2 The GB Model with Binary Synaptic Efficacies and
Threshold Dynamics

This model was as well proposed by Gripon and Berrou, e. g., in [23]. It respects most of
the structure of the model of the previous subsection. The only difference is that it does
not use a WTA, but a threshold dynamics. This means that we keep the cluster structure

and the definitions of the synaptic efficacies and the local field (S(a,i)7 S()(a) and S(w-),
respectively). We recall

M
oo =0 (3ot -1) . arovie
p=1

c l
S(Ban(o)= > © (Z i) (b.) T (bg) — 1) + BJ (@) (a) O @)

b=1,b#a j=1

S(a,i)(0-> = S(O)(aﬂ-) (O‘) and S(Q’i)<0') = S(l)(aﬂ-) (0‘)
The dynamics in this version of the GB model is defined by

T(8)(asi)(0) = O (S(B)(asi) (o) — h) -
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

The threshold h is chosen in dependence of the tasks the network should perform. As by
the application of the SUM-OF-MAX rule and for the same reasons, choosing h = ¢ and
T(1) implies stability of all stored messages £ € {¢, ..., &M} without limiting the number
M. We also shortly consider the dynamics T'(3)(c), 5 € (0,1) using S(5) and show that
its performance is the same as the one of 7'(1) and that 7'(0) performs worse compared
to T'(1). The dynamics T(1) using S is called T in this section.

First, we examine the stability of the stored patterns. The model shows similar prop-
erties to the Willshaw model with threshold dynamics. Other than in the latter model,
we can reach that every message is stable without limiting the number of stored patterns.
This is reached by choosing S and h = ¢. If h < ¢, the network performs better than the
Willshaw model with independent and identically distributed spins, because it is possible
to find a bound on « such that all patterns are stable, with high probability. Concerning
the stability and error correction of an arbitrary stored pattern, the bounds on « are the
same as in the both versions of the Willshaw model with threshold dynamics.

We prove the following theorem:

Theorem 6.28 In the GB model threshold dynamics, we observe for the different varia-
tions of the model, concerning the stability of the stored patterns and the error correction:

1. In the GB model with self-loops, threshold dynamics and binary synaptic efficacies,
all the stored messages are stable, if we set the threshold to h = c.

2. The same is true for the model using S(B), > 0, by choosing h =c— 1+ .

3. In the model without self-loops, i.e. =0, M = al? patterns can be stored such that
a randomly chosen &" is stable with probability tending to 1. P (T(§") = &) — 1,

if

a < —log(l—e™t)

and the threshold h = ¢ — 1 is used.

4. For arbitrary p € [0,1], using S(f3), the threshold h = ve — 14+ 3, v € (0,1), will
provide that an arbitrary stored pattern is stable with high probability, if

a < —log(l—7)

Y e
—~1 1—~)1 1.
vog(l_e_a>+( 7)0g<1_7)<

5. For arbitrary B € [0,1], a randomly deleted message §~“ obtained by deleting oc
entries, 0 > 0, of & can be corrected in one step with high probability, if o < 1 —
and if a is chosen accordingly to the conditions in 4.). Then

and

lim P (T({u) - g#) — 1.

l—00
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6 The Gripon-Berrou Model

6. The bounds in 3.), 4.) and 5.) are sharp: we have, in the model without self-loops
and h—c— 1, B(T(O)(E") £ &) — 1, if

a> —log(l—e™t)

and, for 5 € [0,1] and h = ye—145, P(T(8)(&*) # &*) — 1, if a.) a < —log(1—7)

and
Y e
—~1 1—~)1 -1
70%(1_€_a>+< W)Og(1—7)>

orifb.) a > —log(1—7). If a pattern is partially deleted and ¢ > 1—-y, the pattern
cannot be corrected: then P(T(8)(&#) = (0,...,0)) = 1.

7. Using the threshold h = yc— 1+, v € (0,1) and arbitrary 5 € [0, 1], the whole set
of stored messages is stable concerning the dynamics using S(B) if « < —log(1 —~)

and
g e
—~1 1—7)1 -3
vog(1_€a>+( 7) 0g<1_7)< 3

lim P (30 > 1,3(a,0) : T(B)an (€) # oy ) = 0.

l—00

then

Proof of Theorem [6.28: The first two statements follow immediately because they
have already been proven in Proposition [6.4] concerning the SUM-OF-MAX rule. The
neurons belonging to &! collect ¢ signals, each, but the neurons not belonging to £ only
can get ¢ — 1 signals.

The model without self-loops, however, provides no guaranteed stability of the stored
patterns. To achieve a preferably high number of stored messages (which will go to the
expense of the error correcting abilities), we choose h = ¢—1 and are in the same situation
as in the GB model with WTA dynamics without self-loops, see Corollary[6.24] This shows
the third statement.

Concerning 4.) and 5.), if we choose a threshold h = yc — 1+ 3, with fixed v < 1, and
consider ¢! that is assumed to be the pattern (ey, ..., e1), the activated neurons of ¢! are
trivially stable. Their local field is

S(B) () =c—1+8>yc—1+8.

If oc entries have been deleted, with p < 1 — 7, it is still at least equal to

S(ﬁ)(a,l)(él) >min((1 —o)c=14+5,(1-0)c) > (1—p0)c—14+F>vc—1+p.

If o > 1 — v, none of the neurons can get enough signals and all neurons are deactivated
in one step.

In 4.) and in 5.), the remaining neurons, these are the inactive neurons of ¢!, are
stable, if they are connected to less than v¢ — 1 4+ 3 of the activated neurons of ¢!
Noticing that the probability of an error is decreasing if the number of deleted neurons
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

increases, Lemma, bounds the probability of an error concerning the inactive neurons
of &' (if either £* or ! is the input) by

P (3(a,i),i>2: T(B)@p(€) =1) <c(l = 1)P (Z Ja2),61 = vc—1+ 5)

el DB (Ruvmpes > e~ 1+ 8) (L 40(1))

with a Binomially distributed random variable R;_.-a) .1 having parameters p = 1 —¢™

and c—1. By the application of the exponential Chebyshev inequality, we obtain for ¢ > 0

P (Ru-e-oye1 = 7¢— 1+ B) <exp[—yet + (1= )] (1 — p+pe’)”
<exp [—yet + (1 = B)t + (¢ — 1) log(1 + p(e’ — 1))] .

We are now in the same situation as in the proof of Theorem 4.9, The probability converges
to 0 if @ < —log(1 — ) and —ylog(;—=) + (1 — ) 10g(1—7) < -1
Concerning 7.), the probability of the existence of an unstable message is bounded by

P (3% 3(a,1) : T(B) ) (6") # €y ) < MlcP <T(6)(a,i)(5u) # 5&,1))

for some fixed neuron (a,i) and message p such that f“ = 0. As in the previous

part of the proof concerning 4.) and 5.), using ¢ = log W( )) yields convergence to 0 if

—log(1 — ) and

—Q

+ (1 —~)log 16_ < =3

—v1
7log T——

To show the sharpness of the bounds as claimed in 6.), we use again Lemma [6.22 We
recall that for fixed a, e.g., a =1,

M
D &y 122
n=2

are negatively associated. The conditional probabilities

c M M
(30 (Sthnths 1) <o Xt )
b=2 MZQ NZQ
are for each i > 2 decreasing in k. In addition, as in the proof of Theorem for

some vector (ka, ..., k) with [P’(Z/]y:2 o) = ka2 72,]?:2 oy = ki) > 0, the following
conditional probability is equal to

c M
P [W >2:) O (Z Eon€0s — 1) <7 Z% 2) = 25(11 ]
b=2 pn=2
l c
— H]P’

M M
3o (Soetths 1) < Stk - k] |
=2 b=2 p=2 —

183



6 The Gripon-Berrou Model

This is because only one neuron of cluster 1 can be part of message p. Taking the functions
c M M
“2 |30 (S hath1) <o et
b=2 =2 =2
and using Lemma [2.12] we conclude, as in the last part of the proof of Theorem m
c M
P (w >2:) 0O (Z bl — 1) < 76)
b=2 n=2
l c M
<TI0 (St 1) <)
With this result, we have
c M
IP’(EIizQ:Z@(Zfo(“) )270))
b=2 pn=2
M
=1-P (v@' >2: Z S <Z e néhy — 1) < w)
b=

n=2
c -1
>1—P (Z ) (Z g — 1) < 70) :
b=2 pn=2

By Lemma [6.22] the random variable Y, _, @(ZﬁiQ 55) 1)55 g — 1) is asymptotically dis-
tributed as a Binomial random variable with parameters 1 —e™ and ¢—1. The probability
of an error thus tends to 1 if

c M -1
[1 —P (Z 0 (Z g — 1) > 70)] — 0;
b=2 =2
this is fulfilled if

1
fm log(1) 10g< (Z@ <Z£(b1 S12) ) 270)) > -1

Using Lemma [2.4] the limit is, if @ < —log(1 — ),

st (o))
— —+log (1 _Ve_a) +(1—7)log (1‘5_&7) .

Y
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6.2 The Gripon-Berrou Model with Binary Synaptic Efficacies

So the probability tends to 1 if —ylog(;=1=)+(1—") log( f:‘;) > —1. The sharpness of

the stability bound of the model using S and v = 1 follows from the proof of Theorem|[6.21

O

Remark 6.29 The results of the analysis concerning the sets of possible capacity variables
in dependence on vy of Proposition are also valid for the GB model using a threshold
ve—14+8,v<1.

Remark 6.30 The threshold dynamics does not allow for improvement after multiple
steps, if the input was a stored pattern or a partially erased stored pattern. The pattern is
either corrected in one step or mnever corrected.

If the number of active neurons in the erased pattern does not exceed the threshold, the
input is mapped to (0,...,0) and never corrected. If on the other hand the number of
active neurons exceeds the threshold, the initially activate neurons remain active, since
the input is a stored or partially erased stored message and they receive signals from each
other activated neuron. If the message is not corrected in one step, there is a spurious
neuron that has been activated in the first step of the dynamics. It remains active after
each following step, because it obtains enough signals in the first step and the initially
active neurons will also remain active in each subsequent iteration.

Corollary 6.31 If a threshold variable v < 1 is used, it is as well possible to correct
patterns with oic incorrect entries and osoc deleted ones. We assume that exactly one
neuron 1s activated in the o1c wrong clusters and it has replaced the correct neuron. Then
the pattern can be corrected in one step if

o1+ 0 <1l—7y

and « 1s chosen in order to guarantee stability of the stored patterns, i.e.

Y e
—~1 1—~)1 1.
70%(1_6a)+( 7)0g<1_7)<

Proof: Trivially, the 1’s (erased or not) in the stored message are corrected in one step
(or remain) if the first condition holds. The non-excited neurons of the stored message are
stable/corrected if they are connected to less than e of the activated neurons; since there
is at most one active neuron per cluster, this probability is bounded by the corresponding
probability of the stability of the inactive neurons in a stored pattern and tends to O if
the stability condition of Theorem [6.28]is fulfilled. This is, in any case, a condition that
should be fulfilled by «, even if the correction would only need a less restrictive bound.

O
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6 The Gripon-Berrou Model

6.3 Other Variations of the GB Model

Comparable to the model treated in the first section of this chapter that corresponds to
Amari’s model, it is also possible to define analogons to the models of chapters [3| and
The neurons remain organised in clusters, and per message and cluster, there is exactly
one activated neuron. An active neuron can take one of the two values —1 or 1, each one
with equal probability. Each message has the form &* = (5&,1‘))(a,i)e{l,.--,c}X{l,-..,l}v where
fé‘m) denotes the value of (a,7) in message . The messages are chosen independently and
accordingly to the uniform distribution on the set of all messages with exactly one active
neuron per cluster. The underlying graph is given by the edge set E = {{(a,1), (b,)} :
a # b,i,j € {1,...,1}}. For the cluster versions of the Ternary simple and the BEG

model, the synaptic weights Ji4 4,5 are defined by

M
Taino) = X &l ile s
p=1

In the BEG version, there are additionally the variables

M
1 2
K(a,i)v(b,j) = (1 . 1/1)2 Znéla,i)n&,j)u 77?@,1‘) = (é-é;,z)) o 1/l
pn=1

The dynamics T are defined as in the models analysed in the corresponding chapters.
The results and bounds on « are expected to be the same as the ones obtained during the
analysis of the corresponding models in chapters [3| and 5.

However, the cluster structure only particularly improves the performance and is ad-
vantageous to the models without cluster structure in the self-loop accepting version with
SUM-of-MAX rule.
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7 Comparison of the Different
Models

There are different aspects to compare the different models, first of all, the critical capacity
variable a*. Though using threshold variables v > 1, Amari’s model offers the worst
critical capacity variable o}, =~ 0.255. Capacity variables v > 1 used in this model
use the random noise of the local field and have to be taken with care; if one only uses
threshold variables 7 < 1, the critical variable for this model is even less, aj;,,, ; ~ 0.1585.
The Ternary simple model performs better, with a critical capacity variable o}, ~ 0.38,
but one has to keep in mind that the situation is not fair because the state space of the
latter model is ternary. The Willshaw model with threshold dynamics or WTA algorithm
in turn outperforms the Ternary simple model, which is remarkable, because it only has
a binary state space. Its critical capacity variable ofy; is approximately 0.45. The best
capacity of chapters 2-5 is reached by the BEG model with afp; ~ 0.51. Finally, the GB
model in its version with self-loops and SUM-of-MAX rule has a structure that allows to
store an umlimited number of patterns such that each one is stable. Of course, too many
stored patterns go at the expense of the error correcting abilities of the network. In the
next paragraph, we compare this property for partially deleted patterns.

The sharp bounds on the capacity variable for the models using a threshold are visu-
alised in Figure[7.1] In Amari’s model using threshold variables v > 1, o must additionally
fulfill @ > v — 1.

Concerning the error correcting abilities, let us suppose that a number of glog(N) (oc
in the different versions of the GB model) of the active neurons of a stored pattern has
been deactivated. A number of plog(/N) deleted active neurons in a stored pattern can in
all models using a threshold, except the BEG model, be corrected with high probability
if v <1 — p. In the BEG model plog(/N) deleted neurons can be corrected if v < 2 — 2p.
These bounds for 7 are in all models sharp, except in Amari’s model (and its equivalent,
the GB model with weighted synaptic efficacies). In this model the usage of v > 1 — g is
possible but requires a certain random noise and does not only rely on the signal coming
from the stored message. We therefore compare the critical capacity variable for the
threshold variable v = 1 — p to the critical capacity variables of the other models. This
is the critical threshold such that no minimal value for « is required and to keep the
active neurons stable only by the signal term of the local field, without using the noise
term. The bounds on v determine in the remaining models with threshold algorithms the
critical values for a, that is, the supremum of all « that can be used in order to guarantee
a correction of this pattern, with probability converging to 1. In the Willshaw model with
WTA algorithm and in the GB model with SUM-of-MAX rule, the critical variable « to
correct glog(N) errors is a (o) = —log(l — e~*/0179))  as determined in chapters |4/ and @
Figure [7.2] demonstrates the bounds on a: for all models except Amari’s model, it shows
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0.6
—— Amari/ GB Weighted
Ternary Simple
BEG
Willshaw Threshold/ GB Binary Threshold
0.5
0.4
303
0.2
0.1
0 | | | |
0 1.4 1.6 1.8 2

Figure 7.1: Critical capacity variables o*(y) of the different models in dependence on the
threshold variables v. In the Willshaw model with WTA dynamics, the critical
capacity variable is aiy; wpa =~ 0.45. In the GB model with SUM-of-MAX
rule and in the GB model with binary synaptic weights, self-loops, threshold
dynamics and v = 1, one can store all patterns such that they are stable.

the critical capacity variable, if plog(NN) active neurons are deleted and the message shall
be corrected. We observe that Amari’s model and the GB model with weighted synaptic
efficacies perform again worst, followed for low error rates (¢ < 0.05) by the Ternary simple
model and then by the Willshaw model with threshold dynamics (and its equivalent, the
GB model with binary synaptic efficacies and threshold dynamics). The Ternary simple
model and the Willshaw model with threshold dynamics change places for higher error
rates. The Willshaw model with WTA algorithm and the GB model with SUM-of-MAX
rule are second best for low error rates (¢ < 0.07) and best for higher error rates, offering
the same critical value on a. The best values for o for low error rates and second best
values for high error rates in dependence on ¢ are attained by the BEG model.

If a stored pattern is corrupted such that there are plog(/N) spuriously active neurons
or even by a combination of erased and spuriously active neurons, all models are able to
correct this pattern, if o and possibly v are small enough. Here it is remarkable that
the GB model with SUM-of-MAX rule and self-loops is very robust concerning errors of
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0.6 -

Ternary Simple

Willshaw Threshold/ GB Binary Threshold
Willshaw WTA/ GB Binary SUM-of-MAX
—— Amari/ GB Weighted

0.5 [ -~ BEG

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
error rate

Figure 7.2: Capacity variables of the different models in dependence on p, if a partially
deleted stored pattern is to be corrected and plog(NN) of the active neurons of
a stored pattern are deleted.

this kind. In all of the other models, a number of plog(/N) spuriously activated neurons
considerably decreases the bound on «, mostly antiproportionally with 1+ p. This shows
that the cluster structure improves the performance of the model and that the GB model
with SUM-of-MAX rule has a further advantage to the Willshaw model besides the fact
that stored patterns are automatically stable.

Comparing the results of the different models, we have to remark that the good per-
forming WTA algorithm ignores the associative memory rule that the updating decision
of a neuron should be made independently of the decisions concerning the other neurons.
Therefore the comparison of the performances of these models to those using a threshold
dynamics has to be taken with care. Anyway, - besides the GB model - the best perform-
ing network, the BEG model, uses a threshold algorithm. But this model has a ternary
state space, what makes it difficult to compare it to the binary networks.

All variations of the models in chapters [2] - [5] where the stored patterns are uniformly
chosen from the set of patterns with exactly ¢ ~ log(/V) active neurons perform clearly
better than the ones with i.i.d. spins if it comes to stability of all patterns and exactly or
at least as good concerning the stability of an arbitrary stored pattern.

189






Bibliography

1]

2l

3]

4]

[5]

(6]

17l

8]

19]

[10]

[11]

[12]

Behrooz Kamary Aliabadi, Claude Berrou, Vincent Gripon, and Xiaoran Jiang. Stor-
ing sparse messages in networks of neural cliques. IEEE Transactions on neural
networks and learning systems, 25(5):980-989, 2014.

Shun-Ichi Amari. Characteristics of sparsely encoded associative memory. Neural
Networks, 2(6):451-457, 1989.

Daniel J. Amit, Hanoch Gutfreund, and H. Sompolinsky. Spin-glass models of neural
networks. Phys. Rev. A, 32:1007-1018, Aug 1985.

Daniel J. Amit, Hanoch Gutfreund, and H. Sompolinsky. Storing infinite numbers
of patterns in a spin-glass model of neural networks. Phys. Rev. Lett., 55:1530-1533,
Sep 1985.

A. D. Barbour, Lars Holst, and Svante Janson. Poisson Approzimation (Oxford
Studies in Probability). Clarendon Press, 1992.

Andrew C. Berry. The accuracy of the gaussian approximation to the sum of inde-
pendent variates. Transactions of the American Mathematical Society, 49(1):122-136,
1941.

M. Blume, V. J. Emery, and Robert B. Griffiths. Ising model for the A transition
and phase separation in he®-he* mixtures. Phys. Rev. A, 4:1071-1077, Sep 1971.

Désiré Bollé, Isaac P. Castillo, and G.M. Shim. Optimal capacity of the blume-emery-
griffiths perceptron. Physical Review E, 67(3):036113, 2003.

Désiré Bollée and Toni Verbeiren. Thermodynamics of fully connected
blume—emery—griffiths neural networks. Journal of Physics A: Mathematical and
General, 36(2):295, 2003.

Michael V. Boutsikas and Markos V. Koutras. A bound for the distribution of the
sum of discrete associated or negatively associated random variables. Ann. Appl.
Probab., 10(4):1137-1150, 2000.

Anton Bovier. Sharp upper bounds on perfect retrieval in the hopfield model. Journal
of Applied Probability, 36(3):941-950, 1999.

David Burshtein. Nondirect convergence radius and number of iterations of the
hopfield associative memory. IEEE Trans. Inf. Theor., 40(3):838-847, September
2006.

vil



Bibliography

[13]

[14]

[15]

[16]

[17]

18]

[19]
[20]

21

22]

23]

[24]

[25]

[26]

[27]

viil

Harald Cramér. Sur un nouveau théoreme-limite de la théorie des probabilités. Ac-
tualités scientifiques et industrielles, 736(5-23):115, 1938.

J. D. Esary, Frank Proschan, and D. W. Walkup. Association of random variables,
with applications. Ann. Math. Statist., 38:1466-1474, 1967.

Carl-Gustaf Esseen. On the Liapounoff limit of error in the theory of probability.
Almqvist & Wiksell, 1942.

Vincent Gripon and Claude Berrou. A simple and efficient way to store many mes-
sages using neural cliques. In CCMB 2011: IEEE Symposium on Computational
Intelligence, Cognitive Algorithms, Mind, and Brain, 2011.

Vincent Gripon and Claude Berrou. Sparse neural networks with large learning
diversity. IEEE transactions on neural networks, 22(7):1087-1096, Jul 2011.

Vincent Gripon, Judith Heusel, Matthias Lowe, and Franck Vermet. A comparative
study of sparse associative memories. Journal of Statistical Physics, 164(1):105-129,
2016.

Donald O. Hebb. The organization of behavior, 1949.

Judith Heusel, Matthias Lowe, and Franck Vermet. On the capacity of an associative
memory model based on neural cliques. Statist. Probab. Lett., 106:256-261, 2015.

John J. Hopfield. Neural networks and physical systems with emergent collective
computational abilities. Proceedings of the national academy of sciences, 79(8):2554—
2558, 1982.

Hooman Jarollahi, Naoya Onizawa, Vincent Gripon, and Warren J Gross. Architec-
ture and implementation of an associative memory using sparse clustered networks.
In 2012 IEEE International Symposium on Clircuits and Systems, pages 2901-2904.
IEEE, 2012.

Hooman Jarollahi, Naoya Onizawa, Vincent Gripon, and Warren J Gross. Reduced-
complexity binary-weight-coded associative memories. In 2013 IEEE International
Conference on Acoustics, Speech and Signal Processing, pages 2523-2527. IEEE, 2013.

Xiaoran Jiang, Vincent Gripon, Claude Berrou, and Michael G. Rabbat. Storing
sequences in binary tournament-based neural networks. IEEE transactions on neural
networks and learning systems, 27(5):913-925, 2016.

Jéanos Komlos and Ramamohan Paturi. Effect of connectivity in an associative mem-
ory model. Journal of Computer and System Sciences, 47(2):350 — 373, 1993.

Frank Proschan Kumar Joag-Dev. Negative association of random variables with
applications. The Annals of Statistics, 11(1):286-295, 1983.

Lucien Le Cam. An approximation theorem for the poisson binomial distribution.
Pacific J. Math., 10(4):1181-1197, 1960.



28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

136]

37|

[38]

[39]

[40]

[41]

[42]

[43]

Bibliography

Daria Loukianova. Memory capacity in the hopfield model. Comptes rendus de I’
académie des sciences série I-Mathématique, 318(2):157-160, 1994.

Daria Loukianova. Lower bounds on the restitution error in the hopfield model.
Probability Theory and Related Fields, 107(2):161-176, 1997.

Matthias Lowe. On the storage capacity of hopfield models with correlated patterns.
The Annals of Applied Probability, 8(4):1216-1250, 1998.

Matthias Lowe and Franck Vermet. The storage capacity of the Blume-Emery-
Griffiths neural network. J. Phys. A, 38(16):3483-3503, 2005.

Matthias Lowe and Franck Vermet. The capacity of g-state potts neural networks
with parallel retrieval dynamics. Statistics € probability letters, 77(14):1505-1514,
2007.

Matthias Lowe and Franck Vermet. Capacity of an associative memory model on
random graph architectures. Bernoulli, 21(3):1884-1910, 08 2015.

Robert J. McEliece, Edward C. Posner, Eugene R. Rodemich, and Santosh S.
Venkatesh. The capacity of the hopfield associative memory. IEEE Trans. Inf. Theor.,
33(4):461-482, July 1987.

Charles M. Newman. Memory capacity in neural network models: Rigorous lower
bounds. Neural Networks, 1(3):223-238, 1988.

Masato Okada. Notions of associative memory and sparse coding. Neural Networks,
9(8):1429-1458, 1996.

Giinther Palm. On associative memory. Biological Cybernetics, 36(1):19-31, 1980.

Giinther Palm and Friedrich T. Sommer. Information capacity in recurrent
mcculloch—pitts networks with sparsely coded memory states. Network: Compu-
tation in Neural Systems, 3(2):177-186, 1992.

Leonid A. Pastur and Alexander L. Figotin. Exactly soluble model of a spin glass.
Sov. J. Low Temp. Phys, 3(6):378-383, 1977.

Yu V. Prohorov. Asymptotic behavior of the binomial distribution. Selected Trans-
lations in Mathematical Statistics and Probability, 1:87-95, 1953.

Friedrich T. Sommer and Giinther Palm. Improved bidirectional retrieval of sparse
patterns stored by hebbian learning. Neural Netw., 12(2):281-297, March 1999.

Michel Talagrand. Résultats rigoureux pour le modele de hopfield. Comptes rendus
de I’Académie des sciences. Série 1, Mathématique, 321(1):109-112, 1995.

Michel Talagrand. Rigorous results for the hopfield model with many patterns. Prob-
ability theory and related fields, 110(2):177-275, 1998.

X



Bibliography

[44] David J. Willshaw, Peter O. Buneman, and Hugh C. Longuet-Higgins. Non-
Holographic Associative Memory. Nature, 222:960-962, June 1969.

[45] Zhe Yao, Vincent Gripon, and Michael G. Rabbat. A massively parallel associative
memory based on sparse neural networks. arXiv preprint arXiw:1303.7032, 2013.









Tabellarischer Lebenslauf

Name:
Geboren:
Eltern:

Familienstand:

Schulbildung:

Hochschulreife:

Studium:
Abschluss:

Promotionsstudiengang;:

Tatigkeiten:

Beginn der Dissertation:

Judith Heusel

4. Juli 1986 in Mainz
Wolfgang Heusel

Lydia Heusel, geb. Hahn
ledig

1993-1997: Grundschule St. Johann in Konz
1997-1999: Gymnasium Konz

1999-2006: Hindenburg-Gymnasium in Trier
24. Marz 2006 in Trier

2006 — 2012: Mathematik an der WWU Miinster
10. Marz 2012 als Diplom-Mathematikerin

Mathematik

April 2009 — September 2009,

Oktober 2010 — Méarz 2011:

Studentische Hilfskraft, WWU Miinster
Oktober 2012 — April 2017:

Wissenschaftliche Mitarbeiterin, WWU Miinster

Oktober 2012
bei Prof. Dr. Matthias Lowe, WWU Miinster



	Introduction
	Amari's Model
	Stability and Error Correction
	Hamiltonian Function and Energy Landscape

	The Ternary Simple Model
	The Willshaw Model
	Dynamical Properties of the Willshaw Model
	The Willshaw Model with Threshold Dynamics
	Capacity and Error Correction
	Energy function of the Willshaw Model with Threshold Dynamics

	Capacity and Error Correction of the Willshaw Model with WTA Dynamics

	The Sparse Blume-Emery-Griffiths Model
	Stability of the Stored Patterns in the Original BEG Model
	Stability and Error Correction in the Sparsity Adopted BEG Model

	The Gripon-Berrou Model
	The GB Model with Weighted Synaptic Efficacies
	The Gripon-Berrou Model with Binary Synaptic Efficacies
	The SUM-OF-MAX Rule
	The GB Model with Binary Synaptic Efficacies and Threshold Dynamics

	Other Variations of the GB Model

	Comparison of the Different Models

