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Box 133

Exercise 1 (6 points)

Let T be measure preserving on (Ω,F ,P) and let I ⊂ F being the set of all T -invariant sets in F ,
i.e. I consists of those A ∈ F with P(A∆T−1(A)) = 0. Prove that

(a) I is a σ-algebra.

(b) if X is an F -measurable, real-valued random variable, then X is I-measurable if and only if
X is invariant in the sense X ◦ T = X P -almost surely.

Exercise 2 (4 points)

Let T = {z ∈ C : |z| = 1} be the unit circle. Let ϑ ∈ R \ Q. We consider the transformation
T : T→ T given by T (z) = e2πiϑz. Prove that {T k(1) : k ∈ Z} is dense in T.

Exercise 3 (4 points)

Let T : R→ R be defined by

T (x) :=

{
1
2

(
x− 1

x

)
, if x 6= 0

0, if x = 0

Prove that T is measure preserving for the Cauchy-distribution with parameter 1, i.e. the distribu-
tion that has density f(x) = 1

π(1+x2)
.

Exercise 4 (6 points)

Let Ω = [0, 1) and F = B. We consider the following transformations T : Ω→ Ω

(a) T (x) = λx with 0 < λ < 1.

(b) T (x) = x2.

Prove that there exists no probability measure P, such that T is measure preserving and P({ω}) = 0
for all ω ∈ [0, 1).


