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Please note that only the 4 best exercises will count for your marks. But we
recommend to do all exercises, since they are all relevant for the exam.

Exercise 1 (5 points)

Let (X,), be a Markov chain on a state space E. If E is finite, show that there exists at least one
closed communication class.

Exercise 2 (5 points)

(a) Show that every recurrent communication class is closed and every finite closed communica-
tion class is recurrent.

(b) Consider an irreducible and recurrent Markov chain with an arbitrary initial distribution o.
Then show that for every j € E, the number of visits to the j is infinite with probability 1.

Exercise 3 (5 points)
Without using Stirling’s formula, show that a simple random walk is transient in d > 3.

Hint: Choose v(x) = — for a € (0,d — 2). Show that for |x| sufficiently large, (Pv)(z) —v(z) < 0.
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Exercise 4 (5 points)
Without using Stirling’s formula, show that a simple random walk is recurrent in d = 2.

Hint: A similar argument as in exercise 3 will work for the choice v(z) = log|z| — 7 for an
appropriate constant ¢ > 0.

Exercise 5 (5 points)

Let (X,,), be a Markov chain on a state space E. Let u : E — R such that inf u > 0 and sup u < occ.

Show that ,
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