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Please note that only the 4 best exercises will count for your marks. But we
recommend to do all exercises, since they are all relevant for the exam.

Exercise 1 (5 points)

Let (&), be iid random variables such that E[{] = oo and E[¢,] < oo. Does S,, = & + ... + &,
converge almost surely? If yes, prove the statement, if no, give a counterexample.

Exercise 2 (5 points)

Let T be a stopping time such that for some N € N, some € > 0 and for all n € N|
P(T <n+ N|F,) >¢ as.

Prove that E[T] < oo.

Exercise 3 (5 points)
Let (&); be iid such that & ~ Normal(0,1). Let M, = ¢*2i=1&= for a,b € R. Prove:
(a)

M, — 0 a.s. — b>0

(b) Forp > 1:
M, —0 inlP <+ p<Z.

Exercise 4 (5 points)

Let (S,), be a sequence of R-valued random variables such that for any closed set K C R,

1
limsup —log P(S,, € K) < — inf I(z)

n—oo T zeK

where I : R — [0, 00] is some lower semicontinuous function such that {z : I(x) = 0} = {0}. Prove
that S,, — 0 almost surely.

Exercise 5 (5 points)
Let (X,), be a Markov chain taking values in a compact state space E. Let pu, = %Z;‘:—Ol ox; €
M, (E). Prove that for all K C M;(E) closed,

1
sup limsup — log P, (p,, € K) < — inf I(p)

z€E n—oo TN HEK

where I(p) = sup,q [ log ((;ﬁ’()y))u(dy).

Hint: You may use (exponential) Chebyshev’s inequality and exercise 5 from the Exercise sheet 5.



