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Exercise 1 (4 points)

Let T3 be the 3-regular tree. Construct 3 non-constant bounded harmonic functions on T3 with
respect to the simple random walk.

Exercise 2 (4 points)

Consider a network walk on N by assigning conductance 2(k
2) to the edge between k − 1 and k for

all k ≥ 2. Show that the σ-algebra I is P0-trivial, and show that the σ-algebra T is not P0-trivial.

Exercise 3 (4 points)

Prove the missing part of the theorem stated in today’s lecture. That is, if P is the transition pro-
bability matrix of a transitive Markov chain (Xn)n on V and P̃ = I+P

2
is that of the corresponding

lazy chain (X̃n)n and if V is equipped with an invariant graph metric d, then ˜̀= `/2.

Exercise 4 (8 points)

Given a transitive Markov chain (Xn)n on a state space V . Let Rn be the number of distinct sites

visited by time n. That is, Rn = range of Xn
def
= #{distinct sites visited by X1, X2, ..., Xn}.

Fix some o ∈ V and show that

lim
n→∞

E0

[
Rn

n

]
= P0(no return) = P0(Xk 6= 0 for all k ≥ 1).

Deduce that Rn/n converges P0-almost surely to the same limit.


