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Exercise 1 (5 points)

As in the lecture we define

u(ψ, x) = E(ψ,x)

[
1
{

lim
n→∞

ψn(0) = 1
}]
.

Prove that this u is harmonic.

Exercise 2 (5 points)

Let G be a transient, infinite graph. Give a clean proof of the following implication:

the SRW on G is transient ⇒ the lamplighter graph G� has not the Liouville property.

Exercise 3 (5 points)

Again, let G be a transient, infinite graph. Now prove the other direction:

the lamplighter graph G� has not the Liouville property ⇒ the SRW on G is transient.

Hint: Use Exercise 4 from Exercise Sheet 10.

Exercise 4 (5 points)

Let (M1,F1, Q1) and (M2,F2, Q2) be two probability spaces, and suppose that Φ : (M1,F1) →
(M2,F2) is measurable with Q2 = Q1 ◦ Φ−1. Show that the following are equivalent:

(i) The Q1-completions of F1 and Φ−1F2 coincide.

(ii) The mapping f2 7→ f2 ◦ Φ from L∞(M2,F2, Q2) to L∞(M1,F1, Q1) is surjective.


