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Recall Lecture 6 for definition of the Lamplighter group.

Exercise 1 (5 points)

Prove that the Lamplighter group is not finitely presentable.

Exercise 2 (5 points)

Prove that the Lamplighter group has exponential growth.

Exercise 3 (6 points)

Recall that the edge-isoperimetric constant of (G, c,D) is defined as

ΦE(G) = ΦE(G, c,D) := inf

{
|∂EK|c
|K|D

: ∅ 6= K ⊂ V finite

}
.

(i) Show that Z2 is edge-amenable. That is, ΦE(Z2) = 0.

(ii) Show that ΦE(Tb+1,1,1) = b− 1 for all b ≥ 1, where Tb+1 is a (b+ 1)-regular tree.

Exercise 4 (4 points)

Recall that

`2−(E) =

{
θ : E → R : θ(−e) = −θ(e) and

∑
e∈E

θ2(e) <∞
}

is the space of all antisymmetric functions θ ∈ `2(E). We further have

d : `2(V )→ `2−(E) with (df)(e) = f(e−)− f(e+)

and
d∗ : `2−(E)→ `2(V ) with (d∗θ)(x) =

∑
e:e−=x

θ(e).

Show that for all f ∈ `2(V ) and for all θ ∈ `2−(E),

〈θ, df〉 = 〈d∗θ, f〉.


