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Exercise 1 (5 points)

Let G be a countable and directed network. Fix a ∈ V (G). Show that

inf

{∑
e∈Π

c(e) : Π a cutset separating a from ∞
}

≤ max
{

strength(θ) : θ flows from a to ∞ and 0 ≤ θ(e) ≤ c(e) for all e
}
.

Exercise 2 (5 points)

Let (G, c,D) be a network. Show that

ΦE(G, c,D)

= max
{
α ≥ 0 : there exists θ such that |θ(e)| ≤ c(e) and d?θ(x) ≥ αD(x) for all x ∈ V (G)

}
with θ ranging over all antisymmetric functions on E.

Definition: Let G be a graph and D : V (G) → R+ be any function. Let ∂VK := {x /∈ K :
there exists y ∈ K with y ∼ x} and

ΦV (G) = ΦV (G,D) := inf

{
|∂VK|D
|K|D

: ∅ 6= K ⊂ V finite

}
.

We say that (G,D) is vertex amenable if ΦV (G) = 0. Moreover, if f1, f2 are two functions on the
same domain such that inf f1

f2
> 0 and sup f1

f2
< ∞, we write f1 � f2. Note that if a network

(G, c,D) satisfies c � 1 � D � degree, then (G, c,D) is edge amenable if and only if (G,D) is
vertex amenable. We will call (G, c,D) simply amenable if it is both, edge amenable and vertex
amenable.

Exercise 3 (5 points)

Suppose G is a graph such that for some o ∈ V ,

lim inf
n→∞

#{x ∈ V : dist(o, x) ≤ n}1/n = 1

(i.e. we have sub-exponential growth of balls). Show that (G,1) is vertex amenable.

Exercise 4 (5 points)

Show that every Cayley graph of a finitely generated abelian group is amenable.


