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Exercise 1 (3 points)

Prove that for every k € Z there exists a unique polynomial @) € R[X] of degree k such that

Qr(cos€) = cos(k&)  for all £ € R.

Exercise 2 (6 points)
Let S,, be the simple random walk on Z. Show that for all a > 0,

a2
Po([Sn| > a) < 2exp ( - %>

Exercise 3 (6 points)
Show the following statements.

(i) Let Xy, ..., X,, be independent random variables on the probability space (92, F,P), taking
values in R, and with E[X}] = 0 and V(X},) < oo for all k =1,...,n. Then, for all A > 0,

1
P(lrggélsk! > )\) < EV(S")’

where S, = X7 + ... + X}
(ii) The entropy on the nearest neighbor random walk on the lamplighter group is equal to 0.

Hint: Use part (i) to prove part (ii).

Exercise 4 (5 points)

Let I be a finitely generated group with respect to a symmetric generating set S and let p be a
probability measure with support on S. Let h be the Avez entropy of the simple random walk and
p is the spectral radius. Show that

h > —2log p.

For the proof you may not use the statement from the lecture that says, positive entropy is equi-
valent to positive speed.



