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Exercise 1 (3+4 Punkte)

Let n > 1 and Zy,...,Z, be independent and identically distributed standard Gaussians on a
probability space (2, F,P). For § = (f1,...,0,) € R" and a constant Z, 3 > 0 define a new
measure Q on (2, F) by

that is to say for every A € F

Q(A) =

Je( gﬁizxw))ﬂﬂ(dw).

(i) Determine the value of Z,, 3 which makes Q a probability measure.
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(ii) For the above choice of Z, 5, determine the distribution of the vector (Zi, ..., Z,) under Q.

For the following exercises let X = (V, E)) be a countable, locally finite graph, 9 C V' and Vo= V\o0.
For vertices x,y € V, write d(x) := deg(z) and x ~ y if x and y are connected by an edge. Moreover
let P be the transition matrix of the graph random walk on X, i.e. for x,y € V

1

P(x7y) = ﬂ{xwy} d(l')’

and denote by G the corresponding Green function defined in the lectures.

Exercise 2 (243 Punkte)

(i) Show that d(-) defines a reversible invariant measure for P.

(ii) Assuming that X is finite, show that the matrix G is nonnegative semidefinite, i.e. for every
real vector A = (\;).ev we have

NGA= " AAGl(z,y) > 0.

z,yeV



Exercise 3 (4+4 Punkte)

(i)

Let P be the restriction of P to V, let G be the restriction of G to V and let I be the identity
matrix of dimension |V'|. Assuming that V' is finite, show that the matrix I — P is invertible
with inverse given by

(I - P)™' =GD,
where D is the diagonal V x V-matrix with diagonal entries d(z) for z € V.

In the countable set-up, the infinite matrix P induces a bounded self-adjoint operator P on
the Hilbert space

AV, d) = {f: V—R: Y f@)dx) < oo},

zeV

with the inner product

(f.9) =3 F@)g()d(x),

zeV

by defining for f € (*(V,d) and x € V

(Pf)(z) =Y Plz.y)f(y).

yev

Let T be the identity operator on ¢*(V,d). Prove that if |P|| < 1 (as an (*(V,d)-operator),
then the operator I — P is invertible and its inverse satisfies for all x,y € V

G(z,y)d(y) = d(z)" (L, (I - P)'1).

Hint: Neumann series.



