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Exercise 1 (Reflection Principle) (5+1 Punkte)

Let (B)i>0 be a one-dimensional Brownian motion started in 0.

(i) For t > 0 and a > 0, use the strong Markov property to compute
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(ii) Deduce a similar bound for P[supg<,<, |Bs| > a] in terms of P?.

Exercise 2 (6 Punkte)

Let pi(-,-) denote the transition probability function of two-dimensional Brownian motion. Show
that, as z = w, z # w

’/T/O pe(z,w) dt = —log(|z — w|) + O(1).

Exercise 3 (Complex Analysis) (14+3+4 Punkte)

(i) Let z € C with |z| = 1. Simplify the expression

Z—w

1—zwl
(ii) Is the function

f:C—C, f(z,y) = (:Ee’” cos(y) — €y sin(y)) + i(e“"’y cos(y) + xe” sin(y))

holomorphic?

Hint: You may use that f is holomorphic, if its partial derivatives exist, are continuous and
satisfy the Cauchy-Riemann equations.

(iii) Let @ C C be open and connected and let u: 2 — R be a function. A function v: Q@ — R
is called a harmonic conjugate of u, if the complex function u + v is holomorphic.

(a) Show that for any two harmonic conjugates vy, vo of u, the function v; — vy is constant.

Hint: You may use the Cauchy-Riemann equations.



(b) Consider @ =D = {z € C : |z| < 1}. Show that every harmonic function u € C?(D)
admits a harmonic conjugate.

Hint: You may try to define the function

y T
v(x,y) ::/0 O1u(0,1) dt—/O Ohu(t, y) dt,

where 0y, respectively 0, denotes the partial derivative with respect to the first, respec-
tively second, coordinate.



