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Exercise 1 (343 Punkte)

(a) Let Q be a domain. Suppose there exists an open cover U = {U, };c; of Q consisting of open
discs U; C C such that the first cohomology group H' (U, C) defined in the lecture is trivial,
i.e. suppose that
H*(U,C) = {0}.

Show that every harmonic function u: Q@ — R, u € C?*(2), has a harmonic conjugate.

(b) Consider the function
u: D\ {0} — R, 2z log|z|.

Prove that v does not have a harmonic conjugate.

Exercise 2 (343 Punkte)

(a) Let v be a parameterization of the unit circle of the upper half plane H. Show that
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(b) Suppose that f: C — C is holomorphic and satisfies

|£(2)] €999 (1+ |z))** for every z € C.
Show that f is a polynomial.

Hint: You may use Cauchy’s inequalities.



Exercise 3 (The Mean-Value Property) (444 Punkte)

Let n > 1 and €2 be an open subset of R".

(a)

Let u: 2 — R be a harmonic function, i.e. it is twice continuously differentiable and Au = 0.
Prove that for every x € R™ and every r > 0 such that

B(z)={yeR": |z —y|<r} CQ

we have that

1
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where w,, is the area of the n-dimensional unit sphere and o is the (n — 1)-dimensional surface
measure on 0B, (z).

u(y) dy, (1)

Conversely, let u be any locally integrable function on €2, i.e.
/ lu(z)|dx < oo for every compact K C €.
K

Show that if u satisfies (1) for every ball in €, then it is infinitely differentiable and satisfies
Au = 0.



