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e = d e = d

b)

Removable if e   is
not a may-constant
of value d

e = d e = d

a)

Removable if e

of value d
a must-constant

   is
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a[0] := 5

a[i] := ..

x := a[0] + 1
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y := 0

x := x - 1
y := y + 1

z := x + y

a) b)

a := 2

b := 3

a := 3

b := 2

c := 4

d := 5

c := 5

d := 4

x := a + c
y := b + d
z := x + y
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a+b+c = 9

x := 0
y := 0

z := x + y

a) b)

a := 2

b := 3

a := 3

b := 2

x := a + c
y := b + d
z := x + y

z = 14

a+b = 5

5 = 5

z = 0

x+y = 0
x := x - 1

y := y + 1

x+y = -1

0 = 0

c := 4

d := 5

c := 5

d := 4

a+b+c+d = 14

a+b+c = 10
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write(c)

join

write(c)

join

fork

b := a

b := 0

a := 1

c := 0

fork

b := a

b := 0

a := 1

c := 0

(a)  CFG-like representation (b)  Def/use relationships

c := b c := b
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join

write(c)

join

write(c)

fork

b := a

b := 0

a := 1

c := 0

v := b

c := v

fork

b := a

b := 0

a := 1

c := 0

(a)  Original program

c := b

(b)  A virtual variable has been introduced
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) K j=T�[! k[u`cX�]c)�]_Xk[o[gn�SR[u� ¢ ,
5 m � K ]_a�a�Omj}]mj=[gnd)hV9]ma�]_X=Xk`cSRap��[4a�j�d = ¢ �u�P`bj=T�]f4OR��Z\ORXk`bjl[�[?>�Z0 k[gX=Xk`cORa~��ORa�jlT�[8 k`cSRThj*T�]_a�n,X=`bn�[�XkQ�f}T j=T�]mj�dfe�X ( ]_UcQ�[�]mj � fg]_a`bap��Q�[4a�fg[Yw�erX ( ]_UcQp[Y]mjP� x



¯�� G ���������
	���
�����	��
	������ ����������������� � ��� �e� � ����������� �e� ������	
f K j=T�[! k[u]+ k[ij��6OFn�`bXkjl`ba�f4j )�]mX=[s[4n�SR[4X�� ¢ ,
5 m � K ]_apn�� oS¢ ,A5 o m � o K [g]_f}T9O ª j=T�[g�]_apa�O_j}]�jl[gn�)hV,]ofgORapXkj}]ma�j�]_XkX=`cS_a���[4ahj�d =H¢�� ]ma�n d o = ¢�� o 3^ =[gXkZ#[4f4j=` ( [4UbV_3�X=Q�f}T
j=T�]mj7)\O_jlT,d�]mj � ]ma�n�d o ]mj � o f^]_a `ca���Q�[gapfg[Yw�]mjP� ]_a�n � L¢��+o�J

'�a�2�jl[gZ9:y*O6o�*[ f}T�[gf}<,�PT�[?jlT�[W �ORa�[iO ª j=T�[gXk[ufgO_a�n�`bj=`cORapX�`bX�j. =Qp[ J 3�[sQ�Xk[u]D-*O�O_Uc[^]ma
( ]+ =`c]+)�Ub[ < q.� jlT�]mju`cXo`cap`bjl`c]_Uc`b7g[4n j=O ª ]_UcXk[�]_a�n `bXoX=[4joj=O9j. kQ�[�ORa�f4[F�*[,[gapfgORQ�ahj=[! D]
 =[g]_X=O_a ª O� �w a�O_jc)#[4`ca�S�]�fgO_Z�V fgO_a�Xkjl]_ahj ]mj � J 2�jl[gZ ° jl[4XkjlXF�PTp[4jlTp[! Ff4ORa�n�`Wjl`cO_a
] K T�ORUcnpX j. kQ�[ J 28jl[4Z � `cX fgORa�f4[! ka�[gn �P`bj=T fgO_a�n�`bj=`cORapX ) K ]_a�n f K J�� ]_f}T )�]_Xk[F[gnpSR[
`cXY[¬>�]m��`ba�[gn `ca jlQU =a J 28jl[4Z � J ¯ jl[gX|jlXY�PT�[4j=T�[! /) K T�ORUbn�X J '�a�O+ =n�[W Yj=O~f}Tp[gf}< f K 3��6[
�D[g�DO� =`b7g[�`cas] ( ]+ =`c]+)�Uc[ �yqtz j=T�[ ( ]_UbQ�[*O ª jlT�[6fgORapXkj}]ma�jt]_X=Xk`cSRa��D[gahj�jlT�]�j�f^]mau`cap��Q�[ga�f4[
w ]mj � [ga�f4ORQ�ahjl[W =[gn L  kXkj J '�a O� =np[! YjlO�f}Tp[gf}< f K �6[ Xk`c�DZ�UbV9fgOR�DZ�]+ k[ej=T�[ ( ]_UbQ�[eO ªfgO_a�Xkjl]_ahj�]_XkX=`bSRa��D[gahjlX [gapfgORQ�ahj=[! =[4noU�]mj=[! v�P`WjlT�jlT�[ ( ]_UcQp[£�D[g�DO� k`c7g[4n�`ca �yqtz J�� ]X =`�]X)�Uc[
�yqtz `cX�`ca�`Wjl`c]_Uc`b7g[gnF�P`WjlT�]�X=Z\[gfg`c]_U ( ]mUcQ�[ E�G�C�DIH j=T�]mj�`ca�n�`bf^]mj=[gX�jlT�]mj��*[sT�] ( [oa�O_j�X=[4[ga
]ofgORapXkj}]ma�j�]_XkX=`cS_a���[4ahjPX=O ª ]+ J TI`ba�]_UbUbVR3p28j=[gZ�6eO_QpjlZ�Q�jlX�jlT�[i]_apXk�6[! J

� ª f4ORQ0 =Xk[��*[,fgO_Q�Ucn X|jlORZ jlTp[,]_UcSRO+ =`bj=T��M`c�D��[4n�`�]�jl[gUWVR3
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TI`bSRQ0 =[ ² J ° = 5�a9[¬>p]_��ZpUc[sO ª ]_a�]_XkX=`cS_a���[4ahj�jlT�]mj�`bX ª ]_`ba�j )�Qpj�a�O_j�np[^]_n J ,�T�[ ( ]_UcQ�[
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	�x ª O� �[^]mf}T�Z0 =ORS+ l]_�
Z\OR`cahj75 )9� 3 �2,A5 K `bXyjlT�[YX=[?j�O ª-( ]+ k`�]+)�Ub[gX  k[gUb[ ( ]_ahj�]mj 5 J
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5�UbSRO� =`WjlT�� ² J G `babTI`bS J ² J :  =[g]_n�Xy] Z�]+ l]mUcUc[4U���OB��S+ l]_Z�TF]_a�n�]s��]_Z�Zp`ca�S � =���C

G
	�]_X
n�[gXkf! =` )#[4no]+)\O ( [ J -y]_X=[4nuORaijlT�`bX
`ba ª O� =��]mj=`cORa�`WjIfg]_Ucf4Q�U�]mj=[gX�]_auQpZ#n�]�jl[gn ( [W =X=`bORa
O ª j=T�[ [4n�SR[�]ma�a�O_jl]mjl`bORa���]_Z�Zp`ca�S O ª j=T�[FSR` ( [ga ��OB��S� l]_ZpT�`ca �PT�`cf}T ª ]m`cahjifgO8n�[ `bX
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'�ahjlQ�`Wjl` ( [gUWVR3 �#� � � fgORahjl]_`ca�XPjlTp[ ( ]+ =`c]+)�Ub[gXyjlT�]mj�fg]_a�`bap��Q�[4a�fg[ijlT�[ ( ]_UcQp[ O ª ]Y k[gUc[ ( ]_ahj( ]+ =`c]+)�Ub[ w�]mj����PT�[ga X=O_��[uf4OR�DZ�Qpj}]�jl`cO_a�`cX�]mj � J ,�T�[of4OR�DZ�Qpj}]�jl`cO_a�`cX�]_a�]_UbORSRORQ�XjlOoj=T�[YORa�[YO ª jlT�[YX=`b��`bU�]+ 6X=[?j��#� � �z`ba,5�UcS_O� =`WjlT�� ² J ¯ xpjlTp[! =[ ª O� =[m3��*[iOR�D`bjP]on�[?j}]_`bUc[4n
[?>�Z�Uc]_a�]mj=`cORa J 28jl[4Z�: J :Y k[gXkj=O� =[4X�jlTp[s]_apa�O_j}]�jl`cO_a~O ª jlT�ORXk[ )�]mX=[s[4n�SR[4X�jlT�]mj�]mX=X=`bSRa~j=O
] ( ]+ =`c]+)�Uc[�jlT�]�jPf^]_a,`ca���Q�[gapfg[i]  =[4Uc[ ( ]_ahj ( ]+ k`�]+)�Ub[�]mjP� ª  =O_� jlTp[�j}]+ kSR[4jPa�O8n�[�O ª jlTp[
)�]_Xk[Y[gn�SR[ J TI`ca�]mUcUbV_3�2�jl[gZ ° ORQpjlZpQpjlX�jlTp[if4OR�DZ�Qpjl[4n~ap[4��[4n�SR[ ]_a�a�Omj}]mj=`cORa���]_Z�Z�`ba�S J

3�[Yf4ORa�fgUbQ�n�[ =
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,�T�[ SROh]_UzO ª jlT�`bX�Xk[gf4j=`cORa~`cX�jlO ]_a�]_UWV87g[YjlT�[s]_XkV8�DZpjlO_j=`cf] =Qpa9*{j=`c�D[iO ª jlTp[u]_UbSRO� =`WjlT��DX
ª  =O_� jlT�[DZ0 k[ ( `cORQpX Xk[gf4j=`cORapX J 3�[Dn�O~apO_jsnp[4jl[W =�D`ca�[ ( [! kV XkT�]+ kZ�[gX|jl`b� ]mj=[gX])�Qpjs]+ k[
Xl]�jl`cX L [gnD�P`bj=TDXkT�OB�P`ca�SijlT�]�j£j=T�[�]_UcS_O� =`WjlT��DXS =Qpa�`baej=`c�D[�[?>�Z\ORa�[gahj=`�]_U `caoj=T�[�a�Q�� )#[W 
O ª Z0 kORS� l]m� ( ]+ k`�]+)�Ub[gX436� � ��]_a�n Z\ORUbV8a�O_��`c]_U `ca�j=T�[oX=`b7g[oO ª jlTp[uZ�]+ =]_UcUb[gU ��OB� S� =]_Z�T J
,�T�[�Uc]mj=j=[! i`cXs�D[^]mX=Q0 k[gn )hV�j=T�[FZ�]+ =]_�D[4jl[W =X � � �;3�jlT�[ a8Qp� )#[W uO ª Z0 kORS� =]_�MZ#OR`bahjlXg3
���,� 3pj=T�[Ya�Q�� )\[! PO ª [gn�SR[4Xg3\]_a�n ��� Q���� � 3�jlTp[ia�Q�� )#[W �O ª Z0 kO�f4[gn�QU =[gX J
'�a*)#OmjlT ]_UbSRO� =`WjlT��DXojlT�[_)�Q�Uc< O ª j=T�[��6O� =< `cX�n�ORa�[9npQ0 =`ba�S�jlTp[9Uc[g]_Xkj L >�Z#OR`bahj

fgO_��Z�Q�j}]mj=`cORaf,(X K ª O� sj=T�[FfgO_a�Xkjb l]_`ba�jsXkV8Xkj=[g�_,qX K ª O� )0 k`cn�S_`ca�S  =Q�a�XoO ( [! ujlTp[Fn�OR��]_`ca
,�/B1 m![ K J Pz[4j�Q�X43 L  =X|j�O ª ]mUcU13�n�[?jl[! k��`ba�[P]_aD]_X|V��DZpj=O_jl`bf )#O_Q�a�n ª O� Ij=T�[�fgOR�DZ�Ub[?>�`bj�V O ª
X=Qpf}T9] L >�Z#O_`cahj�fgOR�DZ�Qpjl]mjl`bORa J 5�XP�6[i]+ =[YT�[g]_n�`ba�SeORa�UbV ª O� P]  =ORQpSRTa)#ORQpa�nv3��6[ fg]_a
]_XkX=Q��D[�jlT�]mjtj=T�[�Uc[g]_Xkj L >pZ\OR`ba�j�`bXtfgOR�DZ�Qpj=[gnea�]_` ( [4UbV )hVoX|j}]_apn�]+ =n L >�Z\OR`cahj�`bj=[! =]mjl`bORa =
Xkjl]+ kj=`ca�S ª  =O_� ]_a ]mX=X=`bSRa��D[gahj O ª j=T�[Y)\O_jkjlOR� ( ]_UbQ�[ojlO [^]_f}T ( ]+ k`�]+)pUc[e]_Z�Z\[^]X =`capS~`ba
jlTp[�fgO_a�Xkjb l]_`ba�j6XkV8X|jl[g���6[�`bj=[! l]�jl` ( [gUWVon�[4j=[! k��`ba�[�]ia�[4� ]mX=X=`bSRa��D[gahj£jlO j=T�[ ( ]+ k`�]+)pUc[gX
)hVO =[}*{[ ( ]_UbQ�]mjl`ba�Si]_UcU�f4ORa�X|j. l]m`cahjlX6Q�ahjl`cU f4ORa ( [! kSR[gapfg[_3�` J [ J Q�ahjl`bU �6[�O�)pX=[! ( [�apO ª Q0 |jlT�[W 
�DO�n�` L f^]�jl`cO_a J � ª f4ORQ0 =Xk[FjlT�[F]_XkV8�DZpjlO_j=`cf�fgOR�DZ�Uc[¬>�`bj�V O ª jlTp`cXsa�]_` ( [ L >�Z#O_`cahjo]_UbSROI*
 =`WjlT�� `cX])#O_Q�a�n�[4n )hV j=T�[DZ0 =O8n�Q�f?jsO ª jlT�[D��]�>�`c��]_U�a�Q�� )\[! iO ª `Wjl[W l]mj=`cORa�Xi]_apn�jlTp[
��]�>�`c��]_U#f4ORXkj�O ª ]eX=`capSRUc[�X|jl[4Z J

'�a~[g]_f}T�`Wjl[W l]mj=`cORa�[¬>pf4[gZpj�O ª jlT�[YUc]_XkjPORap[_3 ]mjPUb[^]_X|jPORa�[YfgORapXkj. =]_`cahj ( ]+ =`c]+)�Ub[��uQ�X|j
f}T�]_apSR[o`bj=X ( ]_UcQ�[ J '{jY`cX��*[4UcU�*{<�a�OB�Pa j=T�]mj�j=T�[ ( ]_UbQ�[gX�]mX=X=`bSRa�[4n j=O,]FfgORapXkj. =]_`cahj ( ]+ k`�*
]+)�Ub[�fg]_a ORapUbV `capf! =[g]_X=[�n�Q0 k`ca�S L >�Z#OR`bahjs`Wjl[! =]mjl`bORa J ,�T�[W =[ ª O� =[m3 ª O� s[g]_f}T f4ORa�Xkjb l]_`bahj
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]mj��DORXkj � ,¬� � Q�� � ���^� � ���^� � � ��� 	 � ��� K `bjl[W l]mj=`cORapX J ,�T�`cX�fgUb[^]+ kUbVs`cX � ,¬��� Q���� ���^� � ��� G�
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ª O� �XkOR��[�Z\ORUWV�apOR��`c]_U 1���,(d K `caFd 3 )\[gfg]_Q�X=[�d ������� ¢ G�������� � ��� � ����������� G ��� � ����� J

Pz[4jiQ�XYa�OB� )\ORQ�a�n�j=T�[efgORX|jlXYO ª ],Xk`ca�S_Uc[u`Wjl[! =]mjl`bORa J '�a�[g]_f}T `bjl[W l]mj=`cORa9�6[e�uQ�X|j
 =[4[ ( ]_UbQ�]mjl[ ]_UbUyfgO_a�Xkjb l]_`ba�j=X J 5�XDj=T�[ a8Qp� )#[W eO ª ORZ\[! =]mjl`bORa�Xe`ca ] X=`capSRUc[�f4ORa�Xkjb l]_`bahj
`cXc)#ORQpa�n�[gn�3��6[�f^]_a SR[?j ]_a ]_XkV8�DZpjlOmjl`cf_)#ORQpa�n ª O� jlTp[�fgORX|jlX�O ª ] fgO_��Z�Ub[4j=[  =[8*
[ ( ]_UbQ�]mj=`cORa O ª ]_UcU8fgORapXkj. =]_`cahj=XS)hVu�uQ�UWjl`bZ�UbV8`capS�]�)\ORQ�a�n ª O+ IjlT�[*a8Qp� )#[W tO ª fgORapXkj. =]_`cahj=X
�P`bj=T�]�)#O_Q�a�n ª O+ Yj=T�[D� ]�>�`b� ]_UIfgORX|jlXsO ª ]~Xk`ca�S_Uc[oORZ\[! =]mjl`bORa J '{j `cX ]_Sh]m`ca ] Xk`c�DZ�Uc[
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"!�� � 	 � � K J
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