[

WILHELMS-UNIVERSITAT

Pm—————————_— NV e g
FACHBEREICH MATHEMATIK UND INFORMATIK
INSTITUT FUR MATHEMATISCHE LOGIK UND GRUNDLAGENFORSCHUNG

Iterated Forcing

THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE MASTER OF SCIENCE DEGREE

BY

STEFAN MIEDZIANOWSKI

SUPERVISOR: PROF. DR. RALF SCHINDLER

LAST VISITED: DECEMBER 15, 2016






Contents

(1__Introduction|

0 Preliminarics

2.1 Boolean Algebras| . . . . . . . . ... ... oo

[2.2  Filters and Quotients| . . . . . . . ... ... Lo

Iterated Forcing|

[3.1 Two Step Iterations| . . . . . . . ... ... ... ... ...

3.2 _General Tterationd . . . . . . . . .. ...

(4

Subcomplete Boolean Algebras|

4.1 Examples|

[4.2  Two Step Iterations| . . . . . . . ... ... ... ...

IA.;; I;(::i—“f:lﬂllﬂ“ﬁl .............................

22
25

43
43
ol

65
65
70
1)

91






1 Introduction

In his search for a natural iteration theorem for a class of L-forcings that don’t add
reals, Jensen discovered the notion of subcomplete forcings and was able to prove
a strong iteration theorem for them. In our master’s thesis, we aim to provide an
accessible introduction to iterated forcings and a full account of Jensen’s iteration
theorem for subcomplete Boolean algebras.

To realise this, we begin in chapter 1 by introducing complete Boolean valued
models and their connection to generic extensions. Building on this, we then
develop the basic theory of iterated forcings in chapter 2. Finally, in chapter 3, we
combine these methods to define subcomplete Boolean algebras and prove Jensen’s
main iteration theorem:

Theorem. Let B = (B; | i < «) be an RCS-iteration such that By = {0,1} is
trivial and for all i +1 < «

1. B; # Biy,

2. kg, B"“/G, is subcomplete and

v

3. IFg,,, card (B;) < w.

Then every B; is subcomplete.






2 Preliminaries

In this chapter we fix our notation and develop the theory of Boolean valued models
and their connection to generic extensions. Any missing definitions can be found
in |[Jec06] and we assume that the reader is familiar with Godel’s constructible
universe, basic facts about elementary substructures and non-iterated forcings.
Our background theory is ZFC - including the notion of wvirtual classes, i.e. for
any Liey-formula ¢ and parameters py, ..., p, we call

C={yl o, oK)}

a (virtual) class. We say that C' is proper iff there is no set X containing the same
elements as C'. We let Ord denote the class of all ordinals and for a given set X we
write P(X) for its powerset, card(X) for its cardinality and tc(X) for its transitive
closure - the smallest transitive set containing X as a subset. We say that X is
hereditarily of cardinality less than 6 iff card(tc({X}) < 0 and we let

Hp:={X | card(tc{X}) < 6}

be the collection of all these sets. 4B is the set of all functions f: A — B and
given some function f: A — B and some X C A, we write f"X := {f(x) | v € X}
for the pointwise image of X under f. If Y C B, we also write f~17Y := {z €
X | f(x) € Y} for the preimage of Y under f. By a sequence (z; | i € I), we
mean a function z: I — {z; | ¢ € I} such that (i) = z; for all i € I. Given a
sequence (X; | i € I) of nonempty sets, we write [[;c; X; for the set of all sequences
(x; | i € I) such that z; € X, forall i € . If (z; | i < a) is a sequence and « is an
ordinal, we let (z; | ¢ < a)”z be the sequence (y; | i < o+ 1) where y; = x; for
1 < aand y, = .

The cumulative hierarchy is recursively defined by

o Vo:=0,
o Vo1 :="P(V,) for all ordinals «,
o V) = Uy Vs for limit ordinals A and

o V= UaGOrd voé'



2 Preliminaries

and rk(X), the rank of a given set X is the least ordinal a such that X € V.
Given a transitive set M and an additional (possibly empty) set A, let def4(M)
be the collection of X C M that are definable in the structure (M; el M, ANM).
Recall the constructible hierarchy relative to a set A, recursively defined by

o Lo[A] =0,
o L, 1[A] :=defo(L,[A]) for all ordinals «,
o L)[A] :=Uqcx La[A] for limit ordinals A and
o L[A] = Uaeora La[4]
and the constructible hierarchy over a set A, given by
o Ly(4) = te({A}),
o L,y :=defy(Ly(A)) for all ordinals a,
o Li(A) :=Ua<r La(A) and
o L(A) = Uncon La(A).
In the arguments to come, we consider structures of the form
M= (M;el M,A| M)

(which - by an abuse of notation - may also be denoted by (M; €, A) or simply by
M, if there is no danger of confusion), where M is a transitive set (or class) such
that (M;€) satisfies “a sufficienlty large fragment of ZFC” and A is a (possibly
empty) set that equips M with a Lic, A}D-structure in the usual way. It’s quite
common to take ZFC-, i.e. ZFC minus the powerset axiom, as such a “sufficiently
large fragment”. However, as Gitman, Hamkins and Johnstone demonstrated in
[GHJ11], replacement is surprisingly weak in the absence of the powerset axiom and
as a consequence of this, models of ZFC- may have undesirable defects. Therefore,
we shall be a bit more careful and consider models of ZFC™ instead, where ZFC™ is
axiomatized by extensionality, foundation, pairing, union, infinity, comprehension,
the well-order principle and collection.

!Since there is no danger of confusion, we won’t distinguish between the actual predi-
cates/relations and their respective symbols in our language.



2.1 Boolean Algebras

2.1 Boolean Algebras

Definition 2.0.1. A Boolean algebra B is a 6-tupel (B;0,1,+,-, —), where
e B is a nonempty set,
e 0 € B is the minimal (or least) element,
e 1 € B is the maximal (or greatest) element,

0#1,

+: Bx B — B, a+b:=+(a,b) is the join of a and b,

-:Bx B — B, a-b:=-(a,b) is the meet of a and b,
e —: B— B, —a:= —(a) is the complement of a.

such that for all a,b,c € B, the following hold

a+b="0b+a, a-b=b-a (commutativity)
a+(b+c)=(a+0b)+c, a-(b-c)=(a-b)-c (associativity)
a+(b-c)=(a+0b)-(a+c), a-(b+c¢c)=(a-b)+ (a-c) (distriributivity)
a+(a-b)=a, a-(a+b)=a (absorption)

a+ (—a) =1, a-(—a)=0 (complementation)

We often identify B with its underlying set and write a € B fora € B, X C B
for X C B, ... and whenever we don’t specify symbols for the minimal/maximal

element, join, meet and complement of a given Boolean algebra, we denote them
by 0/1, +, - and —.

If X is a nonempty set and F' C P(X) is an algebra on X, i.e. nonempty
and closed under unions, intersections and complements, then the field of sets
(F,0,1,4,-,—) with

e 0:=0),
e 1 =X,

a+b:=aUb,

e a-b:=anband

—a:=X\a
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for all a,b € F defines a Boolean algebra and in fact, Stone’s Representation
Theorem states that every Boolean algebra is isomorphic to a suitable field of sets.
To improve the readability of Boolean expressions, let us introduce the following
order of operations

~—~
~—

+

and omit parantheses, when there is no danger of confusion. By this convention
((—a) - (=(b+c))) + d translates to —a - —(b+ ¢) + d.

Proposition 2.0.1. Let B be a Boolean algebra. Then for all a,b € B, we have
the following identities:

1.a+0=aanda-1=a,

2.a+a=aanda-a=a,

3.a+1=1anda-0=0,

4. —a is the unique x € B s.t. a+x=1anda-x =0,
5. —0=1 and —1 =0,

6. —(a+0b)=—a-—band —(a-b) = —a + —b,

7. —(—a) = a.

Proof. 1. a+0=a+(a-—a)=aanda-1=a-(a+ —a)=a.
2.ata=a+(a-1)=caanda-a=a-(a+0)=a.
3.a+1l=a4+a+—-a=a+—-a=1landa-0=a-a-—a=a-—a=0.
4. Let re B best. a+xz=1and a-x=0. Then

r=x-(a+ —a)
=(x-a)+(x-—a)
=0+2-—a
=(a-—a)+ (z-—a)
=(a+z) —a

=1-—a

= —a

10



2.1 Boolean Algebras

5. Since 0-1 =0 and 0+ 1 = 1, this immediatly follows from the uniqueness of
complements.

6. Observing that

(a+b)-(—a-—=b)=(a-—a-—b)+ (b-—a-—b)
=(0-=b)+ (—a-0)

=0
and
(a+b)+(—a-=b)=(a+b+—a) - (a+b+—-b)
=140 (a+1)
=1-1
we get —(a + b) = —a - —b by the uniqueness of complements.

Similarly, —(a - b) = —a + —b follows from

(a-b)+(—a+—-b)=(a+—-a+—=b)- (b+ —a+ —b)
=(1+-b)-(—a+1)

=1
and
(@a-b)-(—a+—-b)=(a-b-—a)+ (a-b-—b)
(0-0)+ (a-0)
=0.
7.
—(—a)+ —a=—(—a-a)
=—0
=1
and
—(—a)-—a=—(—a+a)
=—1
=0
and thus a = —(—a), again by the uniqueness of complements.

11



2 Preliminaries

Definition 2.0.2. A partially ordered set is a pair P = (P; <) such that P is a
nonempty set and <C P x P is a partial order, i.e.

(Reflexivity) p < p,
(Antisymmetrie) p < q and q < p implies p = q and
(Transitivity) p < q and q < r implies p <r

hold for all p,q,r € P.

We say that p,q € P are compatible (in symbols p || q) iff there is some r € P
with v < p and r < q. Otherwise p,q are incompatible (in symbols p L q).
Finally, (P; <) is separative iff for all p,q € P with p £ q there is some r € P
such that r < p andr L q.

As with Boolean algebras, we shall identify partial ordered sets with their un-
derlying sets and also confuse partially ordered sets with their partial orders.

Definition 2.0.3. Let B = (B;0,1+,-,—) be a Boolean algebra. We let BT :=
(BT, X), where

e BT := B\ {0},
e foralla,be BT:a=<b:<b=a:>a-—b=0.

If a < b, we say that a is stronger than b or a is an extension of b. We also write
a=<b:b>a:a=banda#bin which case we say that a is strictly stronger
than b.

Proposition 2.0.2. Let B be a Boolean algebra, let BT be defined as above and
let a,b € BY. Then

1.a=biff b= —aiffa-b=a iffa+b=0,

2. Bt = (B*;X) is a separative partial order with greatest element 1 such that

albiffa-b=0,

3. a+ b is the supremum of {a,b}, i.e. a,b =< a+b and for all ¢ € B* with
a,b < c we have a +b < ¢,

4. a-bis the infimum of {a,b}, i.e. a-b =< a,b and for c € BT with ¢ < a,b we
have ¢ < a - b.

12



2.1 Boolean Algebras

Proof. 1. Note that a < biffa--b=0iff =b- —(—a) =0 iff —b <X —a.
Ifa <Xb,ie. a-—b=0, then

a=a-(b+ —b)
=a-b+a-—b
:a-b
Now a = a - b implies
a+b=(a-b)+0b
=b

and if a + b = b, then
a-—b=a-—(a+Db)

=a-—a-—b
=0-—b
=0

2. (Reflexivity) a + a = a and thus a < a for all a € B*.

(Transitivity) Let a <band b <c. Thena+c=a+(b+¢)=(a+b)+c=
b+ c=candthusa=<c.

(Antisymmetry) Let a« <band b <a. Then a =a+b=0b.
(Greatest Element) o+ 1 =1 and thus a < 1 for all a € B™.

(Separativity) Let a,b € BT. We first verify that a L biff a-b = 0:
If a / b, then there is some ¢ € B such that ¢ < a and ¢ <X b, i.e.
c=c-a=c-b=c-a-b=a-band hence a-b# 0. On the other hand, if
a-b+# 0, then ¢ := a- b satisfies ¢ < a and ¢ < b, witnessing that a f b.
This easily implies that (B, <) is separative: Let a,b € Bt such that
a A b. Then ¢ :=a - (—b) satisfies c # 0, c < a and ¢ L b.

3. Sincea+a+b=a+band b+ a+b=a+ b, we see that a 4+ b is an upper
bound of {a, b}.
If ¢ is another upper bound, then a + b+ c=a+ ¢ = c and thus a + b < c.

4. Since —(a-b) = —a + —b, this follows immediatly from [I] and [3] .
[

While we want to remove 0 when viewing B as a forcing notion (, i.e. partial
order), this convention can be annoying if 0 appears as a lower (or upper) bound.
In these situations, we consider B equipped with < defined as above and allow a
or b to be 0. Since 0+ a = a for all a € B, 0 is then the least element of (B; <).

13



2 Preliminaries
Proposition 2.0.3. Let B be a Boolean algebra and let a,b,c,d,e € B with a <b
and ¢ < d. Then

1. a4+ c=Xb+d,

2.a-c=xb-d,

3. a=b+eand

4. a-e=b.

Proof. l.atc+b+d=a+b+c+d=b+dand thusa+c <b+d.
=b =d

2.a-¢c-b-d=a-b-c-d=a-cand thusa-c<b-d.
—~

=a =c

3. Let ¢:=0, d:=e and use[l]
4. Let ¢c:=e,d:=1and use[2

Definition 2.0.4. Let B be a Boolean algebra and let X C B.
o > X =3 ,cx denotes the supremum of X and
o [[X =[l,ex x denotes the infimum of X
in (B; =) whenever they exist. To avoid confusion, let us explicitly state that
e > 0:=0 and
o [10:=1.
We call B a complete Boolean algebra iff - X and [[ X ezist for all X C B.

If we want to stress that > X (I] X) is the supremum (infimum) of X in B, we
also write Y5 X for > X ([Ig X for [T X).

Proposition 2.0.4. Let B be a complete Boolean algebra, let X C B and b € B.
Then

1. - X=1]-X,
—[IX=X-X,

b-> X =%(b-X) and
b+11X =TI(b+ X),

e e

14



2.1 Boolean Algebras

where =X :={—-z |z e X},a-X={a-z|zeX}anda+X ={a+z |z € X}.
Proof. 1. For all a € B we have
aj—ZXiff —aiZX
iff —a=xforallze X
ifa<—xforallz e X
iffajH—X
and thus — > X =[] -X.
2. Using we obtain —[JX = —(—=Y> —-X) =Y —X.
3. Since b-x <b-Y X forall x € X, we have > (b- X) <b-> X. Conversely

r <X —=b+z=—-b+b-xforall z € X and thus > X < —b+ X (b- X).
Multiplying both sides by b yields

b3 X =be (=b+> (b X))
=b-(=b)+b- (b X)
—b- Y- X)
<> (b-X),

as desired.

4. By what we've already shown

~(b+IIx)=-b-—]Ix
:_b'Z_X
=Y {-b-—z|zeX}
=S {~(b+2) |z X}
=) —(b+X)
= -0+ X)

and thus b+ T X =TI(b + X).
[

Definition 2.0.5. Let A = (A;+4,4,04,14,—4) and B = (B; +s, ‘5, 0p, 1, —B)
be Boolean algebras. A map
f:A— B

is a homomorphism from A to B (in symbols: f: A — B) iff for all a,b € A the
following hold

15



2 Preliminaries

o f(04) = 0s,

o f(1a) = 1g,

o fla+ab)=f(a)+s f(b),
o fla-nb)=f(a)s fb),

o f(—aa)=—sf(a).

If f is injective, we also call it an embedding. An isomorphism is a surjective
embedding.

We call A a subalgebra of B or say that A is contained in B (in symbols: ACB)
iff the inlusion map A — B,a — a is an embedding and we write A = B iff there
is an isomorphism f: A — B.

It is sometimes useful to know that (B; <) contains all the information needed in
order to recover the Boolean algebra B. In fact, 0,1, +,- and — are all first-order

definable in (B; <): 0,1 are the minimal/maximal elements of this order and for
all a,b,c € B

a+b=cofaxcANb=cAMVr:a=2xANb22x—c=22),

a-b=co[cxaNcbANVr:x2aNz<b—x =)

and
—a=cfa-c=0Na+c=1].

This proves the following

Proposition 2.0.5. Let B C C be Boolean algebras such that <gC=¢, O = O¢
and lg = 1¢c. Then B C C.

More generally, let B, C be Boolean algebras and let f: B — C be an injection such
that f(Og) = Oc, f(1) = 1c and for all a,b € B: a < b iff f(a) =¢c f(b). Then f

s already an embedding.

Definition 2.0.6. A homomorphism f: A — B between Boolean algebras A and
B is complete iff

e A B are complete,
o f(XaX)=2p["X and
o f(IIaX)=1lsf"X

16



2.1 Boolean Algebras

for all X C A.

We call A a complete subalgebra of B or say that A is completely contained
in B (in symbols: A T, B) iff the inclusion map A — B,a — a is a complete
homomorphism.

Proposition 2.0.6. Let A, B be complete Boolean algebras and let f: A — B be
an isomorphism. Then f is complete.

Proof. Let X C A, let z := Y, X and fix y € A such that f(y) = > f"X. Since
S f"X = f(x), we have y < x. On the other hand
flx-y)=fz)- fy)
=, X)X, X
=2, fO_, X)X
=f2aX)

= f(z)

yields x < y. Hence f(>X4 X) = X5 f”X and by [Proposition 2.0.4] we now obtain

FALX) = f(=>2, —X)
=—f>, —X)
S A ¢
=1L 1.

]

While complete Boolean algebras have their advantages when dealing with ab-
stract forcing techniques, in practise we usually think of forcings as (separative)
partially ordered sets. It is well known that starting from a (separative) partially
ordered set P, its Boolean completion B generates the same generic extensions as P.
The details of this aren’t important for our purposes, but can be found in [Jec06,
ch.14]. We shall however note that every separative partially ordered set admits,
up to isomorphism, a unqgiue Boolean completion.

Definition 2.0.7. Let P = (P; <) be a separative partially ordered set and let B
be a complete Boolean algebra such that

a) PC BT,
b) <==p| P and

c) P is dense in B, i.e. for every b € Bt there is some p € P such that p <p b.

17



2 Preliminaries

We then call B a (the) Boolean completion of P.

Theorem 2.1. Let P = (P; <) be a separative partially ordered set. Then there is
a complete Boolean algebra B such that

a) PC BT,
b) <==p| P and
c) P is dense in B.

Moreover, B is unique up to isomorphism. More precisely: Let C be another
complete Boolean algebra such that P C Ct, <==c¢| P and such that P is dense
in C. Then B=C.

Proof. [Jec06, Theorem 14.10]. O

Lemma 2.1.1. If f: A — B is a homomorphism and A, B are complete Boolean
algebras satisfying

1. f(ECaX) Zp g f7X forall X C A or
2. f(IIo X) = [Ig f7X for all X CA,

then f is complete.

Proof. First note that Y f”"X <p f(> 4 X) and [T f7”X =5 f([14 X) always hold
true for X C A (regardless of whether 1. or 2. are satisfied).
To see this, let b <g > f"X. Then there is some z € X with b <p f(z) <p

f(ZaX).
On the other hand, if b > [z f”X, then there is some x € X with b >~p f(z) =3
f(ITa X). We may thus replace <p in 1. and >p in 2. with equality.

1. Let X C A. Then
AL, X ==, —X)
= _ZB fr—X
= _ZB — X
~ 1, /7x.
2. Likewise we obtain
O, %) =11, %)
- _HB fr—X
= _HB —f'X
= ZE X
for all X C A.

18



2.1 Boolean Algebras

]

It is possible to have two complete Boolean algebras A C B such that A is not
completely contained in B, i.e. there is some X C A with >, X > Y 5 X.

Definition 2.1.1. Let B be a complete Boolean algebra and let B C C be another
(not necessarily complete) Boolean algebra. We define the canonical projection by

hec: C—B,c— [[{beB|c=b}.

In general, the canonical projection is not a homomorphism between Boolean
algebras (not even in the finite case), but it still admits some desirable properties
that make it quite useful when dealing with forcing iterations:

Proposition 2.1.1. Let B C. C be complete Boolean algebras and let hgc be the
canonical projection. Then for allb € B, all ¢,d € C and all X C C

1. hgc(b) = b,

9 hac(b-¢) =b- haelc)

3. hgc(c) =0 iff c=0 and
4. hec(XeX) =Yg hpc”X.

As will be immediate from our proof, the assumption that C is complete and B is
completely contained in C is only needed in order to conclude item 4. So even in
cases where B C C and B is complete, items 1.-3. hold true.

Proof. 1.
hgc(b) = H{b’ eEB|b=<b} =0

2. For all ¥ € B we note that b-c <V —b-¢c<0b-V <V and thus
hec(b-c)=][{t' eB|b-c =<V}
=[[{b-V'eB|b-c=<V}
=b-[[{t' eB|b-c =<V}
=b-hpc(c).
3. Clearly hpc(0) = 0. Conversely
hec(c) =[{¥ €B|c =V}
=[[{ceC|ec=x(}
= ¢,

hence hp c(c) # 0 whenever ¢ # 0.

19



2 Preliminaries

4. Note that for b’ € B
ZCij/HVIGX:ij'
Ve e X: hge(x) <V
&> e X <Y

and therefore

hpe (3 X) =TIV € B> X =V}
=[[{VeC|Y hec X 20}
=3, b X
0

Proposition 2.1.2. Let AC. B T, C and let hy g, hzc and hgc be the associated
canonical projections. Then

hA,(C = hA,]B o h(C,]B«
resulting in the following commutative diagram

hg,c
C

B

» hamp

Proof. For all ¢ € C, we have
hac(e)=][{a€A]c=a}
<[[{facA|][{beB|c=<b} <a}
=hap([[{b €B|c=b})
= hapohpcl(c).
On the other hand, for all ' € A with
a <hypohpc(c)=][{acA|][{b€eB|c=b} <al,
we have
d <J[{beB|c=xb}
<[[{ach|c=}
= hac(c).

20



2.1 Boolean Algebras

Proposition 2.1.3. Let (B; | i < «) be a sequence of complete Boolean algebras
such that B, T, B; for alli < j < . Then B := (B;0g, lp, +8, ‘B, —B) with

o B:=Uica B,
o Op :=0p,, 1p := 1p,,
o +5: BXx B — B,(2,y) — x 4, y for some i < a with x,y € B;,
e 5: BXx B— B,(x,y) — x -,y for some i < a with x,y € B;,
o —: B— B,x— —p,x for somei < o with x € B,
is a well-defined Boolean algebra and the canonical projections
hi: B— B,z [[{beB; |z =<b}

are well-defined and satisfy hg, g, o hy = h; for all v < j < a. We thus have the
following commutative diagram

Proof. In order to see that B is a Boolean algebra, it suffices to note that its
operations are well-defined. This in turn is an immediate consequence of that fact
that B, C B, for all 7 < j < .

To see that h; is well-defined, fix some x € B and let 7 < a be minimal such that
x € B;. If j <4, then h;(z) = x and otherwise h;(z) = [[{b € B, | x < b} =
h, s, (7). This is independent of j, because for all j <k < o

th‘Bk ([B) = hBi,Bj © hIBjBk (ZE)
hs, 5, [Bj=id
! k:J hBi,Bj(m)-

This also yields h; = hg, ; © foralli <j < a. O

21



2 Preliminaries

2.2 Filters and Quotients

Definition 2.1.2. Let B be a Boolean algebra. A nonempty subset I C B is a
filter iff

e 0&ZF,
ceacFanda=<beB—-beF,
e a,be F—a-beF.
If additionally a € F or —a € F for all a € B, then F is an ultrafilter.

Notation 2.1.1. Motivated by the field of sets (P(X); 0, X, U, ﬂ,E) for nonempty
sets X, we introduce the following notation: Let B be a Boolean algebra and let
a,beB. Then

A(a,b) :==alAb:=a-—-b+b-—a

denotes the symmetric difference of a and b, where aAb is used only when the order
of operations is unambiguous.

Proposition 2.1.4. Let B be a Boolean algebra and let F C B be a filter. For all
a,be B let
a~p b —(alb) € F.

This defines an equivalence relation and for all a,b,c,d € B, f € F with a ~p b
and ¢ ~p d the following hold

1. a+c~pb+d,
2. a-c~pb-d,
3. —a~p —band
4. f~rl

We write a/F := {b € B | a ~p b} for the equivalence class of a and B/F :=
{a/F | a € B}.

Proof. Let a,b,c € B. We first show, that ~p is an equivalence relation:
(Reflexivity) —(aAa) = —(a-—a+a-—a) =1 € F and thus a ~p a.

(Symmetry) aAb=a-—b+b-—a=>bAa and thus a ~p b iff b ~f a.
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(Transitivity) Let a ~p b and b ~p ¢, i.e. —(aAb), —(bAc) € F. We claim that
—(aAb) - —(aAc) < —(aAc) or equivalently aAc < (aAb) + (bAc). In fact

aAc=a-—c+c-—a
=a-—c-(b+-b)+c-—a-(b+ —b)
=a-—c-b+a-—c-—b+c-—a-—b+c-—a-b
©) @ ©) @
= (aAb) + (bAc) .
ORNNC)

Now —(aAb) - —(bAc) X —(aAc) yields —(aAc) € F and thus a ~p c.

The remaining identities are proved similarly: Let a ~r b and ¢ ~r d. Then
1.
Ala+ce,b+d)=(a+c)-—(b+d)+ (b+d)-—(a+c)
=a-—b-—d+c-—b-—d+b-—a-—c+d-—a-—c
= (aAb) +c%d

Thus —(aAb) - —(cAd) <= —A(a+ ¢,b+ d) and consequently a + ¢ ~p b+ d.

Ala-c,b-d)y=a-c-—0b-d)+b-d-—(a-c)
=a-c-—b+a-c-—d+b-d-—a+b-d-—c
—_— —m — — — ~—-

@ @ @ @

< (alAb) + (cAd)

© @
yielding a - ¢ ~p b - d.
3.
A(—a,—b) = —a-—(=b) + —=b-—(—a)
—a-b+—b-a
= A(a,b)

and therefore —a ~p —b.
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4. For f € F, we have

—A D) ==(f-0+(=1))
=—(=f)
= f € F7

i.e. f ~p 1.
[

Proposition 2.1.5. Let B be a Boolean algebra and let F C B be a filter. For all
a,b € B we have

Op <Y iff —a+b=—(a-—b)€F.

Proof. We have

“/Fﬁb/FHa'(_b)/FZO/F
< —A(a-—b,0) € F
o —(a-(=b)-14+0-—(a-(=b) € F
& —(a-(=b) = —atbeF.

[]

Definition 2.1.3. Let B = (B;0,1,+, -, —) be a Boolean algebra and let FF C B be
a filter. We define B/F := (B/F;0,1',+',-',—") by letting

e 0/:=0/F,

o I':=1/F,

+': B/F x B/F — B/F,(a/F,b/F) s (a+b)/F,

Y2 B/F x B/F — B/F,(a/F,b/F) — (a-b)/F and

. B/F — B/F,a/F s (—a)/F.

By Proposition [2.1.]) this yields a well-defined Boolean algebra, the quotient of B
by F. The canonical homomorphism

B—B/F, a—a/F

s called quotient map.
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Definition 2.1.4. Given B C C and a filter G C B, the upward closure of G in
C defined by

Gr:={ceC|IbeG:b=c}

is the C-smallest filter on C containing G and we will often write C/G instead of
<C/GT in these cases.

Notation 2.1.2. Unless stated otherwise, A, B, C, A; and B;, for some index 1,
will from now on always denote complete Boolean algebras.
2.3 Boolean-Valued Models and Generic Extensions
Definition 2.1.5. A B-valued model is a tripeld = (U;|| = ||| € ||), where
e U is a nonempty set or class,
o || = ||:U—=B,(x,y) = ||z =vy] is the Boolean evaluation of x =y and
o || € ||:U—=B,(x,y) — ||z €yl is the Boolean evaluation of x € y,
such that for all v,w,x,y,z € U
1 lz =l =1,
2.z =yl = lly = ol
5. o=yl -y = 2l < o = 2I| and
4 Nz eyl o=zl lw=yll 2 flvewl]

We say that U is an B-valued identity model iff it additionally satisfies
S llr=yl=1—a=y

and we also refer to U as a Boolean valued (identity) model, if we don’t want to
specify the underlying Boolean algebra.

Given the Boolean evaluations of atomic formulas, we can then define ||¢(z1, ..., x,)||
for general Licy-formulas and 1, ...,x, € U by induction on their complexity as
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follows:
=Y (@1, @) o= = [[U(21, ..., z0) |
11 Adpo) (@1, )| = (o1 (@, ) | (P22, )|
H(% \% wQ)(xl? s 7In)” = |’¢1($1, s 756%)” + ||¢2(9017 s ,ZL’n)H
[(1 = o) (@1, )| = (1200 V o) (2, - @) |
[(P1 <> o) (@1, .y mn) || = [[(1 = P2) A (g = 1)) (w1, 20|
HHU@b(Uaxl,--w%)” erUHW-T xl?"'vxn)”
IPob,an. o w)ll = [L ., o,z

We say that ¢(xq, ..., x,) is valid in U iff ||p(xq,. .., z,)| = 1.
Finally, we say that U is tull iff for any Lieyformula ¢ and all xy, ..., x, there is
anx € U s.t.

|IFvp(v, z1, ..., 2,)|| = ||o(z, 21, ..., x0)]|-

The definition of a Boolean valued models guarantees that the axioms of pred-
icate calculus are valid and applying the rule of interference to a valid sentence
again results in a valid sentence. Therefore, given a Boolean valued model I/ in
which every axiom of ZFC is valid and a set theoretical formula ¢ with ||¢]| # 0,
we may conclude the consistency of ¢ relative to ZFC: If ¢ were not consistent
relative to ZFC, then ZFC proves —¢ and thus ||-¢|| = —||¢|| = 1 yields ||¢|| = 0.

To simplify our notation, we shall assume that all of our Boolean valued mod-
els are in fact identity models. Since this can always be achieved by (externally)
factoring a given Boolean valued model (U;|| = ||,|| € ||) via the equivalence
relation given by x ~ y ¢+ || = y|| = 1, this is completely harmless.

The following Lemma provides a useful method to convert full Boolean valued
models into conventional, 2 valued, models.

Lemma 2.1.2. Let F' be an ultrafilter on B and letU = (U || = ||| € ||) be a
full B-valued model. Define an equivalence relation

r=yoflr=yleF

for all z,y € U and let [x] .= {y € U | x = y} denote the equivalence class of x. [
Let Uz = {lz] | x € U}. Then

[z] E [yl = |z eyll € F

2In case that [z] is a proper class, we use Scott’s trick and replace [x] by [z] N V,, where « is
least such that [x] NV, # 0.
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2.3 Boolean-Valued Models and Generic Extensions

yields a well-defined binary relation on U/E, such that for all Licy-formulas ¢ and
T1,..., 0, €U

(V=i E) E o(la),., [2a]) if and only if |¢(x1, ..., za)|| € F.

We also write U/ F := (U/E; E) for this model.

Proof. We first verify that = is an equivalence relation. Let z,y, 2z € U.
(Reflexivity) |z =z| =1 € F yields z = x.

(Symmetry) Since ||z = y|| = ||y = z||, we have x =y iff y = x.

(Transitivity) Suppose that x =y and y = 2. Then ||z = y||, ||y = 2| € F implies
[z =yl - ly = 2]l € F. Since [z =yl - [ly = z[| = [lz = 2], this yields
|z =z|| € F,ie z=z.

Next, we check that E is well-defined. Suppose that [z]E[y], x = 2’ and y = v/.

Then [|lz € yf|, [z = 2|, [ly = ¥'|| € F and thus ||z € y|| - |z = 2’| - [ly = y/'l| € F"

Since ||2" € V|| = |l € y|| - |z = 2'| - |ly = /||, this implies ||z’ € y;|| € F and

thus [/ E[y'].

Finally, let’s prove

(V= E) E é((a, .., [2a]) if and only if [¢(x1, ..., 2,)] € F.

for all Licy formulae ¢ and z4,..., 2, € U/E by induction on the complexity of ¢.
If ¢ is an atomic formula, this follows immediatetly from the definition of = and
E

SL‘1ppose that ¢ = = and the claim holds for ). Then, since F' is an ultrafilter,
(UsiE) B o, [w]) iff (U=E) (ol [2a)
iff ||(xq,...,2,)|| € F

iff — ||z, ... x| = [|-¥(21,...,2,)|| € F

In case that ¢ = ¥ A x and the claim holds for ¥ and v, we have

(V=i B) ol o)) it (YzB) e, o) A (UaB) B xa, - f2a)
iff ||(z1,...,z0)| € F A |Ix(x1,...,2,)] € F
iff (20,2l (@ @) = 6, 2| € F.
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The only remaining case is ¢ = Jvy), where ¢ satisfies the claim. Since U is full,
we may fix some z € U with ||[Juv(v,z1,...,2,)| = [[v¥(z,21,...,2,)|. Since
oy, z1, ... x0)|| 2 || Fv(v, 21, ..., 2,)||, we now have

(UsiE) B o, [w)) iff v e U(Ys B) B o] o], )
iff v e Ul|Y(v,x1,...,2,)|| € F
iff ||(z, 21, ..., 20| = |Bo(v, 21, ..., 20)|| € F.

Definition 2.1.6. We define a class V® of B-names i by

1. VE =0,

2. VB | :={i: dom(s) —» B | dom(i) C V;*},

8. V¥ :=Usn V5 for limit ordinals X and

4 V1= Useona Vo
For each i € V® we define its rank as p(¢) := min{a € Ord | & € V2, } and for
i, € VB we define

1|1z € gl = Eseaomep (12 = 2l - 9(2)),

2. | Syl = Ticdome) (2(2) = |2 € ¢l]) and

3. M =gl = llz <ol - llg < &l

by induction on (p(z), p(y)) under the canonical well-ordering of Ord x Ord, where
a=b:=—a+b forall a,b,eB.
We call (VE;|| = |I,]| € ) the maximal B-valued model and often identify it
with its underlying universe V2.

Theorem 2.2. VB is a full B-valued model in which every aziom of ZFC is valid.
Proof. [Jec06, p. 209 ff]. O

Proposition 2.2.1. Let B T, C be complete Boolean algebras. Then there is an
mjection
i VP Ve
such that
(21, ... @n)lle = [|0(i(21), - . ., i(dn))llc

for all @y, ... &, € V® and all Ai-formulae ¢.
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Proof. By induction on p(), we define
i(2): {i(y) | g € dom(z)} — C, i(y) — ||y € &|s.

Let &, € V. We prove [|i(2) € i(j)llc = ||# € §lls and [Ji(#) = i(§)llc = [|# = Jll=s
by induction on p(&) and p(y). We have

li(2) € i(@)llc = D_{lli(%) ||c i(9)(e) | ¢ € dom(i(y))}
=2 {Jli#) = i(@)lc-i(@)(i(2)) | £ € dom(y)}

==z =129z
=2 {llz =25 -1z € ylls | = € dom(y)}
= [l# € glls

and

li(2) < i(@)llc = [[{i(#)(¢) = HC €i(®)llc | ¢ € dom(i())}
= [[{i(@)(i(2)) = |li(?) € i(@)lc | £ € dom(d)}

—|z€ills —lz€9ls
=[I{lz € lle = [z € ylz | 2 € dom()}
= [l € gll=.

Since [[i(#) = i(y)[lc = li(z) Ci(y)llc - [[i(y) S i()]lc, this also yields
li(2) = i(9)llc = l& = e
We proceed to prove

[o(d1, - @n)lls = [[@(i(d1), - . i(@n))llc

for all &1,...,4, € V® and all A;-formulae ¢ by induction on the complexity of ¢.
We already handled the atomic case that ¢ = @ € §y or ¢ = & = y and the
inductions steps for ¢ = ) and ¢ = ) A x are immediate. Suppose now that the
claim holds for ¢ and let @1, ...,4, € VE. Then

132 € @1 @&, 21, o, 20) | = D_{llo(@, 41, ., @) ||p | & € dom(dy)}
= > {llo(i(2),i(d1), - .., i(#n))|le | & € dom(dr)}
= > {lle(c (i), .. (fn))||<c | ¢ € dom(i(d1))}
= ||32 € i(d1): (2, 2(561) - i(@n) e
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If ¢(&1,...,4,) = Ji: O(&,41,...,%,) and the claim holds for ¢, then (by the
fullness of V%) there is some iy € V® such that

[P(@1, - @)l = [ (20, 1, -, 80|

and thus

[¢(@1, - En)llB = 1P(E0, 1, - - @) I8
= [[9(ido), i(d1), - . i(@n))llc
= [lo(i(En), .- - i@n)) [l
In particular, if ¢ is A; then there are Yy-formulae ¢, x such that ¢ = 3% ¢) and
—¢ = Ji: x which (by the above) yields

[@(@1, s dn)lls 2N @(i(E), - - i(En)) e,

as well as
—llo(@r, ... @n)lle = [|=@(E1, .., &n)lls
= [=e(i(an), -y ildn))llc
= —ll¢(i(dr), ... i(dn))llc
and hence ||¢(&1,...,%,)||B = ||@(i(Z1), ..., i(%n))]|c, as desired. O

From now on, we shall identify V® with its “isomorphic copy” in V. More
precisely: We shall assume that for all B C. C, the identity map satisfies the claim
of |Proposition 2.2.1 i.e. for all z1,..., 2, € V® and for all A;-formulae ¢ we have

||¢($1a SR 73771)”]3 = ||¢(ZE1, SR 7l'n)||(C~

Since we don’t care about the actual presentation of the elements of Boolean valued
models, this is harmless and avoids unecessary notational obstacles - especially in
the context of general forcing iterations.

Definition 2.2.1. By induction on its €-rank, we define a canonical name ¥ € V2
for each x € V' as follows

1. 0:=0 and
2. 2:{ylyeaz} =B, y— 1.

Furthermore, we let .
G:{alaeB} - B, a—a

and call it the canonical generic name (for B) or the canonical B-generic name.
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It is sometimes useful to add V as a predicate to V® by letting
lz e V=) {lle =2l |z €V}

for all & € VB,
We are now ready to link maximal B-valued models to generic extensions of V.

Definition 2.2.2. A nonenmpty subset A C B is an antichain iff it is an antichain
in B* that doesn’t contain 1, i.e. 0,1 & A and for all distinct a,b € A we have
a L b (ie. a-b=0). A is maximal iff there is no antichain A’ such that
AC A CB.

A subset D C B is dense iff it is dense in BT, i.e. 0 & D and for all b € B there
is some d € D with d < b.

Proposition 2.2.2. Let D C B be dense and let W C D be an antichain. Then
there is a mazximal antichain W C W' C D.
On the other hand, if W' C B is a maximal antichain, then

W ={beB" |JweW:b=w}
is dense and W' C W/.

Proof. Let
W:={X CB| X C D is an antichain}.

By the Hausdorff maximal principle there is a C-maximal element W’ € W.
Suppose that W' is not a maximal antichain in B. Then there is some b € BT\ W’
such that for all w € W': w-b = 0. As D is dense, we may fix d € D with
d <b W C WuU{d} C D is an antichain in D that properly contains W".
(Contradiction!)

Now let W' be a maximal antichain and let W| be defined as above. Given b €
BT \ W’ there is some w € W' such that b-w # 0. Since b-w < b, w, the density
of W/ follows. O

Definition 2.2.3. Let B be a complete Boolean algebra and let G C B be an
ultrafilter. We say that G is B-generic iff G D # () for all dense D C B.

More generally: Let M be a transitive (class) model of ZFC™ and let B € M be
such that M {=B is a complete Boolean algebra. We say that G is B-generic over
M iff G C B is an ultrafilter such that GND # 0 for all D € M that are dense in
B. [

3Since M is transitive and “being dense” is a Xo-property, we have for any D € M that D C B
is dense iff M = D C B is dense.
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The following Lemma provides alternative characterizations for generic ultrafil-
ters which are easier to handle in certain arguments.

Lemma 2.2.1. For an ultrafilter G C B, the following are equivalent:
1. G is B-generic.

2. GNW #0 for all mazimal antichains W C B,
3. G is B-complete, i.e. for all X CB with > X € G we have X NG # (),
4. G is B-closed, i.e. for all Y C G we have [1Y € G.

Proof. 1. <+ 2. This is an immediate consequence of [Proposition 2.2.2|

1. =+ 3. Let X C B be such that > X € G and let D be the set of all b € B
such that either there is some x € X with b < 2 or such that b-z = 0 for
all z € X. If a € B is such that for some x € X we have a -z # 0, then
a-x =<aisin D and otherwise a itself is in D. Therefore D is dense and we
may fix a € DN G. We claim that there is an € X with a < = (witnessing
X NG # 0 as G is upward closed):

We have a,> X € G and therefore a - > X =>{a -z |z € X} € G. As
0 # G, there is some x € X with a-z # 0. By the definition of D this yields
a = z as desired.

3. — 1. Since 1 € G it suffices to prove that >, D = 1 for all dense D C B:
Let b € B\ {1}. Then —b # 0 and thus there is some d € D with d < —b,
ie. d-b=0. As D CB" we have d # d - b =0 and therefore d A b. Thus b

is no upper bound for D and the claim follows.

3.—=4. IfY C G, then =Y NG = () and thus 3 —Y ¢ G. Therefore — . -Y =
infY € G.

4. - 3. f XNG =0, then —X C G and therefore [[-X = —>. X € G. This
implies > X ¢ G.
]

Definition 2.2.4. Let G C B be a B-generic filter. By induction on p(x), we
define the G-interpretation ¢ of © by

= {97 2(y) € G}
and we define the generic extension of V by G as
VIG] = {i% | € VE}.
We also say that V[G] is the forcing extension of V' by G.
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Theorem 2.3. Let G C B be B-generic. For all Licy-formulas ¢ and iy, ..., &, €
VB we have

VIG] E ¢(af,. .., i) if and only if ||¢(ix, . .., dn)|| € G.

Furthermore, i% = z € V|G| forallz € V, G¢ = G € V[G], VNOrd = V[G]NOrd
and V|G| is the smallest transitive class model M of ZFC s.t. VU{G} C M.

Proof. [Jec06, p. 216 ff.] O

In fact, when defining the equivalence relation & = y <« ||[¢ = y|| and the
membership relation []E[y] <+ || € y|| € G for the induced equivalence classes

just like we did in [Lemma 2.1.2 we have a natural isomorphism between (V[G]; €)
B
and (V /=3 F), given by

VA = Vi e [,

Proof. Work in V[G]:
For all &,9 € VB

i“=y" - li=y| G
<[] = [y,

hence 7 is a well-defined bijection.
Furthermore, for all &,y € V®

i% ey o |t eyl ed
< [Z]Ely],

B
verifying that 7: (V[G]; €) — (V /=; F) is an isomorphism. O

A careful analysis of Jech’s proof yields that given any transitive (class) model
N of ZFC™, any B € N such that N = B is a complete Boolean algebra and any
ultrafilter G that is B-generic over N, we may still build N® and the associated
the generic extension N|G]| in the same way as above, by defining B-names and
Boolean evaluations in N. This results in the least transitive (class) model of
ZFC™ such that N U {G} C N[G] and we still have that for all Lc}-formulas ¢
and all 4,...,4, € N&:

N[G] = o2, ..., %) if and only if ||¢(Z1, ..., 40| € G-

rrn

Furthermore, if NV is countable, there are only countably many dense sets D C B
such that D € N. Let D = {D,, | 0 < n < w} be an enumeration of all of them

33



2 Preliminaries

and let b € BT. We may now recursively define a sequence (b, | n < w) by letting
by := b and choosing b1 € D, such that b,.1 <p b,. Using Zorn’s Lemma, we
may now (in V) form an ultrafilter G C B such that {b, | n < w} € G. Now
b € G and, since b, € GN D, for all n < w, G is in fact B-generic over N. So,
for any b € BT there is some B-generic ultrafilter G over N in V such that b € G.
This will be important in the definition of subcomplete Boolean algebras. More
details can be found in [Kunlll ch.14].

Since V® is a Boolean valued model in which every axiom of ZFC is valid, we may
now prove the relative consistency of some statement ¢ (that may have parameters
iy,...,0p € VB) relative to ZFC by verifying that ||¢|| # 0. However, as we've
seen in some of the arguments above, calculating the Boolean value for a given
statement can be quite cumbersome and we’d much rather be able to work with
the transitive class model V[G].

Suppose that ||¢(Z1,...,72x)|| # 0 and there is some B-generic filter G such that
lé(aq, ..., 31)]] € G. By and the isomorphism above, we’d then
have (VB/E; E) E ¢([@1], ..., [2]) and (V[G];€) | ¢(2¥,...,4f). Conversely
VG €) E 6@f,....a) it (V/mE) E ol [8]) iff o, ... €
G. Thus, if for every b € BT there were a B-generic filter G such that b € G, then
(21, ..,%) were consistent relative to ZFC iff ||¢(d1,...,2x)|| # 0 iff there is
some B-generic filter G such that (V[G]; €) = (2§, ..., 2$). The problem is, that
generic filters over V only exist in trivial cases. In fact, for any generic filter G € V|
we have V' = V[G] as an immediate consequence of the Theorem above. There are
different approaches as how to overcome this issue and we’ll outline two of them
below. But first let us stress that in both arguments to come, the requirements
on G only refer to canonical names for subsets of B and thus only to those subsets
that are elements of V. This distinction is of importance for several reasons. For
example V® may see new subsets of B that don’t have suprema/infima or new
dense sets, that are provably disjoint from G. So, while G looks like a B-generic
filter over V', we don’t have in general, that it is generic with respect to all subset

of B in VB,

1. Suppose that B only has countably many dense sets and let (D,, | n < w) be
an enumeration of all of them. As we’ve already seen, in this case there is for
any b € BT some B-generic ultrafilter G with b € G. If B has uncountably
many dense sets, say £ many, the argument above ylelds that the statement
“there is an ultrafilter G such that b € G and DNG # 0 for all dense subsets
D - B” is valid in V/Collw)

2. Let G be the canonical B-generic name. A straightforward calculation shows

that |G is an ultrafilter on B|| = 1, [X € G - [[X € G|| = 1 and ||b €
Gl =bforall X CBand be B,
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Both arguments show that for any b € B* it is consistent, relative to ZFC, to have
a B-generic ultrafilter with b € GG in some larger universe. Rather than relativizing
all of our arguments to the original V' inside this larger universe, we shall however
still work directly with V' (and its generic extensions), assuming that all relevant
generic filters exist - in some larger, unspecified universe.

Definition 2.3.1. We define the forcing relation kg by
blbg ¢(Z1,...,2,) <> b €BT and b < ||¢p(dy, ..., dn)]

Jor all Liey-formulae ¢ and B-names &y, ..., &y.
If the Boolean algebra B is clear from the context, we sometimes omit the subscript
and simply write I instead of IFg. We also write g ¢ iff 1 g ¢.

This allows us to restate the previous Theorem in the following way: Let G be
B-generic, i1,...,4; € VE and let ¢ be a Ley-formula. Then

VIG] = ¢(a¥, ..., 2C) iff there is some b € G with blFg ¢(21, ..., n).

rn

And conversely b IFg ¢ (i1, ...,4,) iff V]G] E ¢(2¢, ..., i) for all B-generic ul-
trafilters G with b € G.

In the remainder of this chapter, we prove some results about generic extensions
that will be needed in later chapters.

Proposition 2.3.1. Let B C C be Boolean algebras such that B is complete and
let G be the canonical B-generic name. Then for any b € B* and any ¢,d € C
blre & = Uy if and only if b-c < d.

In particular
blFg C/G:O if and only if b-c = 0.

Proof. Observe that

||5/do/é||=||E|lv):lv)€G/\lv)j—é+J||
= be G|l Ib< —¢+d
> sl S 16 = —¢+d|
= b- b-e=d
PO R =
{1 Jifb-e<d

0 , otherwise

—S{beB|b-c=<d}
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2 Preliminaries

and hence, for all b € BT,

biks & < Y e b= |15 = Ll
—b-c=d.
]

Proposition 2.3.2. Let B C. C and let G be B-generic. Then <C/G s a complete
Boolean algebra in V[G].

A word of warning: While C still is a Boolean algebra in V[G], it may no longer
be complete in this larger universe. Take for example C = (P(w); 0, w,U,N,t) and
properly extend V' to V|G| by adding a Cohen real x C w. In V[G] consider the
set X = {{n} | n € z}. Now note that <=C in C and if y € P(w)" satisfies
{n} Cyfor all {n} € X, then = C y. Since x & P(w)", there is some k < w such
that x C y \ {k} C vy - proving that  doesn’t have a least upper bound in C.

Proof. We work inside V[G].

Since we’ve already seen that (C/G is a well-defined Boolean algebra, it suffices to
prove that it is complete (in V[G]). By [Proposition 2.0.4| we may reduce this task

further to verifying that Yc X6 exists for all X¢ C (C/G'
So let X be a B-name such that X¢ C C/G and fix some b € G with

bike X €
Using fullness, we may (in V') choose for each & € X some ¢; € C such that
blkg i = G
Now Y :={c; | & € X} is a subset of C in V and since C is complete, we may let
y:=>c{c: | © € X}. We finish our proof by verifying the following
Claim.
_ G

Proof. Let § be a B-name such that ¢ € X% Since V® is full, there is some
i € X such that b IFg & = y. Now b lFg @ = éfI/G and since c¢; = y, we obtain
J¢ = Y/ Hence Y/ is an upper bound for X¢ in C/G.

Now let @ be a B-name such that ¢ € C/G and ¢ < 4% for all & € X. Fix
b € G and some u € C such that

Vibsa e Spni="Tp Ve e X i<
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By replacing b’ with b- ', we may assume that o' < b. This implies

e e

for all & € X. By [Proposition 2.3.1| this may be equivalently stated as ¥ - ¢; < u
for all € X. But now

/ . 1 1/
Zc{b |l eX=b-y=<u
implies o Ik %/ < U/ and therefore 4/ < 2/ = . ]
O

Proposition 2.3.3. Let B T C be Boolean algebras such that B is complete and
let hgc: C — B,c— [I{b € B | ¢ < b} be the canonical projection. Then for all
ceC

IS¢ # 0l = hec(c)-
Proof. Note that

1S =0l =3 {beB|blrs &y =0}
ProposTon 250N~ e B | b- ¢ = 0}
—S{beB|b=—c}
= J[{-beB|b=—c}
= J[{beB|c=0b}
= —hgc(c)

and thus |5/ # 0] = =9z = 0] = hs.c(0). O

Lemma 2.3.1. Let B C. C, let G be B-generic and let A C BT be an antichain.
For each a € A fix some b, € C and let b:= > ,caa-b,. Then for each @ € A we
have

v

alts %y ="

@ ,ifa=1 for all a € A.

Proof. Since A is an antichain, we have @ - a = )
0 , otherwise

Thus

atrs by = @0 Qs b)) (@b b,
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Lemma 2.3.2. Let &,y € V®. Then there there a canonical B-names {&,y} and
(#,9) € VB such that for all B-generic ultrafilters G':

1. {&,9}° = {i% ¢} and
2. (&,9)% = (i%,59).
Proof. 1. Let {i, 5} = {(&,1),(7,1)}. Clearly {&,5} € V* and for all 2
ce{t, g}’ o IeG blryz= (3, 1) Az =(31)
s z=3%Nz = yG,
ie. {#,9}° = (a%,9°).

2. Let (&,9) := { {¢},{#,9} }. Then (&,y) € V* and by 1.

(@,9)7 = { {a}. {93 }°

= {a}7, {93}
= {29}, {a%5°}}

= (2%,5%).
[
Definition 2.3.2. Let @y,..., 4, € VE. By induction on k < w we may now define
the generic k-tupel of 21,..., T, by
(@1, @) o= (B0, Bpo1), D)

Note that for any B-generic ultrafilter G, we now have

(1, @) = (1, Fmr), 39)
= ((#1,. .., 3%-1)", 35)
= ((33?, ->5i3kG—1)733kG)

(x ) $kG—1>j7kG)‘

The following result can be used to prove the fullness of V[G] and generally
allows us to “merge” several B-names into a single one.

Lemma 2.3.3. Let A C B be an antichain and for each a € A fix a B-name z,.
Then there is a B-name & such that

a||_13j3:.i‘a

for each a € A.
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Proof. Let
g: (J dom(de) = By ) a-[ld € .
acA

Fix a € A and let G be B-generic with a € G. Using that GG is B-generic and A is
an antichain, we obtain

¢ = {u%: i(u) € G}
={a®: Y, b-llu€ i € G
={u%: a-||u€ i, € G}
= {0 i,(0) € G}

O

Proposition 2.3.4. Let B C. C, let ¢ be a B-name and let b € BT be such that

blkg ¢ € @/G.
Then there is some ¢ € C such that

blks ¢ = T
If b =1, then there is a unique such c.

Proof. Whenever G is B-generic and b € G, we have ¢¢ € IB%/G and hence some
c € C with ¢ = % Thus there is some 0 < 0 = b with

Vikg ¢ =
Therefore
D={VeB|b-t'=0vV(0=<t=<bA3eecC:lIrgé=Yp)}

is a dense subset in B and we may fix a maximal antichain A C D of B. For each
a € A with a - b # 0 choose some ¢, € C with

alkp é = S/
For a € A with a - b =0 choose ¢, := 0 and let ¢ := > ,c10a-cq.

Claim.

blks ¢ =
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Proof. Let G be B-generic with b € G. Since A is a maximal antichain in B, there
is a unique @’ € ANG. Since d' - b € G, we have 0 # o’ - b and hence ¢’ < b and

a lbg ¢ = CGVG',. Note that

& A ) = (6 () + - (—c)
=d - co(=0)+ (=cx)-d ) a-c

<c

0+ (=) - D el e Ca)

a Jifa=d
0 , otherwise

/
—Cq = Q - Cy

=0,

i.e. ' = —A(ca,c). Since a’ € G, this proves Ca/(7 = ¢/ |
If b=1 and ¢,d € C are such that

g ¢ =% and 1 ¢ = 4z,

: d
then 1 IFg= C/G =" By
and hence ¢ = d.

Proposition 2.3.5. Let A
h]&(ci
(in V') and let

Proposition 2.3.1} thisyieldsc=1-c <d=1<Xd=<¢c
m

C.BC.C and let G be A-generic over V. Let
C—B, c—[[{beB|c=<b}

he, ¢ C/G — IBB/G, “a H{b/G € IB%/G | ¢ = b/G}

(in V[G]) be the canonical projections. Let 7: C — C/G, c—Yqandm: B —

IB%/G, b — b/G be the associated quotient maps. Then, the following diagram

commutes
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2.3 Boolean-Valued Models and Generic Extensions

Proof. Let ¢ € C. Since ¢ 2 b implies &/ =< b/g, for any b € B, we have

t(hpc(c)) = [[{teB|c= b}/G
=TI qeBgle=n)
e e®alva=be
= hB/GC/G(T(C))'

On the other hand, if b € B is such that &/ = b/G, then there is some g € G
such that ¢ < —c+b. Thus g- —(—c+0b) = g-c-(—=b) = 0 and therefore
c=—(g-(=b) =b+—g. But b+ _g/G = Zyg+ 9a= b/(;%—o/G = b/G- This
implies

M ePale=n-TeePe 96 = Vet
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3 lterated Forcing

The theory of Iterated Forcings was initially developed by Solovay and Tennen-
baum in 1971, in order to construct a model of ZFC without a Suslin tree and
quickly became a key tool in a plethora of forcing applications. The “classical”
development of this theory works with partially ordered sets (forcing notions) and
suitable P-names for forcing notions. This approach can be found in [Jec06], ch.16]
and is in fact equivalent to our presentation that roughly follows [Jenb] and [Jend].

3.1 Two Step lterations

Given a complete Boolean algebra B and a B-generic filter G, we may form the
generic extension V[G]. This yields a new class model of ZFC and if C € V[G] is
such that V|G| = C is a complete Boolean algebra and H C C is C-generic over
V|G|, we may again form the generic extension (V[G]) [H]|. We call (V[G])[H] a
Two Step Iteration and we will now develop a method that allows us to obtain
(V[G])[H] by forming a single generic extension over V.

Definition 3.0.1. A B-name for a (complete) Boolean algebra is a B-name C
such that '
1Ikg C is a (complete) Boolean algebra.

We can further arrange that C= gC, 0,1,4,, 42 is a generic 6-tupel such that
o 1k C is a nonempty set,
e 1k 0,1€eC,

Llkg 0 # 1,

o llkg+:CxC —C,

e 1lFg:: CxC — C and

e lltg —:C=C

and all the identities in|Definition 2.0. 1| (and the existence of infima and suprema
for all X C C’) are valid, e.g. for all a, beC1lrg atb = b+a (and Jor all
XeVBllby X COC > X and[[ X exzst) As before, we often identify C with
its underlying set C.
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3 Iterated Forcing

Lemma 3.0.1. Let G be B-generic and let D be a B-name such that V]G] =
DY is a complete Boolean algebra. Then there is a B name C for a compelete
Boolean algebra such that C¢ = DY. ILe. every complete Boolean algebra in V[G]

can be represented by a B-name for a complete Boolean algebra in the sense of
[Definition 3.0. 1.

Proof. Let E € V' be the trivial complete Boolean algebra with two elements and
fix some b € G such that

blkg D is a complete Boolean algebra.
Now fix a maximal antichain A C B with b € A and for each a € A let

. {]D) Jifa=b
Tg =1 ~

E , otherwise

By [Lemma 2.3.3| there is a B-name C such that

aII—BC:j:a

for all a € A.
Given any B-generic filter G there is now a unique a € G N A. If a = b, then

alkg C =D AD is a complete Boolean algebra.

Otherwise L
alFg C=E AE is a complete Boolean algebra.

Hence C satisfies [Definition 3.0.1]. [

Proposition 3.0.1. Let B = (B;0,1,+,-,—) be a complete Boolean algebra and
let C = (C;0,1,+,:, =) be a B-name for a complete Boolean algebra. Then B+C :=
(B * C? OB*C7 1]]3*@7 _'_B*C? ‘BxC> _B*(C) with

a) BxC :={¢|1lFgceCl,
b) OIB*(C = 0’
) lge =1,

d) +p.c: B * Cx BxC — BxC,(¢,d) — é, where é € VP is unique such that
11Fg ¢hd = ¢,

e) muc: B * Cx BxC — BxC,(¢d) — ¢, where ¢ € VP is unique such that
1lFg ¢'d = ¢é and
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f) —puc: B C — BxC, ¢ ¢, where é € VB is unique such that 1l —¢ = ¢
is a complete Boolean algebra and

o:B—BxC,b—b:={(i,b),(0,-b)}
is a complete embedding.

Proof. Since V® is a full identity model, the definition of BxC yields a well-defined
Boolean algebra and it suffices to prove its completeness:
If X CBx*C, then

1lkg X CC.

By the fullness of V® there is some ¢ € C such that
ks Y . X =¢eC,

witnessing Y g, X =c € B x C.
It remains to check that

o:B—=BxC,b—b:={(i,b),(0,-b)}
is a complete embedding;:
Since |1 = 1]| = 1 and ||0 = 0] = 1, we have (1) = 1, 0(0) = 0 and o(b) = 0
implies b = 0. Hence o is injective.
Given b € B and b € B * C with ||b = i = band ||b = 0| = —b, we have
—b=|~b=1| and —(=b) = b= ||~b = 0| and thus o(—b) = ~b = —a(b).
If a,b € B and o(a) = a, o(b) = b, then
la g.cb=1ll = lla = 1]l - |b=1]
—a-b
and
6 g, b= 0l = [la = O] + [|b = O]
=—a—+ (-b)
= _(a'b)a

ie. o(a-b) = a geb=o0(a) geod).
This also yields
ola+b) =o(—(—a-—b))
= —(—0(a) p.c —0(b))
= 0(a) +p.c o(b)-
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Using|Lemma 2.1.1} it now suffices to show [Ig,c 0" X <p.¢ o(IIg X) for all X C B:
Suppose that
Likg ¢ <, [ [0 07X

There is then some x € X such that
Llkg ¢ <p,¢ o(x).
But then
and consequently
HBX IFg ¢ <p.¢ 1,
ie. ¢ <p.¢ o([Ig X). ]
Proposition 3.0.2. Let B be a complete Boolean algebra and let C be a B-name

for a complete Boolean algebra. Then there is a complete Boolean algebra C such

that BC,. C and 1 IFg C = C/G, where G is the canonical B-generic name.

Proof. Consider the complete Boolean algebra B * C and the complete embedding
o:B—BxC, b—b:={(i,b),(0,-b)}.

Under the isomorphism A: B — ¢”B we have that G is B-generic iff h”G is h”B-
generic and in that case V[G] = V[h"G]. In particular, if G is a fixed B-generic
ultrafilter and H := h”G, then for all b,¢ € B C

I)/Hjé/HHEIhGH:hII—h”Bb/Hfé/H
~3heH:h-b=¢
~3dgeG:olg)-b=c¢

0= 3 e Grglhg b =< ¢
o 0% =@,

where in each instance < is interpreted as the underlying partial order. We there-
fore have the following isomorphism

: Bx+C oG — CG, b/O'”G — i)G.

™

By replacing the isomorphic copy of B in B * C with B, we now obtain a complete
Boolean algebra C and an isomorphism f: B * C — C such that foo =id [ B.

Then B C,. C, (C/G ~ B * C/a”G >~ C% and C is as desired. n
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Proposition 3.0.3. Suppose that B £, C are complete Boolean algebras, G is
B-generic over V and H is C/Gv-genem'c over V|G|. Then

G+xH:={ceC|YyecH}
is C-generic over V and V|G * H| = (V[G]) [H].

Proof. Working in V[G * H|, we first check that G * H is an ultrafilter:
Since O/G ¢ H, we have 0 € G x H. Now for b,c € C

b,CGG*FHZyG,Vgéﬁ

—>b/G~C/G:b'C/G€F
—b-ceGxH.

Morever

bGG*H/\bjC—)b/GEF/\b/G‘jC/G
—)‘VGEH
—ceGxH.

Finally, for ¢ € C, we have &7 + ~% 7 = (c+ (_C))/ = 1/G € H. Since H is
<C/G—generic, we thus have ¢/ € Hor ¢ n € H,ie. ce GxHor —c€ G+ H.
Therefore G H is indeed an ultrafilter on C. We now prove that G H is C-generic
over V:

Let D C C* be dense. Since for ¢,d € C with ¢ < d we also have “a = d/G, the

set

D:={Y|de D}

is dense in C/G Now H is (C/G—generic over V|G| which allows us to fix some

d € D such that d/G € DNH,ie. de DN (G=x H). Finally, let us verify that
vio«H = (VIC)H: - -

We have G, H € (V[G])[H] and thus Gx H = {c € C | ¢z € H} € (V[G])[H].
Since V[G'x H| is the minimal class model of ZFC containing V U{G * H, it follows
that V|G = H] C (V[G])[H].

In order to prove equality, it now suffices to check that G, H € V[G * H]. Working
in V|G * H], we may define G* := B N (G x H). Thus the following yields
G eV|Gx*H|:

Claim. G* = (.

47



3 Iterated Forcing

Proof. For all b € B we have either b € G or —b € G. In the first case, b/G =
1/G € H and in the latter case b/G = O/G ¢ H. Thus for all b € B:

b€G<—>b/Geﬁ<—>beG*ﬁ,
ie. G=G". [ |

Knowing that G € V|G * HJ, we may now define H := {¢/; | c € G* H} in
V|G * H]. In order to see that H € V[G x H], it suffices to prove the following

Claim. H = H".

Proof. Let ¢/ € H . Then ¢ € G * H and consequently &y € H, i.e. H C H.
Suppose that H ¢ H . Then there is some ¢ € C such that ¢/; € H\ H . By the

definition of H", we now have ¢ ¢ G  H and, since G * H is an ultrafilter, also
—c € G+ H. This yields ~¢n = — (C/G) € H. (Contradiction!) [

]

Let us outline how the results above can be applied: Suppose that we have some
complete Boolean algebra B € V' and some B-generic filter G (over V). Form the
generic extension V[G] and fix some C¢ € V[G] that is a complete Boolean algebra
in V[G]. Bywe may assume that 1 IFg C is a complete Boolean algebra.
For any H that is C%-generic over V[G], we may now form a second generic exten-
sion (V[G])[H]. The same could have been achieved by first choosing a complete

Boolean algebra C that completely contains B and such that 1 IFg C = C/g:

Let H be the pointwise image of H under the aforementioned isomorphism. Then
G * H is C-generic over V and V|G x H] = (V[G])[H].

Conversely suppose that we started with a complete Boolean algebra C in V' and
some H that is C-generic over V. It’s natural to ask, whether V[H] can be ob-
tained by a two step iteration, first extending V' to V|G| for some B C,. C and
some G that is B-generic over V and then extending V[G] further by some H that
is C/(;—generic over V[G]. Since C/G is a complete Boolean algebra in V[G] (see
IProposition 2.3.2)), this approach results in a legitimate generic extension V[G* H|.
We will now show that for any given B C. C there is a natural way to transform
H into some B-generic G and some H that is C/G-gemelric over V|G| such that

V|G * H| = (V|G])[[H] = V[H] and in fact G * H = H.

Proposition 3.0.4. Suppose that B C. C are complete Boolean algebras and H is
C-generic over V. Let

G=BNH
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and
F::{C/G|CEH}.
Then

1. G is B-generic over V,
2. H is C/G«-genem'c over V[G] and
3. H=GxH.

Proof. 1. Let X C G =BNH. Since H is C-generic over V', we have [[c H € H.
Now B is completely contained in C and thus [[g X =[[c X €e BN H = G.

By this implies that G is B-generic over V.

2. Working in V[G], let G’ := {c € C | b € G: b < c¢}. As our first step we
verify that H is a filter over C/G/:
For any ¢ € C we have ¢/ = O/G’ iff —A(c,0) = —c € G’ iff there is some
b € GG such that b < —c. Assume, towards a contradiction, that O/G’ € H.
Then there is some h € H and some b € GG such that b < —h. Since G C H
and since H is a filter, this implies —h € H and consequently —h-h =0 € H.
(Contradiction!)

Now let #,y € H and fix g,h € H such that z = Y and y = h/G" Since
g-heH, Wehavex-y:g'h/G/EF.

Finally suppose that x € H and y € C/G/ are such that x <y. Fix he H
and ¢ € C with x = h/G’ and y = ¢/n. Observe that

h/G/ =< C/G/ (—)h (_C)/G/:O/Gl
—~deG:b=<—(h-(—c)=—-h+c
~dbeG:b+h=c

Since b+ h € H, we have ¢ € H and thus y = ¢/v € H.
Next, let ¢ € C. Since H is an ultrafilter, we have ¢ € H or —c € H and
thus ¢v € H or =¢/v = ~ /v € H. It follows that H is an ultrafilter on

C/G’ and it only remains to check that H is C/G/—generic over V[G]: Let D
be a B-name such that DY is a dense subset of (C/G. Fix b € G such that

blFg D C C/G is dense. In V', we may now define

E:={ecC"|{t eB"|bb =0V[] ZbAV IFg é/G = O/G\/b’ I é/G € D)]} is dense in B}
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20

Claim. E is dense in C.

Proof. Fix ¢ € C*. We construct some e € C* such that e < cand e € E:

Let Fy = {¥/ € B* [b-0/ =0}, Fi == (I € B | ¥ SbAV b5 U5 = %
and Fy = {¥ € BY |/ XbA3f €C: ¥ Ve Dalin <84y Since
blkg D is dense in C/G, we conclude that F' := Fy U Fy U Iy is dense in B.

Fix a maximal antichain A C B and for each a € AN F; some f, such that

a lFg f“/G e DA f‘VG = C/G Let € := Y pcanm @ - C+ Yacanm @ - for By
[Proposition 2.3.1| we have a - f, < cfor all a € AN F; and thus e < ¢. Using
Lemma 2.3.1] we may further conclude the following:

Letae A

o lfac Fy, thenalks & = ="

o Ifa € F,, then a Iy e/G:fE/GE D/\fE/GjC/G.
Let A :== {0/ € B| Ja € A: V¥ < a}. Since A is a maximal antichain,
[Proposition 2.2.2] yields that A, is dense and by the above, we see that

A C{ eBr bt =0V <bAW ks &= VI ks & € D))
Therefore A; witnesses that e € £, which finishes our proof. |

Since H is C-generic, we may fix some e € H N F and by the definition of
E, we know that

E.:=C{t/ eB"|b-H/ =0V <bAW ks &= v ks & € D))

is a dense subset of B. Now G ist B-generic and thus there is some b’ € GNE..
Since b € G, we cannot have b- b = 0. Furthermore

Vs & =Y 0 AW - €,0) € &
<" eG: v < -Al -¢,0)
<Y e=0,
which is impossible, since v/, € G C H and e € H. Therefore we must

have 5 ‘
b g e/G eD,

e O € DS NH, verifying that H is C/G—generic in V[G].
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GxH={ceC|YyecH}
={ceC|ce H}
=H.

]

Thus forming iterated generic extensions V C V[G] C (V[G])[H] can be equiv-
alently described by forming a single generic extension V[G * H| via some C and
some B C. C satisfying V|G * H N B] = V[G]. More generally, given a finite
sequence V C V; C ... C V; of generic extensions Vi, = V;[G] E] for all i < k, we
can form a sequence B; C. By C. ... C. B, of complete Boolean algebras in V' and
some G that is Bg-generic over V' such that V|G N B;] = V;[G,] for all ¢ < k and
conversely, any finite sequence B; C. By C. ... C. By gives rise to a finite sequence
of iterated generic extensions when viewing ]B%iH/Gi as a complete Boolean algebra
Now suppose that we have a countable sequence By C. By C. ... of complete
Boolean algebras. Picking some complete Boolean algebra B that completely con-
tains all of the B;’s allows us to factor any generic extension V[G] via B into a
sequence of iterated generic extensions VG NB;] C VI[GNB,y]... C VIG]. In
general (e.g. when B is much “bigger” than all of the B,’s), there is little hope
that V[G] or B has much in common with any of its “factors”. One might hope
to be able to choose B in a way that preserves desired properties of the B;’s and
generic extensions thereof. Before discussing this question any further, we will now
introduce General Iterations of forcing extensions.

3.2 General lterations

Since we are working with complete Boolean algebras, there is a 'natural’” approach
to generalize finite forcing extentions to infinite ones. We will now check that this
approach works.

Definition 3.0.2. A forcing iteration of length o > 0 is a sequence (B; | i < «)
such that

1. B; is a complete Boolean algebra for all i < «,

2. B; C.B; foralli < j <o and

Lwhere each Vit1 is a generic extension with respect to V;
2this involves an inessential abuse of notation for i > 2
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3. By is generated by U, B; for all limit ordinals A < «, i.e. for all B C. By
with U, B; € B we already have B = B.

In inductive arguments about forcing iterations, it is often useful to require
that By = {0,1} is the trivial complete Boolean algebra. Since V' = V| this is
completely harmless.

Notation 3.0.1. If (B; | i < «) is a forcing iteration, we write G; for the canonical
B;-generic name and G; denotes a B;-generic ultrafilter. We also write |F; instead

Of ”_Bz .

Before discussing the requirements at limit stages, we would like to justify
our definition of forcing iterations at successor levels. In practice, forcing it-
erations are usually built recursively, first picking some complete Boolean al-
gebra Cy € V and forming the generic extension V[Gy] via some Cgy-generic
ultrafilter Hy. At stage ¢ + 1 we would then pick some C;;; € V[H;| such
that V[H;] = C,i; is a complete Boolean algebra. This allows us to continue
our construction by picking some H;i; that is C;;i-generic over V[H;] to form
(V[H;])[H;+1]. By managing some notational obstacles, we can turn this iterative
construction into a forcing iteration (B; | i < «):

Let By := Cy and for ¢ = 1 fix a complete Boolean algebra By C. By such that

1 g, BI/GO ~C,.

In the previous section, we’'ve developed the tools to translate any generic ex-
tension (V'[Hy|)[H:|, where Hy is Cy-generic over V and H; is C;-generic over
V'[Hy], to a single generic extension V[G1] for some By-generic Gy and vice versa.

If i« > 2, a minor difficulty arises. For the sake of notational simplicity, we will
only discuss the case ¢ = 2 in detail, which readily generalizes to all successor steps:

We are in the situation that (V' [Hy|)[H1] = V[G1] = C; is a complete Boolean algebra.
Pick a complete Boolean algebra B; C. By € V such that

EQ Y
1 1IFg, /Gl = C,.
We would like to arrange that additionally
By, - By,
]- H_]B() /GO EC /G[))

allowing us to view the sequence of quotients (BVGO | i < a) as a forcing iteration
in V[Gp|. While this may not be possible in general, the following Lemma shows
that we can fix this issue by identifying the respective quotients with an isomorphic

copy.
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3.2 General Iterations

Lemma 3.0.2. Let A C. B C. C be complete Boolean algebras and let F be
A-generic. Then there is a canonical complete embedding

W:B/F%C/F

Proof. Working in V[F], let F/ == {b€ B | 3Ja € F:a =2 0b}, F/ :=={be C|
da € F:a = c¢} be the upward closure of F' in B and C. Furthermore, let
o:B — IB3/F/, b— &pand 7: C — (C/Fw,c — ¢/ be the associated quotient
maps and define

T IB3/F — (C/F,U(b) — 7(b).

We have the following commutative diagram

B ——— B/,

id T
C

(C T /F//

Since B is completely contained in C and the canonical projections are complete
homomorphisms, it follows that 7 is a complete homomorphism. It hence suffices
to check that 7 is injective:

Let b € B be such that 7(o(b)) = &gw. Then 8w = O/pn and thus —A(b,0) =
—b € F". By definition of F”, there is hence some a € F with a < —b. Thus

o) =Y =0, ie o(b) = 0s - 0

From now on, we will identify IB3/ o with W”B/ T Ce C/ - and hence simply write
IB%/ T Ce C/ T~ in these situations. So, by a slight abuse of notation, we may in fact
require

1k B 2B

for i <j <k < ain a given forcing iteration (B; | i < ).

This convention is particularly useful, when viewing a given forcing iteration inside
one of its generic extensions.

For the rest of this section fix a forcing iteration B = (B; | i < @) and B := U, B;
together with the canonical projections
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3 Iterated Forcing

Recall that B is a well-defined Boolean algebra such that B; C B and h; = hg, ,0h;
for all i < j < « (see |Proposition 2.1.3)).

Proposition 3.0.5. Let k < a and let G be Bi-generic over V.. In V[G] define
Eo=Crgle<i<a)
Then V|G] = B/G is a forcing iteration.

Proof. We already know that, for k <1 < a, BVG is a complete Boolean algebra
in V[G] and by our convention, we also have BVG C. BJ’/G forall k <i<j<a.
So let £ < A < a be a limit ordinal. We have to prove that Up<;<, BVG generates

IB3/\/G. If k= )\, then E’VG is the trivial algebra and thus generated by the empty
set. Thus, suppose that k£ < A and let C be a Bi-name for a complete Boolean
algebra such that Ug<;<x BVG C. CC L, IB3A/G. Fix some g € G such that

k<i<A

and in V, let D := {d € B, | g Ik d/G e C}. By repeating the proof for
[Proposition 3.0.1, we see that D is completely contained in By. Moreover, for any

k <1< Xand any b € B; we have g I b/G € C and hence Uica Bi = Ug<ica Bi C
D. Since B, is generated by ;. B;, we thus have D = B,. In particular, for any

d € By, this yields g I d/G e C and consequently C¢ = IB3/\/G. O

We next shift our focus on the limit steps of forcing iterations. Let A < «
be a limit ordinal. We require that U,y B; = B, generates B,. This property is
certainly satisfied, if ;) B; is dense in B, and one might be tempted to think that
every generating subalgebra of a given complete Boolean algebra is in fact dense.
This, however, is not the case. Take for example C = (R; 0, R, U, ﬂ,c) and let B
be the subalgebra consisting of all set of the form [a, ), [a, 00), (—00,b), (—00, 00)
for a < b, a,b € R. Since {a} = My=qla,b), B clearly generates C. On the other
hand B doesn’t contain any singletons and therefore isn’t dense in C. The reader
may also notice that card(B) = 2% < 22°° = card(C), demonstrating that the size
of a complete Boolean algebra, in general, isn’t bound by the size of a generating
set.

In fact, our definition of forcing iterations gives us a lot of freedom as how to
choose By at limit steps. In these notes, however, all limit steps will be obtained
in one of the following ways:

We begin with the smallest limit construction.
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3.2 General Iterations

Definition 3.0.3. Let A < « be a limit ordinal. By is a direct limit iff ;.\ B; s
dense in By and B = (B; | i < \) is a direct limit iteration iff By is a direct limit
for all limit A < «.

So, up to isomorphism, the direct limit at stage A is just the Boolean completion
of Ui« B; and any forcing iteration (B; | ¢ < A) for some limit ordinal A can be
extended to a forcing iteration (B, | i < A+ 1), by taking B, as the direct limit.
Abstracting direct limit iterations provides a useful hint as how to obtain “bigger”
limit stages.

Definition 3.0.4. Let A < « be a limit ordinal. A thread through B of length A
is a sequence b = (b; | i < ) € I;\B; such that

e by #0 and
o hi(b;) =1b; foralli <j<a.
If b= (bi | i < A) is a thread through B and X < a, we let b* := [, {b; | i < A}.

Note that a b = (b; | i < A) is uniquely determinded by any of its tail ends. In
fact:

Proposition 3.0.6. Let A < « be a limit ordinal and let b = (b; | i < ), ¢ = (¢; |
i < A) be two threads through (B; | ¢ < A) such that {i < X\ | b; = ¢;} is cofinal.
Then b = c.

Proof. For j < M fix j <k e {i <X|b =c¢}. Then
b = hj(br) = hy(c) = ¢;.
[

Proposition 3.0.7. Let A < « be a limit ordinal and let (b; | ¢ < A) be a thread
through B. Then

1. hi(bj) #0 foralli < j < X and

Proof. 1.
and thus h;(b;) # 0.
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3 Iterated Forcing

Lemma 3.0.3. Let A < « be a limit ordinal, let h < X\ and let G be Bj-generic
over V.. Let T be the set of all threads through (B; | i < \) and let T/G be the set

of all threads through (BVG | h <i< ) (in V|G]). The map
T—>T/G>(bi’i<)\)'—>(bVGv]h§i<)\)
1S surjective.

Proof. Work in V[G]. Let ¢ = (¢ | h < i < A) be a thread through (BVG |
h <i < A) and let ¢ be a By-name such that [[{¢/y | h <@ < A} = ¢%. By
[Proposition 2.3.4] we may fix some b € G and some ¢ € B such that

blks, ¢ =

In V,let b = (b; | i < A) be the unique thread through (B; | ¢ < A) such that
b; = h;(c). Back in V[G], we use [Proposition 2.3.5{to conclude that, for h < i < A,
we have

CVG = h‘BVG7B)\/G(C/G)
= thB)\ (C)/G
= b/
and thus ¢ = (% | h <i < \). O

Let us stress that, in general, the sequence (¢; | h < i < \) is not an element of
V and [[{¢; | h < i < A} may not exist in B,. However, since E)/G is complete
in V[G](!), we are still able to form its infinum - modulo G - and thereby obtain
a suitable thread that maps to c.

Definition 3.0.5. Let A < « be a limit ordinal an let b = (b; | i < ) be a thread
through B. Then

supp(b) := {j < A | Vi < j: b, # by}

is the support of b.

b is eventually constant iff supp(b) is bounded, i.e. there is some j < A such that
b =b; forall j <i <A,

Finally, for each b € U;-» B; we define the eventually constant thread[] c(b) = (¢; |
i< M) by

b , otherwise.

. {m(b) Lifb B,

3note that this yields a well-defined thread, since h; = hp, B, o h; for all 1 < j < A

26



3.2 General Iterations

As an immediate Corollary of [Proposition 3.0.6] we get the following: Let b =
(bi | i < A) be an eventually constant thread and let j < A be such that b, = b; for
all j <i < A. Then ¢(b;) =b.

Proposition 3.0.8. Let A < « be a limit ordinal. The following are equivalent:
1. By is a direct limit and

2. b* # 0 for every eventually constant thread b and
{b* | b is an eventually constant thread } is dense in B,.

Proof. 1f By is the a direct limit and b = (b; | ¢ < A) is an eventually constant
thread through (B; | ¢ < X), let 7 < X be such that b; = b; for all j < ¢ <
A. Then b* = b;. Since ho(bj) = by # 0, we have b; # 0 and the set {b* |
b is eventually constant} in dense in B,.

On the other hand, if {b* | b is eventually constant } is dense in B, then B,

is a direct limit. To see this, just note that {b* | b is eventually constant } =
Uica BT o

Dropping the restriction on the support of our threads entirely, yields the biggest
limit construction, we shall introduce.

Definition 3.0.6. Let A < a be a limit ordinal. We say that By is an inverse limit

iff
1. 6* #£ 0 for all threads b of length \ and
2. {b* | b is a thread of length \} is dense in B,.
B is an inverse limit iteration iff By is an inverse limit for all limit \ < a.

Every limit in our notes will be a subalgebra of the associated inverse limit
and this is in fact true of most (but not all) iterated forcings, that have been
constructed to this date.

Definition 3.0.7. Let A < « be a limit ordinal and let b = (b; | i < \) be a thread
through B. b has countable support iff card(supp(b)) < Rg. In this case, we also
say that b is a countable support thread (or just CS-thread).

B, is a countable support limit (CS-limit) iff

1. b* # 0 for every CS-thread b of length A and
2. {b* | b is a CS-thread} is dense in B.

Finally, B is a countable support iteration (CS-iteration) iff By is a CS-limit for
all limit A < a.
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3 Iterated Forcing

While CS-iterations behave well in many applications, there is one particular
issue that arises, when the cofinality of some cardinal x < « with uncountable
cofinality is changed to w by some B; with index i < k: Let GG; be B;-generic such
that V[G;] = cf(k) = w. It may no longer be the case that the associated forcing
iteration B/G is a CS-iteration in V[G;], i.e. there may very well be some thread
b of length  in V[G] whose support has order-type cf(k) = w such that b*/G =0.
To overcome this issue, Shelah introduced a very technical notion of revised count-
able support iterations (see [She98, X.1]) that has later been simplified by Donder
(see [Fuc08]) to its current form.

Definition 3.0.8. Let A < « be a limit ordinal and let b = (b; | ¢ < X) be a
thread through B. b is a revised countable support thread (RCS-thread) iff it is

v

eventually constant or there is some i < X such that b; IF; cf(\) = &.
B, is a revised countable support limit (RCS-limit) iff

1. 6* #£ 0 for all RCS-threads of length A and
2. {b* | b is a RCS -thread of length \} is dense in B,.

Finally, B is a revised countable support iteration (RCS-iteration) iff By is a
RCS-limat for all limit A < a.

The following theorem is a key tool for RCS-iterations.

Theorem 3.1 (The RCS Factor Property). Let h < a and let G), be Bj,-generic
over V. If B= (B, | i < «) is an RCS-iteration, then

B, =B, h<i<a)
is an RCS-iteration in V[Gy].

Proof. Work in V[Gp]. We already know that B/Gh is a forcing iteration (see
Proposition 3.0.5)). So, let A < « be a limit ordinal and let ¢ = (bVGh |h <i<))

be an RCS-thread through (BVGh | h <i<\). By|Lemma 3.0.3) we may assume
that (b; | h < i < A)is in V and uniquely extends to a thread b = (b; | i < \)
through (B; | i < A). We have to show that ¢* = ]_[{bVGh |h<i<A}= b*/Gh +
0. There are two cases:

If ¢ is eventually constant, there is some A < j < A and some b € B; such that, for

j<i<Xbg =Yg Then =Y #0.
Otherwise, there is some h < j < A such that

bj/Gh sy, cf(N) = .
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3.2 General Iterations

Fix some b € GG}, such that

b, rbj/Gh s, cf(X) = &,

Let h <k <l < A Then hg(b-b;) = b- hg(b)) = b - b. Since b Ik, bj/Gh # 0,
we also have b-b; # 0 and thus b-b; # 0 for all h < i < A. Hence there is (in
V') a unique thread @ = (d; | i < A) through (B; | ¢ < A) such that d; = b-b;
for h < i < \. Since b € G}, we have bVGh = dVGh for all h < i < A and thus
= (dVGh | h <i < \). Working in V', we now verify that 0 is an RCS-thread:
Let G; be Bj-generic over V such that d; = b-b; € G;. Let G := G; N By, and
H = {d/G | d € G;}. Recall (Proposition 3.0.4) that G is Bj-generic over V' and
H is IB%J'/G—generic over V[G]. Now b € G and bj/G € H imply that

(VIG]) [H] | cf(A) = w.
Since (V[G]) [H] = V[G,], this yields
dj =b-b; g, cf(N) = &

and 0 is indeed an RCS-thread. In particular, we have ?* = [[{d; | i < A} =
[1{b-b; | h<i<A}#D0.

In V[G}], we now have ¢* = O*/Gh' Assume, towards a contradiction, that D*/Gh =
0. By |Proposition 2.3.1] there is some b € G, such that b-9* = 0. By the same
argument as before, there is a unique thread ¢ = (e; | i < \) through (B; | i < A)
such that e; =b-b-b; for all h < i < A. Since ej = dj, e is an RCS-thread through
(B; | i < A). However

o =[[{e: | i < A}
—TI{0-b-bi | h<i<A}
=00
=0,

contradicting the fact that B, is an RCS-limit.
The only thing remaining is to check that

{¢" | ¢ is an RCS-thread through By [h <i <)}
is dense in BA/Gh' Since
{c¢ ] cis an RCS-thread through (B; | i < \)}

is dense in B, it suffices to prove the following
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3 Iterated Forcing

Claim. Let b = (b; | i < \) be an RCS-thread through (B; |i < \) (in'V'). Then
is an RCS-thread through (BVGh | h <i<\)inV[Gh].

Proof. Work in V[G},]. If b is eventually constant, then b/Gh is eventually constant
as well. Otherwise there is some j < A such that

bj IFs, cf(N) = @.

By [Proposition 2.2.1/ and our convention to identify V% with its isomorphic copy
in VB for j <i < A\, this implies

b; Ik, cf(A) =&
for j <14 < X and, because b; < b;, also
b; kg, cf(X) = .
We may thus pick 7 such that h < 5. We finish our proof by verifying that

bj/Gh s, cf(N) = .

Let H be IB3’“/(;h—generic over V[G}] such that bJ'/Gh € H. By |Proposition 3.0.3

Gp+H={beB, | b/Gh € H} is Bj-generic over V and clearly b; € G, * H. Thus
VIGL * H| = (V[G4]) [H] [ cf(N) = w, as desired. |

]

If one wants to construct a forcing iteration, it is very useful to know that the
existence of suitable complete Boolean algebras at limit stages is automatic in all
of the above constructions.

Theorem 3.2. Let A\ be a limit ordinal and let B = (B; | i < \) be a forcing
iteration. Let F be set of threads of length \ through (B; | i < ) such that

1. every eventually constant thread is in F and
2. forallj <X, forallb= (b;|i < \) € F and for all b € B;:

bjb]—)HC:(CZ|Z<)\)€.FVZ<)\CZj[BZbZC(b)l

Then there is a complete Boolean algebra By such that
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i) B; C. By for alli < A,
i) b* :=[Ip, {bi | i < A} # Op, forallb= (b; | i < \) € F and
iii) {b* | b € F} is dense in B,.

Proof.
Claim. Define a relation =*C F x F by

(bi i< X)X (ci|i< ) > Vi<A:b =<p, ¢.
Then (F, =*) is a separative partially ordered set.

partial order and hence it suffices to verify that it is separative:

Let b= (b;|i<A),c= (¢ |i<A) € F such that b A" ¢. Let j < A be minimal
such that b; ZAp; ¢; and let b := b; - (—¢;). Then 0 # b =5, b; and b L, c;. By our
assumption, we may now fix some 0 = (d; | i < ) € F such that d; <p, ¢(b); - b;
for all < A\. Now 0 <* b and since d; < b-b; =b 1p; ¢cj, we alsohaved Lc¢. W

By [Theorem 2.1{ we may now fix a complete Boolean algebra B(F) such that

o <*C=p(r) and

Proof. Since (F,=<*) is the product of the partial orders (B;, <p,), it certainly is a

o F is dense in (B(F), Zgr)).

Claim. For each 7 < A

e Bj — B(F),b — C(b)
is a complete embedding such that m; = m; [ B;, where c¢(b) is defined as z'n
[Fzon 3.0.3.

Proof. Clearly m; = m; [ B, for all i« < j < A. Since m; is injective and b <, c iff
mi(b) =* m;(c), [Proposition 2.0.5| yields that m; is an embedding. It hence suffices
to verify that it is complete:

By [Lemma 2.1.1] it suffices to show that m;(3g, X) = Y ;"X for every X C
B;. Suppose this fails. Then 0 < Wj(ZBj X) - (— > B(F) Wj”X> and by the density
of F, there is some f = (f; | i < A\) € F such that

0<§=< Wj(ZBj X)- (‘ ZB(?) ﬂj”X) '

Then 0 < f; X >, X and we may thus fix some z € X such that b := z- f; # 0. By
our assumption on F there is now some ¢ = (¢; | i < A) € F such that ¢ < §-¢(b).
Since ¢(b) X YpF) 7;" X, this implies f- Yz ;7 X # 0. (Contradiction!) |
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Next, we replace the isomorphic copy of U;., B; in B(F) with ;- B; to obtain a
complete Boolean algebra By and an

T ]B(.F) — B,
such that wom; =1id, i.e. B; C. By, for all 7+ < A.
Claim. Let b= (b; | i <) € F. Then b* := [, {b; | i <A} # 0 and
{b* | b € F} is dense in B,.
Proof. In B(F), we have 0 # b = [Ipz){c(b;) | i < A} and thus
0 # m(b)

= W(HB(}_){C(Z)Z’) | i< A})

= HBA{’/T(C(bi)) i < A}

= HBA{bi i < A}

=b".
Now F C B(F) is dense and hence {m(b) | b € F} = {b* | b € F} is dense in
B,. |

Finally, since {b* | b € F} is dense in B,, it follows that ;.\ B; generates
B,. O

Proposition 3.2.1. Let (B; | i < \) be a forcing iteration of limit length. Then
there exist complete Boolean algebras D, C, R, T such that

1. D is the direct limit of (B; | i < A) and (B; | i < A\)™D is a forcing iteration,
2. C is the CS-limit of (B; | i < A) and (B; | i < A\)™C is a forcing iteration,

3. R is the RCS-limit of (B; | i < A) and (B; | i < A)"R is a forcing iteration
and

4. I is the inverse limit of (B; | i < A) and (B; | i < A\)"1 is a forcing iteration.
Proof. 1. Take D as the Boolean completion of ;. B;.
2. If ¢f(\) > w, then every CS-thread through (B; | ¢ < \) is eventually

constant and we may thus take C to be the direct limit of (B; | i < w). On the
other hand, if cf(\) = w then the set {b* | b is an RCS-thread of length \}
is dense in the inverse limit of (B; | ¢ < A) and hence, we can take C as the
inverse limit of (B; | ¢ < A). This is justified, because inverse limits always
exist (see below).
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3. It suffices to show that the set F of all RCS-threads through (B; | i < \)
satisfies the premises of [Theorem 3.2
The first premise is trivially satisfied. To verify the second one, fix an RCS-
thread b = (b; | i < A), j < A and some b € B; such that b < b;. We have
to show that there is some RCS-thread ¢ = (¢; | i < A) such that ¢; < ¢(b);
and ¢; <X b; for all + < \. First suppose that b is eventually constant. Then
¢ :=c(b- b)) is as desired.
Otherwise there is some k < w such that by, Ik, cf(A) = &. Let ¢ be the
unique thread through (B; | ¢ < A) such that for all j <i < X:¢; =b-b;.
Such a thread exists, because for j <i <k < A

Now ¢ < b, and thus ¢ IF cf(S\) = & witnesses that ¢ is a RCS-thread.

4. This is an immediate consequence of since the set F of all
threads through (B, | i < \) satisfies the required conditions.

]

So, every forcing iteration B = (B, | i < A) of limit length can be extended by its
induced direct/CS/RCS/inverse limit, i.e. each of these limit constructions yields
a complete Boolean algebra By such that (B; | i < A + 1) is a forcing iteration.
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4 Subcomplete Boolean Algebras

In [Jenbl, [Jenc] and [Jen12] Jensen developed the notions of subcomplete, suproper
and semi-subproper Boolean algebras and proved a strong iteration theorem for
each of them and we now prove his main iteration theorem for subcomplete Boolean
algebras.

4.1 Examples

Definition 4.0.1. Let u > 0 be an ordinal. A transitive model N of ZFC™ is
regular in L,(N) iff for all f: 2 — N with x € N and f € L,(N), we already
have f € N.

N s full iff there is some p > 0 such that L,(N) = ZFC™ and N is regular in
L,(N).

Definition 4.0.2. Let £ be a language, let M, N be L-structures and let M, N be
their respective universes. An elementary embedding o: M < N [ is a function
o: M — N such that for every L-formula ¢ and all xv,...,z; € M:

ME d(xy,...,x) iff N |E ¢d(o(x1),...,0(x)).

We say that M is an elementary substructure of N iff id: M < N is an elemen-
tary embedding and in this case we simply write M < N

Notation 4.0.1. Let 0: M < N be an elementary embedding of L-structures
M, N with respective universes M, N. We write

o(x1, o X)) = Y1, Ul

as a shorthand for the following statement:
There exist xq,...,x, € M andyi, ...,y € N such that for alli € {1,...,1}: o(z;) =
Y-

When the language L and the M-interpretations of all the L-symbols is clear from
the context, we also identify the L-structure M with its universe M.

Tt will always be clear from the context, whether < denotes an elementary embedding or the
strict partial order associated to a given Boolean algebra.
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Definition 4.0.3. A complete Boolean algebra B is z-subcomplete, for some set
z, iff for all sufficiently large 0, all reqular 7 > 6 and sets A s.t. B € Hy and
A, Hy C L.[A] the following hold:

Let o: (N;€,A) < (L,[A]; €, A) be an elementary embedding such that N is tran-
sitive, countable and full with A C N and 0,8,z € 0"N. Let \i,...,\, € 0"N be
reqular cardinals with max{card(B),w;} < \; <0, i=1,...,n, and let s € c"N
be an additional parameter s.t. o(0,B,5, 2, 1,...,\,) = 0,B,s,2,\1,..., \,. Fi-
nally, let G be B-generic over N and set \g := N N Ord.

Then there is an b € BT s.t. for all B-generic G with b € G, there is some
0g € V[G] s.t.

a) oot (N;€,4) < (L, [A]; €, 4),

b) 00(0,B,5,Z,M,..., \) =6,B,s,2,\1,..., A\,
c) supoy” N\ =supo”N;, fori=0,1,...,n and
d) 0s”G C G.

We call B subcomplete iff it is (-subcomplete.

Since we plan to extend elementary embeddings o: (N; €, A) < (L.[A]; €, A) to
elementary embeddings of their generic extensions

o': (NGl €,4) < (L-[A]) [G]; €, 4),
we have to require that A C N and A C L.[A] and from now on, this is part of
our convention.

Definition 4.0.4. We say that p verifies the z-subcompleteness of B iff the above
holds for all cardinals @ > p and we also say that o: (N;€ A) < (L.[A];€, A)
witnesses the z-subcompleteness of B.

Lemma 4.0.1. If B is z-subcomplete for some z, then it is subcomplete.

Proof. Let 0. be minimal verifying the z-subcompleteness of B for some z € Hy_
and for ordinals 6, < p with card(V,) = p let 8, be s.t.

V, | 70, is minimal verifying the z-subcompleteness of B for some z € Hy,".

Then p < i implies 0, <60,y < 0., and we may let 1y be minimal s.t. 6,, = 0.
Next, for p > po, let A, be the set of all z € Hy, such that for all cardinals 0,
0o < 0 < p, all regular 7 > 6 and all A with Hy C L.[A], the following holds:

If 0: X < L;[A] is an elementary embedding, X is countable, transitive and full
with 2z,0,B € 07X, then o witnesses the z-subcompleteness of B. Let A, be
defined as above, but without the restriction "0 < pu'.

Now 0y < p < i implies A, O A, O A, and we may fix p1 minimals.t. A, = A,
for all 1y < p, ie. A, = Ax. The following claim completes our proof.
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Claim. p verifies the subcompleteness of B.

Proof. Let 6§ > ui be a cardinal, let 7 > 6 be regular and let A be a set s.t.
Hy C L;[A]. The sequence (6, | ;1 < 0) is definable in L.[A] from parameters 6, B
and since 0 > pg, o is definable in L, [A] from the same parameters.

Therefore (A, | p = card(V),), o < p < 0) is definable in L,[A] from 6, B as well as
p and A, = Ay. If 0: X < L,[A] is an elementarty embedding, X is countable,
transitive and full with §,B € 07X, then elementarity and the above calculation
yield A,, € 07X and furthermore 0”X N A, # (. By the definition of 4, = A,
o now witnesses the subcompleteness of B. |

O

Proposition 4.0.1. Let B be subcomplete and let C be another complete Boolean
algebra such that B = C. Then C is subcomplete.

Proof. Fix an isomorphism f: B — C. By [Lemma 4.0.1] it suffices to prove that
Cis {f,B}-generic. Let 6 be large enough such that {B, C, f} C Hy and such that

6 verifies the subcompleteness of B. Let 7 > 6 be regular and let A be a set such
that Hy C L,[A]. Furthermore, let o: (N; €, A) < (L,[A]; €, A) be an elementary
embedding such that N is transitive, countable and full with §,B,C € ¢”N. Let
A1, .- Ay € 0N be regular cardinals with max{card(C),w;} < \; fori =1,...,n
and let s € ¢”N be an additional parameter such that

0-(57@7@7?757)\717 B arn) = 67B7C7f7 S, )\17 B a>\n'
Let G be C-generic over N and let \g := N N Ord. Then H := f"G is B-generic

over N and by the subcompleteness of B there is some b € B* such that for all
B-generic ultrafilters H over V with b € H there is some oy € V[H] such that

2]
N

L. 09: (N;€ A) < (L;[A]; €, A),

=
al
|

2. 00(5, ,3,/\71,...,)\7,1):9,B,C,f,s,)\1,...,)\n,

3. supoy’ A\, =supo”)\; fori =0,1,...,n and
4. O'()”H Q H.

Now let ¢ := f7!(b) and let G be C-generic over V such that ¢ € V. Then
H := f’G is B-generic over V and b € G. So, there is some oy € V[G] = V[H]
that satisfies properties a)-d). However, o( also witnesses the subcompleteness of

C:
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4 Subcomplete Boolean Algebras

Properties a)-c) are literally the same as for B and the only thing to check is that
00"G C G. Towards this end, fix § € G. Then 771(g) € H and thus

oo(f 1(?))—00( ooy >>
F(o0(9)) €

This yields 04(g) € G and hence 0,”G C G, as desired. ]

Proposition 4.0.2. Forcing with subcomplete Boolean algebras doesn’t add reals,
i.e. if B is subcomplete and G is B-generic. Then V[G]N¥ w C V.

Proof. Assume, towards a contradiction, that there is some f& € (V[G] N w)\ V.
Fix b € G such that
blbg fro—anfgV.

Let € be large enough, B € Hy, 7 > 0 regular and let A be a set such that
Hy C L,[A]. Let 0: (N;€,A) < (L;[A]; €, A) be an elementary embedding such
that N is transitive and full with b,B,<,f € ¢’N. Fix b,B,=,f € N with

o(b,B,=,7) =b,B,=, f and fix a B-generic ultrafilter G € V such that b € G.
B is subcomplete and we may thus fix some ¢ € B* such that for all B-generic
H with ¢ € H there is some oy € V[H| such that oq: (N; €, A) < (L,[A]; €, A),
00(b,B,f) =b,B, f and 0,"G C H.
For each n < w fix some b,, < b and m,, such that

(N;€ A) E b, kg f(n) = m,.
Let g: w = w,n+— m,. Then g € V and for all n < w
70(bn) 14, &) 00(f)(00(12)) = o0 ().
Since g | w = id and oo(b, B, f) = b, B, f, this yields

oo(by) Ik f(71) = 1,

le.
ao(bn) Ik f(71) = g(n).
But 0,”G C H and thus f = g € V. (Contradiction!) O

In a brief discussing with Jensen during the conference on “Inner Model Theory,
Core Model Induction, and HOD Mice” last July in Miinster, we had the opportu-
nity to learn a little bit about the history of subcomplete forcings. Initially meant
to generically add reals with specific properties to the ground model, Jensen de-
veloped the theory of L-forcings in the early 1990’s. He later discovered that a
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certain class of these forcings, the so called “revisable” L-forcings, provably don’t
add reals and began to look for a natural iteration theorem for this class. This
development lead to the introduction of subcomplete forcings and the iteration
theorems, that we shall discuss next. Before doing so, we would like to highlight
some of the results, Jensen was able to derive.

Theorem 4.1. Let A C wy be stationary such that cf(a) = w for all « € A and
let Py be the set of all striclty increasing and continuous function p: a+ 1 — A,
where o < wy. Define a separative parial order P4 = (Pa; <) by letting

P=q:rqCp
for all p,q € Pa. Then the Boolean B4 completion of P4 is subcomplete.
In fact, for any o: (N; € A) = (L;[A]; €, A) as in the definition of subcomplete-
ness and any B4-generic ultrafilter G over N, there is some suitable
o0: (N;€,A) < (L.[A]; €, A)
with 0o”G C G in V.
Proof. [Jend, §3.4 Lemma 1]. O

Theorem 4.2. Let k be a measurable cardinal, let U be a normal measure on k
and let Py = (Py; <p) be the Prikry forcing given by U. Le. let Py be the set of
all pairs (s, X) such that X € U, s: n — k is a strictly increasing map for some
n < w and define < by

(5,X)<(t,)Y) >t CsANX CY Aran(s) \ran(t) C Y
for all (s,X),(t,Y) € Py. Let By be the Boolean completion of Py. Then By is
subcomplete.

Proof. |Jend, §3.5 Lemma 2]. O

Theorem 4.3. Assume that 2% = Ry, 2% =R, and let B be the Boolean comple-
tion of Namba forcing. Then B is subcomplete.

Proof. |Jenl2, 6.1]. O

Theorem 4.4. Assume 2% = X, and let k be strongly inaccessible. Then there is
a subcomplete Boolean algebra B such that for all B-generic G we have

a) VIG] E k = we,
b) VIG] | cf(0) = w for all reqular wy < 6 < k and

c) every stationary subset S C Kk remains stationary in V|[G].

Since B doesn’t add reals, this provides an unexpected, positive answer to the
“Extended Namba Problem” that is discussed in the introduction of [Jena]

Proof. |Jenal Theorem 1]. O
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4 Subcomplete Boolean Algebras

4.2 Two Step lterations
Lemma 4.4.1. Let M, M be a transitive models of ZFC™, B € M be such that
(M;€) =B is a complete Boolean algebra

and let o: (M;€) < (M;€) be an elementary embedding such that o(B) = B.
Furthermore, let G be B-generic over M and let G be B-generic over M such that
0”G C G. Then there is a unique elementary embedding

o*: M|G] < M|G],
such that * | M = o and o(G) = G.

Proof. 1f m: M[G] < M[G] satifies 7 | M = o, 7(B) = B and 7(G) = G, then

for every B-name i in M we have 7(i%) = 7(2)™@ = o(#)%. This yields the
uniqueness of ¢* and it now suffices to prove that

o*: M[G) — M[G],i% — o(i)¢

is an elementary embedding such that o* | M = ¢ and 0*(G) = G.

_ — v G
First of all, for any « € M we have that o*(z) = 0*(#%) = 0(£)" = o(z) = o(x).
Now let G be the canonical B-generic name as defined in M and let G be the
canonical B-generic name as defined in M. Since this definition only depends on

the underlying Boolean algebra, we have ¢(G) = G and thus ¢*(G) = U*(GG) =
o(G)% =G¢ =a.

Now let ¢(vy,...,v,) be a formula with exactly vy, ..., v, free and let &q,..., 2,
be B-names in M. Then

M[G) | ¢(iF,...,i5) <+ Fb € G: M | blFg ¢in,. .., @)
—3beG: M o)l dlo(ir), ..., o(in))
"O5 MIG) E d(0(@1)°, ..., 0(29))
— M[G] k= ¢(o™ (@), ..., 0" (iF))-
]

Lemma 4.4.2. Let 0 be uncountable, reqular and B € Hy. Then for any B-generic
ultrafilter G we have

Hy (6] = Hy .
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4.2 Two Step Iterations

Proof. Note that H) C HX[G], G e HX[G] and therefore HY U{G} C H(;/[G]. Since
HJ[G] is the C-minimal transitive ZFC™-model containing Hy U {G}, it follows
that HY[G] € Hy .

To show H, ¢ HY[G), it suffices to prove that for all 2 € H) %! there is some
B-name 7 € H) with 2 C 2¢. By an induction on rk(z) we may fix a B-name
i C H) with #¢ = x. Since x € HX[G] there is some b € G, a B-name f and some
k < 6 such that

blk f: & — & is an injective function.

For all £ < k and b/ < b let
X ={yeH |VIyeiand f(y) =&}

Ify, 2 e Xg then V' I ¢ = 2 because V' < b and b |- f is injective. For each & < k
and ' < b for which Xg' # () choose some yg’ € Xg and let X be the set of all
these yg. Because X C HY and card(X) < & - card(B) < 6, the B-name

z: X = B, y? — 1
is an element of H) . If ¢ € 2%, then there is some ¢ € G with
clFye .
Now 0 #£ b- ¢ € G and there is some £ < Kk and ' <b-c < b, b’ € G such that
oIk f(g) =€
It follows that b IF g = yg’ and thus ¢ = (ygl)G € 2%, This proves 2% C 2¢. [
We are now able to prove the main theorem of this section.

Theorem 4.5 (Two Step Iteration Theorem). Let B C. C be such that B is
subcomplete and |Fg C/G s subcomplete. Then C is subcomplete.

Proof. By [Lemma 4.0.1] it suffices to show that C is B-subcomplete: Fix 6 large
enough such that C € Hy, 6 verifies the subcompleteness of B and

1 IFp 6 verifies the subcompleteness of (C/G.

Let 7 > 6 be regular and A be a set such that Hy C L,[A]. Furthermore, let
o: (N;€,A) < (L;[A]; €, A) be an elementary embedding, where N is countable,
transitive and full with 0,B,C € ¢”N, and let A\;,..., )\, € 0”N be regular car-
dinals with max{card(C),w;} < X\ < 6, i =1,...,n. Let s € ¢”N be an
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4 Subcomplete Boolean Algebras

additional parameter such that o(6,B,C,35,\1,...,\,) = 6,B,C, s, \1,..., \,. Set
Ao := N N Ord and fix an ultrafilter E that is C-generic over N.

Now G := E N B is B-generic over N and by the subcompleteness of B we may
fix an b € B such that for all B-generic ultrafilter G with b € G there is some
0o € V|G] satistying

a) og: (N; €

N

) < (L-[A]; €, A4),

b) O'()(?,E7@,§, )\1, e ,/\7n) = 0,183,@78, /\1,. . '7)\717
c) supog’\; =supo’);, fori =0,1,...,n and
d) 00”G C G.

From now on, work in V[G]. Let o}: (N[G]; €) < ((LT[ 1) [G]; €) be the unique el-
ementary embedding such that ofy | N = 0 and 0}(G) = G, given by[Lemma 4.4.1]
Since A C N and A C L,[A], this yields o}: (N[G]; €, A) < ((L.[A]) [G]; €, A).

Claim. N|[G] is full.

Proof. Since N is full, we may fix some p such that L,(N) = ZFC™ and N is
regular in L,(N). In order to show that L,(N[G]) = ZFC we prove the following

Subclaim. L,(N[G]) = L,.(N)[G].

Proof. C: Lo(N[G]) = te({N[G]}) = {N[G}UN[G] € L,
is closed under Godel-Operations and p € L, (N)[G
L,(N)|[G] for all @ < p and thus L,(N|[G]) =U

D: L,(N)[G] is the C-least transitive model of ZFC™ containing L,(N) U {G}.
As L,(N)U{G} C L,(N[G]), the claim follows.

Subclaim. N[G] is reqular in L, (N|[G]).
Proof. Let % € N[G] and let f € L,(N[G]) be a function

f:i% = N[G).

For each y € i fix ,7 € N with y =% and fly) = ja. By the fullness of N
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is an element of N. Thus the B-name f := g”jré is an element of N and we have

=159 yeci

= {577 ly € &%}
_f>

ie. f=f%e NG

Claim. (L,[A])[G] = L,[A x {0} UG x {1}] = L.[A, G].

Proof. C: We have L,;[A] U {G} C L,[A,G] and since G € L,[A,G] it follows
that ©¢ € L,[A, G| for all & € L,[A]B.

D: Construct (L,[A,G];€,A,G) for all a < 7 inside ((L.[A]) [G]; €, A). Since
this construction is correct, we may conclude that L.[A, G] = Uyer LalA, G| C
(L.[4) G,

U

Claim. H)'“) C (L.[A]) [G).

Proof. Tf 6 is regular, thenyields H;/[G] = H}[G]. Since Hy C L.[A],
we get Hy ' C (L.[A) [G].

If 0 is singular, let (0; | i < cf(f)) be a strictly increasing sequence of regular
cardinals such that B € Hy,. Then for each i < cf(f) we have H(Z e = H|G] €

(L-[A]) [G] and thus Hy ) = Uier) Hy, @ C (L,[A)) [G). =

By repeating the proof of [Proposition 3.0.4| we see that

= {5 beE)

is C/@—generic over N[G]. Since C/G is subcomplete (inside V[G]), o: N[G] <
L.[A x {0} UG x {1}] is an elementary embedding, N[G] is countable, transitive
and full and HGV[G] C L, JA x {0} UG x {1}], we may now fix some ¢ € C/GJr

such that for all (C/G—generic ultrafilter H (over V[G]) with ¢ € H there is some
o1 € (V|[G]) [H] satistying

a) o1: N[G] < (L-[A]) [G],

b) 01(5737@7 /676737)\717"'7>\7n> = G,E,C,C/G,G,S,)\l,...,)\n,

73



4 Subcomplete Boolean Algebras

c) supo”\; =supo’);, fori =0,1,...,n and

d) o"H C H.

Let ¢ = ¢“. By extending b, if neccessary, and [Proposition 2.3.4| we may fix some
b; € B such that

blkg ¢ ="
and b forces all the above to hold, i.e.
Bl . N T :
bm,@m%%LMQ<@mmqm

We have 5 5

biks Os £ 0

LaNge G

and by [Proposition 2.3.1f also b - by # 0.

Let E be a C-generic ultrafilter over V with b-b; € E. Then G := ENB is
B-generic over V. Since b € G there is some oy € V[G] satisfying

oot (N5 €, A) < (L [A]; €, A),

)

b) Uo(g,E7@,§, 1;---7)\n) ZG,B,C,S,/\l,...,)\n7
)
)

¢) supog”’\; =supo’);, fori =0,1,...,n and

where G = E N B is B-generic over N.

Again, there is a unique extension of: (N[G];€,4) < ((L,[4)])[G];€, A) with
oy | N = 0q and 0)(G) = G. Now H := E/G is C/G—generic over V[G] and since
bl/G € H there is some o1 € (V[G]) [H] satisfying

a) o1: (N[G]; €, 4) < ((L-[A]) [G]; €, 4),

b) 01(0,B,C, 5. G5 M,... . \) = 0,B,C, 0/, G s, M, A,
c) supo,”\; =supo’\;, fori =0,1,...,n and

d) ov"F C H,

where H = E/@ is C/@—generic over N[G]. Since (V[G]) [H] = V[E] and 0y :=
o1 | N € V[E] satisfies both a9: (N;€,N) < (L,[A]; €, A) and 0,”F C E, this
finishes our proof.

]
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4.3 RCS-Ilterations

Theorem 4.6. Let B = (B; | i < «) be an RCS-iteration such that By = {0,1} is
trivial and for all i +1 < «

1. B; # By,
IE3¢+1 .
2. g, /G- is subcomplete and

3. IFg ., card (]E%Z) < wj.

i+1
Then every B; is subcomplete.

Proof. By induction on 4, we will prove the following stronger result.

Claim (1). Let h < i < « and let G, be By-generic over V. Then BVGh is
subcomplete in V|[Gy].

Since By is trivial, letting h = 0 then yields the theorem.

Proof. It h =1, then BVGh =~ {0, 1} is trivial and hence subcomplete. In particu-
lar, the claim holds for ¢ = 0 and from now on, we may assume that h < i.

Now suppose that ¢ = j+1 for some j < . Let h < 7 and let G}, be Bj-generic over
V. Recall that IB33'/(;}1 C. BVGh and let H; be IBJ'/Gh—generic over V[G}]. Then (see

B;
Proposition 3.0.3) G; := Gy, * H; is Bj-generic over V' and ]BVG]' = ( /Gh>/Hj is
subcomplete in V[G,] = (V[G}]) [H;]. This proves

B,
”_BJ/G ( /Gh>/ Hj is subcomplete,
h

where Hj is the canonical IEBJ'/Gh—fg;eneric name. By our induction hypothesis,

BJ’/Gh is subcomplete in V[G}] and we may now apply the Two Step Iteration

Theorem in V[G] (see [Theorem 4.5) to conclude that BVGh is subcomplete in
VI[Gh].

The case for limit ordinals A < « is substantially more difficult. As a first step,
let us prove the following

Claim (2). If cf(\) < wy and B; is subcomplete for all i < X, then By is subcom-
plete.
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4 Subcomplete Boolean Algebras

Proof. Fix a strictly increasing and cofinal function f: w; — A such that f(0) = 0.
By it suffices to prove that B, is {f, B, A\, B, }-subcomplete. By the
fullness of V¥ for i < )\, we may fix a cardinal @ such that A < 6, By, B € Hy and
such that for all i < j < A

Ik, 0 verifies the subcompleteness of B;.
Let 7 > 0 be regular and let A be a set such that Hy C L,[A] and let
o: (N;€,4) < (L;[A]; €, 4)

be an elementary embedding, where N is countable, transitive and full. Further-
more, let A, ..., \, be regular cardinals such that card(B,) < Ay for k=1,...,n
and let s be an additional parameter such that

0'(0, f,B,/\,Ex,g,Xl,...7X1) = Q,f,B, )\,B/\,S,)\l,...,)\n.

Finally, let G be By-generic over M. We have to prove that there is some b € BY
such that for all B-generic ultrafilters G over V with b € G there is some oy € V[G]
that satisfies

b) o0(0, f, B, A\, Bx, 5, A1, ..o, An) =6, [, BBy s, A, A,

)
)

c) supog’\; =supo’);, for i =0,1,...,n, where \g := N N Ord, and
)

Let g be the <p_4-minimal [| bijection g: w — X and recursively construct a
strictly increasing sequence (v, | n < w) of ordinals v, € wl by letting vy := 0
and v,,; being minimal such that f(v,,1) > max{f(v,),g(n)}. For n < w, let
&, = f(v,). By construction (£, | n < w) is striclty increasing and cofinal in A
and £, = 0. Furthermore, if 7: N < L.[A] is an elementary embedding such that
7(f) = f, then, by the construction of (v, | n < w),

2< (4] denotes the canonical well-order of L. [A]
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Letting &, := o(¢,,), for n < w, thus yields a striclty increasing and cofinal sequence

(&n | n < w) in supog”A such that &, = 7(§,) for all elementary embeddings
7: N < L.[A] with 7(f) = f.

For i = 0,...,n fix a strictly increasing and cofinal sequence (£, | n < w) in A;
and let (¢ | n < w) = (00(€,) | n < w). Then (& | n < w) is strictly increasing
and cofinal in sup 0o”)\;. Finally fix an enumeration (x; | [ < w) of N.

We will now recursively construct a sequence ((73,bx) | K < w) such that each 7y
is a Bg,-name and (b, | ¥ < w) is a thread through (B, | k¥ < w) satisfying the
following properties:

We have 79 = 7 and by = 1. If &k > 0 and G}, is Bg,-generic over V' such that

bi € Gy, let G := G, N B, and 75 := 7% = 77 for j < k. Then
a) 7 (N3 €, A) < (L, [A]; €, A),

b) 7%(0, f,B,\,Bx, 5, A1, .., M) =0, f, BBy, S, A A,

c) supm" N =supo’ N for i =0,...,n,

)
)
d) 7."Gy C Gy, where Gy, := G N By,
e) Tk(z;) = 7;(xy) for | < j <k and

)

f) let i € {0,...,n}, k =j+ 1 and m be such that

75(&,) < & < 7i(Enin)-
Then 7,(&) = 75(&,) for I < m + 1.

Given ((74,b;) | j < k), we now construct (7, by).
Let Gj—1 be Bg, ,-generic over V such that b, € G;_1. By @ and [Lemma 4.4.1},

there is a unique elementary embedding
Tiat (N[Giaa]i €, 4) < ((L-[A]) [Gr-1]; €, A)

such that 77 ; | N = 741 and 77_1(Gx_1) = Gy_1. Since 6 verifies the sub-
+
completeness of E&“/Gk—l in V|[Gg_1], there is some ¢ € Bfk/Gk_l such that

for all Hy that are IB3§k/Gk_l—gemeric over V[Gy_1] with ¢ € Hy, there is some
7 € (V[Gy_1]) [Hk] satisfying
a) 7: (N[Gr_1]; €, A) < ((L[A]) [Gh_1]; €, A),

b) T(e,f,B, )\,EX,E,XI, . ,Xl) = H,f, B,)\,BA,S,)\l, .. -7)\n7

c) sup7’N\ =supo”) for [ =0,...,n and
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NIT TT7 . ék /
d) T Hkng, where Hk = /Gk—l.
By replacing the parameter s with

(s} U {moa(@) [ 1 < k= 1} U {r_s(€) | i.1 are as in[f]},

we may further require that
e) 7(x;) = mp_1(zy) for I <k —1 and

f) T(g;) = T,H(Ej) for all | < m + 1 where ¢ € {0,...,n} and m are such that

Tk—1(gjn) < f;zg < Tk—l(gin—&-l)'

By [Proposition 3.0.3| G}, := Gj,_1 % Hy, is Bg,-generic over V, G = G xHp, is By-
generic over N. Let b € Gj. Then b/Gk_1 € Hy,= G’Vék_l and, since 7" Hy, C Hy,

7(b) = T<b)/Gk71 € GVGk,l' Recall that by GVGk,l we actually mean G’VquT’
where Gy, is the upward closure of Gy in By (see [Definition 2.1.4). Hence,
there is some b’ € Gy and some ¢ € Gy_; such that ¢ < —A(7(0),0") = (—7(b) +
b') - (=b + 7(b)). Since V' € Gy, this yields Gy 3 (=V' + 7(b)) - ' < 7(b) and thus
7(b) € G}. In particular, this proves 7°G} C G.

Now 7, := 7 | N fulfills properties E[) - |ﬂ) and it suffices to find a suitable By, -
name 73 thereof and some b, € B, that forces all the required conditions while
also extending (b; | j < k) to a partial thread (b; | j < k) by, i.e. such that
hﬁkﬂ(bk) = bp_1.

Let ¢ be a B¢, , name such that ¢ = ¢Cr-1 and II—IB;&I%1 Ek,l ¢ Gk,l — ¢ = 0. By
IProposition 2.3.4] we may fix some b, € B, such that

br_1 H—Egk_1 ¢ = b’ka_l Ac “_Iék/c d7, such thatH) hold.
k—1

We have

b
heo () = " 0]
= [l¢# 0]

= g1

. . b _
and whenever Gy, is B, -generic over V such that b, € Gy, we have ’VGk NBe, , =

(CrMBe, | ng/Gk N B and since by_; € GxNBy,_,, there is some 75, € V[Gy] =
k—1
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(V[Gk N ng_l]) [G’VGk N B&H] satisfying H)ﬂ} We may thus fix some B¢, -name

71, such that
by, ”_Ing T, satisfies E[) .

Because (7, br) now has all the desired properties, this finishes our construction
and we may fix a sequence ((7,bx) | k¥ < w) such that:
7o = 0p and by = 1. If £ > 0 and G}, is Bg,-generic over V' such that b, € Gy, let

Gj=GpNBg, and 75 := T'-G’“ = T'-Gj for 7 < k. Then
a) 7t (N3 €, 4) < (L, [A]; €, A),
b) (8, F. B, N B8, Ms o M) = 6, £, BBy, 8, A0, -3 A

c) supm’ N =supo’ ) for i =0,...,n,

)
)
d) 7."G) C Gy, where Gy, := G N By,
e) mp(x;) = 7(xy) for | < j <k and

)

f) let i € {0,...,n}, k= j+ 1 and m be such that

TJ(& ) <& < T](§m+1)
Then 7,(&) = (&) for | < m + 1.

Let b := [Ip,{bx | ¥ < w} and let ¢ = (¢; | i < A) be the unique thread through
(B; | i < A) such that supp(c) C sup{&; | kK < w} and ¢g, = by, for all k& < w. If
cf(A\) = w, then ¢y = by IFg, cf(X) = &. Otherwise (& | k < A) is bounded below A
and ¢ is eventually constant. In both cases ¢ is an RCS-thread trough (B; | i < \)
and b= ¢* # 0.

Let G be By-generic over V such that b € G. For each kE<wlet G := GNBg, be
the associated B, -generic filter and let 7, := 7% — 7G Define

Op- N — LT[A]

by letting oo(z;) := 7(x;). Byld), we have oo(2;) = 75(2;) for all | < j < w. Let us
verify that op € V[G] now has all the desired properties.
We use the Tarski-Vaught test to verify that og: (N; €, A) < (L.[A]; €, A):
Let ¢ be a Lic ay-formula and let 4y, ...,y € N such that there is some y € L, [A]
with

(LT[A]7 <, A) ): ¢(00(y1)7 te 70_0(ym)a y)
Fix ly,...,l, < w such that y; = z;,,...,ym = x;,, and let | = max{ly,...,l,}.
Then oo(xy,) = 1i(xy,), ..., 00(x1,,) = Ti(x1,,) and by the elementarity of 7; there is
some ¥, 11 € N such that

(NJ G,Z) ): (b(xh? ey Tl s ym+1>
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4 Subcomplete Boolean Algebras

Fix l,,+1 < w such that y,+1 = and let I’ = max{l,m + 1}. By the elemen-

tarity of 7/, we have

(LT[A]7 <, A) ): (b(Tl(xll)? S >Tl(xlm>7 Tl(mlmﬂ))

'm+1

and thus

(xll)u cee ’O-O(xlm>7 Uo(xlmﬂ))'

(L-[A] €, 4) = ¢
€

Hence oy: (N; €, A) < (L

¢(o
[ J; LA)
Now let k < w be such that {6, f, B

X,Ex,g, Al,...,xl} - {.Tl ‘ [ < k} Then

(g E 5% E,Xh e 7Xn+1) = Tk(g,B,EX7§,X1, e 7Xn+1)
= 0,B7B)\,8,)\1,...7>\n+1.

Now, for &, fix | < w be large enough such that oo(&,) = 7(€,). Since 74(&}) <
sup 7,"\; = sup o, this implies sup oy "\i < supo”);. On the other hand, fix &
and let m be such that 7,(€,,) < & < Tk(gmH) Then, by property@) oo m+1)

Tk(§m+1) > £ witnessing that 0y”); is in fact cofinal in sup o”\;.

Finally, we have to see that 0o”"G C C G. First, let b € G}, for some k < w. Fix [ < w
large enough such that oo(b) = 7(b). By @ this yields o¢(b) = 7;(b) € G}, € G and
thus o0” U{Gk | k <w} C G.

If cf(M\) = wy, then, by elementarity,

(N €,4)  of () = wi™e?

and hence U{G}, | k < w} is dense in G. Thus, for g € G, we may fix some k < w
and some b € Gy, such that b < g. Then ao(b) = 00(g) and since o¢(b) € G, this
yields 0¢(g) € G.

Otherwise cf(\) = w and, again by elementarity, there is some (v, | n < w) € N
that is strictly increasing and cofinal in A. Now let g €. Since (N;€,4) &=
By is an RCS-limit , there is some thread b = (b, | n < w) € N through (B,, |
n <w) such that 6" :=TIg,  {b,, |n<w}€Gandb =7. Since, for n <w,
6" < b,, we have b, € G and furthermore, by elementarity,

oo(b") = Uo(Hf {b, | n <w})
= H {00 )| n<w}

= 00(9)-
Since G is B-generic and {o¢(b,) | n < w} C G, [Lemma 2.2.1] implies that
[Ts, {o0(bn) | n < w} € G and thus 0¢(7) € G, as desired. |
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Combined with the following claim, this allows to prove our initial claim at limit
ordinals A for which there is some i < A such that cf(\) < card(B;).

Claim (3). Let h < k < i < X and let Hy be ]B’VGh-genem'c over V[Gy]. Then

B,
( /Gh)/Hk is subcomplete in (V[Gy]) [Hy].

Proof. By [Proposition 3.0.3| G\ := G}, x Hy is Bg-generic over V and now, by

B,
what we’ve already proved, ( / Gh)/ ", = BVGk is subcomplete in V[Gy] =
(V[Gh]) [Hi]- u

In other words: Our induction hypothesis is also satisfied for (BVGh | h <i<))
in V[Gh]

So, let A < « be a limit ordinal such that there is some j < A with cf(\) < card(B,)
and such that for all h < i < A and all Bj-generic G}, the complete Boolean algebra
BVGh is subcomplete in V[G,]. We have to show that B/\/Gh is subcomplete in
VIGh].

There are two cases:

If j < h, then cf(\) < card(B;) < w; in V[G] and since (By/5 | h < i <)) is
an RCS-iteration such that BVGh is subcomplete in V[G}] for all h < i < A, our
previous claim yields that EVGh is subcomplete in V[G}].

Otherwise h < j. Let H;y, be any BJH/Gh generic ultrafilter over V[G}]. Then
Gj+1 = Gp* Hjq is Bjy-generic over V and in V[G,41] = (V[G}]) [H;], we have
cf(A) < card(B;) < wy. Since (BVG],H | 74+ 1 < i <)) is an RCS-iteration in

V[G,4+1] and BVGj+1 is subcomplete in V[G;i4] for all j +1 < i < A, we may

B (*va)
apply our previous claim to conclude that >/Gj+1 = Gnl/ H, is subcomplete

in V[Gj41] = (V[G4]) [Hj41]. This proves
()
”‘BjH/Gh h)/ o S subcomplete,

where Hj+1 is the canonical Bj+1/Gh—generic name. Since Bj/Gh is subcomplete

in V[G}], the Two Step Iteration Theorem (Theorem 4.5) yields that BVGh is
subcomplete in V[Gy].

The only remaining case is that A\ < « is an uncountable limit ordinal such that
card(B;) < cf(\) for all i < A. Since B; C B;,; for all ¢ < A, this implies that A is
regular. First, let us handle the case that h = 0:
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4 Subcomplete Boolean Algebras
Claim (4). Let A < « be a reqular cardinal such that card(B;) < X and such that
B; is subcomplete for all i < A. Then By is subcomplete.

Proof. By [Lemma 4.0.1|it suffices to prove that By is {8, A\, B, }-subcomplete. By
the fullness of VB, for i < A\, we may fix a cardinal 6 such that A < 6, B,,B € Hy
and such that for all i < j < A

IFg, 0 verifies the subcompleteness of I@j.
Let 7 > 60 be regular and let A be a set such that Hy C L,[A] and let
o: (N;€,4) < (L, [A]; €, 4)

be an elementary embedding, where N is countable, transitive and full. Fur-
thermore, let A1, ..., A\ 411 be regular cardinals such that card(B,) < A\ for k =
1,...,n, \py1 = A and let s be an additional parameter such that

(g B X BXagaxlw"aXnJrl) :evfalga)‘aB)\757>\la"'7>\n+1-

Finally, let G be By-generic over M and set A := N N Ord. We prove that there
is some b € B} such that for all By-generic ultrafilters G over V with b € G there
is some oy € V[G] that satisfies

a) oo: (N €, 4) < (L-[A]; €, 4),

b) 00(0,B,Bx,5, A1y .., Ang1) = 0, B, By, s, A1y ..o, A,

c) supog’\; =supo’);, fori =0,1,...,n+ 1, where \g := N N Ord, and
d) o

77GCG

Our strategy is the same as in the case that cf(\) < w;. However, the absence
of f complicates our argument and forces us to add some additional induction

hypotheses.

As before fix, for ¢ = 0,1,...,n 4+ 1, a striclty increasing and cofinal sequence
(fk | k < w) in )\; and let fk = a(fk) Then (&} | k,w) is striclty increasing and
cofinal in sup o7 );. Let & := & and €, = EZ+ for k < w and fix an enumeration

(r; ]l <w) of N.
We aim to recursively construct a sequence ((7%,bx) | k& < w) of B, -names 7, and
elements by, € B, such that

) a) bp=1, 7y =7,
b) hﬁk,l(bk) =bi_1 for 0 < k,
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4.3 RCS-Iterations

II) If G is B, - generlc over V with b, € G, let, for n < &, G, := GNB, and,

for n <&, G, := GNB, be the associated generic ultraﬁlters For j < k let
G
7; =177 =7, ’. Then

Tk (N €,4) < (L,[A]; €, A),
( )\7§,X1,... Xn—i—l) = 0 B B)\,S,)\l,...,/\n+1,

a

o

\]

)
)
) supT,’c)\ =supo”\; fori=0,1,...,n+1,
d) 7 ”Gf C G, whenever 74(E,,) < & < T(Epin),
)
)

C

e) Tp—1(xy) = () for all | < k,

f) Let i € {0,1,...,n+ 1} and m be such that 7, (E) <& < T 1(§m+1)
Then 7(€)) = Tk_l(fl) for il <m+1.

Note that implies 73 (2;) = 7j(x;) for [ < j < k.

Before showing how to construct ((7%,bx) | ¥ < w), let us show that [I)) and
imply the existence of a suitable oy € V[G]:

Let b := [I{bx | k¥ < w}. Since A is regular and uncountable, {& | k < w} is
bounded below A and there is hence some eventually constant thread ¢ = (¢; |
i < A) through (B; | ¢ < A) such that ¢, = b for all & < w and consequently
¢* = b. In particular, this yields b # 0. Let G be B)-generic over V such that
be . For k <wlet Gg, := G N DB, be the associated By, -generic filter and let

. .G
T = TkG =T, * As before define a map

o0: N — L,[A]
by letting o¢(z;) = 7(z;) for [ < w. The same proof as above yields that

is an elementary embedding that satisfies

00(?, B,Ex, §, Xl, Ce 7Xn+1) = 9, B,E)\, S, )\1, ey >\n+1
and sup oy”\; = supo”\; for i = 0,1,...,n 4 1. Furthermore, by the same argu-
ment as before, we have 0¢"Gz C G for all k < w and since U{B; | i < A\} =
U{Egk | k < w} is dense in By, this already implies 0”G C G.
We now finish the proof of our claim by constructing a sequence ((7,b; | k¥ < w)
that satisfies [) and [[I). To do so, we actually construct a sequence ((7y, by, cx) |
k < w) such that

III) a) Co = bo = 1,
b) h&ﬁl (Ck) =br_1 for 0 < k,
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4 Subcomplete Boolean Algebras

c) - hold whenever ¢, € G’ and

This will be done recursively, by first defining (7%, ¢x) and then shrinking ¢ to a
suitable by,.
Let v < & < p < 0”\ be such that & < v for all j < k. Then let

v

ai" = e [1(&) = 7 A Fu(Eia) = il -

Subclaim (1). Let (i,v, p), (i',/, 1) be such that a"" and a\"*"*") are defined

and (i,v, 1) # (i',/, 1f)). Then a{™* . o) = 0.

Proof. Suppose not. Let (i,v, 1) # (i',/, i') be such that a,(f"/’“) : al(:/’l/’“/) # (0 and
('/ ! !

let G be B, -generic such that al** - o/ € G.

If i 4, say i <7, then p = 1(&;41) < 7(§y) =" < & (Contradiction!)

Thus ¢ = " and hence, we have both v = 7,(§;) = v/ and as p = 73(§;,) = 1.

(Contradiction!) |
Additionally, we shall inductively verify that

V) al™" . ||#(2) = Jlls., € B, for all z,y € V and all v, u with sup{¢; | j <
k} <v <& <p.

Now let Ay be the antichain of all al**") # 0 such that sup{¢; | j < k} < v <

& < p. By , there is, for each a,(f’y’“) € Ay, some B,-name 7"(@,5?"”’“)) such that
%(a,&i’y’“))a" = 7¢ whenever G is B, -generic over V with a,(f’u’“) eaG.

On the other hand, if H is B,-generic over V such that a{""*) € H, then there is
some H C G such that G is B, -generic over V and H = G, (see|Proposition 3.0.3)).

In particular, this yields

Hay )" = (a7 ) = 4.

We therefore have the following statement:

(1) If G is B,-generic over V such that a = ag’y’“ ) € @, then 11) also holds if we

replace 7, with 7(al™*) := #(a{"*)¢ and we 7; := T =1 % for j < k, where

G,:=GNB,, forn<v,and G, :=GNB, for n <&,.

Let v < u < X\ and let GG}, be B,-generic over V. By our induction hypothesis
we know that IB3#/(;1/ is subcomplete in V[G,] and by (1), we may now repeat
the previous construction of (741, bgy1) from (7%, by) in our first limit case. This
yields:
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) Let a = al"™" € A,. Then there are @ € B} and 7o(a) € VP such that
(@) = a and whenever G, is B,-generic over V with @ € G, we have for
a) := 7(a)? and 79(a) := 7(a)®

>0

T?
) mla): (V€. 4) < (L[] €, 4),

b) 10(a)(0,B,B5),5, A1, ... s Adns1) = 0, B, By, s, A1y o, Ant,s

c) supo(a)” s =supo”\; fori =0,1,...,n+ 1,

d) T()(CL)”égi_H C G (and by construction 7o(a)(&,, ) = u),

e) if r < w is minimal such that u <&, then 7o(a)(z;) = 7(a)(x;) for | < r,

f) ifr < w is minimal such that p <&, 7 € {0,1,... ;n+ 1} and m is such that
7(a) (&) < & < 7(a)(Enp), then 1o(a)(§) = 7(a)(§) for I <m + 1.

For each a € Ay fix such a pair (a,7y(a)) and let r < w be minimal such that
i < &. We aim to construct a Be -name 7, and some ¢, € IB%;“T such that for all
B¢, -generic G¢, with a - ¢, € G¢, we have

a € G and 7% = 7y(a)Cer.

We have to arrange that @ = a - ¢, and he,(¢;) = by. This means that he, (@) =
he(a-c.) = a- he(c,) = a- b, Given ¢, we thus let € := ¢ - —> Aj and
b, :=¢+ Z{hgk(&) | a € Ak}

We continue our proof by the following induction on k.

Assume that hold for all j < k and and hold at k. We verify

that I}, [[) and [[IId) hold at &:
111d)) follows immediaﬁr from the defintion of b, and since [[IIc) holds at k, this

implies . To verify , first note that for any a = ai’”’“ € Ay
h&k—1 © h{k (d) = h&k—l (d)

= hﬁk—l © hu(&)
= h’gk—l(a)
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and thus

he, (b)) = he, (€ + D _{he,(a ! a € A})
= he, (@) + D {he, (@) | a € A}
= he (o =D Ax) + D _{he  (a) [ a € Ay}
ey (e — S0 A + he (3 AY)
= he,_, (o - ZAk+ZAk
(

= hﬁk 1 bk)
= bp—1.

Furthermore, using [[Ic) and oy = o, we have Ay = {a®%%} = {1} and thus
bo = ho(1) = 1, i.e. [[a)) holds true.

Finally, assuming that hold for all j < k, we define ¢, and 75 and verify
[Ia){IIId) and [[V) at k.

For k = 0 we let cr := 1 and 75 := . In this case, _ and . hold trivially.
If k=j+1, use Ay and {a | A} for | < k to define A} as the set of all ayt e
U{A |l < k} such that &; < p.

1

1

Subclaim (2). Letl < k and a = a;"" € A;. If G is Be, -generic over V such that
a € G, then 1,_1(€,) = 1(&,,) for all h < i+ 1.

Proof. Let k = j + 1. By induction on j, we prove that 7;(£,) = 7(&,) for all
h <141 and for all [ < j that satisfy .
This is trivial for j =1. If j =n+ 1 and [ < n, then

Tn(gz) =v < gj < p= Tn(gﬂ—l)
and hence yields the claim. |

Repeating the proof of Subclaim(1), we again have

Subclaim (3). Let (i,v,p), (¢,v/, i) be such that a i’”’“),ayl”/’”/) € A;_, are de-

fined and (i,v, 1) # (', 1¢'). Then a{*" - o) = 0.
J j

Let
Ck _Z{hﬁk |CL€A 1}

and A, be the set of all akl’_yl’“ € A;_, such that p < &. By |Lemma 2.3.3
we may now fix a Bg, -name 7, such that |7 = 7p(a)|| = a for all a € Ay and
|7 = Tral| -k = e - — 2 Ay

[11al) holds trivially at & > 0 and we continue by verifying [[11d]), i.e.
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Subclaim (4). Let G be Bg, -generic over V' such that ¢, € G. For n < &, let
> _ _ Ge.

G, :=GNB, and forn <&, let G, = GNB,. Let 7; := 7"]-G = 17; 9 for j < k.

Then

a) 7. (N;€,4) < (L. [A];€, A),

b) 1(0,B,Bx5, 5, A1,y Any1) = 0,8, By, s, A1,y A,
c) sup TN =supo’ N fori=0,1,...,n+1,

d) 7."Gz  C, whenever 1,(,,) < & < Tk(Ep1),

e) Ti—1(x;) = 1(xy) for alll <k,

f) Leti€{0,1,...,n+1} and m be such that Tk,l(Efn) <& < Tk,l(éfnﬂ). Then
(&) = i1(§) for 1 <m+ 1.

Proof. There are two cases. First suppose that there is some a € A}, such that
a € GG. Fix | < k such that a = al(l’y’“ € A,. Since a € A;, we have @ < & and
thus {1 < p < &. By the definition of 7, we have 7, = 79(a) and hence a)-d)
follow from properties a)-d) in (x).

k is the minimal r such that p < &,., and thus (%) yields that 7o(a)(z;) = 7(a)(z;)
for all [ < k. Since 7(a) = 7, we have

T(§) =v <& <& <Tl§p) =

for | <1 < k and thus 7(a) = 7 for [ <1’ < k. In particular, for [ < k

and thus e) holds true. ' '

Finally, let i € {0,1,...,n+1} and let m be such that 7,_;(§,,) < & < Tk,1(£:71+1)
and let [ <m + 1. Then

(&) = 7o(a) (€)
= 7(@)(&)
= 7-1(§),

i.e. f) holds true. ) .
The second case is easier. If a ¢ G for all a € Ay, then ¢ - — > Ap € G and thus,
by the definition of 7, 7, = 7,_1. This trivially implies a)-f). [ |
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Next, we verify , 1.e.
Subclaim (5). he,_, (cr) = br_1

Proof. Suppose not and let £ > 0 be minimal such that he, ,(cx) # bg—1. Recall
that

heey(cx) = e, (D _{he,(a) | a € Af_1})
_Z{hﬁkl |a€A 1}

and bp_1 = ¢+ Z{hfk_1 (d) ’ a € Ak—1}7 where ¢ = ¢_1 - — >, Ap_q1. Let A" :=
A; 1\ Ak—1. We derive a contradiction by proving that

=D {he, (@) [a€ A} (©)
Indeed, if ¢ = > {h¢,_,(a) | a € A’'}, then

bk1:E+Z{h§k1~)|a€Ak 1}
=D {hg_, (@) [a € AUA 1}
—_———

— A*
_Ak—l

= hgkfl (ck‘)

(Contradiction!). So, let us prove (0):

First, let a € A" = A;_; \ As—1. Then he, (@) = 1 = Y{hg (@) | a € A;_1}.
On the other hand, for any b € Aj_y, Subclaim(3) yields a - b = 0 and thus
he, . (@) - he,, (b) = 0. Hence

hohe, (@) - D Ay1) = D ho({he, (@) - hu(0)) | b= a1 € Ay}
= > {hol@ - b) | b=ai}" € Ay 1}>
= 0.

Therefore he, ,(a) = — 3 Ap—1 and consequently > {he, ,(a) |a € A’} < ¢
Conversely, suppose that ¢ 2 >>{h¢, ,(a) [ @ € A'}. Then there is some [ and some
a=a"" € Af\ A’ such that hg (@) - ¢ # 0 and hence a - ¢ # 0. This leads to a
contradiction:

Let G be Bg, ,-generic over V such that a-¢ € G. Since a ¢ A’, we have v < § <
p < &1 and thus 7(§;) = v < § < 71(&§;4) = p. By Subcla1m(4)f) this implies
T-1(&,) = mi(&,) for all r < i+1. In particular, we have 7,1 (£,.;) < fk . and there
is thus some i < n such that 7,_1(§,) < &-1 < Th-1(&,41)- Let v* = 1_1(E,,)
and 1 = 7,_1(€,,,). Then a* := o™ € G N Ay_ja therefore a* - ¢ # 0,
contradicting the definition of ¢. |
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Before verifying [[V]) at k, let us prove the following

Subclaim (6). Let a = (W” € Ay and let @ = a7 € A% | such that v < Ti.
Then a-a = 0.

Proof. Suppose not. Let G be By, -generic over V' such that a-a@ € G. Then
Te1(&) =7 < & < T 1(§Z+1) and therefore, by Subclaim(2), 7,,(;) = m-1(§))
for all I <7+ 1.

In particular, we now have

(&) = v <A =Ti1(§41) = (1) < G
and thus 7 < 7. This implies
v="(&) < (&) =7 < G < &,
contrary to a\""* € A;. (Contradiction!) |

We finish our proof of Claim(4) by verifying [[V]), i.e.

Subclaim (7). a{""*" . ||#(&) = Jls, € B, for all z,y € V and all v, pu with
sup{§; | j <k} <v <& < p.

Proof. Let a = a{""*" € A, and let A’ be the set of all b = alﬁ’m € A;_, such
that @ < v. Using Subclaim(6), we now obtain

o= fha 0) |0 € 4i)

ZZ{G'5|56A2_1}-

Now b= |7 = 7()| € By C B, for all b = alﬁﬁ € A’. Furthermore, since
70(b), %,y € VB and since Tg(b) () = gy is a ¥y statement, we have, by
m tion 2.2.1} [|79(b)(%) = y|| € Bz C B, and therefore

v

a- 1@ =3l - b =b- [7(0) (@) = Il - [76(b) () = 7] - [17o(B)(Err) = i1l € B,
Hence a - ||7(Z) = 9] = X{a - [|7(%) = 9| - b |be A’} €B,. [ |
[ |

Given the length of this proof, it may be a good idea to summarize our progress.
By induction on ¢, we aimed to prove

Claim (1). Let h < i < « and let Gy, be Bp-generic over V.. Then BVGh is
subcomplete in V[Gp).
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This was trivial for z = h and and a straightforward application of the Two Step
[teration Theorem solved the case i = 7 + 1. If A < « is a limit stage of cofinality
< w; and the claim holds below A\, we were able to prove that B, is subcomplete
in V. Building on this, we verified the induction step for limit ordinals X if there
is some 7 < A such that cf(\) < card(B;).

The only remaining case is that A is regular. So far, we proved that B, is in fact

subcomplete in V. This was the most difficult part and we now have to check B’\/Gh
is also subcomplete in V[G}]. Fortunately, there are no further complications:
Let h < X and let G, be Bp,-generic over V[Gy]. Applying our induction hypothesis

and working in V[G},], we now have that (BVGh | h <i <)) is an RCS-iteration
such that BVGh is subcomplete for all ¢ < A. Since IBSh/Gh = {0,1}, BVGh +
Bity/q, and

H_Bi“/c;h card(BVGh) < wy

for all h < i < A, we may simply repeat the proofs of Claim(2) and Claim(4) inside
V[G}] to obtain that BVGh is subcomplete in V[G}]. [

]
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