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Problem 1: Commutator relations for fermions (3 points)

a) The anticommutator of the operators Â and B̂ is given by

[Â, B̂]+ = Â B̂ + B̂ Â .

Show that the following relation holds for an additional operator D̂

[Â, B̂ D̂]− = [Â, B̂]+ D̂ − B̂ [Â, D̂]+ .

b) The creation and annihilation operators ĉ+
j and cj have been introduced in the lecture.

Use the anticommutator relations of these operators to calculate the following commutator
[Â, B̂]− = Â B̂ − B̂ Â

i)
[n̂j, ĉk]− and [n̂j , ĉ+

k ]− with n̂j = ĉ+
j ĉj .

ii)
[ĉ+

i ĉj , ĉ+
l ĉm]− = α · ĉ+

i ĉm + β ĉ+
l ĉj .

Calculate α and β.

iii)

[ĉ+
i ĉj ĉ+

l ĉm, ĉ+
n ĉp]− = (α · ĉ+

i ĉp + β · ĉ+
n ĉj) ĉ+

l ĉm

+ ĉ+
i ĉj (γ · ĉ+

l ĉp + ζ · ĉ+
n ĉm) .

Calculate α, β, γ and ζ.

Useful relation:
[Â B̂, D̂]− = [Â, D̂]− B̂ + Â [B̂, D̂]− .

Problem 2: Expectation values for fermions (2 points)

The eigenstates of the Hamilton operator

Ĥ =
∞∑

j = 1

εj ĉ+
j ĉj

have the form

|φ〉 =
∞∏

j =1

(ĉ+
j )nj |0〉 .

a) Calculate
n̂l |φ〉 with n̂l = ĉ+

l ĉl .

b) Determine the expectation values

a) 〈φ|ĉ+
l ĉm|φ〉 ,

b) 〈φ|ĉ+
i ĉ+

l ĉk ĉm|φ〉 .

Use the occupation numbers nk and nm to represent your result.
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Problem 3: Particle density operator (2 points)

The operator of the particle density has the form (position representation)

ρ̂ (	r ) =
N∑

i= 1

δ (	r − 	ri) .

a) Transform this operator into the occupation number representation ρ̂F (	r ) with the creation and
annihilation operators ĉ+

�k σ
and ĉ�k ′ , σ′ .

Use plane waves as single-particle basis

ψ�k σ
(	r ) =

1√
Ω

· ei�k �r · χσ

with the volume Ω.

b) Calculate the Fourier transform of ρ̂F (	r )

˜̂ρF (	q ) =
1
Ω

∫

Ω

e−i �q �r ρ̂F (	r ) d3 r .

Problem 4: Two-level system (3 points)

The Hamilton operator of a system with two spin degenerate energy levels εa and εb has the form

Ĥ = εa

(
ĉ+
a↑ ĉa↑ + ĉ+

a↓ ĉa↓
)

+ εb

(
ĉ+
b↑ ĉb↑ + ĉ+

b↓ ĉb↓
)

.

a) Show that the state
|φ1〉 = ĉ+

a↑ ĉ+
b↑ |0〉

is an eigenstate of the system. Which energy has the system in this state?

b) Show that the state

|φ2〉 =
1√
2

(
ĉ+
a↑ + ĉ+

a↓

)
ĉ+
b↑ |0〉

is normalized. Is |φ2〉 an eigenstate of the system?

c) Calculate for |φ1〉 and |φ2〉, respectively, the expectation values for the spin operators

Ŝz =
h̄

2

∑
j

(
ĉ+
j↑ cj↑ − ĉ+

j↓ ĉj↓
)

und Ŝx =
h̄

2

∑
j

(
ĉ+
j↑ ĉj↓ + ĉ+

j↓ cj↑
)

with j = a, b.
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