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Problem 1: Commutator relations for fermions (3 points)

a) The anticommutator of the operators A and B is given by
A Bl, — AB+ BA.
Show that the following relation holds for an additional operator D

(A, BD] — [4 B, D — B[4 D]. .

b) The creation and annihilation operators éj and c¢; have been introduced in the lecture.
Use the anticommutator relations of these operators to calculate the following commutator

A Bl — AB - BA
i)

(1, E— and [, e with n; = A;r Ci .
ii)
(65 ¢, ¢ el = a - & ém + BE ¢
Calculate o and (3.
iii)
e e Rl = (o i 8 )
vy g e+ ¢ e

Calculate «, G, v and (.

Useful relation:

[AB,D]_ = [A, D|_B + A[B, D]_
Problem 2: Expectation values for fermions (2 points)
The eigenstates of the Hamilton operator
o0
H=)> e
j=1

have the form

a) Calculate
| @) with 7 = ¢ ¢ .

b) Determine the expectation values

a)  (le] emle)

b)  (lef ¢ e emle) -

Use the occupation numbers ng and n,, to represent your result.



Problem 3: Particle density operator (2 points)

The operator of the particle density has the form (position representation)
P =Y 0= 7).

a) Transform this operator into the occupation number representation pg (7) with the creation and

annihilation operators ¢t and é;:, .
ko k , O

Use plane waves as single-particle basis
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with the volume €.
b) Calculate the Fourier transform of pg ()
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Problem 4: Two-level system (3 points)

The Hamilton operator of a system with two spin degenerate energy levels €, and ¢, has the form

A~

H = ¢, (é;rT éaT + é;rl éal) + & (éer ébT + éIJ)rl ébl) .
a) Show that the state
‘¢1> = é:T é;’T ’0>

is an eigenstate of the system. Which energy has the system in this state?

b) Show that the state
L /. . ;
¢2) = NG (C;LT + le) & 10)

is normalized. Is |p2) an eigenstate of the system?

c) Calculate for |¢1) and |¢2), respectively, the expectation values for the spin operators
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with 7 = a, b.
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