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Abstract

The composite nature of hadrons implies that more than two partons can be involved in several
hard, semi-hard or soft interactions in one hadron-hadron collisions. Such processes are known
as multiple parton interaction (MPI) processes. The double parton scattering (DPS) is a process
involving two hard interactions per one hadron-hadron collision which provides a cleanest MPI
system. Moreover, the DPS is the most often occurring type of MPI at high transverse momenta of
the observed final state. The DPS, among others, constitutes an important background to many
Standard Model, as well as Beyond the Standard Model processes. In particular, DPS plays a
crucial role for the specific kinematic regions of multi-jet pair production. Theoretical studies of
DPS phenomena indicate a fundamental connection between DPS and various partonic correlations.
Experimental measurements of DPS performed at the Tevatron and the LHC suggest a presence of
non-trivial correlations between proton’s constituents. However, the nature of these correlations
needs to be better understood. Therefore, studies of the DPS phenomena can provide valuable
insights into proton’s structure and dynamics of its constituents.

In the main part of this thesis we discuss the phenomenology of the four-jet DPS production
in proton-proton (pp) and proton-nucleus (pA) collisions. We present simulations of the four-jet
DPS signal performed with our standalone DPS Monte Carlo code. We provide a detailed study of
the DPS and the single parton scattering (SPS) contributions to the the four-jet production in pp
collisions. In particular, we study the relative importance of both contributions for different jet cuts
and collision energies. We show how one can combine DPS events generated with our DPS code at
the partonic level and the initial and final state radiation (ISR and FSR) simulations implemented in
the Pythia event generator. We present necessary checks of an interface between our DPS code and
the Pythia event generator and study the impact of the ISR and FSR effects on our four-jet DPS
simulations. Our DPS code allows to use different models of double parton distribution functions
(dPDFs). In particular, we study the impact of the Gaunt & Stirling dPDFs (GS09) on the four-jet
DPS production in pp collisions and identify the regions of the final state phase space where GS09
effects become important. After discussing DPS in pp collisions we extend our DPS calculations
to pA collisions using the framework proposed by Strikman & Treleani. We study the interplay
between the DPS signal and the SPS background in pA collisions and estimate the overall impact of
the nuclear parton distribution functions (nPDFs) on the four-jet DPS productions in pA collisions.

In the remaining part of this thesis we provide a detailed comparison between the formalism
we have used to describe DPS in pp and pA collisions against models used in the Pythia event
generator. First, we study in detail similarities and differences between the GS09 approach and
modelling of dPDFs in Pythia and the role of momentum and number correlations induced by
dPDFs sum rules proposed by Gaunt & Stirling. Furthermore, we study the role of momentum and
number correlations induced by GS sum rules in the phenomenology of the four-jet DPS production.
Secondly, we provide a detailed comparison between the predictions of Strikman & Treleani against
the predictions of the Angantyr model of pA collisions which was recently implemented into the

Pythia event generator.
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Zusammenfassung

Die zusammengesetzte Natur der Hadronen impliziert, dass mehr als zwei Partonen an mehreren
harten, halbharten oder weichen Wechselwirkungen in einer Hadron-Hadron-Kollision beteiligt sein
konnen. Solche Prozesse werden als Multiparton- Wechselwirkung oder MPI bezeichnet. Die Doppel-
partonstreuung (DPS) ist ein Prozess, die zwei harte Wechselwirkungen pro Hadron-Hadron-Kollision
umfafit. Sie stellt eins der reinsten MPI-Systeme dar. Auflerdem ist die DPS die am haufigsten
vorkommende MPI-Art bei hohen Transversalimpulsen des beobachteten Endzustands. Die DPS
bildet unter anderem einen wichtigen Hintergrund fiir viele Standardmodell- und Jenseits-des-
Standardmodell-Prozesse. Insbesondere spielt die DPS fiir die spezifischen kinematischen Bereiche
der multiplen Jet-Paar-Produktion eine entscheidende Rolle. Theoretische Untersuchungen von
DPS-Phanomenen weisen auf eine fundamentale Verbindung zwischen DPS und verschiedenen
partonischen Korrelationen hin. Experimentelle Messungen der DPS, die am Tevatron und am
LHC durchgefiihrt wurden, legen nahe, dass nichttriviale Korrelationen zwischen den Protonenbe-
standteilen bestehen. Die Art dieser Zusammenhénge muss jedoch noch besser verstanden werden.
Deshalb konnen Untersuchungen der DPS-Phanomene wertvolle Einblicke in die Struktur des
Protons und die Dynamik seiner Bestandteile geben.

Im Hauptteil dieser Dissertation wird die Phinomenologie der Produktion von vier Jets in
Proton-Proton- (pp-) und Proton-Kern- (pA-)Kollisionen diskutiert. Wir présentieren Simulationen
des Vier-Jet-DPS-Signals, die mit unserem eigenstandigen DPS-Monte-Carlo-Computerprogramm
durchgefiihrt wurden. Wir legen eine detaillierte Studie der Beitrage der DPS und der Einfach-
partonstreuung (SPS) fiir die Vier-Jet-Produktion in pp-Kollisionen vor. Insbesondere vergleichen
wir den Einfluss beider Beitrage in Abhéngigkeit verschiedener Jetparametrisierungen und Kol-
lisionsenergien. Wir zeigen, wie man auf partonischem Niveau DPS-Ereignisse, die mit unserem
DPS-Program generiert wurden, mit dem Partonen-Schauer des Pythia-FEreignisgenerators kom-
binieren kann. Wir diskutieren Tests einer Schnittstelle zwischen unserem DPS-Programm und
dem Pythia-Ereignisgenerator und untersuchen die Auswirkungen der Partonen-Schauer-Effekte auf
unsere Simulationen der Vier-Jet-Produktion. Unser DPS-Programm ermoglicht die Verwendung
verschiedener Modelle von Doppelpartondichtefunktionen (dPDFs). Insbesondere untersuchen wir
den Einfluss der Gaunt & Stirling-dPDF's (GS09) auf die Vier-Jet-Produktion in pp-Kollisionen
und identifizieren diejenigen Bereiche des Endzustand-Phasenraums, in denen GS09-Effekte wichtig
werden. Nach Erorterung der DPS fiir pp-Kollisionen dehnen wir unsere DPS-Berechnungen auf
pA-Kollisionen unter Verwendung des von Strikman & Treleani vorgeschlagenen Modells aus. Wir
untersuchen das Zusammenspiel zwischen dem DPS-Signal und dem SPS-Hintergrund fiir pA-
Kollisionen und schétzen den Gesamteinfluss der Kernpartondichtefunktionen (nPDFs) auf die
Vier-Jet-Produktion bei pA-Kollisionen. Im verbleibenden Teil dieser Dissertation stellen wir einen
detaillierten Vergleich zwischen dem Formalismus, den wir zur Beschreibung der DPS in pp- und
pA-Kollisionen verwendet haben, und Modellen, die im Pythia-Ereignisgenerator verwendet werden,
an. Wir untersuchen erstens detailliert Ahnlichkeiten und Unterschiede zwischen dem GS09-Ansatz
und der Modellierung der dPDF's in Pythia. Auflerdem untersuchen wir die Rolle derjenigen Impuls-
und Zahlenkorrelationen, die durch die von Gaunt & Stirling vorgeschlagenen dPDF-Summenregeln
induziert werden. Dariiber hinaus untersuchen wir die Rolle derjenigen Impuls- und Zahlenko-

rrelationen, die durch GS-Summenregeln in der Phénomenologie der Vier-Jet-DPS-Produktion
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induziert werden. Zweitens bieten wir einen detaillierten Vergleich zwischen den Vorhersagen von
Strikman & Treleani und den Vorhersagen des Angantyr-Modells fiir pA-Kollisionen, das kiirzlich

in den Pythia-Ereignisgenerator implementiert wurde.
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Chapter 1

Introduction to QCD

In this chapter we shall review the main formulae and concepts of the quantum chromodinamics
(QCD) we need to describe double parton scattering. Since we are going to talk about well established
ideas we shall not give any proofs. The details can be found either in the existing textbooks, for

example [1] - [5], or in original publications.

1.1 The QCD Lagrangian

A concept of symmetry can be seen as a cornerstone of modern particle physics since the requirement
to have a theory being invariant under the action of a certain symmetry group automatically
constrains the number of possible terms in a Lagrangian. Moreover, due to the Noether’s theorem,
each continuous symmetry leads to a conserved current and a corresponding quantum charge.
Therefore, a commonly used approach is to request first a certain symmetry of a new theory and
then write down all possible invariant terms.

Let us illustrate this idea by demonstrating how the Lagrangian of quantum electrodynamics
(QED) can be constructed using the Lagrangian of a free Dirac field as a starting building block.
The Lagrangian for the free Dirac field is given by

Lpree =V (id —m) 1, (1.1)

where @ = Y0, 1 is a four-component Dirac spinor and ¥ = T4 is its Dirac conjugate. This
Lagrangian is invariant under so called global gauge transformations v (x) — €% (x), where 6 is a
constant number and e is a coupling constant. However, if we promote 8 to an arbitrary function of
a space-time (so called local gauge transformations), the Lagrangian will not be invariant any more.
One can restore the invariance by changing the four-derivative d,, to a new object called covariant
derivative D, = 0,, + ieA,, where an auxiliary field A,, also called a gauge field, transforms under

the local gauge transformation as A, — A, — é@,ﬁ, and hence the new Lagrangian
Ling =1 (i) —m) ¢ = (i —m) ¢ — e Ay) (1.2)

is invariant under the local gauge transformation ¢ (x) — €@y (z).
Now, if we would like to identify the field A, with a physical field we also need to add to Eq. 1.2
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a term which will describe the propagation of the field A, in the absence of interactions. Therefore,

Lopp =0 (i) —m) ¥~ {Fu ™, (13)

where F),, = 0, A, — 0, A, is a gauge-invariant antisymmetric tensor of the second rank also called
electromagnetic tensor.

The considerations above show how the requirement to have a Lagrangian being invariant under
a certain set of transformations give rise to a new theory. Using a group theory language one can
say that the requirement of the invariance of the free Dirac Lagrangian Ly, is equivalent to the
requirement of the invariance of the L., under the action of the abelian U(1) symmetry group on
its fermionic fields. The local gauge transformation 1 (z) — e?(®)y) () therefore describes how the
Dirac field transforms under the action of the U(1) symmetry group. The U(1) symmetry group, in
turn, is a simplest member of an infinite family of non-abelian Lie groups SU(N)!. It is therefore
very tempting to try to construct Lagrangians being invariant under the action of another members
of SU(N) family, e.g SU(2) or SU(3), and to investigate the properties of outcoming theories. In
1954 Yang and Mills [6] built a gauge theory invariant under the SU(2) symmetry group and used
it to explain the isopin conservation in nucleon-nucleon interactions. This approach turned up to
be very fruitful for the description of fundamental interactions. In particular, in 1973 Fritzsch,
Gell-Mann and Leutwyler [7] proposed to describe strong interactions with the Yang-Mills theory
based upon SU(3) symmetry group. In the same year Politzer [20] and independently Gross and
Wilczek [21] published their groundbreaking papers where the asymptotic freedom was discovered.
Therefore, 1973 can be seen as a year when a modern theory of strong interactions was born. In
the rest of this section we will briefly sketch main concepts of this theory we will need later in this
thesis.

The transformation of a Dirac field 1) under the action of the SU(3) symmetry group can be
written as 1(z) — "t"1)(x) where t* are the generators of the SU(3) group (see Appendix A)
and a sum over all repeating indices is assumed. Replacing a partial derivative 9, in Eq. 1.1 by a

covariant derivative D), = 9, —igAjt* one can write
Loop = (i) —m) 4, (1.4)
and, therefore, the transformation law of the field A} is now given by
1
Aﬁ%Az+§@ﬂ“+fmA%ﬁ (1.5)

where f%¢ are the SU(3) group structure constants. The last term in Eq. 1.5 was absent in the
case of QED and emerges due to the non-abelian nature of the SU(3) symmetry group.
The tensor Fj, also acquires the additional term proportional to the structure constants fabe:

Ff, = 0,A% — 0,A% + gf* Ab A, (1.6)

'In this thesis we give only a necessary minimum of SU(N) properties essential to perform LO QCD computations,
see Appendix A. A more detailed description can be found, for example, in [3], [5].
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and, finally, the QCD (Yang-Mills) Lagrangian is 2

Laon =6 (i) —m) b — L, F. (1.7)

The fermions and bosons described by the QCD Lagrangian are called quarks and gluons respectively.
The tensor Fj, in Eq. 1.7 being contracted with itself will give, among others, terms involving
products of three and four gauge fields Ajj. Such terms give rise to new types of Feynman graphs
shown in Fig. 1.1 b) and c) which were absent in QED.

1.2 QCD Feynman rules

The quantization of non-abelian gauge theories is a highly non-trivial task which requires special
procedures. The first results for one-loop diagrams were obtained by Feynman in 1963 [8] and
De Witt in 1964 [9]. Three years later Faddeev and Popov proposed a general way to quantize
non-abelean gauge theories valid for all orders in perturbation theory [10]. This procedure adds
new unphysical anti-commuting scalar fields to the QCD Lagrangian called Faddeev-Popov ghosts.
The ghosts give rise to negative probabilities that compensate unphysical contributions from the
longitudinal parts of the gauge boson propagator and thus restore the unitarity and the gauge-
invariance?.

However, the necessity to use diagrams with Faddeev-Popov ghosts appears only in loop
computations and in the case of tree-level scattering processes one can evaluate matrix elements
without taking ghosts into account.? In this thesis we construct DPS processes out of two 2 — 2
leading order (LO) QCD processes and therefore in this section we provide only QCD Feynman
rules necessary for such computations. Therefore, the QCD Lagrangian can be separated into two
parts: the first part contains an interaction term proportional to 1 A%t%y) and gives rise to the graph
similar to the QED vertex which is shown in Fig. 1.1 a) and the second part contains new triple and
quartic terms which give rise to so called gluon self-interaction graphs shown in Fig. 1.1 b), ¢). In
addition to new vertices one also has to know Feynman rules for quark and gluon propagators. The
form of a gluon propagator depends on a gauge chosen to quantize QCD Lagrangian. In Fig. 1.2

we list quark and gluon propagators for commonly used covariant and azial gauges.

1.3 Asymptotic freedom of QCD

One of the most common application of the field theory is evaluation of amplitudes which correspond
to a probability of transition between two different states, say |k,,) and |p,) where {k,,} and {p,}
are two sets of four momenta with m and n elements correspondingly. The amplitude for the
transition between |ky,) and |p,) is given then by the eigenvalues of a certain operator S called

scattering matriz. Therefore, one has to evaluate the following quantity (k,,|S|p,) called also the

2Here we omitted a term proportional to FSVF““” where F** = 5‘“’"6F§5/2. This term leads to a non-trivial

QCD vacuum structure and violation of CP symmetry which was not observed experimentally (so called strong CP
problem, see [12]).

3The De Witt-Faddeev-Popov method is based upon so called path integral formulation of gauge theories. Later
gauge theories were also quantized in the covariant operator formalism, see [11].

4This depends on the diagrammatic technique being used to evaluate diagrams with triple gluon vertex. See, for
example, Peskin and Schroeder [5] Chapter 17.2 and Problem 17.3.
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a,p
Y igyH*t®.
a, k"
b)
gf ™ g (k= p)’ + 9" (p — )" + g™ (a — F)"].
b, p” ¢ q’
b, b,v
| _i92fab6fcde (gupgua _ guagup) +
_ngfacefbde (gul/gpa _ guagup) +
ep d,o _Z-g2fadefbce (guugpa _ g,upgya) )

Figure 1.1: Basic QCD graphs and corresponding vertex factors. The triple gluon vertex factor
depends on four-momenta of gluons and therefore on the direction of the momenta flow. Here we
choose all four-momenta to be flowing towards to the center of the vertex.

3
pfm+i6'

i

quqv
p)  700000000000000 q2 + ie

g%+ ie

Nuqy + gy 2 ququ
—n

n-q (n-q)

[—QW +(1-X) ] 6% (covariant gauge),

i .
. [—gwj + 2] 6% (axial gauge).

Figure 1.2: Fermion and gluon propagators in QCD.

S-matriz element. It is remarkable that one can relate S-matrix elements with a Fourier transform

of quantities called n-point Green functions using so called LSZ® reduction formula [13]:

(k1. kn[SIp1 - .. pa) <= QT {(z1) ... (n)d(y1) - - () } |9, (1.8)

where sets of variables {z,} and {y,} are Fourier conjugates of four-momenta {p,} and {k,},
T is a time-ordering operator, ¢(z1) ... ¢(xn)d(y1) ... d(yn) is a certain combination of the field
operators and [(2) is a ground-state of the theory under consideration. There are different methods
to compute Green functions. One of the most commonly used approaches is the expansion of
QT {p(x1) ... d(xn)d(w1) - .. d(yn)} Q) in perturbation series in powers of a coupling constant g.
This approach allows to get many important results, in particular it allows to derive equation which
governs the evolution of the QCD coupling constant which was verified experimentally, see Fig. 1.6.
The concept of the running coupling is related to the so called renormalization procedure which we

briefly describe below. As a starting point let us consider a toy ¢> model with the Lagrangian given

® After Lehmann, Symanzik and Zimmermann who derived it at the first time.
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+ + m + + ...
[free Green function y2 94 U !]4

Figure 1.3: Perturbation series for two-point correlations function for the ¢ model.

1 1
Lo =5 (0,0)° — 5m*e* - %gzﬁ. (1.9)

In the ¢* theory one can write the two-point Green function (Q|T {é(z) ¢(y)} |Q) in form of a series
with diagrammatic representation shown in Fig. 1.3. Careful examination of the diagrammatic
expansion allows to identify subseries of diagrams with similar structures as in Fig. 1.4. It was
shown by Dyson [14] that one can sum up such subseries in all orders of ¢? in a way similar to the
summation of the geometric series. Therefore, for the subseries shown in Fig. 1.4 one has to evaluate
only a contribution of the order of g% and then perform a summation of the whole subseries. This
summation, however, comes at cost. Namely, such summation procedure will lead to a redefinition
of parameters in a starting Lagrangian. For example, a sum of the series shown in Fig. 1.4 will

result in a correction to the pole of the propagator of the scalar field ¢:

o0

i i Y(p) i
— X = 1.10
p? —m? +ie p?2 —m? +ie ;)<p2—m2+i5> p?2 —m? — X(p) + ie’ (1.10)

where ¥ is a contribution of the term of the order of ¢ in Fig. 1.4. We see that summation of the
subseries shown in Fig. 1.4 in all orders of perturbation theory “shifts” the pole in the propagator
of the scalar field ¢ from m? to m? + X(p) which can be seen as a redefinition of the “bare” mass
parameter m?. One can find similar series which being summed will lead to the redefinition of the
coupling constant g and of the normalization of the field operator ¢. The redefinition of the mass,
coupling constant and normalization of the field operators is called renormalization procedure and it
can be performed in different ways. In practice one fixes the form of the redefined parameters by

imposing so called renormalization conditions. In the case of ¥(p) one can, for example, require

= 0, (1.11)

= 0, (1.12)

where p is a certain parameter called renormalization scale. The arbitrary choice of the renormaliza-
tion scale, however, should not affect predictions of the theory. Solution to this problem brings us to
the concept of the running mass and the running coupling, where both parameters become functions
of the renormalization scale p such that the variation of the Green function with respect to u is
compensated by the variation of mass and coupling constants. Theories where such redefinition of
parameters is possible at all orders in the perturbation expansion are called renormalizable.

In 1970 Callan [15] and Symanzik [19] generalized the aforementioned ideas and derived a

differential equation which provides a connection between the renormalized n-point Green function
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) N .
free Green function {/Z v ,(]’t v U {/G v \_/ U

Figure 1.4: Example of the Dyson series for the two-point correlations function for the ¢* model.

and the renormalization scale u:

“ai +B(9) o+ 1y(@) | QT {6@1) .- o) 6(wn) . o)} 12) = 0, (1.13)

dg
where (§(g) and 7(g) are certain functions which compensate the changes in n-point Green function
due to the changes in the renormalization scale p. For example, one can show that the S-function®
in Eq. 1.13 describes the speed of change of the coupling constant g with the renormalization

scale u:

Blg) = uaaug- (1.14)

This equation is called renormalization group equation and its solution determines the dependence
of the coupling constant g on the renormalization scale .

We shall note here that so far we were not discussing the structure of terms in the perturbation
series shown in Fig. 1.3. However, the evaluation of the contribution of the order of g? shown in
Fig. 1.4 gives an infinite value of ¥(p). The corresponding expression for ¥(p) is proportional to

the integral over the loop four-momentum gq:

dq
() N/ [(p+ q)? —m? +ie] [¢* — m? + ie]’

(1.15)

where p and ¢ are four-momenta assigned as in Fig. 1.5. Since the value of the four-momentum ¢ is
not fixed by the energy-momentum conservation, the integration in Eq. 1.15 runs over the whole

four-volume d*q which at high values of ¢ yields

/ dq ~ /d4q o [ % (1.16)
[(p+ q)* —m? + ic] [¢* — m? + ie] ¢t g’ '

which is a logarithmically divergent quantity. The divergence in Eq. 1.16 can be regularized

in different ways. One can, for example, impose an upper integration limit A which makes the
integral over d*q convergent. Another commonly used method is so called dimensional reqularization
[17]. According to this approach one makes the loop integrals as in Eq. 1.16 functions of the
dimensionality of the space-time d by changing the integration measure as d*q — d%. For the
sufficiently small values of d the integral in Eq. 1.16 will become convergent which allows to evaluate
the loop integral in d-dimensions. After performing the integration in d-dimensions one restores the
correct dimensionality by taking the limit d — 4. The final expression should have a well defined
limit as d — 4.

®The modern name SB-function was introduced in paper of Callan [15] and Symanzik [19]. However, the idea
of scaling behaviour was first developed in the earlier paper of Gell-Mann and Low [18] and in the PhD-thesis of
Petermann written under the supervision of Stueckelberg [16]. A pedagogical introduction to the Callan-Symanzik
equations and to the concept of running coupling can be found, for example, in [5].
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However, the regularization of the loop integrals introduces to a theory a new scale called
regularization scale. For example, if one regularizes the loop integrals by imposing an upper
integration limit then the new scale is given by the cutoff parameter A. In case if one uses
dimensional regularization the new scale is given by the parameter ¢ = 4 — d which appears in the
final expressions after taking the limit d — 4. Therefore, one could expect that 8- and ~-functions in
the Callan-Symanzik equation would depend on the regularization scale. However, the remarkable
property of the renormalizable theories is that both functions appear to be independent on the
regularization scale in all orders of the perturbation theory. To prove this statement for each theory
is a non-trivial task. The representative selection of proofs is given in the monograph of Collins [4].
The concrete form of - and ~-functions has to be found by solving Eq. 1.13 at the given order
in the perturbation theory. After computing the S-function one can substitute it into Eq. 1.14
and solve it for the coupling g which will give the evolution equation for the coupling constant as
a function of the renormalization scale p. In QED at the one-loop accuracy level the solution of
Eq. 1.14 yields

QQ(M%ED)

9%(hd D)
1= S0 hog (122142 )

9 (%) = , (1.17)

which describes the evolution of g from the initial value of the renormalization scale ugep up to
the higher values of ;. We see that in QED the increase of u leads to the increase of the g2. In case
of the QCD the behaviour of the coupling constant, however, changes. In early seventies of the past
century theoretical physicists started to understand that the theory of strong interactions, in order
to be able to explain experimental data available at that time, must have the coupling constant
which behaves inversely to the QED coupling. According to the monograph of Steven Weinberg [22],
Chapter 18.7, one of the first scientists who came up with this idea was Anthony Zee. However, he
did not publish this observation. In 1972 Gerardus 't Hooft developed the background field method
and with its help demonstrated that in QCD £(g) < 0. In June 1972 at the conference on gauge
theories in Marceille 't Hooft reported his results which, however, were not published, see [22],
Chapter 18.7. One year later Gross and Wilczek [21] and independently Politzer [20] demonstrated

that in the SU(N) non-abelian gauge theory at one-loop accuracy level

3

g 11
B0) =~z (5 0 -

4
3

NfTR> , (1.18)

where Ny is a number of fermion species, C4 is the SU(N) group invariant and and Tg fixes
normalization of the SU(N) generators, see Appendix A. In the case of the SU(3) symmetry group

this equation becomes

3
B(g) = —MQT)Q (11 - % f> , (1.19)

which is always a negative quantity as long as Ny < 16.

After evaluation of the S-function one can solve the equation for running coupling constant
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/\Nq

(

Figure 1.5: One loop contribution to X(p) in the ¢ model. Arrows here represent “circulation” of
four-momenta inside the loop.

which at one-loop accuracy level yields

2(,,2
) = — e (1.20)
1+ =557 (11 = 3ng) log(42/ udyep)
or
9 Ols(llggcp)
as(p”) = , (1.21)

14 2Wen) (33 9y log(u2/p2

Ton f og(u /MQCD)
where o, = g%/4m. We see that as soon as ny < 16 the coupling constant of QCD decreases with
the growing of the renormalization scale p. This phenomenon is called asymptotic freedom and it is
confirmed by various experimental measurements, see Fig. 1.6. In this thesis we will concentrate
on the evaluation of the leading order (LO) DPS cross section and, therefore, through this thesis
we will use one-loop expression for the running a; given by Eq. 1.21. The details on higher order

computations of the S-function and on a5 measurements can be found in [23], [24].

1.4 Factorization theorem and parton model

We have now constructed the QCD Lagrangian using formal considerations which were quite far
away from the application to experimental results. In this section we shall briefly discuss two
key ingredients, namely parton model and factorization theorem, that make a comparison between
predictions of QCD and experimental data possible.

Let us start with a brief historical introduction to the parton model. According to its main
assumption, a proton is a composite particle which consist of many point-like particles called partons.
A strong indication that protons are of composite nature can be obtained from a comparison between
proton and electron magnetic moments. If proton was an elementary particle its magnetic moment
would be the same as the magnetic moment of an electron which is not the case”. In early sixties

Gell-Mann [30] and Zweig [31] postulated proton to be a bound state of three new particles with

"The g-factor of a proton is gp ~ 5.96 which is almost three times bigger than the g-factor of an electron. For the
first measurements of the proton g-factor see [25], for the recent measurements see [26].
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Figure 1.6: The combined measurements of oy as a function of the renormalization scale y = @,
from [23].

fractional electric charge called quarks. Later, to avoid spin-statistic violation, a new quantum
number called colour was proposed by Greenberg [32] and by Han and Nambu [33] 8. Assuming
electrons being point-like particles, one could try to test the composite nature of proton studying
the electron-proton collisions. In 1966 Bjorken [36] demonstrated that electron-proton cross sections
for composite and point-like protons are of comparable size and, therefore, the composite nature
of proton could be tested at the Stanford Linear Accelerator Center (SLAC-MIT experiment). A
few years later first pioneering experimental studies took place [45] - [49]. We will not discuss the
details of these measurements which can be found in the original publications and, for example, in
the reviews [29] and [38]. Instead we briefly sketch main results and their role for the verification of
the parton model.

As a starting point let us consider a process in which an electron scatters on a proton elastically:
e(k1) + p(ka) — €' (k1) + p(k), (1.22)

where ki, ko (K}, kb) are four-momenta of the electron and proton before (after) the scattering. In
the case of the point-like particles the cross section for this process is given by the well known Mott

formula corrected for the scattering of two spin 1/2 particles®:

do_elqstic ) d 2 0
point—like o q 2
= [ == 1— 21— — 1.2
dQ2 <dQ>Mott |: 2M ran <2>:| ’ ( 3)

8In parallel to the research done in the cited papers, many interesting results, e. g. existence of the colour charge,
were obtained independently by Struminsky and by Bogoliubov, Struminsky and Tavkhelidze [35]. Unfortunately,
these results were never published in regular journals and exist only in form of preprints. The translation of the paper
of Struminsky is given in [34].

9The details can be found, for example, in [42], [43].
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where M is a proton mass, ¢* is a four-momentum transferred ¢* = (k§ — k1)* = (k}, — k2)* and 6
is a scattering angle. In 1950 this formula was generalized by Rosenbluth [39] for the case of the

non-point-like proton

da.elastic B do 9, 9 RQQ 9/ 9 Q2 9 231\ 2 2 0
() |R@) - R - 5 (@)« @) e (5)] 20

where k is a parameter which describes the deviation of the proton g-factor from the g-factor of
an electron g, = 2(1 + k) &~ 5.96 and ¢> = —Q? < 0 is a virtuality of a photon being exchanged
between the electron and the proton in the scattering process. The form-factors F; and F» are
functions of only the absolute value of the four-momentum transferred between the electron and the
proton. The linear combinations of F; and JF gives the spatial distribution of charge G g(Q?) and
magnetic moment G 7(Q?) of the proton in the momentum space:

K 2
Cr@) = R@)+ L 52, (1.25)

Gu(Q*) = F(Q°) +rFA(Q%), (1.26)

also called Sachs form-factors. By measuring do®/®*" /dQ) one can extract the form-factors F; and
F> out of the data, as it was first done by Hofstadter et al. [40], [41].

The approach of Rosenbluth turned out to work well at the low scattering energies. However,
the growth of the momentum transferred in the elastic scattering process will lead to a decrease of
the de Broglie wave-length of a photon exchanged between the electron and the proton. Following
the analogy between the wave optics and the quantum mechanics, one could expect that a photon
with a short de Broglie wave-length would resolve proton constituents if there are any. Therefore, it
is natural to expect that at high value of the four-momentum transferred the electron in Eq. 1.22
will stop to interact with a whole proton but instead will interact with one of its constituents.
Moreover, one would expect that the interaction of a such type will lead to the destruction of a

proton. Schematically it can be written as
e(ky) + p(ka) — €' (k)) + X (K), (1.27)

where X stands for all possible unobserved final states as it shown in Fig. 1.7. Such scattering

process is called deep inelastic scattering (DIS) and its differential cross section is described by so

called hadronic tensor 10;

quqv 1 p-q p-q
Wy = — (g;w - 22 ) Wi (QQv’/) + 2 (pu - qzqu> < v q2q’/> W2 (Q27 V) ;o (1.28)

where p,, is a four-momentum of the proton, M is a proton mass, v = E — E’ is the difference
between energies of outgoing and incoming electrons and g, is the four momentum of the virtual
photon. These parameters are connected through Mv =p-q.

With the help of the hadronic tensor one can express the differential cross section for the process

10This parametrization of the hadronic tensor does not account for the spin of the target in DIS processes. For the
parametrization of the hardonic tensor for the case of spin 1/2 targets see [44].
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Figure 1.7: A schematic picture of electron-proton scattering studied in the SLAC-MIT experiment.

e+ p— € + X in the rest frame of a proton as

doP1S B (da

dS) dQ)Mott [W2(Q27 v) + 2W1(Q2, v) tan2(9/2)] , (1.29)

see [36], [38]. The form-factors W; and Wa, also called structure functions, are of a non-perturbative
nature and thus have to be extracted out of the scattering data. Unlike the form-factors JF;(Q?)
in the Rosenbluth formula for the elastic cross section, the structure functions W; depend on the
virtuality of the exchanged photon ¢ and the change of its energy v = E — E’. Therefore, one can
expect a strong difference in behaviour of the elastic and the DIS cross sections given by Eq. 1.24
and Eq. 1.29 correspondingly.

In 1969 first measurements of DIS processes were reported by the SLAC-MIT collaboration [45],
[46]. The measured DIS cross section as a function of Q? is shown in Fig. 1.8. We see that the DIS
cross section measured for different values of the invariant mass of the proton decay products W
drastically differs from the elastic electron-proton cross section given by the Rosenbluth formula
Eq. 1.24. We also see that the DIS cross section dominates over the elastic cross section for values
of Q% > 1 GeV and that the DIS cross section demonstrates a mild dependence on the value of the
invariant mass of the proton decay products. In the same year Bjorken analyzed the experimental
data and demonstrated that in the limit when Q% — oo and v — oo such that the ratio Q?/v is
fixed the form-factors Wy and Wo are functions only of a single variable x = Q*/2Mv [37):

lim MWy (Q%v) = Fi(x),

Q2—00,v—00

lim  vWa(Q? v) = Fy(x), (1.30)

Q2—00,v—00

which was verified experimentally, see Fig. 1.9.
Moreover, in 1969 Callan and Gross [51] demonstrated that in the Bjorken limit F;(z) and F»(x)

are not independent and are related through
2zF () = Fa(x), (1.31)

which was also confirmed by the SLAC experiment, see Fig. 1.10. The Callan-Gross relation was
derived using so called current algebra methods, see [53]. Within this approach one can derive

Eq. 1.31 from the commutator of parton currents which depends on the spin of partons. The
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Figure 1.8: Deep inelastic scattering cross section measured by the SLAC-MIT collaboration for the
different values of the invariant mass of the proton decay products W = 2, 3 and 3.5 GeV. The data
is normalized to the Mott cross section, from [46].

Callan-Gross relation was derived assuming that partons have the spin equal to 1/2. Additionally,
it was demonstrated that for the partons with the spin equal to 0 or 1 in the Bjorken-limit zF; = 0
[51]. Therefore, the experimental verification of the the Callan-Gross relation demonstrated that
proton consist of the partons with the spin 1/2 which was the first step towards to the discovery of

quarks and establishment of the modern theory of strong interactions.
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Figure 1.9: a) The experimental test of Bjorken scaling, from [50]. b) vW3(¢?,v) as a function of ¢
from W > 2 GeV at the fixed value of Bjoken variable Q*/2Mv = 4. The plot is taken from [49].
The data shown in the plot is from [45], [46], [47].

The parton model based upon results of Bjorken, Callan and Gross despite its success had a

significant disadvantage. Namely, this model did not account for the interaction between partons
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and, therefore, needed to be improved. In 1969 Adler and Tung [54] considered an improved parton
model consisting of an SU(3)-triplet of fermions and an SU(3)-singlet massive gauge boson. It was
shown that due to the interactions between partons in a such model the Bjorken limit does not
exist. In the same year Jackiw and Preparata [55], independently from Adler and Tung, obtained
similar results. However, the models of the interaction between partons considered in [54] and [55]
were not asymptotically free. In 1973 Gross and Wilczek [56] suggested that in the asymptotically
free theories the Bjorken scaling will hold up to the logarithmic corrections. The appearance of
the logarithmic corrections to the Bjorken scaling was demonstrated in the same year by Callan
and Gross [57]. The results obtained by Callan and Gross in [57] together with the discovery of the
asymptotic freedom of QCD [20], [21] allowed to build the so called QCD-improved parton model.
The detailed historical review of the foundation and verification of the QCD and the QCD-improved
parton model can be found in [58] - [60]. The detailed description of the state-of-the art of the
QCD and QCD-improved parton model is given in the monograph of Collins [1]. From now on
we will assume that interactions between partons are described by the QCD Lagrangian discussed
in Chapter 1.1. In the rest of this section we will describe how one can connect the scattering
amplitudes computed in perturbation theory in QCD with the experimental data by means of the
factorization theorem.

As we have discussed at the beginning of this section, the DIS cross section can be expressed
in terms of the structure functions Wy and Ws or, in the Bjorken limit, in terms of £} and F5.
Therefore, in order to test the QCD-improved parton model one has to compute W; or F; in QCD.
However, the main obstacle here is that the structure functions Wy and Ws, as well as F; and Fo,
are non-perturbative objects and, therefore, cannot be computed by means of the perturbation
theory. One could circumvent this issue by postulating that one can express the structure functions

F; as convolutions of perturbative and non-perturbative pieces. For example,

Aw) = ¥ / Lo (©Ha, (Z) , (1.32)

where the functions f,(§) are called parton distribution functions (PDFs) and the functions Hi, are
called hard scattering coefficients. The product f,(£)d¢ in Eq. 1.32 is a probability to find a parton
of a type a in a hadron of a type ha carrying a fraction £ to £ 4+ d¢ of the hadron’s longitudinal
momentum. The factorization of the structure function Fi as in Eq. 1.32 is equivalent to a separation
into a long-distance physics (non-perturbative piece described by PDFs) and short-distance physics
(perturbative piece described by the hard scattering coefficients). By writing F} as in Eq. 1.32 we
also assume that the interaction between a virtual proton and a hadron occurs at the time-scales
short enough to consider all hadrons’ constituents have a definite momentum and that a virtual
photon interacts only with one parton during the DIS process. However, a detailed theoretical study
based upon field-theoretical definitions of the PDFs and hard scattering coefficients Hy, tells us
that Eq. 1.32 is not correct and requires some important modifications, see [1], [61]. First of all, the
separation of the scattering process into the short- and long-distance pieces as in Eq. 1.32 leads to
UV-divergent parton densities which have to be regularized. As a consequence, both PDFs and
hard scattering coefficients Hi, will depend on a new scale ur called factorization scale. Moreover,

the structure functions F; and hard scattering coefficients Hy, will also depend on another so
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called characteristic scale () which leads to the violation of the Bjorken scaling which was observed

experimentally, see Fig. 1.11. Therefore, the correct factorization formulae for the DIS structure

functions F; are

X

1
A = X [ Epenn o (52 Lo m) +oso (3)

R

1
d
F2($7 QQ) = Z/;fa/hA(gauF)gHQa (za /i’7 lfi7a8(:u’R)> + (p.s.c), (134)

where 2 is a characteristic scale of the DIS process and (p.s.c) is a term suppressed by the power

Q2. The parameter up is a renormalization scale of hard scattering coefficients Hy,, Ho, and

as = g% /41 where g is a QCD coupling constant, see [1], [61].
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Figure 1.10: The experimental test of the Callan-Gross formula. Different colours correspond to the
different measurements. Here we plot the data from [52].

In general, similar statements are proved for some other types of scattering processes (e.g. Drell-
Yan process [69], for the proof see [70] - [72] and the review [61]), however, due to the complexity of a
problem, many scattering processes of experimental relevance still lack the proof of factorization. In

the case of the hadron-hadron scattering, the factorization theorem (omitting the power suppressed

terms) reads
_ - QR Q
o= E dxy dzs fin, (x1, uF) fi/n, (T2, pr) Hij x17x277uF77MR7045(MR) ; (1.35)
ij

where functions fj/p,, (z1, ur) and f;/p, (v2, i) are renormalized distribution functions of partons
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of type 7 and j in hadrons h, and hj correspondingly. The hard scattering coefficients H;; can be

expanded in terms of the coupling constant ay as

Q Q ) 2\ ( Q Q)
Hi | 21,20, —, —, =a; g al’ hi z1, x2, —, — |, 1.36
g< 1,22 i pim (MR) Pt (MR) j 1,22 ir R ( )
which allows to write Eq. 1.35 as
o = E /d$1d$2fz'($1,uF)fj(ﬂCQ,MF)><
tj

2 - m m Q Q
X ag oy (Ur) hy; <:U1,:U2,,>. 1.37
mzzo (k) ! HF UR ( )

Several important comments have to be made. First of all, the definition of the renormalized
PDFs fi/n(z, pr) depends on a chosen renormalization scheme. Once the scheme is chosen, one
can use Eq. 1.33 and Eq. 1.34 to extract f;/,(x,ur) out of the DIS data. One of the most
popular renormalization schemes is so called MS scheme [64]. The scale dependence of the PDFs
renormalized according to the MS scheme is governed by a system of the renormalization group
equations called Dokshitzer - Gribow - Lipatow - Altarelli - Parisi (DGLAP) equations [66], [67], [68].
In section 1.5 we will discuss it in more details. The factorization scale pr is an arbitrary parameter
which implies that the renormalized PDF's cannot be interpreted as probability distribution functions
any more. Instead, one can think about hard scattering coefficients and renormalized PDF's in Eq.
1.37 as about perturbative and non-perturbative counterparts of the same expression. Due to the
arbitrariness of the choice of up, the cross section o cannot depend on the variations of up. It
implies that the variation of renormalized PDFs in Eq. 1.37 leads to a variation of the coefficients

h?j" in the perturbation expansion of H;; such that the cross section o does not depend on ittt

b0 _y, (1.38)

opr
In practice, however, one truncates the perturbative expansion in Eq. 1.37 at the certain order in
the power of . It means that the dependence on pr and pgr of the cross section evaluated with
truncated series will not cancel out. The choice of both factorization and renormalization scales
becomes then important. Usually one sets ur = ur = @ where the value of @) is chosen such that
the cross section evaluated with truncated series provides the best agreement with the data and is
least sensitive to the scale variation.

The factorization theorem, as it is formulated for the DIS Eq. 1.33, Eq. 1.34 and hadron-hadron
scattering Eq. 1.35, together with the renormalized PDF's which obey DGLAP evolution equations
and hard scattering coefficients computed in QCD are the main components of the QCD-improved
parton model. In this thesis, in order to construct double parton scattering (DPS) processes, we will

use LO QCD 2 — 2 scattering processes of a type

pp— j1j2 + X, (1.39)

" The same statement is true for the variation with respect to the renormalization scale g which implies 9o /Our = 0.
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where j = g,u,d, s, c,1,d,5,¢ and X stands for the other possible final states. In this case, the

factorization theorem can be written as

o = Z/dm dzo fi(ﬂfl,MF)fj(fL"z,MF) X

X 2 Oé (w y L 72 Q) ~
Z () b KF KR
~ Z/d:cl dxo fi(x1, pr) fi(xe, pr) X
ij
x ol by (1, 32) . (1.40)

Note that the the first term in the expansion of the leading order hard scattering coefficient

depends only on renormalization scale g and up to the factor a2 coincide with the LO QCD cross

LO
Tij

ur = pwr = @ which gives us the master expression for the leading order 2 — 2 cross section:

section. Therefore, we can write a2 h% (r1, x2) = (z1, x2, as(pgr)). In our computations we set

o= Z/dﬂﬁl dxy fi(z1,Q) fi(x2, Q) 677 (1,22, 05(Q)), (1.41)
which we will write in a more compact form as

o= Z/dIl dza fi(z1,Q) fi(w2, Q) 5ij, (1.42)
ij

where x1, x9 are Bjorken variables, f;(z1,Q) and f;(z1,Q) are renormalized parton distribution

functions at the factorization scale Q).

1.5 Evolution of parton distribution functions

In section 1.4 we have discussed the factorization theorem and mentioned that the renormalization
procedure introduces scale dependent parton distribution functions f(x, ur). We also argued that
the renormalization scale pp may have an arbitrary value and that the dependence of f(x, up)
on pr in the MS renormalization scheme is governed by renormalization group equations also
called DGLAP evolution equations. There exist several methods to derive the DGLAP equations.
Historically the DGLAP equations were derived by considering the emission of collinear particles by

proton’s constituents. Within this approach one postulates the “naive” factorization form as

- ¥ / Fugir (€) (§> , (1.43)

where f(§) are so called “bare” parton distribution functions and &1, is a non-regularized partonic
cross section'?. If one will consider then an emission of collinear particles by proton’s constituent,

one will have to deal with IR-divergent partonic cross sections 61,. One can regularize these

12We shall note here that in general hard scattering coefficients Hiq, H1p, and H;j as in Eq. 1.33, Eq. 1.34 and
Eq. 1.35 do not coincide with partonic cross sections, see, for example, Chapter 7 of [2].
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divergences by redefining “bare” parton distribution functions f(§) in a such way that the new
distributions f(&, ur) “absorb” IR divergences due to the emission of collinear particles. The scale
dependence of the redefined parton distribution functions f(&, ur) is described by the DGLAP
evolution equations. The factorization scale pur then can be seen as a scale which separates the
emission of the collinear particles (which are included into f(§, ur)) and hard particles which are
included into the parton cross section. This approach is also called IR point-of-view on the DGLAP
equations. Historically it is the way the DGLAP evolution equations were derived at the first time,
see [66], [67], [68]. This approach, though providing correct results, in general, is not correct. One
could, for example, consider a field theory where all partons are massive. In this case, according to
the IR point-of-view, one would not need then renormalized parton distribution functions f(&, up)
which is not correct. Moreover, one can show that the “bare” PDF's defined as products of the field
operators “sandwiched” between two hadron states are UV- but not IR-divergent, see [1]. These
UV-divergences being renormalized according to the MS renormalization scheme give rise to the
same DGLAP evolution equation as in the IR approach.

In the rest of this section we will briefly sketch the derivation of the DGLAP equations according
to the IR point-of-view. We will follow the pedagogical explanation given in the book of Peskin
and Schroeder [5] which is based upon original publications by Dokshitzer [66], Gribov and Lipatov
[67] and by Altarelli and Parisi [68]. We also demonstrate how the appearance of the logarithms
due to the multiple emission of collinear particles leads to the violation of the Bjorken scaling we
mentioned in the previous section. The modern point of view on the DGLAP evolution equations
can be find in the monograph of Collins [1]. The connection between the IR and UV approaches to
the PDFs is given by the methods described in the monograph of Smirnov [62].

Before discussing the DGLAP evolution equations for QCD, let us consider the processes of
emission of collinear particles in QED. Our starting point is to consider a process of an electron
splitting as it is schematically shown in Fig. 1.12. Since we are interested in emission of collinear
particles we will have to evaluate the matrix element for the process in Fig. 1.12 for the two different
kinematic configurations. Namely, we will have to consider situations when one of the final state
particles becomes collinear to the initial state electron. Let us consider first the situation when
emitted photon becomes collinear. In order to do that we parametrize the momenta of the initial

and final state particles as follows

P = (p,0,0,p), (1.44)
p2
qM = (Zp,pJ_,O,Zp—Ql), (145)
zp
pi
o= ((1=2)p,—p.,0, (1 — 2L 1.46
(-2 -pr0.0 -2+ 22). (140

where z is the fraction of the energy of the initial electron that is carried by the photon. The

decomposition set by Eq. 1.45 - 1.46 implies

2

2
p
"q. = (2p)*—pF — (Zp - 2;}9) =0+0(p?), (1.47)

2\ 2 2
p yY
Bk, = (1— 2729 — ((1 S U ) _ P oph). (1.48)
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Figure 1.11: Measurements of the DIS at DESY. In order to ease reading of data each measurement
was shifted by ¢(z) = 0.6(i, — 0.4) where i, is the bin number starting at i, = 1 for x = 0.13,
from [63].

We see that according to Eq. 1.47 and Eq. 1.48 in the limit of small p; the emitted photon becomes
collinear to the initial state electron and the emitted electron acquires the virtuality —pi /z. Similar

decomposition for the emission of a collinear electron gives

k'k, = 0+ 0(p3), (1.49)
2
p
g = —(ljz>+0<p‘i>- (1.50)
q
X
p
k
Z

Figure 1.12: Schematic picture of an electron splitting into electron-photon pair.

Using Eq. 1.44 - 1.50 one can evaluate the cross section for the scattering processes with emission
of one collinear particle shown in Fig. 1.13. Consider first the scattering process in Fig. 1.13 a).
The diagram in Fig. 1.13 a) corresponds to the scattering process where the initial state electron

splits into a collinear electron and a virtual photon + which, in turn, takes part in v+ X — Y



1.5. EVOLUTION OF PARTON DISTRIBUTION FUNCTIONS 19

process. At the leading order (LO) in perturbation theory the matrix element for the electron

splitting into a collinear electron and a virtual photon is given by

,Z |M‘2 2¢? pJ_) |:1 + (12_ 2)2:| , (151)
pol

where the sum was taken over all possible polarizations. The cross section for the process in

Fig. 1.13 a) is given by

1 Bk 1 1 1
5(eX — eY) = Y 7 N 2l = 2 1.52
7 ) (1+vx)2p2Ex/(27r)3 2k0/ ¥ 2%;"\/” el (1:52)

where vy is the velocity of the particle X and d®vy is the phase space for the final state Y. By
substituting Eq. 1.51 in Eq. 1.52 one can write

5(eX = eY) / /dpL [ (1_2)2}6(%(%3(), (1.53)

z

where « is the fine-structure constant and m is the electron mass. Integrating over dpQl in Eq. 1.53

we get

G(eX = eY) = /dz % log <S> [H(l_’z)T (X = Y) =

m? z
0
1
= /dz fr(2)6 (X =Y), (1.54)
0

where we have defined

£ (2) = — log(3/m?)

> [”“_z)?] . (1.55)

z

One can interpret f,(z) as a probability to find a photon with momentum zp in an electron with
momentum?!® p. The factor log(/m?) in Eq. 1.54 and Eq. 1.55 is called mass singularity since
log(8/m?) diverges if m — 0. Later in this section we will demonstrate how one can resum the
mass singularities due to the emission of multiple collinear particles which will give us to the system
of DGLAP evolution equations. However, before doing that let us consider a scattering process
shown in Fig. 1.13 b) where the initial state electron splits into a collinear photon and a virtual

electron which, in turn, takes part in e + X — Y process. The corresponding expression is given by

1

d(eX —=~Y) = /dz fe(z)o(eX —=Y), (1.56)
0

13The function f,(z) is also called Weizsicker-Williams distribution function, see [65].
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where

1+ 22 «

o + o log(é/mQ)gé(l —2). (1.57)

Folz) =6(1—2) + % log(3/m?)

The first term on the RHS of Eq. 1.57 gives the probability to have a process without a splitting,
the second term gives the probability of the perturbative splitting and the last term is due to the
contribution of virtual diagrams, see [5]. The “plus” subscript, so called plus prescription, was used

to regularize the singularity at z = 1, and is defined such that

/1da; — ~ [ T = 1 (1.58)
0

X i: Y X \_/ Y
2)

b)

holds.

Figure 1.13: Electron scattering process with emission of one collinear particle: a) Emission of a
single collinear electron. b) Emission of a single collinear photon.

Expressions given by Eq. 1.54, Eq. 1.55 and Eq. 1.56, Eq. 1.57 describe scattering processes
with emission of one collinear particle shown in Fig. 1.13. Now let us discuss the processes with
multiple emission of collinear particles. As an example we consider a process with emission of

multiple collinear photons which is schematically shown in Fig. 1.14.

N

Figure 1.14: Multiple initial state emission of collinear photons.

One can show that if after each emission of a collinear photon the transverse momentum of an

intermediate electron becomes smaller, e. g. p1; > pa1 > p31..., then the n’th emission gives a

2 (5w () 159

One can take these multiple emissions into account by considering them as a continuous process and

factor

by making distribution functions f. and f, scale dependent. Consider, for example, the probability

to find a photon inside of an electron. The differential probability to emit a collinear photon is
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equal to

gdpil%—(l—z)z

1.
27 pi z (1.60)

Therefore, a probability to find a photon with p, in the range between @ and @ + AQ is given by

1 1
A 2 _ 2
Q8@ =) + [ar [at S8 U i - )
0 0
1
N2
FnQ+ 522 [ [1 . } folw/2p1), (1.61)
and in the limit where AQ — 0 we can write
1
Ofy(2,Q) « [dz [1+(1—2)?
W = w/z {z] fe(z/z,Q). (1.62)
A similar equation can be written for f.(z,Q):
1
Ofe(x,Q) o [dz] 1 + 22 3

T

However, in order to complete this system of integro-differential equations, one has to take into
account so called pair creation processes where a photon splits into an electron-positron pair. A
complete system of such equations was first obtained by Gribov and Lipatov [67] and it is given by

1
m = %/% {Pessr(2) [fe(2/2,Q) + fo(x/2,Q)] + Pyoy(2) fr(2x/2,Q)} (1.64)
YLD 2 [ P/ Q) + Prosc) o 0/2,Q)) (1.65)
w - i/ % {Peg’e(z)fe(x/% Q) + P“/HS(Z)f"/(x/Zv Q)} ’ (166)
where
1+ 22 3
Pese(2) = m + 55(1 —2), (1.67)
Pesy(z) = H(lz_Z)Q (1.68)
P7—>e(2) = 2 + (1 — 2)2 , (1.69)
Pyoq(z) = —25(1 —2), (1.70)

are LO QED splitting functions.
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The equations 1.65 - 1.66 have to be solved for the following initial conditions:

fe(vaO) = 5(1—$), (1'71)
fy(@,Q0) = 0, (1.72)
fe(z,Q0) = 0, (1.73)

which simply state that if no emission happens there is only an initial electron.

The results of Gribov and Lipatov [67] were generalized to the case of QCD by Dokshitzer [66]
and by Altarelli and Parisi [68]. The evolution equations obtained in [66], [68] are called DGLAP
evolution equations and are given by

nd _ 2 dz{ ()Y [fr(2/2.Q +ff<x/z,c2>]+Pgﬁg<z>fg<x/z,cz>}, (1.74)
f

dlog Q

m =7 / df{Pw<2>ff<x/w>+P94q<z>fg<x/z,c2>}, (1.75)
Of7(x, g : Z

gfk()gg) = ?/dj{ Pyosg(2)f(2/2,Q) + Pyosqg(2) fa(2/2,Q) } (1.76)

x

where ag = ¢g?/4m and

Pyoals) = % _(1“5; 2601 z)} , (1.77)
Pyog(z) = g L (12_ Z)Q] : (1.78)
Pyoo(z) = % :22 -2y, (1.79)
Pyog(z) = 6 [1 24 i fm b —1)+ (E - ﬁ‘) 5(1 - 2)] , (1.80)

are LO DGLAP splitting functions.
Since we consider proton as a uud bound state, the scale dependent PDFs f;(z, Q) in Eq. 1.74 - 1.76

obey the following sum rules:

1

/dx fu, () =2, (1.81)
0

1
/dx fa,(x) =1, (1.82)
0

1
[t @) = g =0 (1.83)
0

where f,, = fu— fa, fa, = fa — f7and ¢s = s,¢,b,t. Also, the total longitudinal momentum of all

partons has to be equal to the longitudinal momentum of proton, which gives another sum rule



1.5. EVOLUTION OF PARTON DISTRIBUTION FUNCTIONS 23

which states the conservation of longitudinal momentum:

1

Z /dwxfi(x) =1, (1.84)

i:qu7q 0

where ¢ = d, u, s, ¢, b, t.

Like in the QED case, Eq. 1.74 - 1.76 have to be solved with appropriate initial conditions which
in the case of QCD are unknown and have to be determined out of the experimental data. After
determining initial conditions one can use DGLAP equations to “evolve” PDFs up to an arbitrary

factorization scale, see Fig. 1.15.

MSTW2008 (LO 68cl) , MSTW2008 (LO 68cl)
* Anti-U quark Anti-U quark
Anti-D quark Anti-D quark
Gluon /10 Gluon /10

0.6 Valence U quark

Valence D quark

Valence U quark
Valence D quark

S quark S quark

'Y C quark 5 —— Cquark
MSTW2008 (LO 68cl) MSTW2008 (LO 68cl)
5 set at Q% =1GeV? . set at Q% =100 GeV?

X f(x)
x f(x)
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|Og(X) - -4.0 -3.5 -3.0 -2.5 Io-gz(o)() -1.5 -1.0 -0.5 0.0
a) b)

Figure 1.15: MSTW2008 LO PDFs [298] at different values of the factorization scale @Q:
a) @ =1GeV,b) Q=10 GeV.

The results described in this chapter form the basis of the QCD and the QCD-improved parton
model. In Chapter 2 we will discuss the generalization of the LO DGLAP equations and sum rules

given by Eq. 1.81 - 1.84 to the case of the dPDF's we need to describe DPS processes.
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Chapter 2

Theoretical foundations of double

parton scattering

Since hadrons are composite particles, it is quite natural to consider a possibility that two and
more hard scatterings will occur during one hadron-hadron collision. Despite the simplicity of this
assumption, a complete theory of such scattering processes is yet to be developed. In this chapter
we will briefly describe theoretical foundations of a simplest example of multiple partonic interaction
(MPTI) process, so called double parton scattering (DPS) process. We will start with a short historical
review of first groundbreaking studies in this field and currently available experimental measurements
of DPS. Later in this chapter we will describe the main developments in theoretical description of
DPS. In particular, we will discuss the evolution of double parton distribution functions (APDFs),
problem of UV-singularities and double counting as well as the role of DPS in proton-nucleus (pA)

collisions.

2.1 Brief historical review

The “Era of DPS” begins in late seventies - early eighties of the past century. In 1978 Landshoff and
Polkinghorne discussed a multi-jet production via MPI mechanism at the first time [111]. One year
later, Donnachie and Landshoff studied the process of multiple elastic quark scattering [113]. In the
same year Takagi studied the processes of double and triple hard interactions in wA collisions at
the first time [112]. In 1980 Goebel, Scott and Halzen published a paper called “Double Drell-Yan
annihilations in hadron collisions: Novel tests of the constituent picture” [114]. In Ref. [114] a

formula for the double Drell-Yan differential cross section was given for the first time:

d40'DpS e% 612/ ’ ’
m = Z WFal,aQ/hA(ﬂflaxl)Fbl,bQ/hB($2a$2) X
a1,a2,b1,b2
425 . a2 .
dM d (a1b1 — Y —)ZZ) m(@QbQ%’y —>ZZ), (21)

where 'y 4, /h, (21, 2}) is a probability to find two partons of a type a; and ay in a hadron of a type
A carrying fractions z1 and @} of the longitudinal momentum of h4. A normalization factor 7R?

takes its origin in the paper on multiple elastic scattering of quarks by Donnachie and Landshoff

25



26 CHAPTER 2. THEORETICAL FOUNDATIONS OF DOUBLE PARTON SCATTERING

[113]. The authors of [113], [114] have argued that one can estimate the size of 7R? using following
geometrical considerations: let us assume that we deal with a collision of two hadrons and that
R is of the order of a hadron’s radius, then the probability that a parton as in one hadron then
interacts with a parton by in the other hadron is approximately equal to o4, 4,/ 7R2. Therefore,
if one hard collision with a cross section o, 5, already took place one has to multiply it by a
probability o4, 4,/ 7R? in order to get the total DPS cross section. Relying on these considerations,
one can simply see TR? as a transverse area of a hadron expressed in the units of cross section.
Since the distribution functions I'y, 4, /4, (z1,x2) are unknown objects, one has to use certain
phenomenologically motivated assumptions to model them. In order to make a numerical estimate of
the double Drell-Yan cross section, the authors of [114] assumed that one can express I'g, 4, /5, (71, 2)

in terms of “standard” collinear PDF's as

Fal,ag/hA(xlaxQ) == fa1/hA(x1) fag/hA(x2) (1 — X1 — CUQ), (22)

where the factor (1 — 21 —x2) was added to ensure a smooth suppression of I'y, 4, /1, (21, 72) close to
a kinematic boundary 1 +x2 < 1. Here we shall stress that this approach to model I'y, 4, /1, (71, T2)
neglects possible correlations between x1 and xo as well as violates conservation of a number of
partons of different flavour. Nevertheless, Eq. 2.2 being combined with Eq. 2.1 allows to make
some important predictions; in particular, the authors of [114] computed the double Drell-Yan cross
section at the collision energy v/S = 25 GeV and argued that it can be measured experimentally.
Additionally, it was predicted that DPS processes should acquire an additional enhancement in
pA and nucleus-nucleus (AA) collisions [114]. Moreover, it was mentioned that DPS events in pA
collisions may originate not only from a collision between a proton and a single nucleon but also
from a collision between a proton and two independent nucleons! [114]. Also we have to note here
that the authors of [113], [114] have argued that the interpretation of 7R? as a transverse area of a
proton is a very rough estimate and a better knowledge of proton structure is required for more
precise computations. In fact, there is a deep connection between a structure of proton and a value
of mR? which will be explained later in this thesis.

In 1980 Politzer [115] proposed an idea to formulate QCD in terms of multiconstituent distribution
functions I'(x1, x9, ..., x,) which can be seen as a generalization of distribution functions from Eq.
2.1 and, independently from Goebel et al., provided a differential cross section for a double Drell-Yan
process. Two years later Paver and Treleani [116] extended ideas of Politzer? to the processes of
double hard scattering of quarks in hadron-hadron collisions, see Fig. 2.1, and provided a double

differential cross section for a four-jet DPS production process:

4
O-DPS = Z Hdl’l d2bra1,a2/hA(x17x27 b) Fb1,b2/hB(‘T37‘r47 b) X
a1,a2,b1,b2 =1
X B bists 72 Oanbysas 7, 0 (1 + 11 +01) 8 (82 + o + 02) . (2.3)

The crucial difference between this formula and Eq. 2.1 is that here a distribution function

Latas/ha (r1,22,b) now gives a probability to find two partons of a type a; and as carrying

We will discuss the development of this idea in section 2.6 while considering DPS in pA collisions.
2In their paper Paver and Treleani do not cite the study of Goebel et al.



2.1. BRIEF HISTORICAL REVIEW 27
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Figure 2.1: A schematic representation of a DPS process.
longitudinal momentum fractions z; and z9 of a hadron h, separated by a relative transverse
distance |b|. The connection between Iy, 4,5, (€1, 22, b) and factor 1/mR* from Eq. 2.1 becomes

clear if one assumes that I'y, 4,/n, (71,72, b) can be written as a product of longitudinal- and

transverse-dependent functions as

I‘ahag/hA(xl?an b) ~ Da1,a2/h,4 (1'1,1,'2) F(b)7 (24)

which implies that Eq. 2.3 transforms to

4
1 H
O'DPS — o ff E / dxz Dal,ag/hA(xth) Dblbe/hB(xS’le) X
e

ai,a2,b1,ba =1

X é—al bi—J1 J1 a—C’«Q bo—Ja Jo 4 (él + El + al) o (32 + tAQ + ’&2) s (25)

where

Oeff = [/ d2bF2(b)} _1. (2.6)

We see that 7R? = o, 7r and that it depends now on a distribution of partons in a transverse plane
of a hadron which is given by the function F'(b). Later in this thesis, we will discuss a connection
between oerr and 'y o)/, (1, x2; b) in more detail. Also, to avoid a clash of different notations,
we will always use o,y instead of TR2.

In 1983 Paver and Treleani published another paper [118] where numerical estimate of a
DPS contribution to the four-jet production was given. In the same year Humbert, expressing
L4 as/ha (71, 72) in the form as in Eq. 2.2, evaluated a differential DPS cross section for the four-jet
DPS production and gave an estimate of a size of longitudinal parton correlations (correlations in
x-space) [120].

In 1984 Humbert and Odorico [121] studied the four-jet production via DPS and single parton
scattering (SPS) mechanisms. It was found that the four-jet DPS and SPS cross sections for the
collision energies VS = 0.62, 2, 20 TeV are of competitive size. Moreover, a set of DPS sensitive

variables to discriminate between SPS and DPS contributions to the four-jet production was proposed
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at the same time [121]. A similar analysis was performed one year later by Ametller, Paver and
Treleani [122]. In [122] the four-jet DPS cross section was compared against analytical results for the
four-jet SPS cross section from [110]. Finally, in 1986 Halzen, Hoyer and Stirling have published a
paper [123] where they have demonstrated that their computations for double Drell-Yan production
can explain available at the time data on multimuon production in pp [124] and 7~ p [125] collisions
measured by the NA3 collaboration.

The aforementioned studies have drawn attention of the experimental community to the DPS
phenomena and in 1986 first experimental measurements of DPS were performed. The experimental
measurements of DPS, however, rely on various model dependent assumptions. In order to illustrate

it, let us rewrite Eg. 2.3 in a slightly different form:

4
o = Z /deidzbral,ag/m(xhﬂ?%b)rbl,bg/hB(ai?nmab)><

a1,a2,b1,b2 =1

X (}al b1 —A &az b2—>B) (27)

where A and B denote final states in 2 — 2 reactions and we omitted § (§1 + 1 +7fL1) and
1) (.§2 +ty —1—112) (from now on we will always assume that condition § + t{+ 4 = 0 holds for

both 2 — 2 processes). Using Eq. 2.4, one can factorize z- and b-dependent parts and write

4
1
O’Bgs — oo Z /deiDahag/hA(xlva)Db1,b2/h3(x3ax4)><

a1,a2,b1,b2 =1

X 6(11 blﬁ)A &ag bQ%B' (28)

If we neglect now correlations in z space, namely if we factorize Dy, 4,/n , (1, x2) as

Dq, as/ha (1, 72) = fa, /b (T1) fay/na (T2), We can write

1 N
Ry = O'ffz dx1 dz3 fo, /ny(21) fo, /np (€3) Gay b4 X
I ay by
X Z/dﬂ?Qd$4fa2/hA(iU2)fb2/hB($4)5'a2b2—>B7 (2.9)
az,b2

which can be written in a compact form as

SPS _SPS
DPS _ 94 Op
O'AB =, (210)

Ocff
which is sometimes called as “pocket formula of DPS” in the literature.
One important remark has to be made here: if one deals with indistinguishable final states A
and B, one has to multiply this formula by a symmetry factor 1/2, thus®

SPS _SPS
DPS _ 1 0p 9B

o =
AB 1+0aB  Oeyf

(2.11)

Consider now a four-jet production in pp collisions pp — 4j. Obviously, both DPS and SPS can

3The symmetry factor 1/2 in front of the DPS cross section has a different origin in different studies which may
lead to a possible confusion. In Chapter 4.2 we will discuss it in more details.
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contribute to production of this final state. If we could now somehow discriminate between events
produced via pp DPS, 47 and pp SPS, 47 processes, we could measure a DPS cross section and thus
find a value of 0.7y with a help of Eq. 2.11.

In July 1986 the Axial Field Spectrometer (AFS) collaboration reported first measurements
of DPS events in pp — 45 at V'S = 63 GeV collision energy and found Oeff = 5mb [128]. These
analyses, despite their importance, had some deficiencies. First, the uncertainties for o.ys were not
provided. Secondly, the exact matrix elements for QCD 2 — 4 processes were not used, therefore
the estimated SPS background and thus the fraction of DPS events cannot be trusted. In 1991
UA2 collaboration studied DPS events in pp — 45 process at v/S = 630 GeV and found the lower
bound for o.ff to be equal to 8.3mb [129]. Two years later CDF collaboration studied DPS events
in pp — 45 process at V'S = 1.4TeV and found o.rp = 12.171%" mb [130]. ITn 1997 CDF studied
DPS in pp — 35 + v [131] and in pp — 35 + /7 processes [132] at v/S = 1.8 TeV and reported
Oepf =145+ 1.772 T mb.

(o
T ATLAS
D  |ATLAS (V5 =8 Tev, 3w 4 3/, 2016) [
~ |DO (Vs =1.96 TeV, J/v + J /1, 2014) O
L Do (V5 =1.96 TeV, J/v + T, 2016)
9 LHCb (/5 = 7&8 TeV, T(18) + D%, 2015)
2 LHCb (s =7 TeV, J/¢p + AL, 2012) —H——H
@M  |LHCb (Vs =7 TeV, /v + DI, 2012) HeH
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S ATLAS (/s = 7 TeV, 4 jets, 2016) —O—
CT) CDF (/s = 1.8 TeV, 4 jets, 1993) —_—f
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Figure 2.2: Currently available measurements of oy, from [134].

After the above mentioned measurements followed a twelve years break. Experimental studies of
DPS were resumed in 2009 when D@ collaboration measured DPS in pp — 35 + ~ production process
at /s = 1.96 TeV [133]. In 2012 LHCb measured DPS in pp — J/¥ + hx production process where
h, = D°, D+, D} AT at /S = 7TeV [135]. In 2013 ATLAS and CMS collaborations measured
DPS in pp — 2j + W(— lv) process at /s = 7TeV [136], [137] and CMS collaboration measured
DPS in pp — 45 process [108]. In 2014 D@ collaboration measured DPS for the pp — J/¢ + J/1p,
v+ 3j and v+ b/c + 25 production processes at /s = 1.96 TeV [138], [139], and ATLAS imposed a
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lower bound on o.¢f in pp — J/1 + Z process at /s = 8 TeV [140]. In 2015 LHCbD collaboration
measured DPS in production of bottomonia and open charm hadrons [141] and D@ observed DPS in
simultaneous production of J/¢ and T mesons [142] and in pp — 25 + 27 [143]. In the same year the
CMS collaboration measured DPS production in pp — 3j + + process [144]. Unfortunately, no clear
DPS signal was extracted from the collected data. In 2016 the ATLAS collaboration observed DPS in
pp — 45 [145] and pp — J /1 + J /2 [134] at /S = 7TeV and VS = 8 TeV correspondingly. Finally,
in 2018 the CMS collaboration measured DPS in pp — WHW*, W~W~ processes at V.S = 8 TeV
[146]. In these measurements no DPS above the expected SPS background was observed and,
therefore, only a 95% confidence level lower limit o.7r > 12.1 mb was imposed. The short summary
on all these measurements apart from [146] is given in Fig. 2.2. We see that within provided
statistical and systematic uncertainties most of the measurements of o.rs agree between themselves.

Moreover, we see that there is no clear indication of dependence of o.¢s on collision energy, see
Fig. 2.3.
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Figure 2.3: Dependence of o.ff on the process and collision energy, from [134].

There are two different experimental techniques to study DPS processes. The first one is a
so called “template method”. Within this approach one creates SPS and DPS “templates” in
the observable of interest and use them later to “split” the experimental data into the SPS and
DPS contributions correspondingly. The DPS “templates” are created either with Monte Carlo
event generators or by overlaying samples of independent SPS events. For example, one can create
a “template” for the four-jet DPS production by overlaying two independent samples of the SPS
di-jet events, see Fig. 2.4. Both approaches to create templates have their disadvantages. The
Monte-Carlo approach depends on the Monte Carlo model being used to simulate DPS events. The
DPS “templates” created by overlaying different data samples are expected to be model independent,
however, completely neglect possible correlations between produced final state particles. The
template technique can be combined with the machine learning methods as it was done in the
ATLAS four-jet DPS measurements [145]. In that paper the artificial neural network “trained” with
different DPS “templates” was used to extract the DPS signal out of the collected data. In 2015
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the second method so called “inclusive fit” was proposed [147]. According to this approach, one
produces MPI tunes for the general purpose event generators using only MPI sensitive distributions
as an input. During the fitting procedure only the parameters of the MPI model of a given event
generator are tuned to get the agreement with the data. Ones the parameters of the MPI model are
fixed one can use them to calculate the value of os¢, see [147]. Therefore, we can conclude that
all available extractions of 0.y can be affected by various model uncertainties. Nevertheless, the
available measurements allow to make some important conclusions concerning the existence of the
partonic correlations. In order to illustrate it, let us show how one can estimate the value of o,y
assuming no correlations between constituents of a proton. As we have seen before, assumption
about factorization of 'y, 4,/n, (21,22, b) into longitudinal and transverse pieces allows to express
Oeyf in terms of the distribution function F'(b) which gives a probability to find two partons separate
by distance |b| in a transverse plane of a proton, see Eq. 2.6. Using simple models of F'(b) one can
estimate the value of o.f¢. For example, if we assume that partons are uncorrelated and distributed

in a transverse plane of a proton according to a Gaussian with an average (b?) then we can find
Oeff = Am(b?). (2.12)

Now, taking into account that (b%) ~ (0.57fm — 0.67fm)2, we get o, in the range between 41 and
56 mb, see the review [161]. However, as one can see in Fig. 2.2 and Fig. 2.3, the value of o.s¢
evaluated in this way is in a strong disagreement with available experimental measurements. This
mismatch was first noticed in 1997 by Calucci and Treleani [148]. Moreover, it was demonstrated
that two-body correlations in a transverse plane of a proton can decrease value of o.f; and, therefore,
explain its small observed value [148]. This was followed by a series of publications where different
correlations mechanisms were explored, see [149] - [160] and the review [161].

The aforementioned mismatch between the observed value of o.;¢ and estimations based upon
Gaussian parametrization of F'(b), therefore, can be seen as an indication of existence of non-trivial
partonic correlations. The origin of this mismatch, however, remains unknown. One should keep in
mind that existing experimental techniques to extract o.r as well as existent theoretical approaches
to DPS rely on various assumptions. These assumptions can make exact studies of two-body
partonic correlations complicated. Moreover, available theoretical models of DPS are flawed by
different uncertainties, e.g. ignorance of two-parton distribution functions I'y, 4,/ , (71, z2; b) and
Dy, a5 /n, (71, 72), ete.

Finally, we should stress that apart from “first principles approaches” to DPS phenomenon there
exist a broad class of Monte Carlo MPI models as implemented in general purpose event generators,
e.g. Pythia [255] - [257], Herwig++ [264] and SHERPA [267]. The detailed description of MPI
models being used in Pythia and Herwig++ can be found in corresponding publications [258] - [262]
and [265], [266]. The MPI model of SHERPA is based upon old MPI model of Pythia [259] with
some modification as it is described in [267]*. These MPI models are widely used to simulate DPS

processes®. The aforementioned Monte Carlo models of MPI were developing in parallel to the “first

“There is also a new model of MPT under development, see [268].

5Since a typical MPI event contains one hard interaction and several soft interactions the generation of DPS events
with the MPI models can be quite time consuming. The Pythia event generator starting from version 8 [256], [257]
supports a possibility always generate two hard interaction in one hadron-hadron collision. Later in Chapter 6 we will
discuss the DPS and MPI models of Pythia in more details.
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Figure 2.4: Template method to extract the fraction of the DPS events, from [145]. Distribution in
terms of the transverse momentum imbalance of the third and fourth jets.

principles” models of DPS and, therefore, significantly differ from them in many places. Whereas
the Monte Carlo models are widely used in experimental analysis, the “first principles” DPS models
possess a lot of open purely theoretical problems which makes their implementation into Monte

Carlo generators complicated.

2.2 Evolution of double parton distribution functions

In the previous section we have seen how the theory of DPS can be formulated in terms of objects
Lo as/ha(T1, 22, b) and Dg, g, /h, (71, ¥2). In the following we will call Ty, o,/ , (21, 72, b) generalized
parton distribution functions (gPDFs) and Dg, 4,1, (71, 72) double parton distribution functions
(dPDFs).

In the previous chapter, we have seen that the emission of collinear particles leads to violation
of the Bjorken scaling and to scale dependent PDF's. Therefore, it is natural to try to consider scale
dependent dPDF's and to find a system of intergo-differential equations describing their evolution.
Such equations were first introduced by Kirschner in 1979 [164] and three years later by Shelest,
Snigirev and Zinovev [167], [168] 6. These equations, also called double DGLAP evolution equations

fSimilar evolution equations for quark fragmentation functions were derived in [165], [166].
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(dIDGLAP), can be written as

1—z2
dDj1j2(5U17x2at) Qs dx/l ! !
dt T 971]313%11 ) Dijijo (21, 22,1) +
J1 xr1
1—x1d ,
Qs Lo Z2 !
o 2 / - P <x2) Djojy (1, 2, 1) +
J2 xo
s 1 1
s P | — " t 2.13
523 P (750 ) frot e 213)
J

where fj/(x,t) are “standard” collinear PDFs and we have dropped the subscript h4 in Dj s /hy 0
order not to overload the notation. Here we use a dimensionless evolution parameter ¢ = log(Q/Qo)
where ) and @ are final and initial values of the evolution scale respectively. The first two terms
on the RHS of Eq. 2.13 involve standard DGLAP LO splitting functions Py 5 () introduced in
Chapter 1.5. Here we note that the first two terms on the RHS of Eq. 2.13, despite presence of two
Bjorken variables, essentially have the same structure as standard DGLAP splitting kernels from Eq.
1.77 - 1.80. The last term, however, is new. It couples dDGLAP evolution equations to standard
DGLAP equations, Eq. 1.74 - 1.76, and depends on the splitting functions Pj_,; ;,(x) which are
new objects: if Pj_,;(x) can be interpreted as a probability that a parent parton j’ will emit a
parton j with pi < Q? carrying a fraction x of the longitudinal momentum of a parent parton j’
then the splitting function Pj_,;, j,(x) can be interpreted as a probability that the parent parton j’
will split into two partons j; and jo both having pi < @Q? and carrying respectively fractions x
and 1 — 2 of the longitudinal momentum of j'. At the leading order one can express the sum of

Pji_yj j,(x) in terms of standard DGLAP splitting functions via
R
‘Piﬁj(aj) = ZPi—m‘k(x% (2.14)
k

where Pfi j (z) are given by the real parts of the DGLAP splitting functions Eq. 1.77 - 1.80, see
Chapter 2 of [170]. This term effectively includes processes where one parton splits perturbatively
into two partons both having pi < @2, for example g — ¢g. Therefore, below we will refer to it as
to “splitting” term or as to “1v2” term.

In addition to the derivation of ADGLAP equations authors of [164], [167] and [168] demonstrated

that the solution of Eq. 2.13 cannot be expressed in a factorized form as

Djl]é(xlvx?’t) = fj1(x17t)fj2(x2’t)’ (2‘15)

where fj,(z;,t) are collinear single parton distribution functions. Moreover, even if we assume the

absence of the correlations at the initial scale, or, in other words, if we use a factorization ansatz

Dy, j, (1, 72,t0) = fj, (21, t0) fjs (2, t0) O(1 — 21 — 2) (2.16)

as an initial condition to solve Eq. 2.13, the evolution effects will violate this factorized ansatz at

higher factorization scales [169]. The first numerical estimates of these effects were given in [171],
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[172] where the technique of Mellin transformation was used to solve Eq. 2.13. In [169] the impact
of the evolution effects on double gluon-gluon dPDFs was shown to be of the order of 10% for the
scales of the Tevatron hard processes (~ 5 GeV) and of the order of 30% for the scales of the LHC
hard processes (~ 100 GeV). In [172] the impact of the evolution effects on the DPS production of
same-sign W-bosons and bb pairs was studied. The impact of the evolution effects on the DPS cross
section for the same-sign production of W-bosons was found to be of the order of 40% at 1 TeV
collision energy and of the order of 20% at 14 TeV collision energy. In case of the DPS production
of the bb pairs the impact of the evolution effects on the DPS cross section was found to be of the
order of 10 — 15% at 1 TeV collision energy and of the order of 5% at 14 TeV collision energy.
However, the discussion in [169], [172] did not concern the sum rules for dPDFs. In 2009 Gaunt

and Stirling demonstrated that the following sum rules:

1—xo
> [ oo Dyalernt) = (1) fuleat), (2.17)
jl 0
1—x2

Z / d1’1Dj1j2($1,:U2,t) = levfjé(x%t): if jo # jiorji, (2.18)

Z / dry Djyjy (w1, 2,1) = (Njy, — 1) fio(@2,1), ifj2 = ju, (2.19)
9

1—x2
Z / dCClele(ﬂjl,xg,t) = (leu'i_l)sz(x?’t)’ ifj?:j_lv (2.20)
Ji 0

where ji, = j1 — j1 (i # g) and Nj,, is the number of valence j; quarks in the proton, are not
violated by the dDGLAP evolution if they were preserved at the initial scale ¢y [173]. The first sum
rule stands for a conservation of a longitudinal momentum. Its meaning becomes clear if one divides
both sides by Dj,(z2,t). Then one can interpret a ratio Dj, j, (21, z2,t)/Dj,(x2,t) as a conditional
probability P(ji1,z1,t|j2,x2,t) to find a parton j; carrying a fraction x1 of a proton’s longitudinal
momentum assuming that there already exist a parton of a type jo carrying a fraction z9 of a

proton’s longitudinal momentum. Then

1—zo
Z / diEl o) P(jl,.’El,tUQ,CL’Q,t) = (]-_‘TQ)a
jl 0

which has a clear interpretation: the integral on the LHS gives a total longitudinal momentum
of all partons apart from js. The other three sum rules are generalized “standard” number rules
which account for changes in a valence quark content. In the following we will refer to the dPDFs
sum rules set by Eq. 2.17 - 2.20 as to GS sum rules. The connection between the momentum
sum rule and the splitting term on the RHS of Eq. 2.13 was studied in [158], [176]. The GS sum
rules were recently proved by Diehl, P168 and Schéfer [177] in all orders of perturbation theory
for “bare” dPDFs and for dPDFs renormalized according to the MS scheme’. We also shall notice

"In the Appendix C of [170] the GS sum rules were proved within the light-cone wave function framework. However,
in [170] the explicit analysis of the UV-divergences and associated scale dependence of dPDFs was not provided.
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that GS sum rules are nothing else but constraints which preserve conservation of the longitudinal
momentum as well as of the number of valence quarks in DPS processes and, therefore, any realistic
model of dPDF's should directly or indirectly obey Eq. 2.17 - 2.20. An example of such model is a
model of dPDF's used in the Pythia event generator [255], [256], [260]. This model does not include
dDGLAP evolution effects and accounts for momentum and number conservation by reweighting
single collinear PDFs and by “squeezing” available phase space after each interaction. Later in
Chapter 6 we will provide a detailed comparison between both Pythia and dDGLAP approaches to
dPDFs. In particular, we will study how well both approaches satisfy Eq. 2.17 - 2.20, discuss some
recent improvements in Pythia’s model of DPS and show how different models of dPDF's affect
various DPS distributions.

Since initial conditions for ADGLAP equations are unknown, one can use the GS sum rules,
Eq. 2.17 - 2.20, as a guiding tool to constrain dPDFs at initial evolution scale. It is quite natural to
assume that the initial conditions can be expressed in terms of single collinear PDFs. However, the
authors of [173] also demonstrated that one cannot express the initial conditions for Dj, j, (z1,z2,to)
as a factorized product of two PDFs without violating sum rules given by Eq. 2.17 - 2.20. They
additionally proposed a form of the initial condition for Dj, j, (z1, z2,to) which approximately satisfies
Eq. 2.17 - 2.20:

N: —1 o -
Dy, j, (71,2, t0) = ]&7 Dj, (w1,t0) Dy, (w2, t0) p7*7* (w1, 22) — 297 (21 + 22, t0), (2.21)
Jv
where
pj“j“ (.%'1, .1'2) = (1 — X1 — .%‘2)2 (1 — x1)727a(j) (1 — 1‘2)7270‘(]'), (2.22)

with (i) = 0 if i is a sea parton and with «(i) = 0.5 if 7 is a valence parton, and the function
¥ (z1 + 2, 10) is defined as

7 8‘D§($7t0)

gii(a,to) = ~ 22 (223)

After the study of Gaunt and Stirling, an attempt to improve their way to construct initial
conditions for IADGLAP equations was made by other authors, see [178] and [179]. However, despite
successful solution for double gluon distributions®, the approach of [178] turned out to have some
significant flaws for double quark distributions [179]. Namely, it leads to negative values of dPDFs
and introduces asymmetry of dPDFs under simultaneous interchange of Bjorken variables and
parton labels, Dj j,(x1,22,t) # Dj,j, (z2,21,1).

So far, we have discussed only dPDFs with both factorization scales being set to the same value
Djljl(xl,xg,tl = to = t) which is a reasonable choice for certain DPS processes e.g. same-sign
W-boson production. However, there exist a variety of DPS processes for which unequal scales
dPDFs seem to be a more reasonable choice, e.g. four-jet DPS production®. The authors of [173]
have argued that unequal scale dPDFs can be produced by applying single DGLAP evolution

8We also shall notice that recently results of [178] for collinear dPDF's were successfully extended to kr-depended
gluon-gluon dPDFs [181].

9We shall stress here that a choice of factorization scales for DPS processes is made by analogy with standard scale
choices for SPS. To our knowledge there is no study which could advocate a specific scale choice.
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equations to equal scale dPDFs. For example, one can take Dj, ; (1, 22,t1 = to = t) and perform
single DGLAP evolution for a given value of z9 from t5 =t to a certain value to > t; =t keeping x
fixed. This procedure can be repeated for all values of zo smaller than 1 — 1. Using this technique,
Gaunt and Stirling have obtained the set of unequal scale dPDFs which we will call GS09 dPDF set
[173]10.

In order to produce the GS09 set of dPDFs Gaunt and Stirling have used the LO DGLAP
splitting functions given by Eq. 1.77 - 1.80 and Eq. 2.14. Therefore, the GS09 dPDFs were
obtained by solving dADGLAP equation at the leading logarithmic approximation (LLA) accuracy
level. The short overview of the different methods to solve dDGLAP evolution equations at the LLA
accuracy level is given in Appendix J. The generalization of the results of [173] to the next-to-leading
logarithmic approximation (NLLA) accuracy level, however, is a non-trivial task. In 2011 Ceccopieri
using so called “et calculus rules” [189] wrote down the dDGLAP evolution equations at the NLLA
accuracy level [175]. However, in [175] it was argued that the validity of the results obtained by the
“jet calculus” technique have to be confirmed by the first principles calculations. Recently Diehl,
P1681 and Schéfer [177] derived the system of the dDGLAP equations for the gPDFs in momentum
space. The splitting functions in [177] computed at the NLO accuracy level confirmed the results
of Ceccopieri [175]. The connection between the dADGLAP evolution equations for the gPDFs in
momentum space and gPDFs in position space, however, is non-trivial. Later in this chapter we
will discuss it in more details.

In order to close this section, let us note that apart from dDGLAP methods there are other
approaches which allow either to model dPDFs or to calculate them from the first principles.
Recently, first results on evaluation of the correlation functions of two quark currents in a pion
were obtained with the help of the lattice QCD techniques [182]. The dPDFs were also computed
within the Light-Front approach [183] - [186], so called “bag model” of a proton [187] and within
the AdS/QCD framework [188]. However, the discussion of these methods is beyond the scope of
this thesis.

2.3 Two parton distribution functions

The expression for the DPS cross section which includes generalized parton distributions

Tayas/ha (1,725 b) was first derived in the pioneer paper of Paver and Treleani for so called “scalar
partons” in 1982 [116]. One year later, Mekhfi derived a similar expression where the spin of quarks
was taken into account [117]. Later, in 2011, Diehl et al. generalized and extended the results of
[116], [117] to the case of n-hard interactions [192], [193]. Namely, the results of [192], [193] were
obtained using n-point correlations functions and generalized parton distributions defined in terms
of the light-cone field operators. In this section we will briefly sketch the results of [192], [193]

important for our phenomenological studies of the DPS phenomenon.

10Ty Appendix J we provide a short overview of different numerical methods to solve dDGLAP evolution equations.
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Let us start with the definition of the 2-parton correlation function

2
d4§. d4€I Y7,
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X

where T and T respectively denote time-ordering and anti-time ordering of the scalar parton filed
operators ¢(§). The variables & and & give position of initial and final state partons correspondingly.
The variables ; and [} are Fourier conjugates of & and ¢ in momentum space. Using the translation
invariance of the matrix element (p|T [¢(£])d(&5)] T [¢(£1)9(&2)] |p) the position of one parton can
be fixed yielding
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where the parton four-momenta [; and I, obey the energy-momentum conservation constraint

2 2
dli=> 1 (2.26)
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Figure 2.5: Assignment of momentum and position arguments in the multiparton correlation
functions and distributions as in [193]. The dashed line denotes the final-state cut.

It is handy to rewrite Eq. 2.24 in terms of the symmetric momentum variables defined as

1

i = ki_§Ti7 (2.27)
1

l; = ki—i-iri. (2.28)

Using Eq. 2.27 and Eq. 2.28, one can write the energy-momentum constraint Z?Zl l; = Z?Zl Il as

> ri=0, (2.29)
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which implies r; = —r9 = r. The variable r can be seen as a momentum transfer between initial
and final state in the cut diagrams in Fig. 2.5.
Using Eq. 2.27 and Eq. 2.28 one can write correlation function ®(ly,12,1}) in terms of ki, ko

and r as

d4 d4/ ) ) ‘ )
®(ky, ko, 7) = { / : 5)14 : f)l462(51—51%1_@(&%1),«/2 y

4
<[ GG (0] To)oE ). (230

We can rewrite this expression using translation invariance of the matrix element. Therefore, we
“shift” & — & — &2/2 which gives
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where four momenta are assigned to partons as in Fig. 2.5. It is a first “building block” for the
DPS cross section. In the following we will need so called transverse momentum dependent (TMD)
gPDFs which are defined as

2 dz; d’z;
T ki k — it ixizi‘p+ v —iz;k; 2 Jr/d *d2 YT
(z1,72, k1, ko, 7) L||1/ o € /(%)26 ] [p Yy dy e X
x(p|O(0, 22)O(y1, 21)|p), (2.32)

where

(2.33)

O(y,z) =¢ (y - ;Z> i0 16 <y + ;z)

g g — <
The operator 04 in Eq. 2.33 is defined as 04 = %(8 — 0) and the products of operators in Eq. 2.32

are understood to be normal ordered [193]. The variables y;, 21 and z3 describe postion of partons

y+t=2+=0

as explained in Fig. 2.5 and “plus” and “minus” subscripts in Eq. 2.32 stand for the plus and minus
components of the four-vector in the light-cone coordinates'!.

There is an important connection between the two-parton correlation function ®(kq, ko, ) and
['(x1, 22, k1, ko, 7) [193]. In the frame where the initial state proton has zero transverse momentum

it yields

2
F(I’l,l'Q,kl,kQ,"') = [Hk;r/dkl_] X
i=1

(277)32p+ / dr=®(ky, ko, r)

X

(2.34)

kj' :ripj' ,'r;"ZO

In section 2.4 we will see how one can derive the expression for the DPS cross section using Eq.
2.31 and Eq. 2.34 in the so called hard scattering approrimation. We will also discuss how the TMD

"Eor the definition of the light-cone coordinates see Appendix C.
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gPDFs I'(z1, z2, k1, ko2, ) are related to the gPDFs I'(z1, 22, b) and the PDFs D(z1,z2). In the
following we will also need so called Sudakov form factors which can be expressed as exponents of
the total probability of the parton to decay in the range of virtualities between Q2. and Q?naxz

min

Q: 1—1k[/|@max]

) 2
@k as(k) / dz Pyog(2) ¥ (2.35)

Sq(Q?naxv anin) =expy — 2 o

2
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2 2
Sg(Qmax7 Qmin) = €exp§ — /
Q2

dz [2Pyq(2) + NpPysg(2)] o, (2.36)

where Ny is a number of flavours.

2.4 The DPS cross section

Figure 2.6: Collision of the left moving proton p with the right moving proton p. The dashed line
denotes the final-state cut. The four momenta are assigned as in [193].

Let us consider a cut diagram for the proton-proton collision shown in in Fig. 2.6. In the
reference frame where both the left moving proton p and the right moving proton p have zero
transverse momentum, under the assumption that the squared energy of each interaction q? is much
grater than corresponding transverse momentum g;, one can write the DPS cross section as

11 [& dig
= 5= ! AL A 4ca (g T

i=1

{ / dtrd' (2m) 464 (r + r)] x

X

2
X lH Hi(qivkh%h’n ’F) (I)(k'“’l")(i) (I_CHF) ) (237)
1=1

where k;,r; and k;,7; are the four-momenta of the left moving proton p and the right moving
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proton p obtained from I, l; according to Eq. 2.27 and Eq. 2.28, ®(ky, k2,7) and ® (El, ks, F) are
two-parton correlation functions defined as in Eq. 2.31, H;(q¢;, ki, ki, ri, 7;) is the squared amplitude
of the i’th hard process and C is a combinatorial factor equal to 2! = 2 for production of two
identical final states.

One can simplify this expression using so called hard-scattering approrimation. Within this
approximation, we assume that all hard interactions have a certain characteristic scale () which is
of the order of the center-of-mass energy of each hard interaction Q? ~ qu. We also assume that all
partons which participate in hard interactions shown in Fig. 2.6 have virtualities much smaller than
Q?. Finally, we assume that the transverse momenta of the initial state partons are much smaller

than Q. These assumptions allow us to write:

ki ot ~opT gt~ Q, ki ~T ~p ~ G ~Q, (2.38)
kT ~rT ~p ~A%)Q, b~ 7t~ pt ~ A?)Q, (2.39)

and
k| ~ [r] ~ k| ~ 7| ~ [g;| ~ A (2.40)

Therefore, in the reference frame where both protons p and p have zero transverse momentum, one

can write

T; = qi+/p+7 (2.41)
T; = qz_/ﬁz_7 (2.42)

where x; and Z; are Bjorken variables for the ¢’th parton in the protons p and p respectively. Then

the collision energy of protons v/S and the collision energies of partons §; are given by

S = (p+p’~2p~=2p'p, (2.43)
s = qz'Q ~ 2q+q* SE IS (2.44)

The constraint §4(r + 7) in Eq. 2.37 can be written as 62(r + #) 6(r™ +71) 6(r~ + 7~) which

forces r* component to be of the same order as 7~ component:
rT o~ ~A%Q, (2.45)

which is a small quantity. Similarly, §*(¢; — k; — k;) gives ¢; = kj + ki and q; = k; + k; which

implies

g~k +A%/Q, (2.46)
g ~A/Q+ k], (2.47)

or, up to the terms of the order of A?/Q, one can approximate
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This approximation fixes the longitudinal momenta in the correlation functions ® and ® in
Eq. 2.37. Moreover, since all transverse components of k;, k;, r, ¥ and ¢; are small, we assume
that the amplitude squared H; does not depend on them. Therefore, H; can depend only on
longitudinal degrees of freedom. However, Eq. 2.45 allows to neglect the dependence on r*
and v~ and Eq. 2.48, Eq. 2.49 reduce a set of independent variables to ¢* and ¢; . Therefore
Hi(qi, ki, kiyri, 7)) ~ H,(qlJr ,q; ). However, H; has to be invariant under the boost transformation in
the longitudinal direction. Because ¢? = 2¢;"q; — ¢? ~ 2¢;"q;, we can write H;(g;", ;) = Hi(q?).

We can apply now the aforementioned approximations to Eq. 2.37. First of all, let us write it as

2
do = {H} [/ dk;dk; dk; dk; 6 (¢ — ki — k7)o (q7 — k7 —k7)| x

i=1

X

[/ drtdr=drtdr= §(rT +7)6(r~ +77)| x

X

[HHi(qi,kj,ki,T,f)] (I)(ki,’f‘)i) (]76‘1‘77‘_), (250)

i=1

where {H?Zl . } stands for

2 11 [& da
T} - e T
U d2rd27‘(27r)452(7’+r)] : (2.51)

] [/ dPk;d’k;(2m)*6% (q; — ki — ki) | x

X

The delta functions in Eq. 2.50 reduce the number of integrations, so we have

2 2
do = {H} [H/dkjdk;drdﬁ] X
i=1 =1

2
X [HHi(qivki,kiar7r)

i=1

(I)(klar)(i)(]%uf)’kJr — q+ _ Iic?r,'r* ot (252)

; =
kI =q; —k;, 7 =-—7"

Within the hard scattering approximation one can write Eq. 2.52 as

i - {ﬁ} E[qu%) [ | o)

i=1

« [ / dzzjdf+] B(Fs, 7)

X
+_ Tt
ki =q; =0

(2.53)

k:i_ =q; ,+—=0

Now we can use Eq. 2.34, Eq. 2.41 and Eq. 2.42 to rewrite Eq. 2.53 in terms of the distribution

functions I'(z1, z2, k1, k2, 7). In order to do it we insert into Eq. 2.53 the following ratio:

{<2w>3kf2p+] [@w)%ﬂp—] |

— 2.54
Crytt o) | 2n)k, 25 (254)




42 CHAPTER 2. THEORETICAL FOUNDATIONS OF DOUBLE PARTON SCATTERING

which gives

do — {H}HHZ(QZQ) [(%)3;}2}94 [(2@3]}4.—2}3—] -

X
| e N E—|
>
S
—_— —
&
=
S
3
%
N
=
+
\ \
&
3
I—‘J
iy
&
>

o 2 2 F(.%'i,ki,’l’) P(J_Zi,’_ci,'f‘)
- {H} (e ity amyic ) (259

Regarding that within the hard scattering approximation q;r = kj and ¢, ~ l?:; , one can write

6 = T
paler 4p*p~ ¢ q;

- : 111 ]
do = {H...}Hﬂi(qf)(m T(zi, ki, )0 (24, ki, 7). (2.56)
i=1

Now we switch from the short hand notation {H?Zl .. } to the complete expression

2
11 d*q; o 1 1 1
do = —H(WH(-) X

X
SH
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Pyl
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(2.57)

2
11 d*q; 1 1
I. I i ’)4p+p‘ 4 4

X
Q|
a,
no

kR0 (q; — ki — ki)} x
« /d%r(:pi,ki, ) D(Fs, ki, — 7). (2.58)

The four-volume d*g; in the light-cone coordinates can be written as d¢q; = d? ql-dqiJr dg;” or, using

Eq. 2.41 and Eq. 2.42, one can write the four-volume d*¢; as d*q; = p™p~d?q,dx;dz;. Substituting
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this expression for the four-volume into Eq. 2.58 and using pp = p™p~ one can write

do = f[ i 4;dz; ( [/d2kd2k62( —k—k)]

qz ql

d27’ F(:L’Z', k;, ’I‘) F(:i’i, EZ‘, —r) =

2
= H i dgj AT — = ( ) [/ d2kid2’;7i 5 (Qz‘ —k; — ];:Z)] X

d?r T (2, ki, r) T(Z4, ki, —7), (2.59)

X
\Q\

X
\Q\

where we have used qi2 R 2‘17;+ q; - Because Hz(qf) is an amplitude squared for the i’th hard process

and ¢? ~ 8; we can write 6;(q¢?) = H;(q?)/2¢? which yields the expression for the DPS cross section

2
_ 2 2 2
do = EU L dr;dz; 64(q}) [/dkdkd( —k—k)}
/ x17k27r)r(£iaki7_r)7 (260)

which can be written as

2
do 1 L [/ 27, 27 52 7 }
= — 0\ 4q; X dkld kz5 i—ki_ki X
H?:l 42 q;dz;dz; C zl;[l (2)2 () (q )
X /dQTF(a:i,ki,r)F(a:i,ki,—r). (2.61)

Now, in order to get the formula for the DPS cross section derived first by Paver and Treleani,
we have to integrate over k; and k; and take the Fourier transform with respect to . Let us define

the Fourier transform of I'(x;, k;, 7) as
Dz, ki, 7) = /deeibTP(xi,ki,b). (2.62)
By applying Eq. 2.62 to Eq. 2.61 we get
do 1o 1
A2 27, 127, 52 T
H2 qudwdi. = 6 H (27‘()2 Ui(%) X [/d kld kzé (qZ — kl — kl):| X
=1 7 1 1 1
X /d2rd2b b e =) (2, kg, b) (24, ks, b)) =
1o 1
= H (2 )2 &Z(qg) X [/ koldQEZ 52 (qz’ — kl — ’_Cl):| X
: m

c
X /deF(xi,ki,b)l‘(:ci,ki,b), (2.63)

where the factor (27)? was absorbed into the definition of the delta function. The TMD gPDFs
(21,22, k1, k2, b) depend on Bjorken variables of two partons, their transverse momenta k; and

ko, and on the difference between their position vectors in a transverse plane of a hadron b. We



44  CHAPTER 2. THEORETICAL FOUNDATIONS OF DOUBLE PARTON SCATTERING
can get rid of the dependence on ki and ko by performing integration over q?:

do

2
1 A2 / 2 2 271, 52 1. :|
—_— = oi\g; ) X d zd kld klé i_ki_ki X
[E drdr, ZH1 (q7) [ q (q )

C
X /d2b D(x, ki, b)T(Zs, ki, b) =

2
1 1 - , -
= H 5‘1'(6‘71-2) X (27T)2 [/ d2Qi d2ki d2ki d2zi ezzi(qikiki)] x

c
X /d2b D(x;, ki, b) T(Zi, ks, b), (2.64)

where we have used the integral representation of the delta function. Now we can rearrange the
order of integration and evaluate the integral over d?q,; which results into a delta function 62(z;)

which, in turn, allows to disentangle integration over k; and k; so, finally, we have

2
do 1 ~ 2 / 2 27 2 B
M . deds.  C 7i\4; dk; d°k; d°b T (x;, k;, b)) ' (Z;, ki, b). 2.65
T | S (i, ki, b) (@, By b) (2.65)

We can define now collinear distributions

Do b) = [ @k ki b), (2.66)
leading to
__do L f[ 54( 2)/ d®bT(z;, b) (24, b) (2.67)
= = oi\qg; 1y iy V) :
H?:l dxidz; ¢ i=1 !

which is exactly the same expression as it was obtained by Paver and Treleani in [116]. Before
moving to the next section, we shall note that the integral over kf in Eq. 2.66 diverges and requires
an appropriate regularization, see [192], [193]. However, the same problem emerges for single parton
distributions [204] - [206], therefore we will not describe it here. Instead, we will concentrate on

flaws in the theoretical formalism for DPS.

2.5 Problem of double counting and UV-divergences in DPS

In sections 2.2 - 2.4 we have described the key-ingredients of the DPS phenomenology: the DPS
cross section, collinear dPDF's and dDGLAP evolution equations. However, as we discuss in this
section, the formulation of the DPS in terms of the collinear dPDF's has some flaws. We briefly
explain the origin of these flaws as well as exiting solutions to them. The details can be found either
in publications we cite or in the review [202].

Let us start the discussion from the dDGLAP evolution equations for the collinear dPDFs given
by Eq. 2.13. The splitting term on the RHS of Eq. 2.13 implies that the DPS cross section evaluated
with dPDFs which obey dDGLAP evolution equations contains three different contributions which
are schematically shown in Fig. 2.7. The “standard” DPS process is shown in Fig. 2.7 a). It

involves four partons (two from each of two colliding hadrons) which exist at the non-perturbative
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scale. In the following we will refer to such processes as to the “2v2” DPS contribution. However,
due to the splitting term on the RHS of Eq. 2.13, a situation where one, or even two, initial state
partons split perturbatively with a probability given by Pj_,; ;,(x) before two hard interaction
take place is possible. Such splittings give rise to new types of DPS processes shown in Fig. 2.7 b)
and Fig. 2.7 c¢). In the following we will refer to them as to “1v2” and “lv1” DPS contributions,
correspondingly.

The aforementioned theory of DPS relies on assumption about factorization of gPDF's into
collinear and transverse pieces, see Eq. 2.4. It allows to encapsulate the information about
distribution of partons in a transverse plane of a hadron into the parameter o.s; and express the
DPS cross section as a convolution of two collinear dPDF's and two hard partonic cross sections, see
Eq. 2.8. However, as it was shown in [191], [192], [193], the separation of gPDFs into collinear and
transverse pieces is inconsistent with the field-theoretical formulation of DPS and leads to incorrect
description of DPS in kinematic regions in which two partons inside a proton originate from a
perturbative splitting of a single parton. The problem of the formulation of the DPS theory in
terms of the collinear dPDF's was discussed in a series of publications [190], [191], [192], [193], [195],
[197], [198], [199], [200]. Several different solutions to it were proposed in [195], [197], [199], [200].

In this section we provide a brief overview of the problem of formulation of DPS in terms of
collinear dPDF's and of solutions to it proposed in [195], [197], [199], [200].

) 50 =

Figure 2.7: Schematic representation of different contributions to DPS. a) “2v2” contribution.
b) “1v2” contribution. ¢) “lv1” contribution.

a

Let us start the discussion of flaws in factorization of gPDF's into collinear and transverse pieces
from the results of Diehl et al. [192], [193]. Namely, in [192], [193] Diehl et al. computed the “1v2”
contribution to the distribution function I'(x1,z2, b) in the limit of small values of |b|. For the

splitting of a mother parton of a type ag into a pair of partons a; and ao it yields

F¢1111}2a2 ;pt (1,22, b) = “)1’220;:2Pa0~>a1a2 <w1 j_l x2> faox(f:—‘;:ﬁ ) (2.68)
where Pyy—yq,a, (%) is @ 1 — 2 LO splitting kernel defined in section 2.2, f,, () is a standard collinear
PDF of a mother parton ag and the dependence on factorization scales was not shown for brevity’s
sake. The ~ 1/|b|? behaviour of the “1v2” contribution to the distribution I'(x1,z2, b) leads to
the witraviolet (UV) divergences in the DPS cross section. By substituting Eq. 2.68 into Eq. 2.67
one can see that the integral [ d?bT(z1,22, b) ['(Z1, 2, b) diverges logarithmically for “1v2” DPS
contributions and quadratically for “lv1” DPS contributions. These UV-divergences indicate the

failure of the DPS framework described in section 2.4. Their origin becomes clear if one recalls
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the assumptions made to derive the DPS cross section given by Eq. 2.67. Namely, that Eq. 2.67
was derived within the hard scattering approximation which, among other things, implies that
|r| ~ |7| ~ A < @, see section 2.4. The transverse distance |b| is defined as a Fourier conjugate
of |r| which means that small values of |b| correspond to big values of |r| and vice versa. The
integration over d?b in Eq. 2.67, or over d?r in Eq. 2.61, is not constrained and runs over all
possible values of |b| and |r|. It means that the integral over small values of |b| leads to large
values of |r| and, at some point, to violation of the condition |r| < @ which was used to derive
Eq. 2.67, see [192], [193]. Moreover, the integration over all possible values of |b| leads to the
overlap between DPS and SPS contributions. The problem of double counting between DPS and
SPS was discussed within different frameworks in [195], [197], [199], [200]. A similar problem for
the multijet production was pointed out in [201].

In order to explain the double counting between DPS and SPS processes let us consider two cut
diagrams in Fig. 2.8. The cut diagram in Fig. 2.8 a) corresponds to the “lv1” DPD contribution
involving four partons which were “pulled out” of two gPDFs which is schematically represented by
rectangles around upper and lower blobs in Fig. 2.8 a). The cut diagram in Fig. 2.8 b) corresponds
to the one-loop SPS process where four quarks in the loop emerge due to the splitting of two initial
state gluons into two quark-antiquark pairs. The cross section for the “1v1” DPS contribution in
Fig. 2.8 a) is derived in the hard scattering approximation which implies that four-momenta of
quarks are restricted to the kinematic domain where the hard scattering approximation is valid, see
section 2.4. However, in order to compute the one-loop SPS contribution shown in Fig. 2.8, one has
to integrate over all values of loop momenta which also include a domain of the DPS contribution
which, in turn, leads to the double counting between processes shown in Fig. 2.8 a) and b).

The same problem arises for “1v2” DPS contributions. In order to illustrate it consider cut
diagrams shown in Fig. 2.9. The cut diagram in Fig. 2.9 a) stands for the “1v2” DPS contribution.
In this case, the “1v2” splitting is included into gPDF T'(z1, 22, b) which is schematically represented
by the rectangle around the upper blob in Fig. 2.9 a). In the case of so called twist-four contribution
shown in Fig. 2.9 b) the 1 — 2 splitting is not included into the parton distribution function of
the upper blob and, therefore, the gluon in Fig. 2.9 b) emerges from a single parton distribution
function. As it was pointed out in [200], both graphs correspond to the different approximations
which are valid for the different values of transverse momenta of partons g; produced due to the
1 — 2 splitting. The graph in Fig. 2.9 a) correspond to the small values of g; which implies that
both partons are almost collinear. On the contrary, the graph shown in Fig. 2.9 b) corresponds
to the large values of g,. The cross section corresponding to the Fig. 2.9 a), therefore, does not
depend on two-parton distribution functions but on twist-four distributions which correspond to
the power suppressed corrections in factorization theorems, Eq. 1.33, Eq. 1.34. More precisely, the
hadronic tensor WH*” given by Eq. 1.28, can be expressed as a Fourier transform of a commutator

of two quark currents as

1 .
Wi = [ateen (P 00 P (2:69)
0
where |P) is a hadron ground state and ¢? is a virtuality of a photon exchanged in the DIS process,

see [44]. The commutator in Eq. 2.69 can be expanded using so called operator product expansion
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(OPE) method. This expansion involves operators of different dimensionality each contributing as

<$2>t, (2.70)

where Q% = —¢? and ¢ is so called twist of the operator which is defined as t = d — s, where d is a
dimensionality of a given operator and s is a value of spin it corresponds to. Operators characterized
by different values of ¢ in the OPE of Eq. 2.69 being “sandwiched” between (P| and |P) give rise to
different contributions to W#*. The discussion of the OPE method and its application to calculation
of the hadronic tensor W#” is beyond the scope of this thesis and can be found in Chapter 18 of [5]
and in [44]. Here we just note that the twist-two operators give rise to the “standard” single PDFs
and that contributions from the twist-four operators is suppressed as 1/Q*. Therefore, the problem
of double counting between “1v2” DPS contribution and twist-four contribution arises only if one

goes beyond the leading log approximation of QCD [200].

b7l
3
a1l

p D P

B

Figure 2.8: DPS and SPS “lv1” contributions. The dashed line denotes the final-state cut. a)
“lv1” DPS contribution. Here the “box” represent double parton distributions. b) one-loop SPS
contribution.

The aforementioned problems of the double counting between DPS and SPS contributions as
well as the related problems of UV-singularities at low transverse distances obviously require a
solution which would allow a consistent treatment of DPS in all orders of perturbation theory.
Several different solutions exist in the literature. One of the first solutions was proposed by Blok
et al. [195] and by Ryskin and Snigirev [197], [198]. The study in these papers was performed for
TMD gPDFs I'(z1, x2, k1, k2, ). A starting point of the approach proposed in [195] was to split
the distribution function I'(x1, x9, k1, k2, 7) defined by Eq. 2.34 into “intrinsic” and “perturbative”

parts as
F(Ila X2, kla k27 'f') = F2U2(Ila X2, k17 k?) Ir) + Fh}2(‘r1’ x2, ki? k27 'I"), (271)

where I'2?2 is the “intrinsic” part which is in charge for “2v2” DPS contribution and I'*? is

the “perturbative” part which is in charge for “1v2” DPS contribution. The intrinsic part obeys
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homogeneous double DGLAP evolution equations for TMD gPDFs:

F?I%Z(‘Tl’x?’kl’k?? ) S]l(k rnm) ]2(k len) F?f%g(l‘l?x?? Q07 Qo,'r') +

k2
&’k as(k°) 2 1.2 dz 202 (L1
+ Z / k2 orn Si (k1. K )/Zle—m'i(Z)Pj{,jz (;ﬂ%k,kzﬂ‘) +

Ji QIQnin
ki2
Pk (k) o [ d e
+ Z ? 27'(' SjZ(k k ) z ‘F)jz_UQ( ) F]lv] (1)31, ?7 k17 ka T) (272)
]é Q?nin

where Pji—>j{-(z) are LO DGLAP splitting functions as in Eq. 1.77 - 1.80 without terms proportional
to the d-function. The functions S, are Sudakov form factors defined by Eq. 2.35 and Eq. 2.36.
The perturbative part T'12(z1, 22, k1, ko, 7) is constructed as a convolution of single collinear PDFs
fi(z,Q?) and distribution functions Dj-(:n, Qres, Qvir) which give the probability to find a parton ¢ at
the resolution scale Q¢ inside of a parton j with a virtuality scale Qyir < Qres- The corresponding

expression reads

min(k?,k2)

d2k Oés ) dy
T32 (w1, 0, b, ko, m) = > / PDjé(y, k) x
jl’J27J3 Qfmn
dz g1 [ X1 o x2
X / m Pjé—ﬂ'ijé (2) D]i <zy7 ki, k) Djé m7 ko, k| . (273)

The lower integration boundary in Eq. 2.72 and Eq. 2.73 for the integration over d?k starts from

Q2. = max(Q3, r?) where Q is a starting evolution scale.

a) b)
Figure 2.9: “1v2” DPS contributions and twist-four SPS contribution. The dashed line denotes the

final-state cut. a) DPS “1v2” contribution. The “box” here represent double parton distributions.
b) Twist-four SPS contribution.

i
|

After evaluating “intrinsic” and “perturbative” parts of I'(x1, x2, k1, k2, 7) according to Eq. 2.72
and Eq. 2.73 one can substitute them into Eq. 2.60. The resulting combinations of “intrinsic”
and “perturbative” pieces resulting from the product I'(x1, z2, k1, ko, 7) ['(Z1, T2, k1, ko, —7) give
rise to “lvl”, “1v2” and “2v2” DPS contributions. As it was argued in [195], the choice of the

lower integration boundary Q2. = max(Q3,7?) in Eq. 2.72 leads to an additional logarithmic
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|r|-dependence of F?f%Q (z1, 72, k1, ka2, 7) if 72 > Q3. Since the lower boundary for the integration

over d’k in Eq. 2.73 is the same, the “perturbative” distribution F;f%g (1,2, k1, ka, 7) will depend
on |r| only logarithmically.

After developing the aforementioned formalism, Blok et al. studied how the evolution effects
impact the value of the effective cross section o s ¢ [196], [158]. In this study the additional logarithmic
dependence of T''2(xq, 9, k1, ko, ) and ['?V2(21, 29, k1, k2, 7) due to the integration boundary

2 = max(Q3, r?) was neglected. Therefore, I''V?(x1, 29, k1, k1, 7) &~ T2 (21, 29, k1, k2). This
approximation, however, does not solve a problem of the UV-divergences in the integral over d*r
at large values of 7, see Eq. 2.60. This problem was solved by postulating r2-dependence of

['292(z1, 29, k1, k2, T) to be described by the two gluon form factor

Fou(r?) = (1 + W) B (2.74)
g m2 ) :
where parameter mg ~ 1.1 GeV? was extracted from the FNAL and HERA .J/v photoproduc-
tion data [203]. The usage of Fyy(r?) in the modelling of two-parton distribution functions
F}f?z (w1, 22, k1, ko, 7) and T'?V2(z1, 29, k1, k2, 7) in fact means introduction of the damping func-
tions into DPS cross section which makes integration over d?r in Eq. 2.60 finite. The problem
of double counting between “lv2” and twist-four contributions was not discussed in [194], [196].
Finally, it was argued that “lv1” contribution has to be suppressed for the DPS production of two
pairs of back-to-back di-jets and, therefore, “1v1” contribution was discarded.

A similar study was performed by Ryskin and Snigirev in [197], [198] where, unlike in [196], the
“lvl” contribution was taken into account. Since, up to logarithmic corrections, the “perturbative”
piece F}ng (z1, 22, k1, k2) does not depend on 2, the “1v1” DPS correction will diverge quadratically
at large values of |r|. This divergence was regularized by imposing an upper integration cut off
min(q?, g2) on the d?r integral.

The connection between the aforementioned UV-divergences and the factorized formula for DPS
cross section given by Eq. 2.61 and Eq. 2.63 was studied by Manohar and Waalewijn in [199] by
means of the renormalization of the field operators which give rise to different DPS contributions.
Namely, it was demonstrated that there is no concept of gPDF's associated with an individual

hadron since, unlike the SPS case, the filed operators which give rise to gPDFs involve both hadrons

at once as schematically shown in Fig. 2.10 b) and ¢). In particular, it implies that

[ / d*b FhA<b>th<b>] - / @b [T (b)) [Thy (b)), (2.75)

where [...] means UV-renormalization of the field operators which correspond to gPDFs I';,, (b)
and I'y,(b) of hadrons h4 and hp respectively. Moreover, in Ref. [199] it was shown that the
work with the renormalized product of filed operators [ [ d*bT,,(b) ', (b)] instead of products of
renormalized operators [ d?b [['j, ()] [[hy; (b)) allows to avoid UV-divergences and double counting
between DPS and SPS contributions. However, working within the framework of Manohar and

Waalewijn one cannot retain the concept of gPDFs associated with individual hadrons'?. In

12 A similar observation was made in the paper of Blok et al. [158]. Namely, it was stated that “It is important to
stress that in the MPI physics there is no factorization in the usual sense of the word.”.
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2018 Diehl, Gaunt and Schonwald proposed their solution to the problem of double counting and
UV-singularities which allows to treat DPS in all orders in perturbation theory consistently, without
loosing a concept of gPDFs defined for individual hadrons [200]. The method developed in [200] is
based upon classification of space phase regions where one-loop SPS and twist-four contributions
overlap with “1v1” and “1v2” DPS contributions, correspondingly. The double counted contributions
are then subtracted by adding corresponding subtraction terms to the sum of the SPS and DPS
cross sections. The formalism developed in [200] applies to the TMD gPDF's I'(z1, x2, k1, k2, r) as
well as to the collinear gPDFs I'(x1, x2, 7). However, since in this thesis we consider only collinear
gPDF's, we will briefly sketch the results of [200] using collinear gPDF's as an example.

Let us consider first the “1v1” DPS contribution. In this case the subtraction term oy,1 pt used
to avoid the double counting between “lv1” DPS contribution and one-loop SPS contribution is

given by

do1v1,pt . . _
H2 ;ﬂ}pd.f - Z Oay,a20b1,by /de (I)2 (|b| ) F;?Qag ;pt (xia b) Fl%f,gbg;pt (.Z‘Z', b)a (276)
=1 ? 7

ai,az,b1,b2

where I'42 ¢ is a short-distance approximation of the splitting part of gPDFs I'(z1, 22, b) which
can be computed by perturbative means, see Eq. 2.68. The cutoff function ®(u) is chosen such
that ®(u) — 1 if u > 1 and such that ®(u) goes to zero at small values of u.!*> The parameter v
in Eq. 2.76 has a dimension of energy and plays the role of the cutoff scale. The short-distance
approximation functions were evaluated in [200] by means of dimensional regularization. Their
exact form depends on a number of dimensions. For example, in D = 2 dimensions I'1y2 pt (24, b) is

proportional to ~ 1/|b| which allows to write integration over d?b in Eq. 2.76 as

d?b
= ©*(|blv) =v / P (2.77)
|b] |

We see that 01,1 p¢ scales quadratically with v. The complete contribution to the total cross section
(DPS + SPS) from the graphs in Fig. 2.8 is given by

SPS DPS
0> — Oyl pt + O1p1 - (2.78)

The cutoff scale v is chosen to be of the order of the factorization scale @ which implies |b| = 1/Q.
Then, for large values of @ and correspondingly for the small values of |b|, one has o141 pt = GEES

SPS

which means that at small transverse distances only the o contribution is present. In this

case, the dependence on v cancels between both contributions. And vice versa at large transverse
distances |b| > 1/Q we have o°FS ~ 0141 pt, s0 only oD5S contribution is present. The cutoff
dependence does not play a role in this region of the phase space since ®(u) — 1 at large values of u.

Similar solution was found for the double counting between the twist-four and “1v2” contributions

3More precisely, ®(u) should reach to zero at small values of u but remain integrable. Therefore, if u — 0 the
behaviour should be ®(u) ~ O(u'®) with some some § > 0, see [200].



2.5. PROBLEM OF DOUBLE COUNTING AND UV-DIVERGENCES IN DPS o1

J N
)

P i j2

R
R
X

< N

P
P : P P

) b) b

Figure 2.10: Schematic representation of SPS and DPS hadronic operators. a) SPS hadronic
operators. b) DPS 1v2 hadronic operators. ¢) DPS 2v2 hadronic operators.

shown in Fig. 2.9. The corresponding subtraction term in this case is

do R R
% = Z Ga1,a2001,b2 Gayaz (T1, T2, T2, T1) X (2.79)
Hi:l dx; dz; a1,a2,b1,b2
X /dD—% ®* (|blv) IyY5,.00 (%5, b), (2.80)

where G, a, (21, 22, T2, 21) is a twist-four distribution and D is a dimension of the integration space.
In order to find the v-scaling of Eq. 2.80 one has to use the technique of integration in 2 — 2¢
dimensions. The details can be found in the original publication [200]. The important result is that a
combination of twist-four contribution and the subtraction term ows — o142 pt scales like ~ log(Q/v).

The “1v2” DPS contribution, in its turn, scales like log(v/A). In the combined expression
Tewd — Tlo2pt + Olog s (2.81)

the v-dependence cancels between ~ log(Q/v) and log(v/A) providing log(v/A) factor in Eq. 2.81.
It is also important to notice that with the scale choice v ~ @) the large part of the logarithm is
contained only in Jggs contribution.

The complete expression for the total cross section (DPS + SPS), therefore, reads

T TIPS = oSS 511 o+ OTA + Gtwa — Tlo2,pt + Ty - (2.82)
The detailed comparison between the approach of Diehl, Gaunt and Schénwald and the approaches
of [195], [197], [198] and [199] was given in [200]. In the rest of this section, we shall briefly sketch
some key-points we will need in the other parts of this thesis. Therefore, we will not discuss the
comparison between the approach of Diehl, Gaunt and Schonwald and the approach of Manohar
and Waalewijn since this discussion would be dedicated to the formal aspects of the DPS theory
but not to its phenomenological applications. Instead, we will concentrate on the aspects of the
formalism of [200] essential for the DPS phenomenology and their connection to the aforementioned
publications of Blok et al. [195] and of Ryskin and Snigirev [197], [198].
First of all, the scale choice v ~ @ implies that the term w4 — o102t does not acquire a
large log(Q/v). Therefore, within the leading log approximation one can drop it. The twist-four
contributions were not considered in the paper of Blok et al. and in the paper of Ryskin and Snigirev

which then are also valid only within the leading logarithmic approximation'4. Therefore, at this

11t was explicitly stated in the paper of Blok et al. [195].
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accuracy level one can write

GDPSHSPS _ SPS _ o | oDES | oDES, (2.83)
The next important point is a question of modelling of the two-parton distribution functions. In
the papers of Blok et al. [195], [158] and papers of Ryskin and Snigirev [197], [198] the separation
into “intrinsic” “2v2” and “perturbative” “lvl” parts was used. As we have noticed before, the
approach of Diehl et al., unlike the approaches of Blok et al. [196] and of Ryskin and Snigirev [197],
[198], does not require such separation of gPDFs. However, due to the absence of gPDFs extracted
out of the experimental data, the phenomenological modelling of gPDFs with splitting into “2v2”
and “1v2” pieces is unavoidable. Namely, in Ref. [200] Diehl et al., in order to provide numerical

illustrations to their approach, used

F(‘Tla x2, ba Q%v Q%) = F2v2(l‘17$2, b) Q%v Q%) + F1U2($17x27 bv Q%v Qg)’ (284)

where I'2Y2 and I''*? follow homogeneous dDGLAP evolution equations separately. The detailed
analysis performed in [200] demonstrated that at the leading log accuracy level the treatment of
“lv2” DPS contribution within the approach of Diehl et al. is consistent within the approach of
Blok et al. and of Ryskin and Snigirev. The treatment of “1v1” DPS contributions, however, leads
to different results. Namely, it was shown that the evolution of gPDF's within the framework of
[200] may enhance the term O'BES — 01v1,pt Which would lead to the disagreement with the approach
of Blok et al. where the “1v1” DPS contribution was neglected. If such enhancement does not
take place, the approach of Diehl et al. agrees with the approach of Blok et al. at the leading log
accuracy level. Additionally, it was shown that the the upper cutoff for the d?k integration for the
“lvl” terms in the approach of Ryskin and Snigirev does not solve the double counting problem

between the “1v2” DPS contribution and the one-loop SPS contribution.
At the moment there is no detailed phenomenological studies within the framework of [200].
However, in Ref. [200] Diehl et al. demonstrated how their method works using regularized double
. ., . Reg
parton luminosities (Lppy) defined as

La1a2b1b2(xlax27il7i‘27Q%aQ%vV) = /d2bcp2 (|b|l/) Fa1a2($1;m2a baQ?vQ%)Fblbg(j17£27 byQ%7Q§)7 (285)

where ()1, Q2 are factorization scales and @ is a certain cutoff function with properties as discussed
above. In their study Diehl et al. used the phenomenological ansatz given by Eq. 2.84 with equal
factorization scales Q? = Q3 = Q3. The “intrinsic” “2v2” part of I'(z1, 2, b, Q?) at the starting

value of the evolution scale (g was chosen to be equal to

1

v _b2
F?ng%(ml,l‘g, baQ%) = A7 ha,ag exp |:4hala2} fal (xvag)fcu(x?aQ%) X (2'86)

X (1 — I —1’2)2 (1 —.%'1)_2 (1 —1'2)_2, (287)

where f,(z,Q?) are standard collinear MSTW2008 LO PDFs [298] and the phase space factor

1=z —a2)* (1 —21) 2 (1 —m2) 2 (2.88)
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Figure 2.11: Double parton scattering luminosities L4, q,b,5, for the production of two systems with
Q1 = Q2 = 80GeV at /S = 14TeV, one with rapidity Y and the other with rapidity —Y. The
parton combinations ajasbibe are uttiu + wuutu (a) and gggg (b). The plot is taken from [200].

ensures a smooth damping of FZ’;ZZ (w1, 22, b,Q?) at the border of the unphysical region where
x1 + x9 > 1 [173]. The parameter hg, 4, effectively provides the maximal distance between partons
in the transverse plane. In the absence of partonic correlations it should be of the order of the
proton size. However, the experimental studies of DPS suggest a value at least two times smaller,
see Fig. 2.3. Moreover, its value can be different for various parton species and even demonstrate
the z-dependence, see [149] - [160]. In the study of Diehl et al. hg, ., was chosen to be of the form
hayay = hay + hay With hy = 2.33GeV 2 and h, = h; = 3.53 GeV 2 which was inspired by the
model of partonic correlations proposed in [159]. The initial condition for the “splitting” “l1v2” part
of T'(x1, z2, b, Q%) was taken in the form

1 —b? 7 fao(z1 + 22,Q3,)
F}zﬁg (z1, 22, b,ng) = mexp |:4ha 3 ] 0 21+ 29 b= (2.89)
1a2
Q@ (Q2 ) 1
X 52771_01)Pa0—>041‘12 (frl n T2 , (290)

1v2

where Q2 is a starting evolution scale for ItV2 .

In Fig. 2.11 we show one of the results from [200] where the regularized double parton luminosities
for productions of two well-separated in rapidity systems were studied. The phenomenological
ansatz in Eq. 2.84 allows to separate “2v2”, “1v2” and “lv1” DPS luminosities which are plotted
in Fig. 2.11 for two particular sets of parton species: uuuu + wuuu in Fig. 2.11 a), and gggg in
Fig. 2.11 b). The dashed line in Fig. 2.11 corresponds to the “2v2” DPS luminosity evolved to
Q1 = Q2 = 80 GeV and the solid lines in Fig. 2.11 correspond to “1v2” and “lv1” DPS luminosities
evolved to Q1 = @2 = 80 GeV. The red and blue bands correspond to the variation of the cutoff

parameter v by a factor of 2 up and down. As we have discussed before, the “lv1” DPS luminosity,
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unlike “1v2” DPS luminosity, depends on the value of the cutoff parameter v quadratically. This
dependence should lead to the wide bands due to the variation of u. On the other hand, as it was
argued in [200], the dependence on the cutoff parameter v can be affected by the evolution effects.
In order to estimate how the evolution effects impact this dependence in Fig. 2.11 Diehl et al.
plotted a yellow band which corresponds to the variation of “1v1” DPS luminosity by the factor of
4 up and down. Therefore, in the case when evolution effects do not affect “1v1” DPS luminosity,
the blue and yellow bands should coincide. By comparing the blue and yellow bands for “1v1” DPS
contributions we see that dDGLAP evolution effects become important for “lv1” DPS luminosities
at large values of rapidity separation. Another important effect shown in Fig. 2.11 is that “l1v2”
and “lv1” DPS luminosities tend to decrease with the increase of rapidity separation. Namely, we
see that for the luminosities shown in Fig. 2.11 a) the “2v2” DPS luminosity dominates over “1v2”
and “lv1” DPD luminosities at large values of rapidity separation. In Fig. 2.11 b) we also see that
the difference between “2v2” DPS luminosity and “lv1” DPS luminosity becomes smaller towards
to the large values of rapidity separation.

The approach of Diehl et al. opens a possibility to study DPS processes in a systematic way
in all orders in perturbation theory. Recently first results on NLO DPS were obtained [177], [210].
However, its consistent implementation into Monte Carlo event generators and, therefore, its usage
for realistic phenomenological analyses, still possesses a lot of challenging problems, though some
progress towards to this goal was recently made [211]. We will come back to the discussion of some

of these issues in Chapter 4 of this thesis.

2.6 General formalism of the DPS in proton-nucleus collisions

As it was mentioned in section 2.1 the first discussion of DPS in proton-nucleus collisions was given
in one of the very first papers on DPS by Goebel et al. [114]. The authors of [114] predicted that
in pA collisions, apart from the “standard” DPS contribution involving one incident proton and
one nucleon, as shown in Fig. 2.12 a), a new DPS contribution involving one incident proton and
two different nucleons is possible, see Fig. 2.12 b). Moreover, Goebel et al. have argued that both
contributions should scale differently with a total number of nucleons A and that “... using targets
with multiple nuclear composition, one can unambiguously separate two production mechanisms
[DPS and SPS] experimentally.”. However, for a long period of time the problem of DPS in pA
collisions was staying outside of the research interest of the theoretical physicists. The study of the
DPS phenomena in pA collisions was resumed in 2001 when Strikman and Treleani published the
paper where the analytical expressions for a total DPS cross section in pA collisions was given for
the first time and first quantitative predictions on scaling of two different DPS contributions were
made [213]. As we have discussed in section 2.1, various studies of DPS performed at pp and pp
colliders [133] - [134] suggest a presence of partonic correlations which leads to small values of the
effective interaction area o.yr. Unfortunately, a nature of correlations contributing to this effects is
still debatable. One of the main problems is our disability to disentangle different sources of parton
correlations in pp (pp) collisions alone. In order to circumvent this issue, Strikman and Treleani
proposed to study DPS processes in pA collisions [213] which would allow to separate transverse
and longitudinal parton correlations according to the different A-dependence of corresponding
contributions to the total DPS cross section. This idea got further developed in [215], [216] and
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found some phenomenological applications in a series of papers [214] - [225].

f)

Figure 2.12: Schematic representation of different contributions to DPS in pA collisions assuming
no cross talks between different nucleons.

However, in general, total DPS cross section in pA collisions is more complicated as discussed in
[213] due to the various “splitting” contributions, see Fig. 2.12 ¢), d), e), ). In this section we will
briefly sketch the results of [216] which correspond to current state-of-the-art of the description of
DPS phenomena in pA collision. Let us start the discussion with the definition of the generalized

nuclear parton distribution functions (gNPDFs)

N N
Ta(z1,22,8) = T2 (21, 20, 8) + T2 (21, 29, 8) + T3 (21, 22,6) (2.91)
102,1N 202,1N
where the terms I", (21, x2,0) and I'y{ (21, x2,0) correspond to the case where two partons

with Bjorken variables x1 and z9 belong to the same nucleon. The first two terms on the RHS of
Eq. 2.91 can be seen as a generalization of the ansatz of Blok et al. [195] to the case of gNPDFs.
The gNPDF FiN (1, x2,0) has no analogue among generalized proton PDFs and correspond to the
case when two partons with Bjorken variables 1 and z9 belong to two different nucleons. The
parameter é is a momentum transfer between initial and final state in the cut diagram in Fig. 2.13.
It is the same quantity as the momentum transfer r» between initial and final state in the cut diagram
in Fig. 2.5, where we were using cut diagrams to write down 2-parton correlation function, see
section 2.3. However, in this section we often take the Fourier transform of I'a(z1, z2,d). Therefore,

in order not to confuse a momentum transfer » with the radius vector in position space, we change
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the notation and use § instead of r.

Since DPS cross sections includes a product of two gNPDFs, the ansatz in Eq. 2.91 give rise
to six different DPS contributions shown in Fig. 2.12. Let us start our discussion with the DPS
contributions involving only one nucleon as shown in 2.12 a), ¢) d) and e). In order to proceed
further with a description of these processes one has to express F}AN in terms of gPDF's of a single
nucleon. In this case the main formula reads

DY (on00.8) = [ 5 o TR (2, 22,8) 137 (2. 22.6)] R (up), (292)

where p¥ (a, p) is the light-cone nucleon density of a nucleus introduced in [217] and defined as

pN(a,p) = /Hdal <1—Zaz) (ZP)Z% (@ = i) 8(p — p;)

‘Qb (alv'“aaAvpla“'?pA)‘Q? (293)

X

where ¢ is a wave function of a nucleus with A nucleons each carrying transverse momentum p;,.

The quantities a; in Eq. 2.93 are defined as

p \/m?‘f‘P?‘sz‘z
=A"L =A : (2.94)
PA Lm0+

where pj and pj are “plus” components of the light-cone momenta of the i’th nucleon and the

nucleus A, correspondingly!®. The definition of «; implies that a;/A is equal to the light-cone

fraction of nucleus momentum carried by the i’th nucleon and that «; € [0, A]. It also implies that

>~ a; = A. The light-cone nucleon density p¥ (o, p) obeys two important sum rules:

A

do
[ tap) ep = A, (2.95)
0
i d

(0%

/ ol (o, p) Cap = A, (2.96)
0

where Eq. 2.95 is called baryon number sum rule and Eq. 2.96 implies conservation of the “plus”

components of the light-cone momenta, see Chapter 2.4.2 of [217]. Taking the difference between
Eq. 2.96 and Eq. 2.95 we obtain an important expression

A

d
/ a—1)pa (o, p) Ea d’p =0. (2.97)
0

In order to simplify Eq. 2.92 one has to make certain assumptions about a-dependence of Flv?
and F2“2. As a first approximation one can assume that all nucleons are carrying the same amount
of longitudinal light-cone momentum of a nucleus which implies pj = pX /A or a; = 1Vi. Obviously,
the motion of nucleons inside a nucleus implies that values of a; are distributed around unity with a

15For the definition of the light-cone variables see Appendix C.
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certain dispersion. However, if we assume that dispersion effects due to the motion of nucleons are
small, then F}\}’Z and F?\}Q are peaked around value @ = 1 and hence we can expand the integrand in
Eq. 2.92 in powers of (a — 1). In order to do that we substitute o =1+ (o — 1) in Eq. 2.92 which
yields

(o8~ [ [ (e e 6| e e

where we have denoted
Ty (‘rl 2 5) i (ﬂ 2 5) + T2 (ﬂ 2 5) (2.99)
o « «

Now we can expand I'}?2 and I'3¥? in powers of (o — 1). As it was argued in the paper of Blok et
al. [216] the factor 1/a? in Eq. 2.92 ensures invariance of the quantity 'y (71 /a, x2/a)/a? under
boosts in the longitudinal direction and, therefore, has to be expanded together with I'y. Expanding
Iy (z1/c, 2/a)/a? in powers of (a — 1) we write Eq. 2.98 as

FAlAN ($17$276) = /d pl'y $17$2?6) pg(a,p) +
d
+ 0 </ “itp (1—a)pﬁ(a,p)> +
+ </ —d*p(1 - a)QpK(a,p)> + higher order terms. (2.100)

By applying Eq. 2.97 to Eq. 2.100 we see that up to the terms of the order of (o — 1)

d
MY (01,02,0) % ATy (o1,00,0) (140 ([ p-appfam)). o)
where we have used Eq. 2.95 to write
da o N
a —d pFN (331,332’6) PA (Oé,p) =
(z1, 22,0 /de pa (o, p) = ATy (21, 22,6) . (2.102)

Therefore, for the processes shown in Fig. 2.12 a), ¢), d) and e) the gNPDF T'YV (21, 15,8), up to
the terms of the order O(a — 1)2, is given by ATy (21, 22,8) which allows to write the total DPS

cross section in pA collisions for the in Fig. 2.12 a), ¢), d) and e) as

A
opps = A Z /Hd% 5 Layan/p(T1,22,8) Ty p, /v (23, T4, —6) X
a1,a2,b1,b2
X0a1b1—>A0a2b2—>B~ (2.103)

We define the Fourier transform of I'(x1, x2,6) as

D(z1,32,b) = /d2beib5F(x1,m2,5). (2.104)
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Now, using Eq. 2.104, we can write Eq. 2.103 as

4
G]pD/i}’S = A Z Hdwid2bra17a2/p($1vx2’b)rb1,b2/N(x37x47b)X

a1,a2,b1,b2 =1

X&albl%A&aﬂuﬁB. (2.105)

which, assuming that one can factorize §-dependence as I'y, y, /N (73,74, b) = Dy, p, /5 (23, 24) F(D)

and that Dy, y,/n(23,24) = Dy, 3, /p(73,74), yields
PA ~ AgPP (2.106)
Opps ~ A0pps» :

where ag%s is a DPS cross section for pp collisions which includes “2v2”, “1v2” and “lvl” DPS

contributions shown in Fig. 2.7.

L L

L2 L2

Figure 2.13: Schematic representation of the F%N contribution to the gNPDFs. Here, two partons
are drawn from two different nucleons with light-cone momentum fractions a1, as and transverse
momenta pq, pPoy.

Now let us sketch the derivation of the total cross section for the processes given in Fig. 2.12 b)

and f) as it was done in [216]. The corresponding gNPDF can be expressed in terms of the nuclear
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light cone wave function 5 of the A-nucleon system
A da
T3V (21,22,8) = A(A - 1)/H a.z d’p; 6 (Z o — A) 52 (Z Pi) X
i=1 i i

X i (1,02, ..., D1, Pay-..) YA (a1, 0, ..., p1 +8,p9 — 6, ...) X
Iy (21/a1,8) fn (x2/as, —6), (2.107)

X

where A(A — 1) is a number of different nucleon permutations, index i = 1,2 labels two active

nucleons, é is a momentum transfer between them and fy are generalized nucleon single parton

distribution functions, see Fig. 2.13. Since the sign of the momentum transfer § is arbitrary, T2V
cannot depend on it. Therefore, F2AN (x1,22,0) = I%N (1,22, —0) which implies
F%N (z1,22,6) = FQAN (z1, 22, —6) =
A
- A(A—1)/H1 o d pz-é(Zai—A)é Zp,. X
1= 1 1
X i (1,02, ...,D1, Doy -..) YA (a1, 0, ..., p1 — 8, Py +6,...) X
X fN (xl/al,—d) fN (fCQ/OéQ,(S). (2.108)

Because the integration over transverse momenta is symmetric in Eq. 2.108 we can replace p; = —p;.
However, the nucleus wave function 14 should not change if we inverse transverse momenta of all

nucleons, therefore

Ya (a1, a2,...,—p; —8,—py+6,...) =
= ¢A (O[laOZZa (X3 _(pl +6)7 _(p2 _6)5 ) =
= YA (a1, 09, ..., +(p; +6),+(py —9),...), (2.109)

which allows to write Eq. 2.108 as

A
2N _ _ _ doj o 2 '
I's ($1a$27 6) = A(A 1)/}1 o d pi5 <;az A) o (;pz) X
X @Z}j& (051,052, ety P1, P2, ) YA (011,012, P —|—5,p2 —6, ,+) X
I (v1/a1,—0) fn (z2/02,0) . (2.110)

X

By comparing Eq. 2.107 and Eq. 2.110 we see that condition I'}Y (21, 29,8) = I'3Y (21, 72, —8) is
satisfied if

fN(l‘l/al,5) = fN(xl/al,—(S), (2.111)
fn (z2/az,—6) = fy(z2/a2,6), (2.112)
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which implies that fy can depend only on absolute value of §. Therefore, we write Eq. 2.107 as
2 da
r3¥ 5 = AA—1/ “d*p; 6 i — A 6? ;
A (xlax% ) ( ) Zl;Il iy D; zi:a ;pz X

X ¢Z (041,062,p1,p2, ) ¢A (Oél,OéQ,pl +67p2 - 61 ) X
I (@1/ea,18]) f (w2/ 2, 16]) - (2.113)

X

Expanding in powers of (a; — 1) in Eq. 2.107, similarly to the case of I'}}Y, we obtain
P3N (01,22,8) = A(A—1) fy (21, 18) fi (22, 18]) FZ(6,-9), (2.114)

where

A
68— [T 0 (o o) (o) viononmona
i=1 i i

wA (041704271)1 +67p2_67) (2115)

X

In the nucleus rest frame in the non-relativistic limit one can set o = 1+ p,;/my [217] and thus

A A
FiVR’QN(é, -6) = /Hd3pi 5 (ZPz) YA (o1, a2,p1,p2, ...) X
i=1 i=1

X ) (a1, a9,p1 +6,p2 — 4, ...), (2.116)

where p; is a three-momentum of the i’th nucleon.
In order to perform further steps we have to specify a form of a nuclear wave function 1. If we
consider a nucleus as a superposition of independent nucleons, then we can write 1o as a product of

independent nucleon wave functions 1 and neglect the kinematic constraint §° (>, pi) which gives

i=A
FYE-8) = [ T] v (o) i (o) i ().

=1
X N (p1+8) YN (p2 —8) YN (p3) ... - (2.117)

Equation 2.117 can be simplified by means of the Fourier transform. We define the Fourier transform

of a single nucleon wave function ¥y as

Unp) = (2;)3/2 [rontrye (2118)

By substituting Eq. 2.118 into Eq. 2.117 we can write for the functions ¢y (p;) with i > 3

1 . /
/ d3pi Q/J?V (pi)d)N (pz) 3 / d3pi dsmd?’r; 1[}7\[ (Tz) VN (T;) e_Zp(Ti_Ti) —
(2)

_ /d%«i o ()2 = j\/d% pa(ri) = 1, (2.119)
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where pa(r) = Ay (r)|? is a single nucleon density function normalized such that

/d3r pa(r) = A. (2.120)

Therefore, after taking the Fourier transform for all single nucleon wave functions with ¢ > 3, we

are left over with

NG 8) = [ b () Ok () (1 4 )0y (2= 8), (22)

which can be written as

60 = |5 [ @] |5 [ @] -

2

1 .
— ‘A /di’w pa(r)e @ =|FA(8)), (2.122)
where Fz(0) is the single nucleon form-factor.
Using Eq. 2.122 one can write Eq. 2.114 as
T3 (1, 22,8) ~ A(A — 1) fiy (21,18]) f (22, 18]) [Fa(8) (2.123)

It is handy to express the single nucleon form factor in terms of the nuclear thickness function Ta

which is defined as a single nucleon density function pa (r) integrated over a longitudinal coordinate

Ta (s) :/dsz (s,2), (2.124)

which gives

FA(6) = ;/dQSTA(s)e_i‘SS, (2.125)

where we used ér = ds.
Now we can write down corresponding cross sections for processes involving two independent
nucleons. Consider, for example, the process shown in Fig. 2.12 b). The total DPS cross section for

this process is given by the following integral

2
A 1 v
Ohps = e > / [ dwi d®6 T2, (w1, 22, 8) TEN,, o (3, 224, 8) X

a1,a2,b1,b2 i=1
X &al b1~>A a-az b2*>B7 (2126)
or approximately
AA—1) 2
A - 28 202
s ~ S X[ [ldnds iz, e«
a1,a2,b1,b2 =1

X

fbl/N (331; |6|) fb2/N ($2, |6|) |FA(5)|26'(11 b1—A OA-az bo—B- (2127)
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In order to perform further steps one has to know the d-dependence of F%“Z and fy. One can
estimate a size of || by evaluating |Fa(8)|* for a Gaussian parametrization of a nuclear mater

density which yields
[FA@) ~ 738, (2.128)

where Ry is a radius of a nucleus [216]. It allows to conclude that most of the contribution to a

corresponding total cross section is suppressed for large values of |§] and thus
82 <O(3/R3), (2.129)

which means that for large nuclei one can neglect the §-dependence of fy and Fgw and, therefore,

one can write

L2 (w1, 22,8) = D22 (21, 12), (2.130)
3N (21, 22,8) ~ A(A — 1) fn (z1) fv (22) [Fa(8)*. (2.131)

where fy is a nucleon collinear single parton distribution function. One should not confuse the
dPDFs D?*2(x1,z5) in Eq. 2.130 with dPDFs D(z1,x2) in Eq. 2.13 since D?"2(z1, 29) account only
for “2v2” DPS processes as it shown in Fig. 2.7 a) whereas D(x1,x2) account for “2v2” and “1v2”
DPS processes as it is shown in Fig. 2.7 b) and c). The reason for this is a division of dPDFs into
“2v2” “intrinsic” part and into “1v2” “perturbative” part in the approach of Blok et al. as in Eq.
2.84 and Eq. 2.91.

Using Eq. 2.130 and Eq. 2.131 one can write Eq. 2.127 as

ohrs ~ AA-1) Y / HdszifiQ/p 21,29) fou e (23) fon (1) X

a1,a2,b1,b2

. . d26
X Ja1b1—>A0a2b2—>B/ (2 )2| A( )|2 (2132)

The integral over § yields

2 2 -
/ (;1732| FA(8)* = % / (3732 sd?s' e ) Ty (5) Ta(s') = A12 /d2sTA( ), (2.133)

which allows to write Eq. 2.132 as

A1 ;
oPpg A ( A ) Z dezD212a2/p w1, 22) fo, N (23) fo, /N (T4) X

a1,a2,b1,b2

X &aleA&agbﬁB/d%Ti(s). (2.134)

Using approximate relation for the radius of the nucleus Ra ~ A'/3 and the constraint for 2 as in
Eq. 2.129 one can find how Eq. 2.134 scales with A. Namely, Eq. 2.129 yields 6 < O(3/R3) ~ A~%/3.
If we now approximate F (8) by the step function with support 62 < O(3/ R%) we can estimate the
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size of the integral [ % |FA(8)]* which yields

/ e |FA(8))* = /d23 T% (5) = AY/3, (2.135)

We see that the total cross sections for the DPS process shown in Fig. 2.12 b) scales approximately
as A*? contrary to the cross section for the DPS processes shown in Fig. 2.12 a), ¢) and d) which
scales approximately as A.

The last contribution we have to discuss in shown in Fig. 2.12 f). This process involves “l1v2”
splitting which we discussed at the beginning of this section. For the study of the process shown in
Fig. 2.12 f) Blok et al. applied the formalism already developed in [195] to describe “1v2” DPS
contributions in pp collisions. In particular it follows that expression for the process in Fig. 2.12 f)
is given by Eq. 2.134 but with proton dPDF D?"2(z1, 25) replaced by DV2(x1,x5) which describes
“1v2” splitting. This result follows from the splitting of the proton dPDFs into “intrinsic” part
which is in charge for “2v2” DPS processes and “perturbative” part which is charge for the “1v2”
DPS processes, see Eq. 2.71. In [158] Blok et al using the parametrization of Fs(4) as in Eq. 2.74
and the formalism of [195] have demonstrated that the “1v2” DPS contribution in pp collisions is
getting enhanced in comparison to “2v2” DPS contribution. A similar study was performed for
the pA collisions. However, in [216] Blok et al. found that for the large nuclei with A > 1 the
relative weight of the DPS process in Fig. 2.12 f) taken with respect to the DPS processes shown in
Fig. 2.12 b) is smaller as the corresponding relative weight in pp collisions. Namely, the numerical
estimate given in [216] for A > 1 yields

o ?/})PS TT02,DPS 1
L / : = const(A) ~ =, (2.136)

P pPp
Ub,DPS GQUQ,DPS

where 01p527 ppg and 0552’ pps are 102 and 202 DPS contributions in pp collisions, correspondingly.

Now let us summarize most relevant results of [216]:

e The total cross section for the processes shown in Fig. 2.12 a), ¢), d) and e) is given by
Eq. 2.106.

e The total cross section for the process shown in Fig. 2.12 b) is given by Eq. 2.134.

e The total cross section for the process shown in Fig. 2.12 f) is given by Eq. 2.134 where “2v2”
dPDF is replaced by “1v2” dPDF.

e The total cross section for the process shown in Fig. 2.12 e) is suppressed for the production

of two back-to-back di-jet pairs.

e The relative contribution of the DPS process shown in Fig. 2.12 f) taken with respect to the
contribution from the DPS process shown in Fig. 2.12 b) in pA collisions for heavy nuclei is

about five times smaller as in pp collisions.

We will discuss some phenomenological applications of this formalism in Chapter 5 and Chapter 7.
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Chapter 3
Basic Monte Carlo algorithms

In this chapter we briefly discuss some algorithms essential to write a simple Monte Carlo event
generator. Namely, we discuss the generation of unweighted events and the generation of colour
charges in the leading colour approximation using the LO di-jet production as an example. Later, in
Chapter 4 we will apply the methods discussed in this section to the four-jet LO DPS production.
A pedagogical introduction to the addressed topics can be found, for example, in [74] and [78]-[80].

3.1 Generation of unweighted events

Let us assume that we have a distribution function f(x) which gives a probability to find a certain
quantity in the range between x and x + Ax. Additionally, let us assume that we have to generate
events according to f(z). This task can be accomplished in several different ways. One of the
simplest algorithms is a generation of weighted events. The idea is to generate x uniformly in a
given range, say between 0 and 1, and to evaluate f(x) for each value of x. This will provide us a
set of x-values which we denote as {z;} and a set of associated weights {w; = f(x;)} which we can
use to produce a weighted distribution of “events” {x;}. However, the work with weighted events
may be inconvenient. For example, it can be very inefficient to work with events with small weights
and, more importantly, events coming from a real data samples are always unweighted. One can
circumvent this obstacle by using a reweighting procedure called hit-or-miss algorithm®. It can be

seen as a sequence of the following steps:

1. Generate a set of z-values {z;} according to the uniform probability distribution.

2. For each z; € {z;}, evaluate corresponding weights according to w; = f(x;), resulting in a set

of weights {w;}.
3. Find in {w;} the maximal value wyax.

4. For each generated x; € {z;} evaluate the ratio w;/wmax = f(2i)/fmaz and compare it to
a random number generated in the range R € (0,1). If R < f(xi)/fmaz keep the event,

otherwise remove it from the sample {z;}.

After performing this procedure one will get a set of unweighted events {z;} where events which

have higher weights before unweighting will appear more frequently. Therefore, one can build a

IThis approach is also sometimes called a rejection sampling or von Neumann rejection algorithm.
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frequency distribution for the sample {z;} which will give us a distribution of events according to
the distribution function f(x).

The aforementioned procedure, however, has a potential flaw. Namely, in practice, one usually
determines wpax approximately at the certain accuracy level. It means that sometimes one can
generate events with weight bigger than wp,ax which will imply w/wmax > 1. Such events, obviously,
will always satisfy the condition R < w;/wmax. After the unweighting procedure all events which
had a weight w < wmax have the same weight which is equal to one. However, the events with
W > wmax after the unweighting procedure will have the weight bigger than one. Therefore, one
has always make sure that the maximal weight wp,ax is determined precise enough to exclude the

influence of the aforementioned effect on the generation procedure.

3.2 Generation of 2 — 2 LO QCD processes

Now let us discuss how the hit-or-miss algorithm can be applied to the generation of the LO 2 — 2

QCD processes. The master formula for the total di-jet cross section is given by

~

R do
Tdijer = Y, ofiget = /deadIBbdtfa/hA(%,QQ)fb/hB(be,QQ) s (ab—cd), (31)

a,b,c,d a,b,c,d

where f/n, (fo/ny) is a collinear PDF of a hadron of a type ha (hp) and d&/ dt is a partonic cross
section for the process ab — cd.

As we see, the set of variables x4, z, t completely determines a di-jet total cross section. However,
for many practical purposes, it is more convenient to use a differential cross section expressed in
terms of measurable quantities such as rapidity and transverse momentum, see Chapter 17 of [5].

By changing the integration variables from ., xy,t to e, yq, p1 We can write Eq. 3.1 as

Cdicjer = Y o =
a,b,c,d
2, 4 dé
= > /dycdyddm TJ—fa/hA (a, Q%) fo/ny (x6, Q%) 7 (ab— cd), (3.2)
a,b,c,d

where y. and y, are the values of rapidities of final state partons in the center of mass frame of
colliding hadrons h4 and hp and p, is an absolute value of transverse momentum of the final state
particles, v/§ /2 is a collision energy of initial state partons and V'S /2 is a collision energy of hadrons.

The corresponding differential cross sections

dgagill_j;ctd 2 9\ 2pLS do b d 3.3
dyedyadp) Fapna(@as @) fojng (00, Q%) = —= (ab — cd) (3.3)

gives a probability to produce two final state partons ¢ and d with y. € [ye, Ye+dyc], Ya € [Yd, Ya + dyd]
and p; € [p1,p1 +dpy]. The analytical expressions for the partonic 2 — 2 LO QCD cross sections

as functions of the Mandelstam variables §, ¢, & are given in Appendix D. The connection between
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the set of variables {ya, vy, p1 } with {4, xy, 8,%, 7} is given by

2p1 Y
ro, = —= coshy.e’, 3.4
Vs o 4

2py v
Ty = —= coshy,e ", 3.5
b 5 y (3.5)
§ = 4p? cosh?y,, (3.6)
t = —2p% coshy.e ¥, (3.7)

where
Ys = Ye — Yd, (38)
1

Y = i(yc‘f'yd% (39)

see Chapter 17 of [5].
Using the differential cross section given by Eq. 3.3 one can generate di-jet events for the process

ab — cd according to the hit-or-miss algorithm. The generation cycle will look like this:

1. Explore the 2 — 2 phase space and find the phase space point {ys,yc, p1 } which has the
maximal weight wpmaz(Ye, Y, 1) = max (d%&”__{e‘id/ dy.dypdp, ).

2. Generate uniformly {y.,yq,p1} in a certain range and for each combination of y. y4 and p

find the corresponding weight w;(ye, yq,p1) = d3agibjj>ectd /dyedyydp ] .

3. For each weight w; find the ratio w;(yZ, ¥, P} ) /Wmaz (Ye, Ya, p1) and accept or reject a given

event according to the hit-or-miss method.

4. For each accepted combination {y, yzl, p’L} evaluate components of four-momenta of particles

in the initial and final state according to

Po = (2aFa, 0,0, 2E4), (3.10)
Py = (2B, 0,0, —,Ep), (3.11)
pe = (pisinhye, pycosd, pising, p) coshye), (3.12)
ply = (pisinhyg, —p cos¢, —pi sing, py coshyy), (3.13)

where the value of the azimuthal angle ¢ has to be generated with the uniform probability in
the interval [0, 27].

One important comment has to be added to the considerations above, namely that the hard
cross sections from Appendix D are averaged over spin and colour indices which means that the
generated events will not carry any information about spin and colour of produced particles. For
many purposes this turns out to be sufficient enough. However, if one wants to add parton showering
(PS) processes on top of partonic events one has to generate colours of produced particles as well.

In the next section we will describe a Monte Carlo algorithm to accomplish this task.
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3.3 Generation of QCD events in the leading colour approxima-

tion

In this section we will discuss the original Lund Monte Carlo algorithm proposed by Bengtsson
[94] which allows to generate colour charges of the initial and final state partons. The generation
of the colour charges is required to take into account so called colour coherence effects [97], [93]
since the radiation function W, of the “colour dipole” is proportional to the product of two colour
charge operators Qm,, Qn [98]. The colour charge operators are defined such that the colour charge
operator squared gives Q2 = C, if n corresponds to a quark and Q2 = Cj, if n corresponds to a
gluon, and, four colour singlets Q2 = 0. The constants Cr and Cy4 are called quadratic Casimir

operators and are defined as

wty = Op, (3.14)
FRPM = CasY, (3.15)

where tﬁv are SU(3) group generators in so called fundamental representation and f9* are so called
SU(3) group structure constants, see Appendix A.

As an example to illustrate Bengtsson’s algorithm let us consider a quark-quark scattering
process qq — qq. At the leading order a corresponding amplitude is given by a sum of two diagrams
each containing one intermediate gluon, see Fig. 3.1. According to the Feynman rules given in
Fig. 1.1, each diagram will contain a product of two SU(3) generators (t); ()3, where indices a, b, ¢, d
correspond to the colours of initial and final state quarks. Consider, for example, a t-channel of the
qq — qq process. Using the colour flow basis of QCD one can show that the product of two SU(3)

generators (t)i (t)§ can be written as?

a a 1 a
(002 0 = Ta (302~ 0284, (3.16)

where N, is a number of colours in QCD, Ty is defined in Appendix A and a graphical representation
of this equation is given in Fig. 3.2. The colour structure of the QCD amplitudes can be drastically
simplified in the large- N, approximation proposed by 't Hooft [99]. According to this approach,
one works in the limit N, — oo which allows to neglect the term proportional to 1/N, in Eq. 3.16.
The resulting colour flow topologies for the #- and #i-channel matrix elements squared are shown in
Fig. 3.3.

Note that in the large-N, limit the interference term between ¢- and @-channels becomes
subleading in comparison to the - and @-channel matrix elements squared. In order to demonstrate

it let us write the ¢- and G-channel amplitudes in the the large- N, limit as

MEbE) = coan(h) EN st M), (3.17)
M@y = et E seshM(a), (3.18)

where C is the part of the amplitude M which carries information about the colours of initial and

For the formulation of the QCD in the colour flow basis see [95], [96].
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a) b)
Figure 3.1: Diagrams contributing to the gg — ¢q. a) t-channel gluon exchange. b) #-channel gluon

exchange.

final state quarks. The matrix elements squared summed over all possible combinations of colours

are given by

bor large N. ~ ~
Do MEGDOPF TR Y S5t M) = N2 IM(H)P, (3.19)
a,b,c,d a,b,c,d
R large N . .
Y IME(@) ) besg IM(@))? = N2 M(a). (3.20)
a,b,c,d a,b,c,d

We see that in the large- N, limit both - and @-channel contributions being summed over all possible

colour combinations are proportional to N2. However, for the interference term we get

~N— R largeN NN/ A
> Mg Meg(a) > SGoLorohMEM(a) = NeM(EM(@).  (3:21)
a,b,c,d a,b,c,d
Therefore, the interference terms for the qq — qq process in the large- N, limit gives a subleading
contribution and thus can be neglected?. The colour flow topologies in the large-N, limit for the

qq — qq process are given in Fig. 3.3.
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Figure 3.2: The colour flow decomposition for the ¢-channel amplitude of the gg — gq process.
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a) b)

Figure 3.3: Large-N. approximation for the process qq¢ — qq. a) t-channel approximation. b)
ti-channel approximation.

Now we can describe how the original Lund Monte Carlo colour assignment algorithm works

3For the other 2 — 2 LO QCD processes, see [94].
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[94]. Since in the large-N, limit we neglect the interference terms, the total cross section is given by

a sum of two terms

o X or—+ oy, (322)
where
2+ u?
ar tAQ 5
A2 | 12
+t

The colour assignment algorithm then is given by the following steps:
1. For each generated event evaluate a ratio o /(o + oy).
2. Generate a random number R € [0, 1] according to the uniform probability distribution.

3. If condition R < o7 /(o1 + or) holds, select a colour topology shown in Fig. 3.3 a), otherwise
select a colour topology shown in Fig. 3.3 b).

As a certain topology was selected, one stores the information about it according to the
Les-Houches Event File (LHEF) standard* [81]. In this notation, each colour line is defined by
two numbers: in the case of quarks, first number labels the colour line and the second number
is always set to zero (and vice versa for antiquarks) and in the case of gluons both number are
non-zero (since gluon carries two colour charges). The connection between the LHEF notation
and the colour flow topologies in Fig. 3.3 is shown in Fig. 3.4. In the LHEF notation each colour
flow line is labelled by an integer number. Depending on the version the LHEF standard the
numbering of the colour flow lines start either from 101 (LHEF standard version 1) or from 501
(LHEF standard version 3). Different numbers are used to distinguish different colour lines. For
example, for the process q¢ — qq we have only two different colour flow lines which are labelled
by 501 and 502, correspondingly, as shown in Fig. 3.4. In the LHEF notation the correspondence
between particles in different channels of a given process and corresponding colour flow topologies is
described by two colour indices, see Fig. 3.5. For example, the connection between the #-channel for
the process qq — qq and the corresponding colour flow topology shown in Fig. 3.4 a) is given by
¢ (501 0) ¢ (502 0) =chernel, o ¢

is given by the number of the colour flow line associated with a given quark and the second number

502 0) ¢ (501 0). In case of quarks the first number in parenthesis

is always equal to zero. In case of antiquarks one has to “swap” both numbers. For example, for
the t-channel of the g — g process we have ¢ (0 501) g (0 502) {trchannel, G (0 502) g (0 501). For
the gluons both integers are non-zero since in the large- N, approximation the colour-flow of gluon
is described by two colour lines. The connection between the u-channel for the process q¢ — qg and
the colour flow topology in Fig. 3.4 b) is given by ¢ (501 0) ¢ (502 0) A channel, q (501 0) ¢ (502 0).
By comparing the assignment of the colour indices for the ¢- and @-channels of the gg — gq process
we see that the numbers of the colour flow lines were swapped for the final state quarks. This

interchange of indices is required by consistent treatment of the {- and @-channels since, - and

“4In the following we will also refer to the files with events written according to the LHEF standard as to Les-Houches
Event (LHE) files.
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ui-channel diagrams are related to each other though the interchange of the final state legs which, in

turn, leads to the interchange of the colour flow lines, see Fig. 3.3.

501 502 501 501
501 0 501 0
502 0 502 0

+ »

502 0 501 0

502 501 502 502
501 0 502 0

i—channel u—channel
¢ (501 0) ¢ (502 0) ="l 0 (502 0) ¢ (501 0) ¢ (501 0) ¢ (502 0) 2= 4 (501 0) ¢ (502 0)
a) b)

Figure 3.4: Representation of colour topologies from Fig. 3.3 in the LHEF notation. a) The
t-channel topology. b) The d-channel topology.

For our DPS simulations in Chapter 4 and Chapter 5 we will use the original Lund Monte Carlo
algorithm [94] as implemented into the Pythia event generator [255] - [257]°. The usage of the same
colour generation algorithm as in the Pythia code allows to combine our DPS simulations with the
initial state radiation (ISR) and final state radiation (FSR) of Pythia. Later in Chapter 4.9 we
will discuss the modifications to the Pythia code and to the LHEF standard necessary to read and
“shower” the DPS events from the LHE files.

Finally, before closing this section, we shall notice that the large-N. approximation is consistent
with most standard ISR [92],]93] and FSR [85] - [91] algorithms since both large- N, approximation

and parton showering neglect the interference effects®.

global event information -- no of particles factorization scale

alpha and alphas

/

<LesHouchesEven

#

1 -1 0 0501 O 0.0000E+00 0.0000E+00 0.35806E+01 0.3580E+01 0.0E+000. -1.
2 -1 0 0 O 501 0.000E+00 0.00000E+00 -0.42030E+03 0.4203E+03 0.0E+000. 1.
24 2 1 2 0 0 0.000E+00 0.00000E+00 -0.41672E+03 0.4238E+03 0.775E+02 0. 0.
11 1 3 3 0 0 0.3765E+02 0.45351E+01 -0.16391E+03 0.1682E+03 0.000E+00 0. -
-12 1 3 3 0 0-0.3765E+02 -0.45351E+01 -0.25283E+03 0.2556E+03 0.000E+00 0. 1

s N Y
PDG codes status parents color flow  4-vector mass spin

Figure 3.5: An event in the LHEF notation, from [79].

5A reader interested in the realization of the colour generation should also look into the description of the methods
of the class SigmaQCD of the Pythia 8 code [83].
For the improved parton shower algorithms see [100] - [103].
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Chapter 4

Four-jet DPS production in

proton-proton collisions

4.1 Introduction

Over decades the four-jet DPS production remains one the most intensively studied DPS production
channels. The first theoretical study of the four-jet DPS production was made by Paver and Treleani
[116], two years later after the pioneering paper on the double Drell-Yan production published by
Goebel, Halzen and Scott [114]. In Ref. [116] Paver and Treleani founded main concepts of the DPS
phenomenology. In particular, they provided a modern expression for the total DPS cross section,
introduced transverse dependent generalized double parton distribution functions I'y, o, /4, (1,2, b)
and proposed a widely used factorization ansatz g, 4, /5, (71,72, b) = fo, /h, (1) fag/n, (x2) F(D).
Subsequently Paver and Treleani [119] performed the first phenomenological study of the four-jet
DPS production within the DPS formalism developed in [116]. It was demonstrated that the
four-jet DPS events could be observed at the SppS and Tevatron colliders operating at that time.
Furthermore, it was argued that four-jet events produced via DPS mechanism will have configurations
distinctive from those produced via the standard SPS mechanism. This study was followed by two
theoretical publications [121], [122] where it was proposed how to discriminate between SPS and
DPS events and most of nowadays commonly used DPS-sensitive variables were introduced.

The aforementioned research motivated experimental studies of DPS phenomena and in 1986 the
AFS collaboration performed the first pioneering measurements of the four-jet DPS production at
V'S = 63 GeV collision energy and determined o, #f = 5mb [128]. Unfortunately, neither statistical
nor systematic uncertainties were provided. One of the main technical difficulties at that time
was the correct estimation of the SPS background which is inextricably connected with correct
extraction of the DPS signal. After the ASF measurements the study of the four-jet DPS production
continued in both experimental and theoretical communities. In 1988 Mangano provided a new
phenomenological study of the four-jet DPS production where the SPS background was estimated
within an improved theoretical framework [127]. In 1991 the UA2 collaboration measured a DPS
production in the four-jet final state at v/'S = 630 GeV collision energy [129]. This time only a
lower error boundary was provided. Finally, in 1993 the CDF collaboration came up with the first
convincing measurements of the four-jet DPS production at v/S = 1.8 TeV collision energy [130].
Later, in 2013 and 2016 the CMS [108] and the ATLAS [145] collaborations measured the four-jet
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DPS production at v/S = 7 TeV collision energy.

References [128], [129], [130], [108], [145] list all currently available experimental studies of the
four-jet DPS production in pp and pp collisions. Whereas in [128], [129], [130], [145] the main
research goal was an extraction of the value of o.¢y, see Fig. 2.2 and Fig. 2.3, in [108] the main
accent was put on studies of various DPS-sensitive distributions.

These experimental measurements were accompanied by several phenomenological studies.
Namely, in 2009 Berger et al. [229] published a paper with a study of the impact of ISR and FSR
effects on the four-jet DPS production where DPS events were constructed out of two sets of di-jet
events simulated at NLO accuracy level with included PS effects. In the same year Domedy et
al. [152] considered different models of correlations between Bjorken variables and the transverse
distance between partons b in a generalized parton distribution function Iy, 4, /5, (71,72, b) and
demonstrated that correlations of this type can lead to a scale-dependent o.rs. A similar study was
performed by Blok et al. [158]. It was demonstrated that the correlations of partons due to the
“1v2” DPS contribution, see Fig. 2.7 b), can explain the measured value of o.¢y, see Fig. 2.2 and Fig.
2.3. In 2015 Maciuta and Szczurek proposed new jet cuts to increase the DPS contribution to the
four-jet production and identified phase-space corners where the DPS exceeds the SPS contribution
[230]. In particular, it was shown that under certain conditions the DPS contribution may reach up
to 90% of the total four-jet cross section. A similar study of four-jet DPS production within the
kr-factorization approach was performed in [231], [232] and within the leading-logarithmic BFKL
formalism [244] - [249] in [233].

We also should mention that concurrently to the aforementioned studies of four-jet DPS
production development of Monte Carlo DPS and MPI models was significant advanced, see
[258] - [263], [265], [266] and [268]. In particular, the MPI model of the Pythia event generator
evolved from the very first MPI model proposed by Sjostrand in mid-eighties of the past century
[258] up to the very sophisticated modern model of Pythia 8 [258] - [263]. Among many other
features, this model accounts for the momentum and number conservation and therefore takes
into account partonic correlations in the longitudinal momentum and flavour. Additionally, there
exist Pythia tunes for various DPS production processes [162], [163]. In particular, the tune for
the four-jet DPS production [162] accounts for dynamical changes of .7 due to the longitudinal
partonic correlations.

The studies of DPS by Domedy et al. [152] and Blok et al. [158] were dedicated to the connection
between the values of .7y and the longitudinal partonic correlations. The DPS productions in the
paper of Berger et al. were constructed by overlaying simulations of the SPS di-jet events which
does not allow to study partonic correlations. In this chapter we present our simulations of four-jet
DPS production and perform comparison between DPS and SPS contributions to the four-jet cross
section. Additionally, we discuss various technical aspects of DPS simulations, such as factorization
scale dependence, the role of different partial contributions to the four-jet DPS production and their
impact on four-jet simulations. We also study the impact of longitudinal partonic correlations due to
the dDGLAP evolution of dPDFs and identify regions of the DPS phase space where the dDGLAP
evolution effects give rise to significant changes in differential DPS distributions. In section 4.9 we
discuss an extension of the Les-Houches version = “1” standard and modifications to the Pythia 8

code required to read and “shower” DPS events from Les-Houches files. This will make it possible to
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combine our DPS simulations with the ISR and FSR simulations of Pythia. We also present checks
of these modifications. Finally, in section 4.10 and section 4.11 we discuss problems of existing DPS
parton shower algorithms as well as some recent achievements in their development. Furthermore,

we present a study of the impact of initial and final state radiation on our DPS simulations.

4.2 Phenomenology of double parton scattering

We begin with a description of the main ingredients used to simulate four-jet DPS production. As a
starting point to generate DPS events, we assume factorization of I'; ; /p(acl, x2, b) into a product
of longitudinal and transverse dependent pieces I'; ;/,(71, 72, b) = D; j (71, z2) F(b). Using this

substitution one can write a total DPS cross section for pp collisions as

4
1 1
DP 2 2 2 2
UABS = E : dei Dy ay (21, 2, Q1, Q3) Dy b, (23, 74, Q7, Q3) X
1+d4p Ocff .
a1,a2,b1,b2 =1
X a-(11 b1 —A a-ag bo— B> (41)

where the prefactor 1/ (1 + d4p) was used to reflect the fact that, in case of production of two
indistinguishable finals states A and B, one has to divide a total DPS cross section by 2. Assuming
no partonic correlations in z-space one can substitute Dy, 4, (71, T2, Q%, Q3) & fa, (21, Q%) fay (72, Q3)

in Eq. 4.1 which gives us the “pocket formula of DPS”

D 1 o LA O B
PS al b1 a b2—>
OAB = 77— — E . 4.2

1+daB Oeff ( )

a1,a2,b1,b2
Such factorization, however, violates momentum and number (flavour) dPDF sum rules given by
Eq. 2.17 - 2.20. The momentum conservation can be restored in a trivial way by multiplying a

factorized product of PDF's by an appropriate cutoff function, for example

Da1,a2(x17 X2, Q%7 Q%) ~ fa1 (.’131, Q%) faz (JZ‘Q, Q%) 9(1 — X1 — ‘/1:2)7 (43)

where 0(1 — x; — z2) excludes unphysical region where z; + x2 > 1. The number conservation,
however, cannot be restored in a trivial way. Nevertheless, Eq. 4.3 is still commonly used for
a phenomenological modelling of DPS. In this thesis we will refer to the dPDFs approximated
according to Eq. 4.3 as to “naive” dPDFs and will use them as a baseline in comparison against
more realistic GS09 dPDFs. We also should notice that “naive” dPDFs, as in Eq. 4.3, do not allow
to reduce Eq. 4.1 to the “pocket formula” Eq. 2.11. Instead, by substituting Eq. 4.3 into Eq. 4.1,

we get
DPS 1 1 : 2 2\ -
OAB = H(S[w%ah;hb? gdmi fay (@1, Q1) fo, (23, Q) Gy py—a X
X fan(2,Q3) for (4, Q3) Gagpy—5 O(1 — 21 — 2) O(1 — 3 — 24). (4.4)

In the following we will use Eq. 4.1 with GS09 dPDFs [173] and Eq. 4.4 for the Monte Carlo

generation of DPS events according to the hit-or-miss algorithm we have described in Chapter 3.
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In order to find the total DPS cross section we also use Eq. 4.1 and Eq. 4.4. The partonic 2 — 2
QCD cross sections are calculated at LO accuracy level and given in Appendix D. In order to
generate colour charges of the produced partons we use the original Lund Monte Carlo colour
flow algorithm [94] which is also used in the Pythia event generator. A numerical integration is
performed by means of the integration routines from GSL library [294]. In particular, we use the
VEGAS algorithm of Lepage [295] which is based on importance sampling. As we have discussed in

Chapter 3.1, it is essential to find a phase space point which gives a highest value of the DPS weight

DPS
max

integration VEGAS performs a scan of the available DPS phase space in order to find regions which

w to avoid generation of events with weights bigger than one. Since during the Monte Carlo

give the biggest contribution to the total DPS cross section, we combine in our code the search of
DPS

ey With the evaluation of UBES. Namely, we compare a weight w; of a generated phase space

w
point against a weight w;_1 of a previously generated phase space point and if condition w; > w;_1

is satisfied then we set w2PS = w;. When VEGAS finishes the scan of the DPS phase space we get
DPS

max

weights bigger than one, see Chapter 3.1.

a value of w evaluated at the accuracy level high enough to avoid the problem events with the
After performing the aforementioned procedure for each subprocess contributing to pp DPS, 45
we end up with the array of maximal weights for each partial contribution and corresponding

total cross sections. After that, the hit-or-miss algorithm is used to generate a desired number

of unweighted DPS events. A corresponding number of DPS events for each subprocess N;?IES is
obtained from the ratio
DPS DPS
Nsub — Osub (4 5)
DP DPS’ :
Nigt®  oie®

DPS

NPPS ¢DPS and oPPS are the total number of DPS events, the total DPS cross section for a

where Ny >, og

given subprocess and the total DPS cross section for the pp DPS, 47 process correspondingly. The
NDPS

generation of events for each subprocess runs until a number of generated events reach N 1 >.

In our analysis we use two different models of dPDFs. As a base line we use “naive” dPDF's,
as in Eq. 4.3, constructed out of MSTW2008 LO PDFs [298]. In order to estimate the impact of
partonic correlations in z-space we use unequal scale GS09 dPDFs [173], [174] which were designed
as the double parton counterparts of the MSTW2008 LO PDFs. In our program we also use the
LHAPDF6 library [296] in order to work with MSTW2008 grids and the interpolation routine for
GS09 dPDFs [297].

The last ingredient for the four-jet DPS phenomenology we have to discuss before presenting
results is the symmetry factor 1/(1 + dap) in Eq. 4.1 and Eq. 4.4. In the available publications on
four-jet DPS production it is sometimes used in a slightly different context which may lead to a
possible confusion. We will start the discussion from the origin of the 1/2 factor in the experimental
parametrization of the DPS cross section and in the MPI model of Pythia. Then we will discuss
the origin of the 1/2 factor in the theoretical and phenomenological studies of DPS and argue that
all approaches give equivalent results.

The “pocket formula of DPS”, Eq. 2.11, used to extract the value of o,y in the four-jet
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production processes [128], [129], [130], [145] is given by

2
105 .
DPS o di—jet
O'four—jet 5 Oeff ) (4.6)

where 0%, jet 18 a total di-jet cross section . This ansatz is inspired by the first Monte Carlo model of
MPI developed by Sjostrand in 1985 [258]. The model of [258] is based upon Poissonian statistics!.
Within this framework a probability of an MPI event with n interactions to happen is given by
—(n)
p, = e (4.7)

n!

where (n) is an average number of interactions in the MPI event given by the ratio (n) = o, /onp
where o, is the total cross section for n hard or semi-hard interactions and onp is the total
nondiffractive cross section. Assuming o, to be much smaller than onxp one can approximate
exp (—(n)) ~ 1 and thus

p,~ (4.8)

Therefore, a probability of an MPI event with one interaction to happen is P, = o1 /onp. Using

Eq. 4.8 iteratively one can express probabilities Ps, ... P, in terms of P;. For example,

()] 1 1 o1 2
P = ——_p2__ (=) . 4.9
2 oxp 2001 T2 <O‘ND> (4.9)

As we see, within this approach the factor 1/2 emerges due to n! in the denominator of the Poisson
distribution and the connection between MPI model of Pythia and the pocket formula of DPS is
given by

(4.10)

2 1 2
OND < 01 > OND 01
o9 = = —

2 OND Ocff N QUeff7

where onp/oess gauges the deviation from the Poisson distribution, see [260].

The parametrization of the DPS cross section in Eq. 4.10 coincides with the expression for the
four-jet DPS cross section in Eq. 4.6. The factor 1/2 in Eq. 4.6 and Eq. 4.10 also can be seen as a
symmetry factor which one has to introduce for two indistinguishable di-jet production processes.
Since in the experimental measurements of the four-jet DPS production one does not distinguish
between di-jets produced by different partons all di-jet production processes are indistinguishable
and thus the factor 1/2 is always present in Eq. 4.6. In the MPI model of Pythia different di-jet
production processes in general are not equivalent since they have different 2 — 2 cross sections
and, therefore, different probabilities to be generated. In order to illustrate it let us assume that

there are two different processes A and B which contribute to the MPI production. In this case

p=24 125 (4.11)
OND OND

More precisely, upon Poissonian statistics with modifications necessary for correct description of charged multiplicity
distribution and energy-momentum conservation. The review of the state-of-the-art of the MPI modelling is given in
[263].
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and, therefore,

ooap 1 (oa  oip\’ 1 [owa\* 1o\  oiaois
_ - n — (A L2 + ZATIE (4.12)
OND 2 \OND OND 2 \onD 2 \onD oD

By multiplying Eq. 4.12 by onxp we get

102 102 1
70'1A +70—]_B+0'1A0'1B: Z Tu 0. (413)

20 20 o 20
ND ND ND ND a,b={A,B}

024AB —

As we have mentioned before, the ratio onp/ocss gauges the deviation from the Poisson distribution.
Therefore, in the same way as in Eq. 4.10, in order to account for the deviation from the Poisson

distribution, we can multiply the RHS of Eq. 4.13 by onp/ocfs yielding

1 o? 102 O1AC 1
ooap = 54 4 B 4 TACIE S oaow (4.14)
20cif  20eff Oeff  20eff S b

Now let us describe the origin of the factor 1/2 in theoretical and phenomenological studies of
DPS. In the pioneering paper of Paver and Treleani [116] the distribution of partons in a transverse

plane of a proton F'(b) was postulated to have a Gaussian form

F(b) = ﬁiRzexp (~|b2/R?), (4.15)

where R is the proton radius. Substituting this ansatz into Eq. 2.7 we get

4
1 o1n12 /P2
Jggs = 7r2R4/d2be 2[b]*/R Z /dez L.]] =
i=1

a1,az,b1,b2
1 4
> /dei L] (4.16)
a1,a2,b1,b2 =1
If we now neglect correlations in z-space we can write Eq. 4.16 as
1
DPS
OAB = 27TR2 Z Oa1b1—A Oasby—B- (4.17)
a1,a2,b1,b2
If we denote G.rf = mR?, we would get
1
O-Bgs - ~ Z Ua1b1 —A U(lgbg—)B) (418)
205 7
a1,a2,01,02

which formally coincides with Eq. 4.14. However, the value of 6.f; in Eq. 4.18 and the value
of ocfr in Eq. 4.14 will not coincide. In fact, the definition of o.¢y in Eq. 2.6 tells us that the
factor 2 in the denominator of Eq. 4.18 has to be absorbed into the definition of o.;s since
Oeff = U d?b FQ(b)]_1 = 2nR? = 25,.¢¢. Therefore, we see that Eq. 4.18 and Eq. 4.14 disagree
between each other. However, as it was shown in [192], [193] the correct quantum treatment

of the DPS cross section requires a symmetry factor 1/2! in case of a DPS production of two
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indistinguishable final states®. Therefore, the correct expression reads

DPS 1 1 di—jet _di—jet
OAg = ——— Z T A Ot 3 (4.19)
1+ 64B Ocfy T, @A mazbe=

where o.s is defined as in Eq. 2.6 and A and B are two final states produced in the first and the
second hard interactions correspondingly. In the following we will refer to such approach to the
symmetry factor 1/2 as to the quantum mechanical approach. It may seem that the treatment of
the symmetry factor 1/2 as in Eq. 4.14 and Eq. 4.19 may lead to different results. However, it is
not the case. For example, consider a DPS process involving (g9 — gg) and (qg — gg) processes.
According to the Poissonian approach we get

pps _ 1 1 1 (4.20)

0AB (09999 Tag—99 + Tgg—g9 Tgg—gg] = — Ogg9—99 Tqd—g9-
205y Teff

One would get the same expression according to the quantum mechanical approach. Namely, we get

4
1 1 R R
Ry = = /deﬂz Dyq(x1, 22) Dyqg(23, 24) Ggg-399(21, 43) Gqg99(2, T4) +
20cff e
11 [
+ %9 i /Hdwz Dyg(x1,22) Dg (3, %4) Gqq-99(71, 3) Gggsgg (22, 74) =
¢ i=1
1
= 999—99 943—99- (4.21)
Oeff

Consider now the production of two distinguishable final states. For example, consider the DPS

process involving (gg — gg) and (gg — qq). In this case the Poissonian approach yields

1
DPS
OAB = Og9—g9 999—qd> (4.22)
Oeff

and the quantum mechanical approach gives

4

1 . .

UA]?ES T o If /del Dyg(x1,22) Dyg(23, T4) 69999 (21, 73) O gg-sqq(2, 24) =
€ i=1

= U:ff O99—99 999—4d> (4.23)
which again is the same us in Eq. 4.22. Similar checks can be performed for the other combinations
of LO 2 — 2 processes.

Therefore, we can conclude that both Poissonian and quantum mechanical approaches give
the same symmetry factor 1/2 for the four-jet DPS cross sections. We also have argued that the
symmetry factor in some early papers on the four-jet DPS production was missed which together

with the usage of the the Gaussian parametrization of the transverse plane distribution function

2To our knowledge, the first publication where it was ezplicitly stated that production of two indistinguishable final
state partons in di-jet production processes a1b1 — A and asb2 — B requires an additional symmetry factor was the
paper of Treleani and Strikman [213]. The detailed derivation and a generalization for multiple hard scattering was
given in papers of Diehl et al. [192], [193]. Earlier theoretical publications on DPS were motivating the presence of
the factor 1/2 due to the Gaussian parametrization F'(b) which gives an incorrect expression for ocsy as in Eq. 4.18.
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F(b) in Eq. 4.15 and interpretation of the o.f¢ as a transverse area of proton could lead to the
wrong estimate o.fr = 7w R? instead of the correct o, = 21 R?.

In Chapter 3 and this section we have provided all necessary ingredients for the simulations of
the four-jet DPS production. In the rest of this chapter we present our results on four-jet DPS

production in pp collisions.

4.3 DPS-sensitive variables

It was noticed a long time ago that DPS and SPS events tend to occupy different regions of a
four-jet phase space [119]. For example, this can be seen from the asymptotic behaviour of the
LO 2 — 2 cross sections in Eq. 4.1 and Eq. 4.4. The LO 2 — 2 QCD processes at the low values
of p, are dominated by the #-channel gluon exchange which behaves like 1/2 ~ 1/ ph, see [263)].
Therefore, at low p; values the LO DPS cross section will approximately behave like ~ 1/p8. This
behaviour leads to infra-red divergences for soft particle production in MPI models and has to be
regularized according to a certain regularization scheme®. For example, one can impose a sharp
cutoff on p; approximately at Agcp ~ 1 — 2 GeV. This regularization is unavoidable for the MPI
modelling where transverse momentum of produced partons is typically low. However, if we consider
a four-jet DPS production of four hard jets, this infra-red divergence will be naturally regularized
by corresponding cuts on transverse momenta of produced jets. Nevertheless, as we will see, the
scaling behaviour ~ 1/ péj_ will lead to the significant enhancement of a DPS cross section even for
jets with relatively large values of the transverse momenta (p; = 20 — 35 GeV). Moreover, the usage
of the LO 2 — 2 matrix elements for the event generation automatically implies that the di-jets
produced in a given DPS event will be well balanced in transverse momentum and well separated
in rapidity, see Fig. 4.1. All these features of four-jet DPS events allow to introduce a set of so
called DPS-sensitive variables one can use to discriminate between DPS and SPS events as it was
first proposed in [119]. In Appendix E we list some of these variables used in different experimental
analysis of four-jet production.

We will start our analysis of the four-jet DPS production in a relatively simple setup, without
parton shower effects. In this case the di-jets generated according to Eq. 4.1 and Eq. 4.4 will
be ezxactly balanced in transverse momentum drastically reducing the number of DPS-sensitive
variables. Nevertheless, we will show that even without taking the parton shower effects into account
one can draw important conclusions on behaviour of DPS differential distributions. At this stage
we consider the DPS distributions in terms of a leading jet p; and a maximal rapidity separation
AY = max|y; — y;| of produced jets. Adding the ISR and FSR effects will, obviously, introduce
some distortion to our parton level simulations. On the other hand, incorporation of ISR and FSR
effects in the simulations will allow us to include additional DPS-sensitive variables into the analysis
and make the simulations more realistic. In sections 4.9 - 4.11 we will demonstrate how DPS events
produced with our own DPS code can be fed to the Pythia 8 event generator and show the impact
of initial and final state radiation on the parton level simulations. Additionally, we will discuss

some open problems and perspectives of modelling of the ISR in DPS processes.

3For the details see [263).
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Figure 4.1: Schematic picture of the SPS and DPS events in the rapidity-transverse momentum
coordinates.

4.4 Contributions to a four-jet DPS production

The LO QCD 2 — 2 partonic cross sections used in our simulations are listed in Appendix D. For
Ny different flavours the generation of di-jet events with the LO QCD 2 — 2 partonic cross sections

in Appendix D involves

Ndi—jet = 1—|—2Nf+2Nf(2Nf—1)+Nf+Nf—|—2Nf—|—Nf+Nf(Nf—l):
= 5N} +4Ns+1 (4.24)

different 2 — 2 processes. Therefore, for Ny = 4 we have Ngi_jet = 97. It implies that the for
four-jet DPS production we have NEPS = (Ni_jet - Ndifjet) /2 = 4656 different DPS processes.
As described in section 4.2, our code uses VEGAS algorithm to scan the DPS phase-space to find the
maximal DPS weight and to evaluate the corresponding DPS cross section. Therefore, a complete
four-jet DPS simulations requires evaluation of 4656 integrals according to Eq. 4.1 or Eq. 4.4
which is a time consuming procedure. However, not all of these DPS processes will contribute
to the four-jet DPS production at the same rate. In order to illustrate it we draw 8 x 8 “chess
like” colour plot where colour of each square corresponds to the contribution to the four-jet DPS
production of all allowed flavour combinations for a given combination of two LO QCD 2 — 2
partonic cross sections. For example, the second square on the diagonal in Fig. 4.2 corresponds to

the DPS contribution

Y (Gig—a9)®(ag—ag), (4.25)

1

where ¢ runs over all flavours under consideration. It is known that the complete four-jet SPS
production process pp SP8, 47 can be well approximated by production of two jets and two gluons

as pp LLEN 2j 4 2g. For example, this approximation to the four-jet SPS production is used in the
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ALPGEN event generator [253]. By comparing contributions of different squares to the four-jet DPS
cross section in Fig. 4.2 we see that it is reasonable to approximate the four-jet DPS production
pp DPs, 47 by pp DPS, 2j 4 2g, where j = g,d,u, ¢, s,d, @, ¢, 5. Similar, though not exactly the same

approximation of four-jet DPS production was used in [232].
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Figure 4.2: Partial contributions of different combinations of LO QCD 2 — 2 processes to the total
DPS cross section evaluated for /S = 7 TeV, pft € [35,100] GeV, y/¢ € [—4.7,4.7]. Here we have
used “naive” dPDF's constructed out of MSTW2008 LO PDFs. Factorization and renormalization
scales are equal to Q1 = p11, Q2 = pa1, where p;| and py | are equal to the absolute values of the
jet transverse momentum in the first and the second hard processes correspondingly.

In Table 4.1 we present our computation of the total DPS cross section for pp DPs, 2j 4+ 2¢g and
pp DPS, 47 processes for four different sets of cuts from [234]. As we can see, about 95% of the
total four-jet DPS cross section is contained in the DPS cross section for pp DPs, 2j 4 2g process
which is also in agreement with approximation from [232]. Nevertheless, one has to consider this
approximation carefully while working with differential distributions of DPS events. Obviously,
one expects that distributions obtained for pp DPS, 45 process will show more activity then the
distribution obtained for pp DPS, 9 j+2g process. However, it does not mean that one will get exactly
the same increase for all regions of the DPS phase space. In Fig. 4.3 we present our simulations for
pp DPs, 45 and for pp DP8, 2§ + 2g processes. We see that in some regions of the DPS phase space
the difference between distributions obtained for all possible DPS four-jet production processes
and the distributions obtained only for DPS processes contributing to production of two jets and

two gluons may reach ~ 30% level. The biggest disagreement occurs for events produced at high
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values of AY = max|y; — y;|, see the lower panel in Fig. 4.3. Since, according to Eq. 3.4 and
Eq. 3.5, a sum of rapidities in a given di-jet event is equal to y1 + y2 = log (z1/22), a high value of
AY = max|y; — y;| will correspond to two di-jet events each initiated by one low-z and one high-x
parton. It means that the contribution from the quark production processes which we discarded by
replacing four-jet DPS production pp DPS, 47 by pp DPS, 2j 4+ 2¢g becomes more and more important
as we move towards the high-AY region. Moreover, as we will show later in this thesis, the tail
of the AY distribution demonstrates a strong dependence on different models of dPDF's and, as a
consequence, on different models of longitudinal partonic correlations. Therefore, in our simulations
we will use a complete set of four-jet DPS production processes to make sure that the correlation

effects are not affected by approximation pp LN 47 ~ 2j + 2g.

Cuts and collision ener, ovps for ovps for U4j /U2j2g
&Y pp DPs, 27 4+ 2g process | pp DPs, 47 process DPS/ ™~ DPS
VE=TTeV, Jy| <47, 42.45 45.45 1.07
pL € [35, 100} GeV
VE=TTeV, Jy| <47, 3726.48 3912.27 1.05
pL € [20,100] GeV
VS =13 TeV, |y| < 4.7, 330.53 347.13 1.05
p1 € [35,100] GeV
VS =13 TeV, Jy| < 47, 92109.18 92898.68 1.04
p1 € [20,100] GeV

Table 4.1: Comparison between DPS cross sections evaluated for pp DPS, 27 4+ 2g and pp DPS, 47

processes. All cross sections are given in nb. Same dPDFs and scale choices as we used to produce
Fig. 4.2.
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Figure 4.3: Upper panel: leading jet p | distributions simulated for pp Drs, 47 and for pp DPS, 9 j+2g
processes. Lower panel: AY = max|y; — y;| distributions simulated for pp LN 45 and for

pp DPS, 27 + 2g processes. Here we have used “naive” dPDFs constructed out of MSTW2008 LO
PDFs. Factorization and renormalization scales are equal to )1 = p11, Q2 = p21, where p;| and
po1 are equal to the absolute values of the jet transverse momentum in the first and the second hard
processes correspondingly. Statistical errors are given by oppsv/Npin/Niot Where Ny, is a number
of events in a given bin, oppg is a corresponding DPS cross section and Nt is total number of bin
entries for a given histogram.
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4.5 Scale dependence of the DPS cross section

Another important issue we have to discuss before presenting our simulation of the four-jet DPS
production is the choice of the scales Qq, Q2 for the di-jet production processes®. In practice, for
the DPS processes one selects the same values of Q1, Q2 as for the SPS processes. However, to the
best of our knowledge, there are no studies which could decisively favor a particular scale choice for
a particular DPS process. In our DPS studies we will compare our simulations against simulations
made with the MadGraph 5 [254] and the Pythia 8 [256] event generators and thus we stick to
the scale choices implemented into these two programs. Among the MadGraph options we will use
either a sum of the transverse masses () = Z?Zl mf + pi,i or the sum of the transverse masses

divided by two. Among the Pythia options we will use either the geometric or the the arithmetic

mean of the squared transverse masses of the two outgoing particles: @ = \/ (m? + pil)(mg + piQ)

and Q = %, /(m% —i—pil) + %’ /(m% +pi2). For the production of massless particles all the
aforementioned scale choices reduce either to a transverse momentum of a jet Q = p| or to its
doubled value QQ = 2p,, where p | is the absolute value of the transverse momentum of a jet in
a di-jet event. In Table 4.5 we show how the total DPS cross sections depends on different scale

choices. In addition to Q = p, and Q = 2p, options we add the partonic energy Q = v/ option for

illustrative purposes5.
Cuts and collision energy Qig = piQJ_ %,2 = 4p%,21_ Q%,Q =312
VS =TTeV, [yl <4.7, 44.80 27.59 20.93
pi € [35,100] GeV ' ' '
VE=TTeV, |yl <47, 3869.74 2529.62 1908.45
pL € [20,100] GeV
VS =13 TeV, |y| < 4.7, 343.47 229.751 177.173
pL € [35,100] GeV
VS =13 TeV, |y| < 4.7, 29729 9 16309.1 12696
p1 € [20,100] GeV

Table 4.2: Dependence of the total DPS cross section for pp DPS, 47 on different scale choices. All

cross sections are given in nb. Here we have used “naive” dPDFs constructed out of MSTW2008
LO PDFs.

We see that the value of a total DPS cross section demonstrates a high sensitivity to the scale
choice. The computation of the DPS cross section at the nezt-to-leading order (NLO) accuracy level
could improve the situation and reduce the scale dependence. Unfortunately, a computation of the
DPS processes at NLO accuracy level is a highly non-trivial task. Recently, the 1 — 2 splitting
functions required for the NLO DPS computations were calculated for the first time [210]. However,
the complete NLO DPS computations are yet to be done and hence the LO DPS computations

still remain the only available option for the DPS modelling®. Nevertheless, as we will see later in

4In our simulations we always set renormalization and factorization scales to the same value.

>The Q = v/3 option is typically used for processes dominated by the -channel exchange. Since, as we have argued
in Chapter 4.3, the LO QCD 2 — 2 processes at low p, are dominated by the i-channel exchange we will not use this
option in our simulations.

5Tn section 4.11 we discuss how one can improve LO DPS simulations by adding PS effects.
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this thesis, the LO DPS computations still allow to make important conclusions, in particular, to
identify the configurations of jets sensitive to partonic correlations in longitudinal momentum and

flavour.

4.6 Impact of GS09 dPDFs

In Chapter 2.2 we have described the system of dDGLAP evolution equations and properties
of its solutions called double parton distribution functions Dg, 4, (1,22, Q%, Q3). These objects
carry information about partonic correlations in z-space, which implies Dy, 4, (21,72, Q3,Q3) #
far (21, Q%) fay(w2,Q%), and approximately account for momentum and number conservation set by
GS sum rules, Eq. 2.17 - 2.20. In our analysis we will use DPS distributions generated according
to Eq. 4.4 as a baseline for the comparison against DPS distributions generated according to
Eq. 4.1. In order to generate DPS events according to Eq. 4.1 we use GS09 set with 300 grid points.
For the generation of events according to Eq. 4.4 we use central values of MSWT2009 LO PDF
set. In our analysis we consider four different quark flavours: d, u, s and ¢ which are treated as
massless particles. We evaluate factorization scale for the first and the second hard interactions
in a given DPS process according to @ = %, /(m? —I—pil) + %« /(m3 —I—piQ). Since we consider LO
production of massless particles this expression reduces to @ = p, ; where p, ; is an absolute value
of a transverse momentum of a jet in a di-jet event.

Our results are given in Fig. 4.4 - Fig. 4.7. We see that the leading jet p, distributions for
the DPS events generated with GS09 dPDFs differ by about 10% from the distributions of DPS
events generated with “naive” dPDFs. The situation changes for the distributions in terms of
AY = max|y; — y;| where the difference between both approaches may reach about 80% level at
high values of AY, see Fig. 4.4.

Let us consider the AY DPS distributions in more details. The distributions in Fig. 4.4 - Fig. 4.7
were simulated for two different sets of p, cuts (p, € [35,100] GeV and p; € [20,100]) and for two
different collision energies (\/§ =7 TeV and VS =13 TeV). We see that if we change p, cuts from
pL € [35,100] GeV to py € [20,100] GeV while keeping the value of v/S fixed then we decrease the
difference between the AY DPS distributions generated with “naive” and GS09 dPDFs. Namely,
we see that the ratio between DPS distributions generated with “naive” and GS09 dPDFs at high
values of AY stays closer to unity if we require p; € [20,100] GeV, compare the AY distribution in
Fig. 4.4 with the AY distribution in Fig. 4.5 and the AY distribution in Fig. 4.6 with the AY
distribution in Fig. 4.7. We also observe the same behaviour of the ratio between the AY DPS
distributions generated with “naive” and GS09 dPDFs if we decrease the value of the collision energy
while keeping p | -cuts fixed, compare the AY distribution in Fig. 4.4 with the AY distribution in
Fig. 4.6 and the AY distribution in Fig. 4.5 with the AY distribution in Fig. 4.7.

As we have argued in section 4.4, the DPS event with high value of AY consists of two di-jet
production processes each involving one low-z and one high-z parton. However, at high values of
x the impact of the valence quark distributions becomes important. The GS sum rules given by
Eq. 2.18 - 2.20 preserve the conservation of the number of the valence quarks and therefore impose
correlations in flavour which should manifest themselves at high values of . Since “naive” dPDFs do
not obey Eq. 2.18 - 2.20 we expect flavour correlations to contribute to the difference between AY
DPS distributions generated with “naive” and GS09 dPDFs at high values of AY. The presence of
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flavour correlations at high values of x can explain the observed behaviour of the difference between
AY DPS distributions generated with “naive” and GS09 dPDFs at high values of AY. Namely, the
connection between Bjorken variables, rapidities, collision energy and transverse momentum in a
given di-jet event is given by Eq. 3.4 - 3.5. We see that the value of z is proportional to the ratio
2p1/ V/S. Therefore, for the fixed rapidities one can decrease the value of x either by increasing the
value of the collision energy v/S or by decreasing the absolute value of the transverse momentum p | .
It means that by choosing lower value of the minimal p | -cut or by increasing the collision energy
we decrease values of Bjorken variables for a given di-jet event and hence move out of the valence
region which should decrease the role of the flavour correlations and reduce the discrepancy between
AY distributions generated with “naive” and GS09 dPDFs.

However, we shall stress that there are two possible contributions to the observed difference
between AY distributions generated with “naive” and GS09 dPDFs. Namely, the effects due to
the correlations induced by the GS sum rules Eq. 2.17 - 2.20 and the effects due to the dDGLAP
evolution. Since “naive” dPDFs neither obey GS sum rules nor satisfy dDGLAP evolution equation
both types of effects can contribute to the difference between the DPS distributions generated with
“naive” and GS09 dPDFs. The comparison between DPS distributions generated with “naive” and
GS09 dPDFs only does not allow to separate effects due to the dDGLAP evolution and due to the
flavour correlations induced by GS sum rules. However, apart from GS09 and “naive” models of
dPDFs there is another commonly used approach to model dPDFs, implemented in the Pythia event
generator. This model does not account for ADGLAP evolution effects but accounts for momentum
and number conservation of partons and, partially, for “lv2” effects, as described in [260]. In
Chapter 6 of this thesis we will provide a detailed comparison between the GS09 and the Pythia
approaches to model dPDFs, perform a phenomenological study of the four-jet DPS production
similar to the one performed in this section and discuss the role of the flavour correlations.

Before closing this section several important comments have to be made. First of all, as it was
discussed in Chapter 2.5, a realistic DPS process would include various splitting DPS contributions,
see Fig. 2.7. Due to the splitting term on the RHS of the dDGLAP evolution equations, Eq. 2.13,
the DPS simulations with GS09 dPDF's effectively include “1v2” and “lv1” splitting contributions
schematically shown in Fig. 2.7 b) and c). However, as it was shown in [193], [194] the way
“lv2” and “lvl” DPS contributions are modelled by inhomogeneous dDGLAP evolution equations,
Eq. 2.13, is not consistent with the field-theoretical formulation of DPS. The consistent framework
to model “1v2” and “lv1” contributions without double counting between DPS and SPS and without
UV-divergences at small values of the transverse separation parameter b [193], [194] was proposed
by Diehl, Gaunt and Schonwald in [200] (DGS approach). However, a detailed phenomenological
analysis of the four-jet DPS production within the DGS framework is yet to be done. The study
of the double parton luminosities performed in [200] suggests that “1v2” and “lv1” contributions
are suppressed at large values of rapidity separation for £z, DPS luminosity and enhanced for
Lgggq as it is shown in Fig. 2.11. Clearly a more detailed phenomenological study within the DGS
framework is needed to find the impact of the “lv1” and “1v2” DPS contributions on four-jet
production processes. The comparative study of the four-jet DPS production within both GS09 and
DGS approach could, therefore, find the importance of the “1v1” and “1v2” DPS contributions for

the phenomenology of the four-jet DPS production processes. We suggest that our computations
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can be used as a baseline for such comparisons.

Finally, we also should argue that apart from a correct treatment of “1v2” and “lv1” contributions
one should also account for spin and colour partonic correlations in DPS events. In 1988 Mekhfi and
Artru [208] demonstrated that such correlations should be Sudakov suppressed. However, in 2011
Diehl and Shéfer shown that colour interference effects become important for valence quarks [192].
Moreover, as it was demonstrated in [187], [159] and [209] the spin correlations may have a serious
impact on the DPS distributions especially at large values of Bjorken-z. Therefore, we conclude
that the experimental studies of the DPS distributions at large values of AY can potentially give
access to the various partonic correlations and provide a deeper insight into the dynamics of the

proton’s constituents.
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Figure 4.4: Upper panel: comparison between leading jet p | distributions for four-jet DPS events pro-
duced with GS09 dPDF's and “naive” dPDFs. Lower panel: comparison between AY = max|y; — y;|
distributions for four-jet DPS events produced with GS09 dPDFs and “naive” dPDFs. Collision
energy is equal to v/S = 7TeV, p, € [35,100] GeV, |y| < 4.7. Factorization and renormalization
scales are equal to Q1 = p11, Q2 = p21, where p;| and py; are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. Statistical

errors are given by oppsy/Npin/Niot where Ny, is a number of events in a given bin, oppg is a
corresponding DPS cross section and Ny is total number of bin entries for a given histogram.
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Figure 4.5: Upper panel: comparison between leading jet p | distributions for four-jet DPS events pro-
duced with GS09 dPDF's and “naive” dPDFs. Lower panel: comparison between AY = max|y; — y;|
distributions for four-jet DPS events produced with GS09 dPDFs and “naive” dPDFs. Collision
energy is equal to v/S = 7TeV, p, € [20,100] GeV, |y| < 4.7. Factorization and renormalization
scales are equal to Q1 = p11, @2 = p21, where p;; and po| are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. Statistical
errors are given by oppsyv/Npin/Niot Where Npy, is a number of events in a given bin, opps is a
corresponding DPS cross section and Nt is total number of bin entries for a given histogram.
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Figure 4.6: Upper panel: comparison between leading jet p | distributions for four-jet DPS events pro-
duced with GS09 dPDF's and “naive” dPDFs. Lower panel: comparison between AY = max|y; — y;|
distributions for four-jet DPS events produced with GS09 dPDFs and “naive” dPDFs. Collision
energy is equal to v/S = 13TeV, p, € [35,100] GeV, |y| < 4.7. Factorization and renormalization
scales are equal to Q)1 = p11, Q2 = p21, where p;| and po | are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. Statistical
errors are given by oppsv/Npin/Niot Where Ny, is a number of events in a given bin, opps is a
corresponding DPS cross section and Nty is total number of bin entries for a given histogram.
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Figure 4.7: Upper panel: comparison between leading jet p | distributions for four-jet DPS events pro-
duced with GS09 dPDFs and “naive” dPDFs. Lower panel: comparison between AY = max|y; — y;|
distributions for four-jet DPS events produced with GS09 dPDFs and “naive” dPDF's. Collision
energy is equal to v/S = 13TeV, p; € [20,100] GeV, |y| < 4.7. Factorization and renormalization
scales are equal to Q1 = p11, @2 = p21, where p;; and po| are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. Statistical
errors are given by oppsyv/Npin/Niot Where Npy, is a number of events in a given bin, oppg is a
corresponding DPS cross section and Nt is total number of bin entries for a given histogram.



4.7. SIMULATION OF THE SPS BACKGROUND 93

4.7 Simulation of the SPS background

In this section we discuss the way we simulate production of four-jet SPS events for the comparison
against four-jet DPS events generated with our code. Namely, we discuss the generation of four-jet
SPS events with the MadGraph [254] and the ALPGEN [253] event generators. Both codes use
LO matrix elements to generate events. However, NLO corrections may significantly affect LO
results. The total cross section for the four-jet SPS production at NLO accuracy level was at the
first time was evaluated by Bern et al. [250] in 2011. The study of Bern et al. demonstrated that
the total four-jet SPS cross section evaluated at NLO accuracy level is about two times smaller
than the total four-jet SPS cross section evaluated at LO accuracy level. One year later Badger et
al. [251] confirmed results of [250] and, in addition to the total four-jet SPS cross section, provided
differential distributions. Moreover, Badger et al. found that the ratio between differential NLO
and LO distributions demonstrates a mild dependence on rapidities and transverse momenta of
produced jets” and is approximately equal to 0.5, see Fig. 4.8. In practice it is handy to encapsulate
the impact of NLO corrections into a so called K-factor defined as a ratio of an NLO cross section
(NLO distribution) to a LO cross section (LO distribution). Therefore, in the following, in order to
account for the NLO effects in our SPS simulations we will multiply our LO SPS distributions by
Kls\lliso = 0.5. In Fig. 4.9 we compare p, -distributions of jets generated with the ALPGEN event
generator against the data measured by the CMS collaboration [108]. We see that the LO SPS
distributions without K%liso, in general, provide to much activity, especially for high p, -bins, and
that multiplication of the differential distributions by K1S\Ili% = 0.5 leads to a fairly well description
of data®. However, as we have argued in section 4.5, in the case of the four-jet DPS production the
impact of NLO corrections on LO DPS distributions is unknown due to the absence of NLO DPS
computations. Therefore, we do not use K-factors in our DPS simulations.

In the next section we present our study of the interplay between DPS and SPS contributions to
the four-jet production. Typically in experimental measurements of the four-jet production one
imposes different p; cuts on produced jets. For example, the jet distributions shown in Fig. 4.9
were measured for the following p-cuts: p121 > 50 GeV and p34; > 50 GeV where p;; is a
transverse momentum of the i’th jet. However, as it was shown by Maciuta and Szczurek in [230],
the DPS contribution to the four-jet production is suppressed for this set of p, -cuts. In order to
increase the strength of the DPS signal Maciula and Szczurek proposed a new set of cuts where all
four jets are required to have transverse momenta in the same p, interval. Since the four-jet SPS
production typically results in one high-p, jet and three jets with softer transverse momenta these
cuts should suppress the SPS contribution to the four-jet production. Contrary to the SPS case the
DPS contribution to the four-jet production gives two di-jet pairs with approximately the same
values of transverse momenta, see Fig. 4.1. Therefore, we will simulate the four-jet production for
two combinations of p, -cuts (p, € [35,100] GeV and p; € [20,100] GeV) and two different collision
energies (v/S =7 TeV and /S = 13 TeV) as listed in Table 4.3.

Finally, before closing this section, we shall note that in the ALPGEN event generator the
four-jet SPS production pp SP8, 47 is approximated by production of two jets and two gluons

"We shall note that differential distributions in [251] were simulated without parton shower effects. To combine
NLO matrix elements with parton shower generators is a non-trivial task and, to the best of our knowledge, current
state-of-the-art is a three-jet production at NLO combined with parton shower generators, see [252].

8The same value of K§'g, was used in the study of Maciuta and Szczurek [230].
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as pp 5P8, 27 + 2g. In order to estimate the error due to this approximation in Fig. 4.10 we
compare distributions of events for pp LLEN 45 and pp ELEN 2j + 2g processes’. We see that the
difference between total cross sections for the complete SPS four-jet production Jé%,s = 137.74
and the approximate one aéggzg = 130.92 is about 5%. We also shall note that the leading jet p
and AY distributions generated according to pp N 27 + 2g and pp N 47 processes differ by
rather a constant quantity for the whole range of binning, see Fig. 4.10. This behaviour of the SPS
distributions differs from the behaviour of corresponding DPS distributions where the difference
between leading jet p, distributions generated according to pp Dps, 27 + 29 and pp Dps, 47
processes may reach 10% level and the difference between AY distributions generated according
to pp DPS, 27 4+ 29 and pp DPS, 47 processes may reach 30% level, see Fig. 4.3. In order to be
consistent with our four-jet DPS simulations, in the following we will simulate the four-jet SPS

production for the complete four-jet final state.
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Figure 4.8: Comparison between LO and NLO four-jet SPS distributions. Fixed order in perturbation
theory. Left panel: leading jet p| distribution. Right panel: leading jet rapidity distributions. The
plot is taken from [251].

9Since with ALPGEN one can generate four-jet events only according to the approximate process pp 5PS, 2j 4+ 2g
we use MadGraph event generator to generate SPS events according to pp 5Ps, 45 and pp 5PS, 2j 4 2g processes.
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Figure 4.9: Comparison between ALPGEN and the CMS data [108] measured at v/'S = 7 TeV for
the following cuts: p121 > 50 GeV, p34; > 20 and |y| < 4.7. In the ALPGEN simulations the
factorization and renormalization scales are set to the average transverse momenta of the final state
produced jets (iqopt = 2), the minimal value of the transverse momentum of a jet (ptjmin) is
20 GeV, the minimal distance between jets (rjmin) is set to 0.5. The collision energy VS =17TeV.
The CTEQG6L1 PDF set [109].
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Figure 4.10: Comparison between distributions for the pp SP8, 27 + 2g, pp SP8, 47 processes
generated with the MadGraph event generator. MSTW2008 LO PDFs. Both factorization and

renormalization scales are set to ) = %Z?:l 1/ pi ;- Only first 4 flavours (considered as massless).

We use the following cuts: p;; € [35,100] GeV, |y;| < 4.7, minimal distance between final state
partons drjj is set to 0.5. Upper panel:distribution in terms of the leading jet p, . Lower panel:
distribution in terms of the maximal rapidity difference AY = max|y; — y;|. Statistical errors are
given by oppsv/Npin/Niot Where Ny, is a number of events in a given bin, opps is a corresponding
DPS cross section and Nyt is total number of bin entries for a given histogram.



4.8. FOUR-JET DPS PRODUCTION VERSUS FOUR-JET SPS PRODUCTION 97

4.8 Four-jet DPS production versus four-jet SPS production

In this section we compare our four-jet DPS simulations against four-jet SPS simulations performed
with the MadGraph code [254]. The LO matrix elements for the four-jet SPS production are known
to be IR-divergent in case of production of soft and collinear final state particles and hence require

certain regularization procedure. In the MadGraph code the LO four-jet SPS matrix elements

are regularized by imposing a cut on a minimal allowed distance AR = /(¢; — ¢;)2 + (n; — 1;)?
between final state particles which is controlled by the value of the parameter drjj. In our four-jet
SPS simulations we set drjj = 0.5. In order to approximately account for NLO effects in our
four-jet SPS simulations we use KIS\I[I:SO = 0.5 as we have argued in the previous section.

In Table 4.3 we list DPS and SPS contributions to the four-jet cross section for two different
collision energies and two different sets of p; -cuts. We see that the fraction of the DPS cross
section in the total (DPS 4 SPS) four-jet cross section increases if the collision energy v/S grows
or if the transverse momenta of all four jets become softer. We also see that the fraction of DPS
cross section in total four-jet cross section may reach almost 80% for production of four jets with
pL € [20,100] GeV at v/S = 13 TeV. This enhancement is due to the increase in collision energy
and the presence of p,-cuts we use. The growth of the collision energy with fixed hard scale @
allows to probe lower values of Bjorken-z which, in turn, increases the total cross section due to
the increase of parton densities. The p | -cuts we use lead to suppression of the SPS cross section
since the typical configuration of four-jet events produced via SPS mechanism is given by one hard
jet and three softer jets, see Fig. 4.1. Contrary to the the SPS case the DPS production leads
to two pairs of di-jets with approximately the same values of transverse momenta which implies
that the aforementioned p | -cuts do not lead to a strong suppression of the DPS at low values of
transverse momenta of produced di-jets. Moreover, because the ¢-channel of the LO di-jet cross
sections becomes proportional to ~ 1/ p‘j_ as the absolute value of the transverse momentum p
decreases, the DPS cross section, in turn, increases as the low p | -cut becomes softer. The difference
in the value of the DPS and SPS cross sections, obviously, has to also manifest itself in differential
distributions. In Fig. 4.11 - Fig. 4.14 we present our simulations for the four-jet DPS and SPS
production. In Fig. 4.11 we compare the leading jet p; and AY distributions for four-jets produced
via DPS and SPS mechanisms at v/S = 7 TeV and p, € [35,100] GeV. We see that DPS distribution
dominate over the SPS distribution for the small values of transverse momentum of the leading jet,
as shown in the upper plot of Fig. 4.11, and for the large values of the maximal rapidity separation
AY > 6, as shown in the lower plot of Fig. 4.11. These effects become stronger if one decreases the
value of the low p,-cut. In Fig. 4.12 we show leading jet p; and AY DPS and SPS distributions
for four jets with p; € [20,100] GeV at /S = 7 TeV. We see that the difference between leading
jet p1 DPS and SPS distributions becomes stronger at small values of transverse momenta and
that the AY DPS distribution now dominates over corresponding SPS distribution starting from
AY > 4. The growth of collision energy, in turn, leads to the increase of the DPS cross section and
to the enhancement of the effects we discussed, compare Fig. 4.11 with Fig. 4.13 and Fig. 4.12
with Fig. 4.14. We also shall note that the AY DPS distribution generated for p; € [20,100] at
V'S = 13 TeV dominates over the corresponding SPS distribution over the whole range of binning,
see the lower plot of Fig. 4.14.

Our results agree with the results of Maciula and Szczurek [230] at qualitative level. Namely,



98 CHAPTER 4. FOUR-JET DPS PRODUCTION IN PROTON-PROTON COLLISIONS

in Ref. [230] the DPS contribution to the total (DPS + SPS) cross section for the four-jet
production at v/S = 7 TeV and p; € [35,100] GeV was found to be equal to 42% (our result
is 40%). The contribution of DPS to the total (DPS + SPS) cross section for the four jet
production at /S =7 TeV and p; € [20,100] GeV in Ref. [230] was found to be equal to 70%
(our result is 68%). The comparison between AY distributions given in Fig. 4.11 and Fig. 4.12
and corresponding distributions from [230] is given in Fig. 4.15. We see that the four-jet AY
distributions given in Fig. 4.11 and Fig. 4.12 demonstrate the same behaviour as the distributions
from [230]. Unfortunately, in Ref. [230] many important details of DPS and SPS simulations, e. g.
choice of factorization and renormalizetion scales, choice of PDF's etc., were not provided which
makes a quantitative comparison between our results and results given in [230] impossible. We also
shall note that, as we have discussed in section 4.7, the approximation of the complete four-jet
SPS production process pp LLEN 45 by pp 5P8, 27 + 2g gives about 5% difference for the total
cross sections. In Ref. [230] the ALPGEN event generator was used to simulate the four-jet SPS
production which means that in [230] the SPS events were generated according to pp LN 275+ 2g
process. However, in our simulations we use complete four-jet SPS production pp 8PS, 45 as
implemented in MadGraph event generator. This different approach to the generation of SPS events
can partially explain the discrepancies between our results and results from [230]. For example, if
we evaluate the DPS contribution to the four-jet production at v/S = 7 TeV and p, € [35,100] GeV
using the SPS cross section for the pp SPS, 9 j + 2g process we get

100 x gpPs

o~ 1%, (4.26)
opps + KT8 035

where O’;{;QSQ = 130.92 nb is a total LO SPS cross section evaluated for the process pp SPs, 25 + 2g
at VS =7 TeV and p, € [35,100] GeV, opps = 45.35 nb is a DPS cross section evaluated for the
same cuts and collision energies and KIS\’IIESO = 0.5, as explained in section 4.7. Therefore, we see that
if we switch from exact four-jet SPS production to the approximate one we get a better agreement

with results given in [230].

f f
Cuts and collision energy SPO:PS, o DISSDPS. . UDPS/ (O'DPS + USPS)
pp — 47 process | pp —— 4j process
VS =TTeV, |y| < 4.7, 69.08 45.45 39.68 %
pL € [35,100] GeV
VS =T7TeV, |y < 4.7, 1874.99 3912.27 67.60 %
p1 € [20,100] GeV
V5§ =13 TeV, |y| < 4.7, 290.18 347.13 54.47 %
pL € [35,100] GeV
VS =13 TeV, |y| < 4.7, 6670.53 22898.67 77.44 %
pL € [20,100] GeV

Table 4.3: Comparison between the DPS cross sections evaluated for pp N 45 and pp LLEN 45
processes. For the DPS computations we used “naive” dPDFs constructed out of MSTW2008
LO PDFs and for the SPS computations we used MSTW2008 LO PDFs. All cross sections are
given in nb. The factorization and renormalization scales are set to: a) DPS Q12 = |p1 12|, b) SPS

Q= %Z?:l piz The SPS cross sections are multiplied by Kls\}i% =0.5.
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We also shall note that in the simulations given in [230] the impact of parton shower effects
was neglected. In sections 4.9 - 4.11 we discuss how one can improve the phenomenological study

presented in this section by adding the ISR and FSR effects to our simulations.
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Figure 4.11: Upper panel: comparison between leading jet p, distributions for four-jet SPS and
DPS events. Lower panel: comparison between AY = max|y; —y;| distributions for four-jet SPS and
DPS events. Collision energy is equal to v/S = 7TeV, p, € [35,100] GeV, |y| < 4.7. Factorization
scales are equal to Q1 = p11, @2 = p21, where p;| and py| are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. The SPS
distributions were multiplied by KIS\IPIZSO = 0.5. Statistical errors are given by oppsyv/Npin/Niot Where
Npin is a number of events in a given bin, oppg is a corresponding DPS cross section and Ny is
total number of bin entries for a given histogram.
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Figure 4.12: Upper panel: comparison between leading jet p, distributions for four-jet SPS and
DPS events. Lower panel: comparison between AY = max|y; —y;| distributions for four-jet SPS and
DPS events. Collision energy is equal to v/S = 7TeV, p, € [20,100] GeV, |y| < 4.7. Factorization
scales are equal to Q1 = p11, Q2 = p21, where p;| and po; are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. The SPS
distributions were multiplied by KIS\IPI:SO = 0.5. Statistical errors are given by oppgv/ Npin/Niot Where
Npin is a number of events in a given bin, oppg is a corresponding DPS cross section and Niet i
total number of bin entries for a given histogram.
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Figure 4.13: Upper panel: comparison between leading jet p, distributions for four-jet SPS and
DPS events. Lower panel: comparison between AY = max|y; —y;| distributions for four-jet SPS and
DPS events. Collision energy is equal to v/S = 13 TeV, p; € [35,100] GeV, |y| < 4.7. Factorization
scales are equal to Q1 = p11, @2 = p21, where p;| and py| are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. The SPS
distributions were multiplied by KIS\IPIZSO = 0.5. Statistical errors are given by oppsyv/Npin/Niot Where
Npin is a number of events in a given bin, oppg is a corresponding DPS cross section and Ny is
total number of bin entries for a given histogram.
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Figure 4.14: Upper panel: comparison between leading jet p, distributions for four-jet SPS and
DPS events. Lower panel: comparison between AY = max|y; —y;| distributions for four-jet SPS and
DPS events. Collision energy is equal to v/S = 13TeV, p, € [20,100] GeV, |y| < 4.7. Factorization
scales are equal to Q1 = p11, Q2 = p21, where p;| and po; are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. The SPS
distributions were multiplied by KIS\IPI:SO = 0.5. Statistical errors are given by oppgv/ Npin/Niot Where
Npin is a number of events in a given bin, oppg is a corresponding DPS cross section and Niet i
total number of bin entries for a given histogram.
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Figure 4.15: Comparison between our simulations of four-jet production via DPS and SPS mechanism
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4.9 Pythia and “double” Les-Houches files

In section 4.6 and section 4.8 we have presented our parton-level simulations of the four-jet DPS
production in pp collisions. We have identified regions of the DPS phase space where the difference
between GS09 and “naive” dPDFs can significantly affect the AY differential distributions. We also
have studied the interplay between DPS and SPS four-jet production in a way similar to the study
of Maciuta and Szczurek [234]. However, in [234] the impact of the initial and final state radiation
was neglected. Such approach leads to two important consequences. First of all it effectively reduces
a set of DPS-sensitive observables to the transverse momenta of produced jets and the maximal
rapidity difference AY. Since without initial and final state radiation effects we have to deal with
production of a pair of di-jets with exactly back-to-back jets, the DPS-sensitive variables based upon
p1 -momenta imbalance and angular correlations between produced jets cannot be applied in the DPS
analysis. For example, the transverse momenta imbalance variable A;; = ‘pi + pj‘ / (\ ;| + | pj|)
would always be equal to zero for exact back-to-back jets. Secondly, the initial and final state
radiation may lead to a strong difference between distributions of partonic events and distributions
of jets.

In this section we describe how one can combine our DPS code with the Pythia event generator,
discuss modifications to the LHEF standard [81] and the Pythia code necessary to and ISR and
FSR effects to our DPS stimulations. We also present technical checks of these modifications.

In the Pythia framework one can use its MPI model [258] - [262] to produce DPS events.
However, according to the MPI model of Pythia all MPI events are strictly ordered in transverse
momentum, see review [263]. It would imply that in a four-jet DPS event produced via MPI
mechanism the jets produced via second hard interaction will “always” have transverse momenta
smaller than jets produced via first hard interaction. This ordering in transverse momentum is
necessary to combine MPI events with initial and final state radiation and to get a correct shape
of charged multiplicity distributions, see [263]. However, it is not suitable for DPS modelling.
Therefore, starting from Pythia version = “8” [256], [256] a possibility to always have two hard
interactions was implemented. This mode can be activated by setting SecondHard:generate = on
during the initialization of Pythia. The usage SecondHard:generate = on will imply that roughly
half of the time the second hard process will appear with the transverse momentum higher than the
first one. One can also combine SecondHard:generate = on with PartonLevel:MPI = on to add
a sequence of MPI events on top of a generated DPS event!?.

We see that the combination of parton-level DPS events generated with our DPS code with
the Pythia event generator in the DPS mode would allow to add ISR and FSR effects to our
DPS simulations. Therefore, in order to do that, one would have to first generate LHE files
with our DPS code and then supply them to Pythia to add ISR and FSR effects. However, this
procedure requires the extension of the LHEF standard as well as some modifications to the files
Pythia.cc, ProcessContainer.cc and PartonLevel.cc of the Pythia code version = “8.240”.
The modifications to the Pythia code and the LHEF standard are given in Appendix G.

After introducing the aforementioned modifications to the Pythia code and the LHEF standard
one can read DPS events from the LHE files and add initial and final state radiation on top

of them. We check the implementation in the following way: first we generate four-jet DPS

10T Chapter 6 we will discuss in more details the differences between DPS and MPI modelling in Pythia.
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events at collision energy v/S = 13 TeV with Pythia in the DPS mode using settings shown in
Table 4.4. In our simulations we use MSTW2008 LO PDF set [298]. In order to speed up the
generation procedure we restrict the phase space by setting PhaseSpace:pTHatMin = 20 GeV and
PhaseSpace:pTHatMax = 40 GeV. This choice of p, cuts is not realistic, however, allows to collect
high statistics necessary for our checks relatively quickly. In order to reconstruct jets we use the
FastJet [220] core implemented into Pythia and the anti-k; jet clustering algorithm [221] with
jet parameters: Nmax = 4.7, R = 0.8 and pr jetmin = 10 GeV. After finishing the generation of
events in the standalone mode we perform a check of the modifications given in Appendix G. These
modifications affect only the parts of the code used to initialize Pythia while reading DPS events
from the LHE files. Therefore, in order to check them, we first use Pythia to create the LHE files
with the same number of DPS events as we generated in the standalone mode. After creating the
LHE files we supply them to Pythia and perform the same simulation as in the standalone mode.
If the DPS distributions produced with Pythia in the standalone mode coincide with the DPS
distributions produced by supplying LHE files with DPS events to Pythia, then it means that the
modifications listed in Appendix G work properly and that we can use modified Pythia to “shower”
parton-level DPS events produced with our DPS code.

The results of the aforementioned comparison are given in Fig. 4.16 and Fig. 4.17. We see that
the DPS distributions produced in the standalone mode and the DPS distributions produced out of
LHE files with DPS events practically coincide (see the ratio plots below the histograms) which
implies that with the aforementioned modifications Pythia can successfully read DPS events out of
LHE files and “shower” them.

Pythia Master Switch | Value
HardQCD:all on
SecondHard:generate on
SecondHard:TwoJets on
PartonLevel:ISR on
PartonLevel:FSR on
PartonLevel:MPI off
HadronLevel:all off

Table 4.4: Pythia settings we use to check that reading and showering of the DPS events from the
LHE files was performed properly.
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Figure 4.16: Check of the modifications of the Pythia’s code. Here we compare four-jet DPS events
produced with Pythia in a stand alone mode against DPS events produced out of the modified LHE
files. Distribution in terms of the transverse momenta imbalance Ao = |p; + po| / (|p1] + |p2|) of
two hardest jets.
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4.10 Technical aspects of the four-jet simulations.

In section 4.9 we have described modifications to the Pythia 8.240 code necessary to read DPS
events from LHE files and to add initial and final state radiation effects on top of the DPS events.
In section 4.11 we discuss how strongly initial and final state radiation affect results presented
in section 4.8. However, before doing that we have to discuss some important technical aspects
of four-jet DPS simulations. In the following we refer to the simulations presented in section 4.4,
section 4.6 and section 4.7 as to parton level simulations and to the simulations presented below as
to the the jet level simulations. We also call the events produced in the parton level simulations
and the jet level simulations as parton events and jet events correspondingly.

First of all, it is know that LO di-jet cross sections become divergent when transverse momenta
of the final state particles go to zero. Namely, at the low p | -values the contribution due to the
{-channel exchange scales approximately as ~ 1 / p‘i. This divergent behaviour can be explained by
the colour screening phenomenon: as the transverse momentum of the mediator in the ¢-channel
exchange becomes softer, its de Broglie wave-length becomes longer. This implies that at sufficiently
small p | -values the t-channel mediator will not be able to resolve colour charges of the individual
partons which indicates the failure of the interaction picture of point-like partons, see review [263].
Therefore, in order to be able to generate events, one has to regularize the low-p; divergence.
In the MPI modelling of Pythia this is realized via a smooth damping around p; ~ 2 GeV [259].
This low-p; damping is crucial for the MPI modelling, since the MPI processes typically lead to
production of many low-p | particles. However, in the case of hard four-jet production the low-p |
divergence can be eliminated by a sharp p; cut which we will call prfg. If one performs parton level
simulations one can arrange partons generated at the fixed order in perturbation theory into jets.
At this level of accuracy pfg can be set to the minimal jet prfin cut as we have done in section
4.4, section 4.6 and section 4.7. However, if one wants to perform jet level simulations one cannot
anymore associate prfg cut with transverse momenta produced jets and its value has to be chosen
such that it does not affect jet level simulations. In section 4.11 we present our simulations for
the DPS production of four jets with transverse momenta in the range between 35 and 100 GeV.

Therefore, we set p'™® =

20 GeV. We also shall note that because we move from the parton level
simulations to the jet level simulations the upper p, cut in the parton level simulations has to be
removed. Instead, for the correct generation procedure, one has to perform first the parton level
simulations with p; € [p'®, v/S/2], then supply the resulted LHE file to Pythia, simulate initial and
final state radiation, reconstruct jets and only afterwards impose cuts on the transverse momenta
of the resulting jets. However, the time needed to generate unweighted parton level events grows
with the upper p; cut. The reason is that at the high-p, jet distributions are strongly suppressed
which means that, according to the hit-or-miss algorithm described in Chapter 3.1, one needs more
generation calls to generate high-p, events. However, one can make generation time shorter by
imposing an additional high-p, cut in the parton level simulations which we call p'*** cut. In this
case one has to make sure that the both prfg and p'** cuts in the parton level simulations do not
affect the jet level simulations. The corresponding checks are shown in Fig. 4.18 where we compare
the leading jet p, distribution for the jet level simulations performed by adding ISR and FSR
effects to three different sets of parton events generated in the p,-intervals p; € [20,150] GeV,

p1 € [20,200] GeV and p; € [20,250] GeV. We see that effects of the variation of the p''** cut
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start to appear at the values p; ~ 150 GeV and that the leading-jet p, distributions in the p
range between 35 and 100 GeV are not affected by the values of p'** cut. Therefore, for our jet
level simulations we will use LHE files with DPS events with p; € [20,150] GeV and we will reject
all reconstructed jets with p; outside of the interval between 35 and 100 GeV. Similar checks of
“stability” with respect to p'™® and pT** cuts can be performed for other relevant DPS distributions,

see Appendix I.
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Figure 4.18: Test of stability of the leading jet p, distributions under the variation p''** cut. Four-jet
DPS simulation performed for the collision energy v/S = 13 TeV with naive dPDFs constructed out
of MSTW2008 LO PDF's [298]. Factorization and renormalization scales are equal to Q1 = p1,
Q2 = po1, where p;| and py) are equal to the absolute value of a jet transverse momentum in a first
and second hard processes in a given DPS event. Statistical errors are given by /Ny, where Ny
is a number of events in a given bin. Upper panel: leading jet p; distribution of the jets produced
by adding ISR and FSR effects to the parton level DPS simulations performed with p''** = 150
GeV, p'*™ = 200 GeV and pT** = 250 GeV. Lower panel: same as in the upper panel but we show
only p, interval between 20 and 110 GeV.
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Finally, before discussing our jet level DPS simulations, we have to comment on the connection
between ISR and the evolution of the dPDFs. A master equation for the ISR and FSR radiation

reads

0 iz, t 1 as(t) ~
Yot (fA(i(t))> NI zj:/dz 27(T) Pisj(2)fi(x/2,1), (4.27)

where Pj_,;(2) are unregularized 1O DGLAP splitting functions, f;(x,t) is a collinear PDF of a
parton of a type i and A;(t) is a Sudakov form-factor defined as

Ai(t) = exp —Z / ‘ifl / dz O‘;(:) P i(z) p . (4.28)

A pedagogical introduction to the parton shower algorithms as well as the derivation of Eq. 4.27
and Eq. 4.28 can be found in [2], [78]. We do not provide here a detailed discussion of different
parton shower algorithms which is beyond the scope of this thesis. Instead we briefly discuss the
conceptual difference between ISR and FSR algorithms. Namely, in the Monte Carlo models of FSR
[85] - [91] the probability Rysr that a parton in a cascade will evolve from a lower scale ¢; to the
higher scale to without resolvable branching is given by the ratio of two Sudakov form factors

Rrsr = igi; (4.29)

However, in the Monte Carlo models of ISR [92] - [93] the probability Risg to evolve backwards
from t5 to t; depends not only on the ratio of Sudakov form factors but also one the ratio of PDFs.

The corresponding expression is given by

Alta) f(x,t1)
A(ty) flx,ta)

Risr = (4.30)

The aforementioned difference in the definition of probabilities Rrsg and Risgr implies that one
has to introduce new schemes for the Monte Carlo models of ISR effects in DPS processes. The main
obstacle here is the absence of sets of two-parton distribution functions obtained by the fit to the
experimental data. Moreover, even if we had sets of generalized two-parton distributions obtained
from the fit to the measured data we still would face the same problem in the modelling of MPI
processes. Therefore, in order to evaluate Rigr for DPS processes one has to rely on some models of
two-parton distributions. A possible option would the GS09 dPDF's set [173], [174]. However, the
direct application of GS09 dPDFs to the ISR modelling is a non-trivial task due to the presence of
“lv2” splitting term on the RHS of Eq. 2.13. Therefore, a correct backward evolution has to account
for the “1v2” effects and for possible recombinations of two different ISR cascade into one single
ISR cascade as schematically shown in Fig. 4.19. A correct handling of such ISR evolution processes
in Monte Carlo event generators is a non-trivial task which still lacks a complete solution. Recently,
first results on combining ISR evolution which accounts for “1v2” effects and the impact parameter
depended distributions I'(z1, 22, b, Q?) from [200] were reported [211]. Since in our simulations we

use the Pythia event generator the dPDF's for the ISR will be modelled according to the original
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Figure 4.19: Schematic picture of the ISR in “1v2” DPS processes. Here thin lines represent emission
of partons during the backward ISR evolution.

Pythia’s algorithm [260]. In Chapter 6 we will describe the way Pythia models dPDFs in more
details. We will also provide a detailed comparison against GS09 approach. Here we shall just note
that the dPDFs modelled by Pythia account for momentum and number conservation. Therefore,
a combination of the DPS events produced with our code with the parton shower of Pythia can
be seen as an approximation where FSR effects are modelled correctly, ISR effects are modelled
approximately and the hard DPS process is modelled as in section 4.6 either with “naive” or GS09
dPDFs. We suggest that our results can be used as a baseline for comparison against recently
reported results of [211]. Such combined study may help to estimate the relative impact of different
effects which affect DPS, e. g. dDGLAP evolution effects, correlations in momentum and flavour

and “1v2” splitting effects.

4.11 Impact of the initial and final state radiation

In this section we present our study of the impact of the ISR and FSR effects on our parton level
DPS simulations. Let us consider first leading jet p, DPS distributions. We expect that the ISR
and FSR effects will lead to an increase of activity for high-p; bins due to the redistribution of
transverse momenta caused by the parton shower as schematically shown in Fig. 4.20 where the
arrows represent redistribution of transverse momenta among different p,-bins. More precisely,
the jet reconstruction procedure leads to a redistribution of particles created by different evolution
cascades. It implies that a certain number of the reconstructed leading jets acquire more transverse
momenta due to the particles captured from other jets and approximately the same amount of
the reconstructed leading jets loose some transverse momenta due to the particles which “escape”
from the jet cone. If we had had a uniform p, -distribution, then all bins, apart from those close
to p'/® and pT*, would have not been affected by the ISR and FSR effects. However, in each
collision, it is less likely to produce high-p; particles than the low-p; ones. It means that the parton
level p | -distributions decrease as p; grows. Therefore, the redistribution of transverse momenta
as shown in Fig. 4.20 will add more activity to the high-p, bins since the N’th p,-bin will get
more transverse momenta from the (N — 1)’th p, -bin than it will transmit to the (N + 1)’th p_ -bin.

Obviously, in p | -bins close to the prfg—cut, the aforementioned redistribution of transverse momenta
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provides less activity for the reconstructed jets. The reason is that the jet reconstruction can create
some jets with p, smaller than pfg which implies that some events will “leak” below the prfg—cut
as shown in Fig. 4.18 where the jet reconstruction created some jets with p; = 10 GeV which is
below the regulating cut pj_eg = 20 GeV. It implies that for the p, -bins close to pj_eg the parton level
p. -distributions will exceed the jet level distributions. Such bins are affected by boundary effects
and have to be excluded out of consideration.

In the upper plot of Fig. 4.21 we compare leading jet p; DPS distributions with and without
parton shower effects. In order to perform this simulation we created first a Les-Houches file with
DPS events and then supplied it to the Pythia event generator to add ISR and FSR effects to
our parton-level DPS simulations. The modifications to the LHEF standard and Pythia’s code
necessary for the aforementioned simulation are described in Appendix G and their checks are
presented in section 4.9. The Les-Houches file contains DPS events generated at v/S = 13 TeV
with p; € [20,150] GeV and || < 4.7. In order to simulate ISR and FSR effects we use the Pythia
setup as in Table 4.4. In order to reconstruct jets we use the FastJet [220] core implemented into
Pythia and the anti-k; jet clustering algorithm [221] with jet parameters: nyax = 4.7, R = 0.4.
and pr jet min = 10 GeV. In order to exclude boundary effects due to the p | -cuts imposed in our
parton level simulations after the jet reconstruction we trigger on events with at least four-jets with
p1 € [35,100]. We see that in comparison with the parton level simulations the simulations with the
ISR and FSR effects lead to a higher activity for the high-p, bins, see the upper plot of Fig. 4.21.
This result is in agreement with the dependence of the distributions of the reconstructed jets on the

p1-cuts imposed in the parton level simulations as shown in Fig. 4.18.

A
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Figure 4.20: Schematic representation of the transverse momentum of jets due to the initial and
final state radiation effects.

Now, if we consider the impact of the parton shower effects on the AY DPS distributions the
situation changes as shown in the lower plot of Fig. 4.21. For this simulation we have used the
same setup as for the simulations of the leading jet p, distributions we just discussed. We see
that PS effects “bend down” the AY distribution at high values of AY. The reason is that the jet
reconstruction procedure will lead to some deviation of the reconstructed jets from the collision axis
which, in turn, leads to smaller rapidities and smaller values of AY.

After having discussed the impact of the ISR and FSR effects on leading jet p; and AY DPS
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distributions we can study how the inclusion of the PS effects changes the results on comparison
between DPS and SPS contributions to the four-jet production presented in section 4.8. In Fig. 4.22
we compare the leading jet p, distributions and AY distributions of the SPS and DSP events after
parton showering. The SPS distributions were produced by supplying four-jet MadGraph events to
the Pythia event generator without performing merging procedure. We see that the ISR and FSR
effects do not spoil the separation between DPS and SPS events discussed in section 4.8, compare
Fig. 4.22 with Fig. 4.13.

The extension of the LHEF standard and modifications to the Pythia code as described in
Appendix G allow to study the interplay between DPS and SPS contribution for various differential
distributions which cannot be modelled without PS effects. As an example, in Fig. 4.23 we show
two such distributions, namely a distribution of the transverse momenta imbalance of two hardest

jets Aqo and a distribution in the azimuthal angle between two di-jet planes AS defined as

pdi—jet % pdi—jet

_ 1 2

AS = arccos e e | (4.31)
pi |lpo |

where p; (py) is a transverse momentum of the hard (soft) di-jet pair. In addition to the DPS
distributions generated with “naive” dPDFs we also plot DPS distributions generated with GS09
dPDFs. We see that DPS dominates over SPS at small and high values of Ajs and at high values of
AS. The increase of the DPS distributions at small values of A5 and high values of AS is due to the
production of two pairs of back-to-back di-jets which is more probable for DPS processes than for
SPS processes. The increase of the DPS distributions at high values of A1 is a jet reconstruction
effect. Namely, it means that the jet reconstruction resulted into two collinear jets with high
transverse momenta and two softer jets. We also see that both A5 and AS distributions do not
demonstrate dependence on the choice of the model of dPDF's strong enough to tell the impact of
“naive” dPDFs from the impact of GS09 dPDFs. Therefore, we conclude that the most sensitive to
GS09 dPDFs distributions is a distribution in terms of the maximal rapidity difference AY, see Fig.
4.13. Later in Chapter 6 we will study the impact of different models of dPDFs on AY distributions

in more details.
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Figure 4.21: Impact of the parton shower on leading jet p; and AY DPS distributions. Four-jet
DPS simulation performed for the collision energy /S = 13 TeV with “naive” dPDFs constructed
out of MSTW2008 LO PDFs [298]. Factorization and renormalization scales are equal to Q1 = p1,,
Q2 = po1, where p1| and po are equal to the absolute value of a jet transverse momentum in a first
and second hard processes in a given DPS event. Statistical errors are given by oppsv/ Nbin/Ntot
where Ny, is a number of events in a given bin, oppgs is a corresponding DPS cross section and Nyt
is total number of bin entries for a given histogram. The parton level DPS simulations performed
with p'™® = 20 GeV and p'P** = 150 GeV.
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Figure 4.22: Upper panel: comparison between leading jet p, distributions for four-jet SPS and
DPS events with and without PS effects. Lower panel: comparison between AY = max|y; — y;|
distributions for four-jet SPS and DPS events with and without PS effects. Collision energy is
equal to VS = 13TeV. We have selected events with at least four-jets with p, € [35,100] GeV
and |y| < 4.7. Factorization and renormalization scales are equal to Q1 = p11, Q2 = p2., where
p11 and po) are equal to the absolute value of a jet transverse momentum in a first and second
hard processes in a given DPS event. Statistical errors are given by oppsv/ Npin/Ntot Wwhere Ny
is a number of events in a given bin, oppg is a corresponding DPS cross section and Ny is total

number of bin entries for a given histogram. The SPS distributions were multiplied by KIS\TFI:% =0.5.
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Figure 4.23: Comparison between Ajy and AS distributions simulated with “naive” and GS09
dPDFs. Four-jet DPS simulation performed for the collision energy v/S = 13 TeV with naive dPDFs
constructed out of MSTW2008 LO PDFs [298]. Factorization and renormalization scales are equal
to Q1 = p11, Q2 = pa1, where p;| and po| are equal to the absolute value of a jet transverse
momentum in a first and second hard processes in a given DPS event. Statistical errors are given
by 0ppsv/Niin/Niot Where Ny, is a number of events in a given bin, opps is a corresponding DPS
cross section and Nie is total number of bin entries for a given histogram. The parton level DPS
simulations performed with p'® = 20 GeV and p7** = 150 GeV. Upper panel: transverse momenta
imbalance A1s of two hardest jets. Lower panel: azimuthal angle between the two di-jet planes AS.
The SPS distributions were multiplied by K3 = 0.5.



4.12. CONCLUSIONS 119

4.12 Conclusions

In this chapter we have presented results of our phenomenological study of the four-jet DPS
production in pp collisions. In particular, we have estimated the impact of the momentum and
flavour correlations in the GS09 model on various differential DPS distributions. It was found that
the distributions in terms of the maximal rapidity difference AY = max|y; — y;j| produced with GS09
dPDFs significantly differ from the distributions produced with “naive” dPDFs at high values of AY.
We also discussed how one can incorporate the ISR and FSR effects into our simulations and studied
their impact on the various differential distributions, in particular on the leading jet p, and AY
distributions. The inclusion of the ISR and FSR effects also made it possible to study the impact of
the GS09 dPDF's on differential distributions in the DPS-sensitive variables. We have found that the
variables based upon transverse momentum of produced jets, e. g. transverse momenta imbalance
A;;, demonstrate mild dependence on the choice of the model of dPDFs. Finally, we performed a
comparison of the DPS and SPS distributions similar to the one performed by Maciuta and Szczurek
in [234]. Our results agree with the results of [234] at qualitative level, however, we shall note that
the absence of information in [234] about many important technical aspects of both DPS and SPS
simulations make the exact comparison impossible. In our four-jet analysis we studied the impact
of the ISR and FSR effects on our parton-level simulations and found that parton shower effects do
not spoil the separation of the DPS and SPS events produced at low-p; or high-AY values as it
was predicted in [234]. We also should stress that our approach to study the impact of ISR effects
on our DPS simulations can be seen only as an approximations since it does not include a correct
backward evolution for the “1v2” DPS processes. The first results on the modelling of the ISR for
“lv2” DPS processes were recently reported [211]. The comparison between our DPS simulations
and the results of [211] would help to estimate the error due to the approximate modelling of the
ISR effects in our simulations.

The observed difference between AY distributions simulated with GS09 and “naive” dPDFs
clearly requires more detailed investigation. Two potential sources of this difference are AIDGLAP
evolution effects and partonic correlations in flavour (number). In Chapter 6 we will demonstrate
how one can approximately estimate the impact the flavour correlations by comparing the differential
distributions produced with GS09 dPDFs against differential distributions produced with the dPDFs
modelled by the Pythia event generator.

Finally, we argue that our study of the partonic correlations within the GS09 framework should
be considered rather as a qualitative identification of the regions of the DPS phase space which
can be interesting for further theoretical and experimental studies. Since many different models of
partonic correlations [192], [187], [159] [209] predict important contributions at high values of the
rapidity separation, the experimental study of the DPS events at high values of AY will be able to
favour or disfavour some of these models and hence provide new information on the structure of

proton.
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Chapter 5

Four-jet DPS production in

proton-nucleus collisions

5.1 Enhancement of the DPS in proton-nucleus collisions

Here we summarize first phenomenological studies of different DPS contributions to a total DPS
cross section in pA collisions performed by Strikman and Treleani [213] and by Del Fabbro and
Treleani [214]. Historically, these were the first papers where enhancement of a total DPS cross
section was studied in detail. Later, the concepts established in [213], [214] got further developed
by Blok et al. in [216]. In Ref. [213] Treleani and Strikman considered two different DPS processes,
shown in Fig. 5.1 a), b). The process in Fig. 5.1 a) is a generalization of the “standard” “2v2” DPS
process in pp collisions to pA collisions. The process shown in Fig. 5.1 b), however, is new and
corresponds to the situation when the DPS occurs between one incident proton and two different
nucleons which are located within the same impact-parameter distance. In this section we will
give a short introduction to the formalism proposed by Treleani and Strikman in [213]. In the
following we will refer to the DPS processes shown in Fig. 5.1 a), b) as DPS I and DPS II processes,
correspondingly.

Since the DPS I and DPS II contributions involve different number of nucleons it is quite natural
to expect a different dependence of the corresponding total cross sections on the atomic mass number
Al In 2001 Strikman and Treleani have published pioneering paper [213] where the expressions
for the total cross sections for DPS I and DPS II processes were derived for the first time. Within
their model a total DPS cross section for pA collisions, assuming no interference between DPS 1

and DPS II processes, is written as a sum of two terms
DPS DPS DPS
UpA =01 +O'H s (51)

DPS

where o is expressed, neglecting the difference between proton and neutron, in terms of a total

1To the best of our knowledge, a similar, but somewhat different, assumption was first made by C. Goebel, F. Halzen
and D. M. Scott in 1980 [114]. Namely, it was postulated that total cross sections for DPS and “standard” QCD
processes in pA collision will have a different A-dependence. However, no distinction between DPS I and DPS II
contributions was made and corresponding expressions for total cross sections were not provided.

121
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Figure 5.1: Schematic representation of some possible DPS processes in pA collision: a) DPS occur
between one incident proton and one nucleon. b) DPS occur between one incident proton and two
different nucleons.

DPS cross section for pp collisions as

A o40
DPS _ o ,DPS _ a%b 59
1 Tpp 14 0ap O’eff’ (5:2)

where o, is an effective transverse interaction area of a proton. We use 1+ 4,4, in the denominator

in order to reflect the fact that one has to divide the total cross section by 2 for production of two

PPS scales simply as a total number of nucleons A. The

DPS II contribution, however, scales differently. The expression for O’HPS was found to be equal to

indistinguishable final states. We see that o

5DPS _ 1 A-1
1 1+, A

1
Uaab/d2s Ti(s) = maagh Fpa, (5.3)
a

where we defined
A-1
FpA = A/dQS TQA(S) (54)

and the factor (A — 1)/A is a number of possible nucleon pairs A(A — 1) divided by the factor A?
which comes from the normalization of single nucleon density functions?, see Chapter 2.6 Eq. 2.107
and Eq. 2.125. The function Ty is defined as

Ty (s) = / dz pa (s, 2) (5.5)
where pp (r) obeys a standard normalization condition
/d3r pa (r) = A. (5.6)

Note that only the DPS I contribution depends on o.f¢ which, in turn, is sensitive to the partonic

correlations in a transverse plane of a hadron, see [215], [148] - [158] and the review [161].

2The factor (A — 1)/A was absent in the original publication of Strikman and Treleani [213]. Tt was also absent in
the paper of Del Fabbro and Treleani [214] which followed [213]. To the best of our knowledge, this factor appears
first in the paper of Frankfurt et al. [215] and a detailed derivation was later given in the paper of Blok et al. [216].
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Combining the DPS I and DPS II contributions together one can write Eq. 5.1 as

JEAPS = JEI})S (A4 0crfFpa). (5.7)

We see that within the approach of Strikman & Treleani one can express the difference between UI?E S
and O‘EE S solely in terms of a geometrical quantity Tx(s) which, in turn, depends on a distribution
of matter in a given nucleus. In order to perform numerical evaluations with this formula one
has to specify the nuclear matter density function p4 which we choose to have the shape of the

Woods-Saxon potential?

1+w(r/Ry)?
1+exp[(r — Ra)/a)’

pa (r) = po (5.8)
where Ry is a nuclear radius, a is a length representing the “thickness” of the nuclear surface, w
describes deviation from a spherical form and a value of pg is fixed by the normalization condition
in Eq. 5.6. In the case of a spherical nucleus the Woods-Saxon nuclear matter density function

reduces to the Fermi distribution

_ Po
1+exp[(r— Ra)/a)

pa (r) (5.9)
For our computations within Strikman & Treleani framework we use values of parameters in Eq. 5.9
as implemented in the GLISSANDO 2 code [219]. Namely, for nuclei with mass numbers in the
range 4 < A < 208 we use Eq. 5.9 with

Ra = [1.10AY/3 — 0.656A*1/3] fm, a = 0.459 fm, (5.10)

which corresponds to spherical nuclei with a nucleon-nucleon (NN) repulsion distance equal to
d =0.9fm [219].

Now we can evaluate A + 0.7 fFpa. In order to do that we evaluate Fya according to Eq. 5.4
using the parametrization of the nuclear matter density given by Eq. 5.9 and Eq. 5.10. The
numerical integration in Eq. 5.4 is performed by means of the GSL [294] library. In order to
illustrate the dependence of the total DPS cross section on .ty we vary o.rs in between 10 mb and
20 mb which agrees with most experimental studies of the four-jet DPS production, see Fig. 2.3. In
Fig. 5.2 we plot the ratio JEES/A UI]?pPS =1+ % oeffFpa as a function of A. In the absence of the
second term in Eq. 5.1 this ratio would always be equal to unity. However, we see that a total DPS
cross section for heavy nuclei in pA collisions is about 3A times bigger as the corresponding DPS
cross section in pp case. We also see that the variation of o.s; leads to significant changes in the
behaviour of O'I];)E S/A O'I]?IF S, Such numerical estimates were first made in [213] and the enhancement

~ 3A was later given in [214] - [223].

3More precisely, Woods and Saxon used complex potential with real and imaginary components written as in
Eq. 5.9 but with different values of po. Such potential was used to compute the differential cross section for elastic
scattering of protons by medium and heavy nuclei, see [218].



124 CHAPTER 5. FOUR-JET DPS PRODUCTION IN PROTON-NUCLEUS COLLISIONS

Enhancement of the DPS cross section in pA collisions

. Oerf = 10 mb
v Oeff = 15 mb
L Ooff = 20 mb
—— FIT 4 PARAMETERS

4.5

4.0

3.5

3.0

2.0 NN repulsion d =0.9 fm

Wood-Saxon parametrization 4 = A <208
_ 1

pa(r) = Po T expr=Rya)

9 _ G Cs

m—1+C1(A—1) +C3(A-1)

pp

1.5

1
A

46 12 20 40 63 100 120 129 140 160 180 197 208

80
Atomic mass number A

Figure 5.2: Enhancement of the O'I]))E S with respect to UEPPS normalized according to the atomic mass

number A. Wood-Saxon (Fermi) form of the nuclear matter distribution pa(r) with parameters
taken from [219].

DPS

It is handy to approximate a behaviour of the DPS enhancement factor O'pDE S/A Opp 88
] obPs . B
K%:I—FQ(A—U 24+ O3(A - 1), (5.11)

where the second term was added to correctly describe enhancement for heavy nuclei and coefficients
(C1-C4 can be identified by a fitting Eq. 5.11 to our simulations, as it is shown in Fig. 5.2. This
fitting may look somewhat superfluous, since computations within Strikman & Treleani approach
are not time consuming, however, its advantage will become clear in Chapter 7 where we compare
predictions of Strikman & Treleani model and Monte Carlo simulations performed with the Pythia
event generator.

It is important to emphasize that, in principle, the different A-dependence of the two terms in Eq.
5.7 allows to distinguish between them experimentally, as it was proposed in [213]. Moreover, the
DPS 1II contribution does not involve o.¢¢ and hence does not depend on the partonic correlations
in the transverse plane of an incident proton. Therefore, a combined study of DPS processes in
both pp and pA collisions can be used to disentangle different sources of partonic correlations and

to answer the question if they are predominantly of longitudinal or transverse nature [213].

5.2 Generation of DPS events in pA collisions

Let us demonstrate how one can extend the analysis of the four-jet DPS production from Chapter 4
to the pA collision using the framework of Strikman & Treleani [213]. First of all we shall note that,
in general, the two terms in Eq. 5.1 correspond to integration over different z-regions and thus a
factorized form of a total DPS cross section given in Eq. 5.7 violates conservation of a longitudinal
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Figure 5.3: Enhancement of the ar]?/f S with respect to o normalized according to the atomic mass

number A evaluated with Eq. 5.7 (blue dots) and Eq. 5.14, Eq. 5.15 (green diamonds). Wood-Saxon
form of the nuclear matter distribution p4(r) with parameters taken from [219]. Collision energy
VSnN = 5.02 TeV, with cuts on final sate partons p; € [35,100] GeV and |y;| < 4.7. Here we have
used “naive” dPDF's constructed out of MSTW2008 LO PDFs.

DPS
pp

momentum. It becomes clear if one writes down corresponding differential cross sections

4

A R .
UPPS — . Z dez Dal’az/p(l‘l,zg) Db17b2/p($371’4) Oay,by Tag,bas (512)
eff ay,a2,by,bs 1=1
4
UHPS = Fpa Z H dz; Dah@/p(ml, Z2) fbl/p(xg) fb2/p($4) Gar,br Oas,bss (5.13)
ay,a2,by,ba =1

where f;/,(z1) are standard collinear PDFs, D; ;/,(z1,22) are dPDFs as in Eq. 4.1 and we have
omitted factorization scale dependence for brevity’s sake. Also, in order not to overload our notation,
we omitted final state labels A and B for the partonic processes a1 by — A and as by — B as well
as the corresponding symmetry factor 1/ (14 d4p). Assuming no correlations in z-space, Eq. 5.12
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and Eq. 5.13 can be written as

A 4
or™ = P > /deifa1/p(x1)fag/p(‘rQ)fbl/p(x3)fb2/p(x4)X

ay,a2,by,ba =1
X 9(1 — I —$2) 9(1—1‘3—1‘4)5}11’51 &az,bza (514)
4
B = B [ TL0 faupn(o0) fusola) fo (o) foupplan)
ai,a2,by,ba =1
X 9(1 — I —1‘2) 9(373)9(.134) &al,bl &az,bz' (515)

We see that different kinematic constraints on Bjorken variables in Eq. 5.14 and Eq. 5.15 lead to
different integration regions which does not let us to write a total DPS cross section as in Eq. 5.7.
However, as it was argued in [213] the difference between two integrands in Eq. 5.14 and Eq. 5.15
should become relevant only for large x’es where dPDFs have relatively small values and, therefore,
their impact on a total DPS cross section is negligible. In order to check it, in Fig. 5.3 we show a
comparison between the enhancement factor O’EE S /A UI]JDPP S evaluated with approximated expression
as in Eq. 5.7 and the exact expressions given by Eq. 5.14 and Eq. 5.15. One can see that the
difference between both approaches is negligible.

In order to estimate the difference between the differential distributions corresponding to the
DPS I and DPS II contributions we have implemented Eq. 5.14 and Eq. 5.15 into the code we
developed to study the four-jet DPS production in pp collisions. The factor Fya in Eq. 5.15 is
evaluated as described in section 5.1. For this check we study the AY DPS distributions since, as
it was argued in Chapter 4, the DPS production of four jets at high values of AY involves two
low-z and two high-z partons and, therefore, AY DPS distributions can be sensitive to the different
kinematic constraints in Eq. 5.14 and Eq. 5.15. The results of our simulations are shown in Fig.
5.4 where we plot DPS I and DPS II AY distributions normalized to unity. We see that both DPS
I and DPS II histograms have the same profiles within the statistical errors. It implies that even
at very high accuracy one can use the relation between O’EE S and O'EIF S

Strikman, Eq. 5.7, to relate four-jet DPS production in pp collisions and four-jet DPS production

proposed by Treleani and

in pA collisions.

In Fig. 5.5 we show our DPS and SPS simulations of the four-jet DPS production in pPb
collisions within the framework of Treleani and Strikman. We have used the same set of cuts as in
Chapter 4. The SPS distributions for pPb collisions were obtained by multiplying corresponding pp
SPS distribution by the atomic mass number of 2°*Pb. The DPS distributions for pPb collisions
were obtained by multiplying the corresponding pp DPS distributions by the enhancement factor
as in Eq. 5.7. The simulations presented in Fig. 5.5 were performed in the center of mass of the
proton-nucleon reference frame. In order to account for NLO effects in our SPS simulations we use
K%FI:% = 0.5, see Chapter 4.8.

Let us compare DPS and SPS distributions generated for pp collisions at v/S = 7 TeV shown in
Fig. 4.11 against DPS and SPS distributions for pA collisions at v/S = 5.02 TeV shown in Fig. 5.5.
Both distributions were generated for jets with p; € [35,100] GeV and |y| < 4.7. We see that the
fraction of DPS events in the total (DPS + SPS) four-jet cross section for pA collisions at v/.S = 5.02
TeV is equal to 62% against 40% for the pp collisions shown in Fig. 4.11 and Table 4.3. By
comparing Fig. 4.11 and Fig. 5.5 we also see that DPS and SPS distributions are better separated
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for the pA collisions at v/S = 5.02 TeV than for pp collisions at v/S = 7 TeV. These effects are due
to the enhancement of the DPS cross section in pA collisions in Strikman & Treleani model. The
enhancement factor for 2*Pb is almost 3.5A, as shown in Fig. 5.3, which strongly affects the ratio

UI]))E S / (agis + UBE S) and leads to increase of the fraction of the DPS cross section.
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Figure 5.4: Comparison between distributions for the O'PPS and JHPS contributions. Collision energy

VSnn = 5.02 TeV, with cuts on final sate partons p; € [35,100] GeV and |y;| < 4.7. Here we
have used naive dPDF's constructed out of CT14LO PDFs [299]. Factorization and renormalization
scales are equal to Q1 = p11, @2 = p21, where p;| and py; are equal to the absolute value of a
jet transverse momentum in a first and second hard processes in a given DPS event. Statistical
errors are given by oppsyv/Npin/Niot where Ny, is a number of events in a given bin, oppg is a
corresponding DPS cross section and Ny is total number of bin entries for a given histogram.
Simulated for 2°*Pb nucleus. All distributions are normalized to unity.
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Figure 5.5: DPS in pA collisions within the framework of Treleani and Strikman. Upper panel:
comparison between leading jet p, distributions for four-jet SPS and DPS events with included
parton shower effects. Lower panel: comparison between AY = max|y; — y;| distributions for
four-jet SPS and DPS events with included parton shower effects. Collision energy is equal to
VSnyn = 5.02TeV. We have selected events with at least four-jets with p; € [35,100] GeV and
ly| < 4.7. Factorization and renormalization scales are equal to Q1 = p11, Q2 = p2., where py |
and po| are equal to the absolute value of a jet transverse momentum in a first and second hard
processes in a given DPS event. Statistical errors are given by oppsv/Npin/Niot Where Ny, is a
number of events in a given bin, oppg is a corresponding DPS cross section and Ny is total number
of bin entries for a given histogram. The SPS distributions were multiplied by Kls\g% =0.5.



5.3. IMPACT OF THE NUCLEAR PDFS 129

5.3 Impact of the nuclear PDF's

In section 5.2 we have discussed how one can extend the simulation of the four-jet DPS production
from pp to pA collisions according to the framework of Strikman & Treleani [213]. However, in
section 5.2, in order to simulate pA events according to Eq. 5.14 and Eq. 5.15, we have used
standard proton PDFs. The nuclear parton distribution functions (nPDFs), in general, may strongly
differ from proton PDFs due to the cold nuclear matter (CNM) effects. A common approach to
parametrize these effects is to introduce so called nuclear modification factors
fi/A (.fL', QQ)
Rz, Q%) = 2 (5.16)
! fi/p(x7 QZ)
The schematic dependence of the nuclear modification factor Rf‘(m, Q?) on the Bjorken-z is shown
in Fig. 5.6.
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Figure 5.6: Schematic picture of the nuclear modification factor Rf‘(:c, Q?) as a function of Bjorken-z,
from [107].

In order to estimate the impact of the nPDFs on our DPS simulations one could, for example,
use Eq. 5.14 and Eq. 5.15 with a certain set of nPDF's or reweight the DPS distributions for pp
collisions with the nuclear modification factor as in Eq. 5.16. However, before doing that, several
important comments need to be made.

For our simulations in section 5.2 as well as for simulations in Chapter 4 we were using LO
PDFs together with LO partonic cross section as required by factorization theorem, see Chapter 1.4.
Since nuclear PDF's are less constrained by experimental measurements than proton PDFs we would
like to use a recent set of nuclear PDFs constrained by most of the available data* for which the
associated proton PDF's are also available. The two most recent sets of nPDFs are CTEQ15 [300]
and EPPS16 [301] NLO nPDFs. The comparison between both sets is shown in Fig. 5.7. We
see that both sets within their uncertainties bands agree with each other. Therefore, in order to
estimate the overall impact of nPDF's on our DPS simulations, we will work with one particular set
of nPDFs which we choose to be CTEQ15 [300]. However, before presenting our simulations of DPS
in pA collisions with CTEQ15 PDFs, we want to estimate the impact due to using of NLO PDFs

with LO partonic cross sections on our analysis. In Table 5.1 we list the four-jet DPS cross sections

4The review of the state-of-the-art of nPDFs is given in [302].
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evaluated with the “naive” dPDFs constructed as in Eq. 4.3 out of different sets of single PDFs.
We see that the difference between the DPS cross sections evaluated with MSTW2008 [298] and
CT14 [299] LO PDFs is about 95%. The strong difference between DPS cross section evaluated with
different sets of LO PDFs is due to the fact that the LO gluon PDFs are not well constrained. As
shown in Fig. 4.2 the main contribution to the total four-jet DPS cross section comes from the DPS
processes involving gg — qq and gg — qg LO QCD processes which leads to strong discrepancies
between predictions made with different LO sets®. We also see that the difference between the DPS
cross sections evaluated with CT14 LO and CT14 NLO [299] PDFs is about 4%. Furthermore, we
see that the difference between total DPS cross sections evaluated with CT14 NLO and CTEQ15
NLO proton PDFs is about 2%.

Since we are interested in impact of nPDF's on differential DPS distributions we also have to
estimate the impact due to the usage of NLO PDF's with LO partonic cross sections on differential
DPS distributions. In the upper panel of Fig. 5.8 we compare the distributions of the four-jet DPS
events in terms of the maximal rapidity difference AY. We have generated DPS events according to
Eq. 5.14 and Eq. 5.15 for three different “naive” dPDFs constructed out of CT14 LO, CT14 NLO
and CT15 NLO (proton) PDFs according to Eq. 4.3. The simulations presented in Fig. 5.8 were
performed in the center of mass of the proton-nucleon reference frame. We see that the difference
between distributions generated with CT14 LO and CT14 NLO sets grows with the value of AY
and can reach about 60% for large values of AY. We also see that the difference between DPS
distributions generated with CT14 NLO and CTEQ15 NLO (proton) sets may reach about 20%
difference for large values of AY. The statistical errors for the distribution shown in Fig. 5.8 were
estimated separately for the distributions generated with Eq. 5.14 (DPS I distribution) and Eq. 5.15
(DPS II distribution) as oppsv/Npin/Ntot where Ny, is a number of events in a given bin, oppg is a
corresponding cross section and Nyt is a total number of bin entries for a given histogram. The

error dpps for the combined distributions shown in Fig. 5.8 was estimated as

PA
9DPS

dpps = ]\I;;?A \/(5DPSI)2 + (dppsm)?, (5.17)

tot

where oP is a total DPS cross section (DPS T 4+ DPS II) in pA collisions, NP4 is a total number
of generated events, dpps1 and dppsyr are statistical errors for DPS I and DPS II distributions

correspondingly.

SWe shall stress that these discrepancies do not cancel results of our DPS simulations with LO PDFs since they
were performed in a consistent way, as it is required by factorization theorem. However, the large uncertainties due to
the badly constrained LO gluon PDFs clearly indicate necessity of consistent NLO DPS computations. Recently a
significant progress in development of a consistent theoretical framework for NLO DPS computations was made, see
[177], [200] and [210]. However, a phenomenological application of results from [177], [200] and [210] is yet to be done.
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Figure 5.7: Nuclear modification factor R{}(z, @?) as a function of Bjorken-x evaluated with CTEQ15
[300] and EPPS16 [301]. The plot is taken from [301].

PDF set MSTW2008 LO | CT14 LO | CT14 NLO | CTEQ15 NLO (proton)

oDPS
VSnn = 5.02TeV
Q1 =p11, Q2 =pal
pL € [35,100] |y| < 4.7

9825.50 nb 5028.03 nb | 5231.89 nb 5131.30 nb

Table 5.1: Total DPS cross sections for the four-jet DPS production in pA collisions evaluated with
different LO and NLO PDFs according to the approach of Strikman & Treleani.

After studying the impact of the different sets of proton PDF's on the Monte Carlo simulations of
the four-jet DPS production in the framework of Strikman & Treleani we estimate the overall impact
of the CNM effects encapsulated in nPDFs. In order to do that we reweight the DPS generated with
CTEQ15 NLO proton PDFs using the nuclear modification factor R (x, Q?) evaluated as the ratio
of CTEQ 15 NLO nPDFs to the corresponding CTEQ 15 NLO proton PDFs. The results are given
in the lower panel of Fig. 5.8. We see that the distributions generated with CTEQ15 NLO proton
PDF's and the reweighted distributions demonstrate about 20% of difference at large values of AY.
However, as we have discussed before, the difference between CT14 NLO and CTEQ15 (proton)
NLO PDFs at the large values of AY is of the same order of magnitude, compare upper and lower
plots in Fig. 5.8. Moreover, the comparison between DPS cross sections evaluated with proton and
nuclear CTEQ15 PDFs shows about 2% difference which means that the impact of CTEQ15 nPDFs
on the DPS cross section is the same as the impact due to the usage of different NLO PDFs, see
Table 5.1. Therefore, we conclude that the impact of nuclear PDFs on our simulations of four-jet

DPS production is very modest.
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Figure 5.8: Upper panel: comparison between distributions for the DPS distributions evaluated
with CT14LO [299], CT14NLO [299] and CT15NLO (proton) PDFs [300]. Lower panel: comparison
between distributions for the DPS distributions evaluated with CT15NLO (proton) and CT15NLO
(?%8Pb) [300] PDFs. Collision energy +/Syy = 5.02 TeV, with cuts on the final sate partons
pL € [35,100] GeV and |y;| < 4.7. Evaluated for °Pb nucleus. Statistical errors are given by
0pPSV Npin/Niot where Ny, is a number of events in a given bin, oppg is a corresponding DPS
cross section and Nyt is total number of bin entries for a given histogram.
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5.4 Conclusions

In this chapter we have studied the four-jet DPS production in pA collision within the framework
proposed by Strikman & Treleani [213]. We have demonstrated that effects due to the different
kinematic constraints for the DPS I and DPS II processes are negligible for the total DPS cross
sections and differential DPS distributions. Using the approach of Strikman & Treleani we have
studied the interplay between the DPS signal and the SPS background for the leading jet p; and
AY differential distributions for the jet cuts used in Chapter 4. These simulations were performed
at /Syny = 5.02 TeV collision energy which should lead to decrease of the fraction of the DPS
events comparing to the pp collision energies we have considered in Chapter 4. Nevertheless, we
demonstrated that the enhancement of the DPS cross section in pA collisions predicted in [213]
compensates decrease of the fraction of the DPS due to decrease of collision energy. In fact, we
found that the enhancement of the DPS cross section for the proton-lead collisions at v/Syy = 5.02
TeV leads to a better separation between the DPS and SPS contributions than the separation
between DPS and SPS contributions to four-jet production in pp collisions at /S = 7 TeV.

Apart from the studies of the interplay between the DPS signal and the SPS background in
pA collisions we also have estimated the overall impact of the CNM effects on the four-jet DPS
production. The estimate of the impact of the shadowing effect on the DPS cross section within
the framework of [303] was given in [213] and was found to be of the order of 10%. Our DPS
simulations, however, include the overall impact of the CNM effects from the nPDFs and, therefore,
a direct comparison between our simulations and results from [213] is not possible. We also argue
that overall impact of the nPDFs on our DPS simulations is of a compatible size with the impact
due to the usage of different PDF sets. Therefore, we conclude that the effects due to the nPDFs
appear to be less relevant than other theoretical uncertainties.

Finally, we should note that among the phenomenological studies of DPS in pA (AA) collisions
[222], [228], [224], [223], [225] the differential distributions of DPS events were discussed only in
[222]. However, the phenomenological studies of DPS in pA collisions definitely require realistic
Monte Carlo simulations. The simulations of DPS I and DPS II contributions as we have performed
in this chapter can be combined with the ISR and FSR models of the Pythia event generator in
the way we described in Chapter 4.9.
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Chapter 6

Four-jet DPS production in
proton-proton collisions within the

Pythia’s framework

6.1 Double parton scattering and multiple parton interactions in

Pythia event generator

We will start with a brief sketch of a formalism being used in the Pythia event generator [255],
[256] to model processes involving multiple parton interactions and, in particular, double parton
scattering. Current approach of Pythia to MPI events has a long history of development starting
from first models of MPI [258], [259] up to a very sophisticated model of Pythia 8 [260], [261],
[262]'. Here we will briefly sketch some particular features of the MPI model of Pythia essential for
the understanding of our results. Namely, we will describe the way Pythia models multiple parton
distribution functions (mPDFs) and, more specifically, dPDF's.

Before starting the description of the approach of Pythia let us note that, starting from Pythia
version 8, a possibility to always have two hard interactions in a given event was added (flag
SecondHard:generate = on). Moreover, this option allows to generate DPS events separately from
MPIs (with a flag PartonLevel:mpi = off). Therefore, there are two options to produce DPS
events with Pythia 8:

e With flags SecondHard:generate = on and PartonLevel:mpi = off which allows to collect

a good statistics for a relatively small number of calls.

e With flags PartonLevel:mpi = on and SecondHard:generate = off which requires a large
number of calls since the second interaction will always occur at sufficiently lower scale than

the first one.

In this section we will not distinguish between both methods even though they are quite different
in some aspects. Instead we will start with a description of some common concepts and discuss

corresponding differences later in this chapter.

!The review of the development of MPI modelling in the Pythia event generator is given in [263)].
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A starting point is to generate the first hard 2 — 2 event according to

~

o
dpi

> i 2 2 dgfj p tu
:Z/d$1d$2dtfraw(xl)Q ) gaw(l‘ZuQ ) di 0 pL_g ) (61)

ijk

where f?,.,(71,Q?) and fﬂaw(xl, @Q?) are unmodified collinear PDFs.

After successful generation of the first hard event one has to generate other events due to
the subsequent interactions. In order to do that, Pythia dynamically modifies f%,,, (z1,Q?) and
f;jaw(l'g, Q?) according to a history of all previous interactions in a given proton-proton collision. In
the first model of MPI Pythia could only preserve an overall conservation of energy and momentum
by reducing the value of Bjorken-z after each interaction according to

= —T <1, (6.2)
1— > x
j=1

where 2 is the value of Bjorken-z used for the i’th interaction. For example, if i = 2 we have

T2

= <1, (6.3)

1-— T
which implies 21 + 2 < 1 and thus effectively we have generated an MPI (DPS) event with a dPDF

being equal to

DY (1,25, Q%) = fraw(@1, Q) Flaw(h, Q7). (6.4)

This approach, however, does not take into account changes in a quark content of a proton.
For example, if one selects a “valence” u-quark in the first hard interaction then, effectively, one is
left over with only one “valence” u-quark in a beam remnant. From the other side, if one probes
a u-quark PDF at low-x it means that with a high probability it originates from a perturbative
“lv2” splitting of a gluon into a quark-antiquark pair, which, in turn, implies that there is a leftover
“companion” antiquark which has to be included into a beam remnant. The effects due to the “l1v2”
splitting, obviously, apply to all quark flavours. In Fig. 6.1 we sketch the MPI (DPS) “1v2” process
involving perturbative g — ¢¢ splitting. Namely, in Fig. 6.1 a) we show a “1v2” MPI (DPS) process
where both ¢- and é-quarks originate due to the perturbative g — c¢¢ splitting and in Fig. 6.1 b) we
show a “1v2” MPI (DPS) process where a c-quark originates due to a perturbative g — ¢¢ splitting
and a ¢-quark originates from a “raw” ¢ PDF.

In 2004 the MPI model of Pythia was significantly improved. In particular a possibility to
handle the above-mentioned effects was added [260]. The starting point of the new approach is to

split PDF's into valence and sea parts as

F(2,Q%) = foar(, Q) + feealw, Q%) (6.5)

where the flavour-antiflavour symmetry is assumed. By comparing the ratio feeq(x, Q%)/f(z, Q?)
against a random number R € [0, 1] generated according to a uniform probability distribution one

can decide in a probabilistic way if a generated quark is either a “valence” or a “sea” one. Then, for
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Figure 6.1: Two different possibilities to select an antiquark in a second interaction: a) a ¢-quark
comes from a perturbative “1v2” spiting process g — c¢¢, b) a é-quark comes from a “raw” ¢ PDF.

example, if in the first interaction we have selected a valence quark of a flavour f with a distribution

function qf.0(z, Q?) then we have to modify its PDF according to

N’Un
dpon(, Q%) = I apuole/ X, @), (6.6)

where Ny, is an original number valence quarks of a flavour f and gy,, and Ny,, are distribution
and number of a valence quarks of the flavour f after n interactions correspondingly, X =1— )" x;

1=
is a total momentum fraction already taken by previous interactions. One can see that modification

in Eq. 6.6 changes the standard number rule

1
/d:EvaO x Q ) vaO (67)
0
to
Ntyn d
[ gt @00 —2) = T [ L agi0(w/X.0%) = Ny (63)
0

Equation 6.6 allows to account for changes in a number of valence quarks. However, it cannot
be used in a straightforward way since a subtraction of a valence quark also removes an average

momentum fraction carried by gy, (7, Q%)

‘)[(dx$van($vQ2) 1

(@ ron(@) = O =X [ dvaggun(e. @) = X (o 100(Q), (69)
fdefvn(va2) 0
0

which is in contradiction with the momentum rule

)

X
[ s (z 47, Q%) + gu(2.Q >) - (6.10)
0
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because Eq. 6.10 already accounts for removing a fraction of momentum )" x;. Therefore, removing
an additional average momentum fraction (z va(Q2)> will lead to momentum violation. In general,
(2,0(Q%)) is a scale-dependent quantity which also can differ for various PDF sets. However,
in order to facilitate a generation procedure, Pythia assumes a general functional form of this

dependence

Ay
1+ Bylog (log (max(Q2,1GeV) /Agcp)’

(@ pu0(Q%)) (6.11)

where, neglecting the difference between various PDF sets, coefficient A; and B are found from the
fit to the CTEQSL PDF set [269]. The quantity (z ,0(Q?)) is thus computed according to Eq. 6.11
and, in order to preserve Eq. 6.10, has to be compensated by a certain modification procedure of
sea and gluon PDFs which we will describe later in this section. However, before doing that let us
consider another important situation when a gluon splits perturbatively into a quark-antiquark pair
as shown in Fig. 6.1. We will see that such processes may also lead to a violation of momentum

conservation expressed by Eq. 6.10. Following the original notation of [260] we write
g — qs + 4, (6.12)

where we assume that a gluon is carrying a momentum fraction y, a sea quark ¢s is carrying a
momentum fraction zs and its companion g., therefore, has a momentum fraction x = y — z5. Then,

according to [260], a PDF of a companion quark is

1
@le,z) = C / 0z 9(y) Pysguqe (2) (s — 23) =
0

) )
= C Pyoguq.(@s/y) Y

s > g(zs + )

: (6.13)

= CP,
9—4sqc (.Ts—'—x Te+ T

where Py_,4,4. (xfﬁ) = % [22 + (1 — 2)?] and C'is a normalization constant which is fixed by

1—xg
/ dz q.(xz,xs) = 1. (6.14)
0

Note that in this particular case a structure of the splitting term on the RHS of Eq. 6.13 coincide
with a splitting term on the RHS of dDGLAP evolution equations, Eq. 2.13, up to a constant. One
can easily show it using the relation between standard DGLAP splitting kernels and “1v2” splitting

kernels in Eq. 2.14 which allows one to express PE

q(2) via Py_yq(2) as

Pf_w(z) = ZPg—mk(Z) = Pyqq(2), (6.15)
k
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and since PE

yssq(2) = Pysq(2) we have

Pysg(2) = Pyosya(2) = % [+ (1-2)?]. (6.16)

As a next simplifying step Pythia uses a following parametrization of a gluon distribution

g(x) ~ M, (6.17)

T

where p is an integer by default set to 4. This parametrization allows to find an analytical expression
for the normalization constant C' and thus for the companion quark distribution ¢.(x,zs). An

example of a distribution of companion quarks is given in Fig. 6.2. Using Eq. 6.13 and Eq. 6.17

Companion Distributions

w1 E x,=0.001 X = 0.1
= C — p=4 — p=4
\E.) L p=0 p=0
SN N
R e,
10 :
2
10
]0_3.‘. | 1 1 \\\H‘ 1 1 1 \\\H‘ 1 1 1 \\\H‘ L \\\\;
4 3 2 y
10 10 10 10

X

Figure 6.2: Companion quark distributions evaluated for different p and z, from [260].

one can analytically compute an average momentum fraction introduced by a companion quark to a
beam remnant (z¢,) = X (x(xs)) which we do not show here since it is a rather lengthy function
of s, see [260].

Now we have seen that modification of a number of valence quarks and modification of a
companion quark PDF leads to a negative contribution X (z fv()(QQ) and a positive contribution
X(zco(xs)) to a total averaged momentum fraction. However, such contributions will violate the
momentum rule given by Eq. 6.10. The way to circumvent this issue is to let sea and gluon
distributions fluctuate in such a way that both contributions are compensated and the momentum

rule is preserved together with the number rules

dz qfon (2, Q%) = Non, (6.18)

d$Qijn(xa$j) =1,Vj. (619)

S — . O —
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In order to do that one changes the normalization of sea and gluon PDFs according to

Qfs(qu2) — GQfs($7Q2)v (6'20)
9(x, Q%) — ag(z,Q?), (6.21)

which allows to rewrite the momentum rule as

X

1

L= e 3 a1 @)+ o) a0, | + o) | =
0

1

N

= /dwﬂ? S 0@ QD) + D dpejol, 25) + agpao(r, Q%) | +ago(z, Q%) | =
0 f Nsvo J

1
N
= o+ Y [arw | (F22 - 0) (e @) + K agelo)| =
5o b j

= a| 1= Npwolzseo) | + D Newnlapo) + D (T se;0), (6.22)
f f 1

where (zf,0) and (z;0) are average momentum fractions carried by valence and companion quarks
before the first hard interaction. Equation 6.22 fixes a value of a normalization constant a and

allows to express it as

7j
a = . 6.23
1- ;vao(vad (6.23)

1 =3 Nyon{zpo0) — 22(T fcj0)
7 f

Constrains set by Eq. 6.10, Eq. 6.18 and Eq. 6.19 and realized via Eq. 6.2, Eq. 6.6, Eq. 6.13,
Eq. 6.20 and Eq. 6.21 are valid for all PDFs used to simulate n’th interaction and, therefore, can
be seen as a generalization of standard sum rules. In the next section we will consider a particular
case of DPS and compare the Pythia’s approach to dPDFs and sum rules against the approach of
Gaunt and Stirling [173].

After performing the modification of PDFs Pythia generates events using hit-or-miss algorithm,
see Chapter 3.1. Namely, it evaluates dPDF's for both hadrons such that

DY (21,22,Q7,Q3) = flaw(®1,Q7) 209(w2,Q3),
Dkl(x3ax47Q%aQ%) = fﬁaw(wfﬂaQ%)lenod(xﬁlaQ%)' (624)

As the next step it assigns to each event a weight w evaluated according to

fgaw(mla Q%) gzod(xQ) Q%) fﬁaw(m37 Q%) f;nod($47 Q%)

ﬁaw('rl’Q%)f?zaw(l‘Q?Q%) ﬁaw(x&Q%) }‘aw(xllaQ%)

_ Frod(®2,: Q3) froa(@a, Q3) (6.25)

Flaw(x2,Q3) flow(z4,Q3)
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where PDFs in the denominator have Bjorken variables satisfying longitudinal momentum conserva-
tion constraints x1 + 9 < 1 and z3 + x4 < 1. After producing a weighted event one compares its
weight w against a maximal weight w4, allowed by the phase space of a given DPS process and
according to the hit-or-miss algorithm decides either to keep or discard the given event. Later in
this chapter we will discuss an improved version of this approach to the generation of DPS events

available starting from Pythia version 8.240.
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6.2 Sum rules: comparison between Pythia’s and Gaunt & Stirling

approaches

Having explored some key aspects of Pythia’s model of dPDFs, we can start to compare its
predictions against predictions of the GS09 model. In this section we will check in detail how well
both models of dPDF's satisfy the “double” sum rules given by Eq. 2.17 - Eq. 2.20 and discuss some
differences and similarities between both Pythia and GS09 dPDFs.

In order to perform a comparison between both models it is convenient to write dPDFs in

Pythia’s notation

DI (a1, 9, Q2,Q3) = fib, (21, Q) 2 (22, Q), (6.26)

where ﬂ}lw(azl,Q%) is a standard collinear PDF being used for the first hard interaction and
ﬁod(:ng,Q%) is a PDF modified according to the first hard interaction and being used for the
second one. In this section, for simplicity’s sake, we will set Q3 = Q3 = Q2. The rules set by

Eq. 2.17 - Eq. 2.20 can be also written for the first parton (ji,z;1) being fixed:

17£E1

S [ dwaza Dy 0, Q3) = (1= ) £, (00,7, (6.27)

j2 0
/ dzy [Djj, (w1, 22,Q%) — Dy, i, (x1,32,Q%)] = Ny, f5,(x1,Q%), if j1 # j2or jo, (6.28)

1—.’1,'1

/ dzy [Djyj,(x1,22,Q%) — Dy, (01,72, Q)] = (N, — 1) f5,(21,@Q%), if j1 = jo,  (6.29)
0
1—21

/ dxs [Dj,j, (21,72,Q%) — Dj. 7, ($1,$27Q2)] = (Nj,, + 1) fj, (21,Q%), if j1 = Jo. (6.30)
0

First of all, let us check how the ansatz given by Eq. 6.26 satisfies the momentum sum rule given
by Eq. 6.27. By substituting Eq. 6.26 into Eq. 6.27 we get

1—x1
S [ dwams flo @) o2, Q) = (1 1) Fl 1, @°), (6.31)
20
or
1—x1
3 / das 2y [ (29,Q%) = (1 - a1). (6.32)
20

Since jo in ) j, Tuns over all parton species one can write Eq. 6.32 as

1—x1

[ dms | 3 Fhaln @)+ Fhale2,QF) | = (1= 2), (6.33)
0

J=4,9

which is exactly equivalent to the momentum conservation constraint being used in Pythia as in
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Eq. 6.10 with n = 2, X = 1 — z1. Therefore, we see that dPDFs in GS09 and Pythia models satisfy
the same momentum rule expressed by Eq. 2.17 and Eq. 6.10, correspondingly. Now let us check
numerically how well both models satisfy momentum sum rule given by Eq. 6.27 and Eq. 6.33. In

order to do that we write Eq. 6.27 and Eq. 6.33 in a schematic form as

1—x1

$1fj1($1,Q2) + / dxg 9 Z() =1,

min(z1)

(6.34)

1—x1

r1 + / dl‘gmg Z():l,

min(z1)

(6.35)

and check how well the LHS of Eq. 6.35 and Eq. 6.35 matches unity. We use Eq. 6.35 to check
the momentum sum rule for GS09 dPDFs and Eq. 6.35 to check the momentum sum rules for the
Pythia dPDFs. We set the lower integration boundary min(x;) in Eq. 6.35 to 10~¢ which is the
lower z value of the GS09 grids we use. As we will see later in this section the grid limitations lead
to the violation of the sum rules for the values of z; close to the lower grid boundary. In order to
avoid these boundary effects for the checks of sum rules with Pythia dPDFs we will set the lower
integration boundary in Eq. 6.35 to 1075,

In order to be able to perform numerical integration in Eq. 6.35 one has to be able to evaluate
PDFs modified by Pythia f _.(x,Q?) in the given integration range. Normally, it is not possible
since the corresponding part of the MPI model is hidden from a standard Pythia user. However,
it can be achieved by instantiation of objects which are members of the BeamParticle class as
explained in Appendix H. For numerical integration we use CQUAD doubly-adaptive integration
routine from GSL Scientific Library v2.4 [294]. In order to get values of single PDF's in Eq. 6.33
we use LHAPDFG library [296] and MSTW LO PDF set [298]. In order to check how well GS09
dPDFs satisfy the momentum sum rule we use two grids with 300 and 600 grid points. The results

of numerical checks are given in Table 6.1.

x1 1dy Pythia GS09 300 grid points | GS09 600 grid points
1.0000e-06 | 1 | 9.9909e-01 £ 8.2e-04 | 8.9508e-01 + 8.7e-04 | 8.9851e-01 £ 8.7e-04
5.0000e-06 | 1 | 9.9909e-01 + 8.2e-04 | 9.9784e-01 4+ 9.8e-04 | 9.9297e-01 £ 9.7e-04
2.5000e-05 | 1 | 9.9909e-01 + 8.1e-04 | 1.0081e+00 + 9.6e-04 | 1.0067e+00 £ 9.9e-04
1.2500e-04 | 1 | 9.9909e-01 4+ 9.2e-04 | 1.0058e+00 + 9.6e-04 | 1.0088e+00 + 9.8¢-04
6.2500e-04 | 1 | 9.9904e-01 + 8.5e-04 | 1.0145e+00 + 9.9e-04 | 1.0137e+00 £+ 9.9e-04
3.1250e-03 | 1 | 9.9911e-01 £ 6.9e-03 | 1.0249e+00 + 1.0e-03 | 1.0225e+00 + 9.9e-04
1.5625e-02 | 1 | 9.9914e-01 4+ 1.2e-01 | 1.0355e+00 + 1.0e-03 | 1.0381e+00 + 1.0e-04
7.8125e-02 | 1 | 1.0039e+4-00 + 1.9e-01 | 1.0243e+00 + 8.9¢-04 | 1.0385e+00 + 9.2e-04
3.9063e-01 | 1 | 1.0046e+00 £ 5.7e-04 | 1.0060e+00 + 6.0e-04 | 1.0002e+00 £ 5.8e-04

Table 6.1: Test of the momentum sum rule, Eq. 6.27 and Eq. 6.33. Pythia and GS09 models of

dPDFs. The factorization scales are set to 5 GeV.

We see that both approaches satisfy Eq. 6.27 and Eq. 6.33 rule at 1% accuracy level for most of

the values of z;. Relatively strong deviations from unity for GS09 dPDF's at low values of z; are
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related to the low x integration limit which is 1076 for the grids we use. The errors in Table 6.1
are given by an estimate of the absolute error (abserr) returned by the gsl_integration_cquad
routine which we run with desired absolute (epsabs) and relative error (epsrel) limits set to 0 and
1073 respectively. We see that the estimate of the absolute error for CQUAD method is usually
smaller than 1073, However we observe abserr ~ 10! for the check of Eq. 6.33 with Pythia’s
dPDFs at ;1 ~ 1072, The reason is in the different treatment of valence and sea quarks within
Pythia’s frameworks which makes numerical integration in this particular range of x complicated.
We will discuss it in more detail later when we perform numerical checks of the number sum rules.
For the moment let us note that one gets a better error estimate using the VEGAS algorithm [295]
supplied with the GSL Library, see Table 6.2.

x1 idy | Pythia CQUAD integration | Pythia VEGAS integration
1.0000e-06 | 1 9.9909e-01 + 8.2e-04 9.990794e-01 7.579513e-07
5.0000e-06 | 1 9.9909e-01 £ 8.2e-04 9.990747e-01 6.055986e-06
2.5000e-05 | 1 9.9909e-01 £ 8.1e-04 9.990668e-01 1.343860e-05
1.2500e-04 | 1 9.9909e-01 £ 9.2e-04 9.991279e-01 2.772772e-05
6.2500e-04 | 1 9.9904e-01 £ 8.5e-04 9.993865e-01 5.407137e-05
3.1250e-03 | 1 9.9911e-01 £ 6.9¢-03 1.000161e+00 9.574375e-05
1.5625e-02 | 1 9.9914e-01 £ 1.2e-01 1.001569e+00 1.472444e-04
7.8125e-02 | 1 1.0039e+-00 £ 1.9e-01 1.002877e+00 1.809566e-04
3.9063e-01 | 1 1.0046e+00 =+ 5.7e-04 1.004329e+00 6.467959¢-05

Table 6.2: Test of the momentum sum rule, Eq. 6.33, with different integration routines. Pythia
model of dPDFs. Both factorization scales are set to 5 GeV.

Now let us switch attention to the number rules. It is convenient to express them in terms of a ratio

D)2 (1, 2, Q%) — Djlj; (21,72, Q%)
raw(xIJQQ)

Rjyjo (21,22, Q%) = 2 (6.36)
The meaning of R; j,(x1,x2, Q?) becomes clear if one neglects momentum and number conser-

vation and substitute DY (z1, 29, Q%) = flow(®1, Q?)fi2w(x2,Q?) in Eq. 6.36. The function
Rj,j, (21,72, Q%) then turns simply into a valence quark PDF multiplied by Bjorken-x:

RV (21,9, Q%) = g [ 220 (22, Q) — f12, (22, Q%) | = wa i (w2, Q7). (6.37)
Using Rj, j, (71,72, Q%) one can write number sum rules in a compact form as
17x1d
i) oo . -

/ 2y T2 (122, Q%) = Nj,, if j1 # jaorjo,
0
1—x1d
/ ?;lejg(xlax2aQ2) :(NjQU _1)a lfjl =J2
0
11—z

dl’g ep - -

T Rjyjo (21, 22,Q%) = (Njy, +1), if j1 = ja. (6.38)

0
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Since D{;ljZ (71, 22,Q%) = mw(xl, Q?) mod(xg,QQ) one can write Rj, j, (71,22, Q%) as

lejQ(acl,xg,QQ) = 9 raw($1,Q2) mod(vaQQ)_ raw(xl Qz) mod(xQ’QQ)

raw(-rla QQ)
= @ [, Q) = 2, Q)] (6.39)
which allows to rewrite the number sum rules as
l—xld
.T2 [ .5 i 1 . . -
o 2 2 (29,Q%) — f2 (22,Q%)| = Ny, 1 # joor jo,
0
1fm1d
T2 [ i i ) e .
?2‘%2 Tjrfod<$27Q2) - rjzfod(x%QQ) = (Nj2v - 1)7 lfjl =J2
0
1—x1d
T2 [ i i’ ] o -
1'72 2 Tjiod(l'z’ QQ) - ﬁod(l‘?? QQ) (szu =+ 1)7 if j1 = Jo, (6-40)
0
where one can consider the difference f;2 d(l’g, Q?) — Z}o 4(T2, Q?) as a PDF of a valence quark of a

flavour js modified according to the first hard interaction involving a parton of a flavour fi.

We see that the number sum rules given in Eq. 6.38 and Eq. 6.40 formally coincide with number
constraints used in Pythia as in Eq. 6.18 and Eq. 6.19. However, there is a significant difference
between the ways Eq. 6.38 and Eq. 6.18 - 6.19 are satisfied in GS09 and Pythia models. Below we
illustrate the difference between GS09 and Pythia dPDFs taking as an example Rgq(1, 22, Q2).
In Fig. 6.3 we compare Rqq(z1, T2, Q%) evaluated with Pythia and GS09 dPDFs against a valence
d-quark PDF. One can see how “1v2” splitting leads to negative values of Rqq(x1,22,@%). For
example, if in the first interaction we select a d-quark at 2; = 1070 it is probably a sea quark, which
was created due to a perturbative “1v2” splitting of a gluon into a dd pair. Therefore, the remaining
d-quark has to be included into a “raw” d-quark PDF which means that fiw(l‘g, Q%) < fg; oa(72, Q%)
for x5 ~ 1076, It implies that Rgq(z1,22, Q%) also becomes negative for 2o ~ 1075, Moreover,
negative value of Rqq(x1, 72, @?) at low 2 should be compensated by positive contribution at high
x in order to preserve the number sum rule given by Eq. 6.41. One can see it in the upper panel in
Fig. 6.3. In this case

1—z1

d
/ ™2 Raal@1, 22, Q%) = Nygo — 1 = 0. (6.41)

The same holds if one selects a d-quark at higher values of x, see the middle and the lower panels
in Fig. 6.3. In Tab. 6.3 we provide a numerical check of Eq. 6.41 with the QCDAD integration
routine. We see that for 1 > 10~* GS09 satisfies Eq. 6.41 at a percent level. The violation of Eq.
6.41 at low values of z; is a boundary effect due to the limitation of the GS09 grid, see Fig. 6.3. In
case of the dPDFs modelled by Pythia Eq. 6.41 is violated for the values of 1 approximately in
between 1072 and 1072, The reason for it is that Pythia treats valence and sea PDFs separately,

as described in section 6.1. For each generation Pythia decides in a probabilistic way what type of
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PDF's (sea or valence) to use to model dPDF's for a given event. Therefore, for the region where
valence and sea PDFs overlap the dPDFs used in Pythia will become difficult to integrate. In the
lower panel of Fig. 6.3 one sees first signs of these effect given by the kink of the R/72(z1, 29, Q?)
function for the xo in between 10~* and 1073, However, we argue that the integration algorithm
which involves multiple evaluations of the integrand in Eq. 6.41 should demonstrate better results
as the CQUAD algorithm since multiple evaluation of R7172(z1, 29, Q%) has to “washout” the kink
structures due to the different treatment of the valence and sea PDF's in Pythia model. In order
to illustrate that we compare results of numerical integration in Eq. 6.41 obtained with CQUAD
algorithm against results obtained with the VEGAS algorithm, see Table 6.4. We see that the
numerical integration in Eq. 6.41 performed with the VEGAS algorithm gives zero for the values of
21 located in the “difficult” region between 1072 and 10~2. The numerical checks performed for the

other sum rules give similar results.
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Valence sum rule: Pythia vs. G509
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Figure 6.3: The modification of the valence d-quark PDF Rgq(z1, 2, Q%) as a function of x5 for
x; = 1076,1075,107%. Comparison between GS09 and Pythia dPDFs.
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1 Ngo, Pythia Ngo, GS09 300 grid points
1.0000e-06 | 1.4e-02 + 1.3e-05 6.4e-01 £ 6.3e-04
5.0000e-06 | 1.9e-03 + 1.8e-06 3.7e-01 £ 3.7e-04
2.5000e-05 | -5.3e-04 + 5.2e-07 1.5e-01 + 1.4e-04
1.2500e-04 | -1.0e-03 + 1.0e-06 6.4e-02 + 6.4e-05
6.2500e-04 | -7.7e-04 + 4.5e-02 4.8e-02 + 4.8e-05
3.1250e-03 | 3.2e-01 + 1.6e+01 3.6e-02 £ 3.6e-05
1.5625e-02 | -1.9e-01 + 4.1e+01 2.1e-02 £ 2.1e-05
7.8125e-02 | -1.2e-01 + 5.4e+401 7.8e-03 £+ 7.7e-06
3.9063e-01 | 0.0e+00 £ 0.0e+00 2.9e-03 £+ 2.9e-06

Table 6.3: Pythia: test of the second number sum rule for a d-quark, Eq. 6.29. Numerical
integration with the CQUAD routine. We use red colour for the cells where the results of the

numerical integration in Eq. 6.41 strongly deviate from zero.

1 Ng2, Pythia CQUAD integration | Ngo, Pythia VEGAS integration
1.0000e-06 1.4e-02 £ 1.3e-05 1.4e-02 4+ 1.1e-04
5.0000e-06 1.9e-03 + 1.8e-06 2.0e-03 + 2.0e-04
2.5000e-05 -5.3e-04 + 5.2e-07 -1.1e-02 £ 5.4e-03
1.2500e-04 -1.0e-03 + 1.0e-06 -4.5e-03 + 7.7e-03
6.2500e-04 -7.7e-04 + 4.5¢-02 -1.4e-02 £ 1.3e-02
3.1250e-03 3.2e-01 £ 1.6e+01 5.9e-03 + 2.5e-02
1.5625e-02 -1.9e-01 £ 4.1e+01 -5.7e-03 £ 4.5e-02
7.8125e-02 -1.2e-01 + 5.4e+401 -4.4e-03 £ 5.7e-02
3.9063e-01 0.0e+00 + 0.0e+00 -1.7e-02 £ 2.5e-02

Table 6.4: Pythia: test of the second number sum rule for a d-quark, Eq. 6.29. Comparison between
numerical integration with CQUAD and VEGAS routines. We use red colour for the cells where
the results of the numerical integration in Eq. 6.41 strongly deviate from zero.

In this section we have demonstrated that both GS09 and Pythia dPDFs satisfy the same set
of sum rules proposed by Gaunt and Stirling in [173]. A short summary on both models of dPDFs
is given in Table 6.4. In the next section we will discuss how the differences between GS09 and
Pythia dPDFs affects the differential DPS distributions.



6.2. GS09 SUM RULES AND THE DPS MODEL OF PYTHIA

Model of dPDFs Pythia dPDFs GS09 dPDF's
Different approaches to describe Yes No
valence and sea partons
Double DGLAP evolution No Yes
Momentum sum rule Yes Yes
Number sum rules Yes Yes

Splitting term

Used for dynamical
modification of sea PDF's.
Up to a normalisation constant
coincides with a splitting term
in dDGLAP evolution equations,
however accounts only for
g — qq splitting processes

Included in dDGLAP evolution.

Accounts for all possible
splitting processes

Table 6.4: Short summary of GS09 and Pythia models of dPDFs.
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6.3 Four-jet DPS production: comparison between Pythia’s and

Gaunt & Stirling approaches

Since double parton distribution functions are unknown objects one has to use certain phenomeno-
logically motivated assumptions to model them. The easiest way to model dPDFs is a so called
“naive” approach where one replaces a dPDF by a product of two “single” collinear PDF's and a

f-function to preserve conservation of a longitudinal momentum

DjljZ(x17x27 Q%a Q%) = fj1 (xla Q%) fj2 (1'27 Q%) 9<1 -1 — xQ): (6'42)

see Chapter 2.1. This approach neglects correlations in z-space and violates the number sum
rules given by Eq. 2.18 - Eq. 2.20. Moreover, as it was shown in [164], [167] and [168], this ansatz
does not satisfy dDGLAP evolution equations. Nevertheless, it is still quite commonly used in
phenomenological studies of DPS. Here we will use it as a baseline for our comparisons against GS09
and Pythia models of dPDFs. In our analysis we will compare impact of different models of dPDFs
on differential distributions of DPS events. Namely we will study distributions in terms of a leading
jet p1 and the maximal rapidity difference AY = max|y; — y;|. We require four jets produced in
each DPS event to have p; € [20,100] GeV. We normalize all distributions such that the total area
under each histogram is equal to the corresponding total cross section (given in nanobarns). These
values are evaluated according to the following procedure: first one finds how the total Pythia DPS

Pythia

cross section changes after imposing cuts on produced partons. The new cross section o2 is
Pythi
related to the old one oy " as

Pythia Pythia
Ttot _ Yot (6 43)
Pythia _  Pythia’ :
cut cut
where wi ™ is the total weight of all generated events and wf ™™ is the total weight of events

that remain after cuts2.

Pythia
cut

one has to find the impact of GS09 and “naive” dPDFs. In order to do

that one modifies a weight of each Pythia event according to

After evaluating o

WGSOQ _ wathia D(JJAl,l‘AQ,Q%vQ%) ‘D(‘TthBQ,Q%?Q%) (644)
’ ! fraw(xAlaQ%)fmod(xA%Q%)fraw(xBlaQ%)fmod(-TB%Q%)
and
wNaive — wathia f?‘aw ($A27 Q%)fraw (xB27 Q%)
! ! fmod($A27 Q%)fmod(xB% Q%)
x 0(1 —xA; —2As)0(1 — 2B; — 2By), (6.45)

where D(zA;, zA;, Q2, Q%) are GS09 APDFs, frqu(zA;, Q%) are standard PDFs used by Pythia to

2Usually Pythia generates unweighted events with weights equal to unity which implies that wf)™® and w!¥™®

cut
Pythi . . .
are the total number of generated events N, and the total number of events remaining after imposing cuts
Pythi . . .. . .
N_ ™. However, there are several important cases when each event acquires a non-trivial weight, for example, in pA

collisions. Therefore, in Eq. 6.43 we use wi ™™ and wi¥™ instead of NLY™* and N2Y™®. More details on event
weights in Pythia can be found in [84].
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describe the first hard interaction and fo,eq(zA;, @?) are PDFs modified by Pythia to describe the
second hard interaction. Here we use the Pythia’s notation as shown in Fig. 6.5.
After reweighting histograms one evaluates the modified total weights of all events that pass

through the cuts according to
GS09 GS09
Weut = Z wj ’

i
Naive __ Naive
Weut - E W )
7

and then evaluates the corresponding total cross sections from

Pythia Pythia’
Weut cut
Naive Naive
Wrot _ Otot
Pythia Pythia *
cut cut

We shall note that a standard Pythia user can access PDFs being used to simulate the first hard

interaction but not the PDFs being used for all subsequent interactions and, therefore, cannot

GS09 wathia Naive
)

compute w and w . In order to solve this problem we added new members to the
Event class to store the information about the PDFs being used for the second interaction. We
also added two new methods to set and to read the values of these new members. This additional
information has to be written to the event record in the ProcessLevel: :nextOne (Event& process)
method of the ProcessLevel class after the successful generation of the second hard interaction. The
information assigned in a such way is then accessible together with the other standard information
stored in the event record and can be used to evaluate w@5%9, WPYthia and wNeve quring the

generation procedure.

Al Bl

Ay B,

Figure 6.5: The notation being used in Pythia. All variables with A; and B; (A and Bs) in their
names correspond to the first (second) hard interaction.

The differential distributions for “naive”, Pythia and GS09 dPDFs are given in Fig. 6.6 and Fig.
6.7. Before discussing our results we shall make several important comments. First of all, in order
to produce DPS distributions in Fig. 6.6 and Fig. 6.7 we have set SecondHard:generate = on and

PartonLevel:mpi = off in the Pythia setup. This combination of flags allows to always generate



152 CHAPTER 6. DPS IN PP COLLISIONS WITHIN THE PYTHIA’S FRAMEWORK

events with only two hard interactions per one proton-proton collision. However, it implies that the

total DPS cross section will be given by

2
5y — TND <) , (6.46)

OND

where onp is the total nondiffractive cross section [260]. The connection between the “pocket
formula” of DPS and Eq. 6.46 is given by

2 2
0’ND<01> onp _ 1 oof

= , 6.47
2 OND Ocff 20cff ( )

o9 =
where onp/oess gauges the deviation from the Poissonian statistics [260]. The transition from
Eq. 6.46 to Eq. 6.47 in Pythia, however, is performed only if the MPI modelling is switched
on. Therefore, the parameter 0.7y does not enter into our DPS simulations performed with the
aforementioned setup. It implies that the DPS cross sections in our simulations are evaluated
according to Eq. 6.46 with onp instead of o.;y. However, since we are interested only in the
relative difference between distributions of DPS events produced with different models of dPDF's,
the aforementioned difference in the normalization of the DPS cross section does not affect our
analysis. The complete setup we use is given in Table 6.5.

As we can see in Fig. 6.6 the DPS distributions in terms of the leading jet p; demonstrate a
mild dependence on the the choice of the model of the dPDFs. The distributions in terms of the
maximal rapidity difference AY, however, demonstrate a strong difference at the high values of AY.
We also see that at high values of AY the difference between DPS distributions generated with
GS09 and Pythia dPDFs is smaller than the difference between distributions generated with GS09
and “naive” dPDFs. Since, as we have discussed in section 6.2, both GS09 and Pythia models of
dPDFs obey the same set of sum rules, we conclude that the constraints on dPDF's imposed by the
sum rules play an important role at high values of AY. Moreover, since the model of Pythia does
not account for the effects due to the double DGLAP evolution of dPDFs we conclude that the
evolution effects and the effects induced by momentum and number sum rules in GS09 model are of
comparable size at large values of AY.

Also by comparing ratios of Pythia distributions reweighted with GS09 and “naive” dPDFs
in Fig 6.6 and Fig. 6.7 with the corresponding ratios in Fig. 4.5 and Fig. 4.7 we conclude that
predictions made with our standalone DPS code agree at qualitative level with the predictions
obtained with reweighted Pythia distributions. Namely, the ratio between Pythia distributions
reweighted with GS09 and “naive” dPDF's in Fig 6.6 and Fig. 6.7 demonstrate the same dependence
on the collision energy as the corresponding ratios in Fig. 4.5 and Fig. 4.7. However, we shall note
that in this chapter we have used a default Pythia setup which implies that only first three flavours
are considered as massless. Therefore, the four-jet DPS production in this chapter was simulated
without taking contributions from charm quarks into account. We leave a detailed comparison
between the Pyhia event generator and our standalone DPS code as well as the study of the role of

different flavour contributions for the future work.
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Figure 6.6: Comparison between leading jet p; DPS distributions generated with GS09, Pythia
and “naive” dPDFs. Upper panel: V.S = 7 TeV. Lower panel: V.S = 13 TeV.



154 CHAPTER 6. DPS IN PP COLLISIONS WITHIN THE PYTHIA’S FRAMEWORK

-
2

PhaseSpace:pTHatMin = 20.0 GeV

Q PhaseSpace:pTHatMax = 100.0 GeV
< Vs =7 TeV
g 1 Opythiagsos = 8.79e+02 nb
E * Obythinaione = 8.10e+02 nb
© Opythianaive = 8.73e+02 nb
S~
-8 w T Pythia reweighted with GS09 dPDFs
—— Pythia alone
—— Pythia reweighted with naive dPDFs —
1.1
1.
0.9
o
3
@© o.8
o

Ratio: Pythia GS09 / Pythia alone
Ratio: Pythia GS09 / Pythia naive

1 2 3 a 5 6 7 8 9

|
PhaseSpace:pTHatMin = 20.0 GeV :
PhaseSpace:pTHatMax = 100.0 GeV
Vs =13TeV

Opythiagsos = 5.25e+03 nb
Opythiaalone = 4.77€+03 nb

,= Opythianaive = 5.04e+03 nb

—— Pythia reweighted with GS09 dPDFs

0.5

10°

do/dAY (nb)

—— Pythia alone
L —— Pythia reweighted with naive dPDFs
100
1.15
1.10
1.05
1.
.°
“B‘ 0.95
-4
0.90
o5 Ratio: Pythia GS09 / Pythia alone
050 Ratio: Pythia GS09 / Pythia naive
078 1 2 3 a 5 6 7 8 9

AY

Figure 6.7: Comparison between leading jet AY = max|y; — y;| DPS distributions generated with
GS09, Pythia and “naive” dPDFs. Upper panel: v/S = 7 TeV. Lower panel: /S = 13 TeV.
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6.4 Symmetrisation of dPDFs in the Pythia event generator

In the previous section we have not made a distinction between DPS and MPI models being used
in the Pythia event generator. For example, in Chapter 6.1 we have described the way Pythia
modifies PDF's in order to account for the momentum and number conservation in subsequent
interactions, which applies both to MPI and DPS. Here, however, we will discuss some distinctive
features of DPS and MPI models of Pythia as well as some recent modifications of DPS modelling.

The model of DPS used in Pythia has inherited its main concepts from the original Pythia’s
model of MPI. This, in particular, implies that only PDFs used to generate the second hard interaction
are modified in order to account for momentum and flavour conservation. This procedure, however,
introduces asymmetry of the Pythia’s dPDFs and is in contradiction with the GS09 approach. This

contradictions arise from the symmetry of dPDF under a simultaneous interchange of all its indices

Da1,a2 (‘,r17‘,1:2?Q%7 Q%) = Daz,al ($2,$1,Q%,Q%) ) (648)

which is simply a reflection of the fact that there is no ordering of hard interactions in DPS. However,

dPDF's being used in Pythia do not posses such symmetry since

Dal,ag ($1)$2)Q%7Q%) = fraw(xlaQ%)fmod(-TQyQ%) 7é (649)
# fraw(x%Q%)fmod(-leQ%)a (650)

and, therefore, within the Pythia’s framework

Da1,a2 (1'1,3'}2, %7 Q%) 7& Dag,al (.%'2,.%1,@%,@%) . (651)

We illustrate this discrepancy by studying a distribution of the ratio between GS09 and Pythia
DPS luminosities for a given event

_ Dal,az(xlax%Q%aQ%) Db17b2($37$4aQ%7Q%) (6 52)

(71, Q) F22 (2, Q) fraw(z3, Q) f2 (24,Q3)

Since w is a function of 10 variables, in order to facilitate our analysis, we consider production of
two quarks of the same flavour and two gluons via (¢g — qg) ® (¢g — qg) DPS process. Moreover,
we consider only two different combinations of dPDFs, namely Dyq; ® Dgyy and Dgg ® Dy which
allows to express w as

o Dyq(@1, 22, QF, Q3) Dyg (3, 4, QF, Q3) (6.53)

f?gaw(l’la Q%) gwd($27 Q%)frgaw(xf}a Q%) 7gnod(x47 Q%) .

We see that the numerator of Eq. 6.53 is symmetric under the simultaneous interchange x1 < xo
and Q? < Q3. This, however, is not true for the denominator. Therefore w depends on the ordering

in 21,72 and Q%, Q3. In order to illustrate it we consider four different permutations:

1. 21 > 29 and Q1 > Qo,
2. r1 < x9 and Q1 > Qo,

3. 1 > x9 and Q1 < Qo,
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Figure 6.8: Distribution of the ratio of GS09 and Pythia DPS luminosities: old asymmetric approach
available in Pythia releases with versions earlier than 8.240.

4. T1 < z9 and Q1 < Q9.

In Fig. 6.8 we plot the distributions of w for the aforementioned combinations of Bjorken variables
and factorization scales. The distributions are normalized such that the total area under each
histogram is equal to unity. We see that the maximum of each histogram is located close to unity
which means that despite the significant conceptual differences between the GS09 and Pythia
approaches both models give rather similar predictions. However, we also see that among four
different histograms one can identify two separate subgroups, namely we see that distributions
with 1 > z9, Q1 > Q2 and x1 > x2, @1 < Q2 (blue and green histograms) coincide as well as
distributions with z1 < z2, @1 > Q2 and 1 < z3 and @1 < Q2 (orange and red histograms). This
implies that DPS events generated with Pythia do not demonstrate dependence on the ordering in
factorization scales but instead depend on the ordering in Bjorken variables. The DPS model of
Pythia has inherited this ordering from the MPI model of Pythia where such ordering is used to
preserve conservation of the longitudinal momentum.

In the rest of the section we describe how to symmetrize dPDFs used to generate DPS events in
the Pythia event generator. In Chapter 6.1 we have described how a standard hit-or-miss approach
works in a context of generation of DPS events within Pythia’s framework. In particular, we have
discussed the way Pythia produces weighted events at the first stage of the generation algorithm,
see Eq. 6.25. The key idea of the improved approach is to replace an asymmetric product of two
Pythia’s PDF's
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Figure 6.9: Distribution of the ratio of GS09 and Pythia DPS luminosities: new symmetric approach
implemented in Pythia 8.240.

Pythi Pythi .
Dl-jy (21,22, Q7%,Q3) Dy (w3, w4, Q7, Q3) by a symmetric one

% f'/l:aw ('1"17 Q%) frjnod(x% Q%) ffaw (m37 Q%) finod($4a Q%) +

+ % de(v’Ul,Q%) fvzaw('rQ:Q%) fr’fwd(x&Q%) f?l“aw($4’Q%)' (654)

After doing that one evaluates a symmetric DPS weight

w _ lfzaw(l‘laQ%) gnod(x%Q%) f’/]:caw(w?nQ%) Vlnod(xélaQ%) +
sym = —

2 fgaw(mh Q%) fgaw(x% Q%) f?lfaw(x?n Q%) f?éaw(m% Q%)

+ lfyinod(be%) f?jaw(x%Q%) Tlfwd(x:)”@%) fiaw(xébQ%) _

2 fvéaw(xl’ Q%) fgaw(x% Q%) fﬁaw(xi%? Q%) fvéaw(x‘l’ Q%)

1 fgﬁ,od(x%Q%) f'rlnod(x4’Q%) + 'rinod(xl’Q%) f’l”f’LOd(x37Q%)
2 f?zaw(l'%@%) fﬁaw($4,Q§) fvéaw(xlaQ%) fvlcaw(x?)aQ%) ’

(6.55)

where a conservation of the longitudinal momentum is implicitly assumed. Unlike the old DPS weight
in Eq. 6.25 by construction the new weight wsy,, possesses the same symmetry under permutations
P47, X1 & X2, Q1 <> Q2 and k <> [, 3 <> 74, Q1 < Q2 as GS09 dPDFs. After evaluation of wgym,
one performs the second step of the hit-or-miss algorithm to produce unweighted DPS events.

Now we can study the distribution of a ratio between GS09 DPS luminosities and symmetrized
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Pythia DPS luminosities given by Eq. 6.54. The results are presented in Fig. 6.9. We see that
the new distributions, contrary to the distributions shown in Fig. 6.8 have a narrower shape and
demonstrate a symmetry under the simultaneous interchange of Bjorken variables and factorization
scales.

We can study now how the effect of the symmetrization of the DPS weights. In order to do that
we compare predictions of recently released Pythia 8.240 which contains the improved model?
of DPS against predictions of older release Pythia 8.235. Namely, we simulate the four-jet DPS
production in pp collisions at v/S = 7TeV and v/S = 13TeV. Similarly to our previous analysis
we require all four jets to have a transverse momentum between 20 GeV and 100 GeV and we
choose the factorization and renormalization scales to be equal to the geometric mean of the squared
transverse masses of the two outgoing particles i.e. transverse momentum squared in the case of

massless particles. The complete setup is given in Table 6.5. The results of the simulation are

PYTHIA SWITCH VALUE PYTHIA FLAG VALUE
Random:setSeed on HardQCD:nQuarkNew 3
HardQCD:all on PhaseSpace:pTHatMin 20.0
SecondHard:generate on PhaseSpace:pTHatMax 100.0
SecondHard:TwoJets on Beams:idA 2212
PartonLevel:isr off Beams:idB 2212
PartonLevel:fsr off Beams:frameType 1
PartonLevel:Remnants off Beams:eCM 7,13 TeV
Check:event off PDF:pSet MSTW2008lo68cl
ColourReconnection:reconnect off SigmaProcess:renormScale2 2
PartonLevel :mpi off SigmaProcess:factorScale2 2
HadronLevel:all off

Table 6.5: Pythia settings.

shown in Fig. 6.10. We see that the overall impact of the symmetrization of dPDFs is very modest
and hardly exceeds 1% level. The small difference between both approaches can be explained by an

exponential suppression of “tails” of distributions of w as it is shown in Fig. 6.8 - 6.9.

3For the implementation see the nextTwo method of the ProcessLevel class.



6.4. SYMMETRISATION OF DPS WEIGHTS 159

10?

PhaseSpace:pTHatMin = 20.0 GeV
PhaseSpace:pTHatMax = 100.0 GeV
Vs =7TeV

Opythiag.235s = 8.10e+02 nb
Opythiag.240 = 8.18e+02 nb

"
3

do/dAY (nb)

"
2

—— Pythia 8.235. Stand-alone simulaion
—— Pythia 8.240. Stand-alone simulaion

—— Ratio: Pythia 8.235 / Pythia 8.240

1.015
1.010

1.005

]

0.995 _|_|_|

0.990

0.985

AY

10°

PhaseSpace:pTHatMin = 20.0 GeV
PhaseSpace:pTHatMax = 100.0 GeV
Vs =13TeV

Opythiag.235 = 4.77€+03 nb
Opythiag.240 = 4.81€+03 nb

do/dAY (nb)

—— Pythia 8.235. Stand-alone simulaion
—— Pythia 8.240. Stand-alone simulaion

10t

— Ratio: Pythia 8.235 / Pythia 8.240

1.015
1.010

1.005

0.995 | |
0.990

0.985

Ratio

1 2 3 a 5 6 7 8 9

AY

Figure 6.10: Four jet production at /S = 7TeV and v/S = 13TeV. Comparison between AY
distributions simulated with Pythia 8.240 and Pythia 8.235.
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6.5 Conclusions

In this chapter we have provided a detailed comparison between GS09 model of dPDFs and the
model of dPDFs by Sjostrand and Skands [260] being used in the Pythia event generator [255] -
[257]. We have demonstrated that both models of dPDF's obey the same set of sum rules proposed
by Gaunt & Stirling in [173] (GS sum rules). The fundamental character of the GS sum rules
was recently demonstrated in the paper of Diehl et al. [177] where it was shown that GS sum
rules are preserved in QCD in all orders in perturbation theory. Since the GS sum rules state the
conservation of momentum and number (flavour) of partons in the DPS processes they may induce
the important partonic correlations especially at large values of AY = max|y; — y;j| where one can
probe valence quark distributions. In order to disentangle the evolution effects in GS09 model
and the flavour and momentum correlations induced by the GS sum rules, we have studied the
four-jet DPS production for three different models of dPDFs: GS09, Sjostrand & Skands and “naive”
dPDFs. Since the model of Sjostrand & Skands preserves the GS sum rules but does not include the
evolution effects due to the dDGLAP evolution equations the aforementioned comparison allows to
study the impact of the GS sum rules separately. The comparison between AY DPS distributions
generated with these three sets of dPDFs shows that at high values of AY the difference between
distributions generated with GS09 and Sjostrand & Skands dPDFs is smaller than the difference
between distributions generated with GS09 and “naive” dPDFs. Therefore, we conclude that the
correlations in momentum and flavour induced by the GS sum rules may have a sizeable impact on
the DPS production of four well separated in rapidity jets. The weights used to generate DPS events
in the Pythia event generator are evaluated according to the Pythia model of MPI [258] - [262].
Among the other things, it implies that the DPS weights are not symmetric under simultaneous
interchange of the Bjorken variables, factorization scales and labels of the partons involved into the
first and second hard interactions correspondingly. This ordering is dictated by the symmetry of
the DPS processes under the interchange of the initial state partons. We have studied the impact of
the symmetrization of the DPS weights on the four-jet DPS production and found it to be very
modest. The symmetrized DPS weights are available in the Pythia event generator starting from
the version 8.240.



Chapter 7

Four-jet DPS production in
proton-nucleus collisions within the

Pythia’s framework

7.1 Introduction

While a significant progress in theoretical description of DPS in pA collisions have been achieved
[213] - [216], a framework for realistic simulations of DPS in pA collisions is yet to be developed. In
this chapter we compare predictions of the Strikman & Treleani model [213] against predictions of
the Angantyr model of pA collisions [271], recently implemented in the Pythia 8 event generator
[255], [256].

7.2 The Angantyr model of pA collisions

Usually, the existing Monte Carlo event generators for pA collisions are more “special purpose” and
mostly dedicated to studies of formation and evolution of the Quark-Gluon Plasma, e.g. EPOS-LHC
[272], AMPT [273] and HIJING [274]. On the other side there are models postulating flow-like
effects to have a non-thermal origin and, therefore, aiming to reproduce general features of pA (AA)
collisions by adding a nuclear structure “on top” of existing pp models. One of such models called
Angantyr [271], was recently implemented in the Pythia 8 event generator. It was inspired by the
old Lund Fritiof model [275] and the DIPSY code [278] - [280] which models BFKL evolution of a
gluon cascade via Mueller dipole approach [276], [277].

The production of final state particles in Angantyr is based upon Pythia’s models for multiple
parton interaction (MPI) [258] - [262] and diffractive processes [282], [283] with certain modifications
which we are going to discuss below.

First of all let us describe the way Angantyr treats production of particles in interactions
involving one incident proton and a single nucleon as in Fig. 7.1 a). In this case one could expect
that all MPI would be distributed according to a Poissonian distribution. This approach to MPI
modelling, however, may lead to momentum violation and is in contradiction with KNO scaling [281]

of charge multiplicity distributions, see review [263]. In order to solve this issues all MPI in Pythia
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b)

Figure 7.1: A schematic representation of different contributions to DPS from Angantyr model.
a) Two versus two contribution. b) One versus two contribution. A zigzag line stands for a hard
pomeron exchange.
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which ensures the aforementioned ordering. In addition to this, the MPI model of Pythia accounts
for momentum and number conservation which implies that PDFs used for the second interaction
(as well as for all subsequent interactions) will be “squeezed” and reweighted according to a history
of all previous interactions such that momentum and number conservation is preserved, see [260] and
Chapter 6.1. We shall also note that o.rs does not enter explicitly in this model. More specifically
a ratio oy (s) /oess describes a deviation of a distribution of MPIs from a Poissonian distribution,
see Chapter 4.2. However, it implies that direct comparison between predictions of Angantyr and
DPS model of Strikman and Treleani is not possible since the corresponding value of parameter
ocff is unknown. We will come back to this issue later in section 7.3.

Description of processes involving one incoming proton and two different nucleons is somewhat
more sophisticated. In principle one would want to implement the same contribution as shown in
Fig. 5.1 b). However, in practice, incorporation of such processes in Angantyr’s framework leads
to serious technical difficulties. It is possible to circumvent these issues by mimicking the second
interaction in Fig. 5.1 a) via pomeron-nucleon collision as shown in Fig. 7.1 b). In order to be

consistent with the terminology of the original Angantyr paper [271] in the following we refer to



7.2. THE ANGANTYR MODEL OF PA COLLISIONS 163

the processes shown in Fig. 5.1 as to double absorptive processes. In order to simulate double
absorptive process from Fig. 5.1 b), Angantyr will first simulate a single absorptive process by
using a standard model of pp collisions and then simulate a second absorptive process as it was
produced through a single diffractive excitation. All subsequent interactions will be produced by
using standard pp or pomeron-proton MPI models taking into account momentum conservation but
neglecting a number conservation as in old MPI model of Pythia [259].

There are several ways to produce diffractive events in Pythia 8. The Angantyr model is based
upon a model of soft diffraction in Pythia. For high-mass diffraction Pythia uses Ingelman and
Schlein model where pomeron is considered as a hadronic state [284]. Within this approach Pythia
treats a proton-pomeron collision as a normal non-diffractive hadron-hadron collision using standard
MPI, ISR and FSR models. Therefore, a corresponding differential 2 — 2 cross section is given by

do ZP _ dep do df F (zp) 21f;p(21, Q%) Bf; p(8, Q%) dbij, (7.3)

zp z1 B

where zp is a fraction of the target proton momentum taken by the pomeron, (5 is a fraction of the
pomeron’s momentum taken by the parton j and z; is a fraction of pomeron’s momentum taken
by parton i. A diffractive mass M% is therefore given by M% = zps. In the Angantyr model a
pomeron flux F' (zp) is postulated to be a constant which implies a flat distribution in log (M)z() A
hard cross section &;; on the RHS of Eq. 7.3 is a standard leading order (LO) 2 — 2 cross section
which is known to be divergent for low p| values. In this case Pythia imposes a smooth cut-off on

0;j according to

doj o a2(p?) N a?(p? +pio)
dp?. pl (P2 +p2%,)?

(7.4)

where p g is a soft regulator which depends either on diffractive mass (for diffractive processes) or
on collision energy (for standard pp processes). Nevertheless, even after a regularization of 6;; as in
Eq. 7.4, an integrated partonic cross section may exceed a total non-diffractive proton-pomeron
cross section for a given diffractive mass Mx. In the MPI model of Pythia it is interpreted as a

possibility to have several sub-scatterings in each collision with an average number

1

P
oxp (Mx)

daz j

(NP (M%) = / ‘fll B 12 lefz/p v, @) Be(3,Q%) (7.5)

However, as it was pointed out in [270], a modelling of single absorptive events via single diffractive
(SD) events results in too low activity in pA collisions. In principle, one can solve this problem
either by tuning the value of 01%1% (Mx) in Eq. 7.5 or by changing pomeron PDFs. By comparing a
distribution d(NE')/dy for SD events

d(NE) 1 / dz, dﬁ , ,
= d x i x y . s ><
a o) ) m o Z (a1, Q%) B32(8, Q%)
doi; 1 71
— Zlog ——— '
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against a corresponding distribution for standard non-diffractive pp events

d(NEP) 1 dry da:2
dy o) / ] }jxlfz/p w1, Q%) wa fi/p (w2, Q%) %
d@'ij 1
5(y—Liog ™t '
e (y 2 ngbz)’ D

we see that if in Eq. 7.6 we set Bf;/p 02 = zpBf;/p (zp6,Q%), O'ND (Mx) — oXp (s) we will get an
expression very similar to Eq. 7.7. In addition to this, a soft regulator p g in Eq. 7.4 now depends
on a collision energy p g (M)Q() — p1o(s).

Validity of this approach was studied in detail in [271]. In particular it was shown that Eq. 7.6
with aforementioned modification provides an overall fair description of experimental data, see, for
example, Fig. 7.2. However, all Angantyr checks in [271] were related to MPI-sensitive distributions.
e. ¢. a charged multiplicity distribution. Indeed, such distributions are known to be very sensitive
to a number of semi-hard and soft sub-collisions in a given event, see, for example, review [263].
Therefore, correct predictions of shapes of such distributions can be seen as a validation of both
MPI and Angantyr models. In the next section of this chapter we will switch our attention from
MPI to DPS processes and perform another check of the Angantyr model. Namely, we will study
how well it can reproduce predictions of Strikman and Treleani for DPS production of four hard

jets in pA collisions.

7.3 Predictions of Pythia

In section 7.2 we have described the Angantyr model of pA collisions implemented in Pythia event
generator. Originally this model was not designed to study DPS in pA collisions. However, as we
discussed in section 7.2, the Angantyr model accounts for interactions which occur not only between
an incident proton and a single nucleon but also for processes which occur between an incident
proton and two different nucleons, as schematically shown in Fig. 7.1. These interactions are
realized via the MPI model and the model of diffractive interactions of Pythia with modifications
described in section 7.3. In the MPI model of Pythia all interactions are strictly ordered in
transverse momentum which implies that second interaction always will be softer than the first one.
It means that production of DPS events in MPI model is suppressed. Nevertheless, for the number
of generation calls large enough one can collect a sufficiently large DPS statistics by generating MPI
events. It means that, in principle, one can use the Angantyr model to simulate DPS events in pA
collisions. In Chapter 5 we discussed the application of Strikman & Treleani model of DPS in pA
collisions [213] to four-jet DPS production. Now, we investigate how well the Angantyr model can
reproduce predictions obtained within Strikman & Treleani framework.

However, before starting to compare predictions of Pythia against Strikman & Treleani model
several important comments have to be made. First of all, as we already mentioned in Chapter 6, all
MPI produced in a given event are strictly ordered in p . This ordering, however, is in contradiction
with Strikman & Treleani model where a second process can have with equal probability a hard
scale either smaller or bigger than a hard scale of the first one. One should also keep in mind that,

in order to derive Eq. 5.7, Strikman and Treleani neglected partonic correlations in z-space and
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(a) Centrality-dependent # distribution, pPb, v/Syn = 5 TeV.
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Figure 7.2: Comparison between the average charged multiplicity as a function of pseudo rapidity
in percentile bins of centrality for pPb collisions at /syy = 5 TeV. Here the data from ATLAS
[289] is compared to results from Angantyr, from [271].

assumed that both DPS I and DPS II contributions populate the same phase space region. As we
have demonstrated in Chapter 5.2, the error due to this phase space approximation is completely
negligible, see Fig. 5.3 and Fig. 5.4. Effects due to the correlations in z-space, nevertheless,
may have a sizeable impact, see [216] and [171]-[173]. We also should keep in mind that Pythia’s
approach to momentum and number conservation effectively means presence of non-trivial z-space
partonic correlations in the MPI model. In the original paper of Strikman & Treleani the isospin
invariance between all nucleons was assumed. However, the Angantyr model distinguish between
protons and neutrons for signal processes (first hard interaction) and assumes the isospin invariance
for the minimum bias processes (sequential MPI generated after the first hard interaction). Finally,
we need to stress that the parameter o.r; does not enter explicitly into MPI model of Pythia.
Therefore, in order to compare the predictions of Strikman & Treleani model against predictions
of Angantyr model one has to find the value of o.sy in Strikman & Treleani model by fitting its
predictions to the prediction of Angantyr.

Now, after describing all the important differences between both approaches, let us study how the
DPS enhancement factor O‘EE S/A UI]?pP S depends on a total number of nucleons A in the Angantyr
model. Due to the aforementioned ordering of MPI one will need to perform a high number of

generation calls in order to collect a good statistics for a four-jet DPS production, since a second
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MPI will most of the time occur at too low scale to be considered as a hard interaction®. Therefore,

we evaluate UEE S according to a following algorithm:

e find a total weight wtot for all events produced in pA collisions and a corresponding total

: tot
Ccross section TpA-

e Find a total weight wDP S of all events which satisfy a given set of cuts.
e Find a total DPS cross section in pA collisions O'DPS from the ratio
B
A
e Repeat the same for pp collisions. Find a corresponding total DPS cross section ang) 5,
e Evaluate O'DPS/AO'DPS.

In principle, Pythia allows users to implement any isotope with given values of Z and N.
Eight nuclei: *He, SLi, '2C ,160, %3Cu, ?°Xe, 197Au and 2°®Pb are available by default. Since a
computation of a total DPS cross section according to the aforementioned algorithm can take tens
of hours (depending on a chosen nucleus and a system performance), we decided to work only with
already implemented nuclei and use the fit in Eq. 5.11 for better visualisation of our results and for
comparison against Strikman & Treleani model.

DPS / AO‘DPS are given in Table 7.2. In our simulations we were triggering on

Our results for o
events with at least four jets with p; > 20 GeV. We have also performed a stability check by varying
a parameter SDTries which is a number of attempts to construct kinematics for double absorptive

DPS / AUDPS evaluated at different values of

processes as in Fig. 7.1 b). By comparing values of oy
SDTries parameter, we see that fluctuations of O’DPS / AO’DPS do not exceed a few percent level, see
Table 7.1

A comparison against Strikman & Treleani model is given in Fig. 7.3 and Table 7.2. The Pythia
setup we have used is given in Table 7.3 and Table 7.4. In order to compare our results against
Strikman & Treleani model we have tuned o,y in order to get an agreement in the value of the
DPS enhancement factor O'DPS / AO‘DPS for 2%Pb. We see that by choosing o ¢f = 11mb we can
get a satisfactory agreement between both models not only for 2*Pb but also for other for heavy
isotopes: 93Cu, 29Xe and " Au.

It could be very tempting to interpret Angantyr simulations as a fake data and to use main
formula of Strikman & Treleani model, Eq. 5.7, for a fitting procedure to extract a value of oy
out of Angantyr simulations. However, due to the aforementioned differences between both models
such procedure will not be correct. Also, as it was shown by Blok et al. [216], a treatment of DPS
for light nuclei differs from a treatment of DPS for heavy nuclei due to the presence of additional
DPS contributions, as shown in Fig 2.12 ¢) and d), which become less important for large values of

A, see [216] and Chapter 2.6. Whereas the MPI model of Pythia partially accounts? for processes

'Pythia 8 allows to generate always two hard interactions in a given event by setting SecondHard:generate = on.
However, usage of this flag together with Angantyr is not supported and will lead to wrong results.
ZNamely, it accounts only for a gluon splitting of a type g — ¢g, for details see [260].
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shown in Fig 2.12 ¢) and d), incorporation of such terms in the Strikman & Treleani framework is a
non-trivial task, see [200] and [202].

Nucleus | Angantyr SDTries = 1 | Angantyr SDTries = 2
‘He 1.12 1.12e+400
SLi 1.17 1.18e+4-00
2¢ 1.32 1.34e+00
160 1.43 1.43e+00
63Cu 2.03 2.03e-+00
129X e 2.46 2.43e+00
197 Au 2.75 2.75e+00
208py, 2.78 2.83e+00

Table 7.1: Predictions for enhancement factor for DPS in pA collisions at V'S = 5012 GeV (106

Pythia calls).

Nucleus | Angantyr SDTries = 1 | Strikman & Treleani
“He 1.12 1.21
OLi 1.17 1.30
2¢ 1.32 1.47
160 1.43 1.56
53Cu 2.03 2.09
129%e 2.46 2.51
197 Au 2.75 2.73
208pp, 2.78 2.77
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Table 7.2: Predictions for enhancement factor UBE S/AcDPS at /S = 5012 GeV (10° Pythia calls).
In Strikman & Treleani model we set o.fy = 11 mb.

Pythia Master Switch Value
Random:setSeed on
HardQCD:all on
PartonlLevel :mpi on
PartonLevel:Remnants on
Check:event on
PartonLevel:isr off
PartonLevel:fsr off
ColourReconnection:reconnect off
HadronLevel:all off

Table 7.3: Values of the master switches of Pythia we use in our pA simulations.

Pythia Flag Value

Beams:idA 2212

Beams:1idB 1000020040 (as an example for *He )
Beams:eA 4000 GeV

Beams:eB 1570 GeV
Beams:frameType 2

PDF:pSet LHAPDF6:MSTW2008lo68cl
PhaseSpace:pTHatMin 20.0 GeV
SigmaProcess:renormScale?2

SigmaProcess:factorScale2

Table 7.4: Pythia beam parameters, scales, PDF's and cuts we use in our pA simulations.

7.4 Impact of rapidity cuts

In the simulations in section 7.3 we were triggering on events with at least four jets with p; > 20 GeV
without imposing any cuts on their rapidities. However, it is known that activity in pA collisions
depends on rapidity of produced particles in a non-trivial way. Namely, as it was observed by the first
time by Busza et al. [288], the charged multiplicity distribution dN,j,/dn in pA collisions grows for
the negative values of 1 (assuming that the nucleus A is located in the negative direction of the n-axis),
see Fig. 7.2. There are several explanation of this phenomenon. Originally the growth of activity

¢

in the charged multiplicity distributions was explained by the original non-perturbative “wounded
nucleon model” [285] - [287]. The Angantyr model of pA collisions can be seen as a perturbative
version of the “wounded nucleon model” which includes which includes MPI produced according
to Eq. 7.6 with modifications described in section 7.2. As shown in Fig. 7.2 the Angantyr model
correctly describes the aforementioned enhancement. Since the particle production in Angantyr
relies on the MPI model of the Pythia event generator the charged multiplicity distribution should

be correlated with production of (mini-)jets. More precisely, the growth of charged multiplicity
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dN.p /dn for negative n values in Angantyr model is inextricably connected with growth of a number
of sub-scatterings in a given event, see Eq. 7.6 and Eq. 7.7. Therefore, it is natural to assume that
in the Angantyr model probability to generate an event of a DPS II type will depend on 7 in a way
similar to a dN,/dn distribution. In order to check this we evaluate O'DPS / AO’DPS for events with
at least four jets with p; >20 GeV and at least one jet with a pseudo rapldlty value smaller® than a
certain value 7nq,:. Obviously, additional 7 cuts will reduce the total DPS cross section in pp and
pA collisions. Nevertheless, one could expect that the total DPS cross section in the pA case will
decrease much slower than corresponding one in the pp case. As a consequence, the enhancement
factor O'DPS / AO’DPS will grow since in the Angantyr model probability to generate a processes of
DPS II type will grow for small negative values of 7.
The results are presented in Fig. 7.4. In order to study how the DPS enhancement factor
DPS / AUDPS depends on rapidity cuts we have used the same set up as before but with additional
cuts Newt = —1, Newt = —2 and 1 = —3. We see that indeed the ratio O'DP S/ AO’DP S demonstrates
a strong dependence on the value of 7.,:. The experimental verification of the growth of the DPS
enhancement factor O'DPS / AO‘DPS due to the additional rapidity cut predicted by the Angantyr
model could, in principle, provide a better way to control the double absorptive processes shown in
Fig. 7.1 a).

Enhancement of the DPS cross section in pA collisions

3.830— —3.840

¢ Pythia: no n cuts
Pythia: n; < —1.0 cut
Pythia: n; < —2.0 cut

» Pythia: n; < —-3.0 cut

3.411—

2.750—

Q_ 0 2.590—

Q<
Qg QQ 1 —2.487
o | o 2480

=T

—2.030

NN repulsion d =0.9 fm
Wood-Saxon parametrization 4 = A <208

—1.772
1.699—

1.527—

— 1
Palr) = po—==—r7=
1.430 1+ exp((r—R)/a)

105:5 C C 1.320
zw=1+C1(A—1) 2+ C3(A—1)
pp

—1.170

1.296—

1.120—

46 1216 63 . 129 197 208
Atomic mass number A

Figure 7.4: Dependence of the enhancement factor O'DP S/ AO’DPS on 7 cuts. Predictions of Pythia

(Angantyr). Here orange, cyan and magenta curves correspond to four jet DPS simulations with at
least one jet with n smaller than —1, —2 and —3 correspondingly.

7.5 Conclusions

We have demonstrated that the Angantyr model of pA collisions in Pythia 8 predicts the A-

DPS/AO.DPS

dependence of a DPS enhancement factor o which agrees with the one predicted in the

pioneering paper of Strikman and Treleani [213] at a qualitative level. This result can be seen as

3In our simulations we choose a pseudo rapidity axis to run in direction from a nucleus to a proton.
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an additional validation of the Angantyr’s approach to double absorbtive processes as described in
section 7.2. Furthermore, the correct A-dependence in the Angantyr model means that, apart from
“standard” applications, one can use Angantyr for standalone studies of the DPS in pA collisions. In
this case users can benefit not only from evaluation of a total cross section, but also from the power
of most of the models implemented in Pythia, e. g. ISR and FSR models, colour reconnections and
hadronization models etc.

We also have studied how (pseudo)rapidity cuts affect the number of MPIs in a given event
and therefore the behaviour of JEZE S/ AO’II))pP S. The growth of UPDE S/ AO'II))IF S is a natural consequence
of (pseudo)rapidity dependence of activity in pA collisions predicted by the “wounded nucleon

model” [285] - [287] and is built into the Angantyr model. We also argue that the experimental

DPS
pp

better control the number of secondary absorptive interaction in pA collisions.

verification of the enhancement of the dependence of the O'IE)E S/Ac ratio could provide a way to

Due to the various conceptual differences between Angantyr and Strikman & Treleani models
one should not expect to obtain exact agreement between their predictions. A complexity of
the problem of DPS in pA collisions requires a detailed study of various non-trivial effects like
partonic correlations, cold nuclear matter effects and additional DPS contributions, as it was
pointed out in [216]. Therefore, in the absence of experimental studies of DPS in pA collisions, a
comparison between predictions of Angantyr and improved Strikman & Treleani model (for example,
with included correlations in z-space) may help us to identify key ingredients essential for correct
modelling of DPS in pA collisions which, in its turn, would lead to a better understanding of proton’s
structure and the dynamics of its constituents.

Finally, we shall note that, as it was proposed in [290], the contribution from DPS (MPI) in pA
collision may be necessary to explain the collected experimental data. Therefore, the application of
the model of [290] together with the Angantyr model to the available data on pA collisions can be
beneficial for the studies of DPS (MPI) phenomena in pA collisions. We also should stress that in
the experimental studies of pA collisions one usually expresses measurable quantities, e. ¢. charged
multiplicity distributions, as functions of centrality which, in turn, is a function of the distance
between an incident proton and a center of a nucleus in a given pA collision. In practice it is
performed with the help of so called Glauber modelling, see [292]. Therefore, a Monte Carlo event
generators for pA collisions, has to support Glauber modelling, in order to be able to simulate events
for different values of centrality. Since, as we have demonstrated in this chapter, the Angantyr
model of pA collisions can reproduce results of Strikman & Treleani and because Angantyr includes
a facility for Glauber modelling we consider Angantyr as a perspective Monte Carlo tool for the
future studies of DPS (MPI) in pA collisions.

Before closing the discussion we shall also mentioned that recently results on combination of
Strikman & Treleani model together with Glauber modelling were published by Alvioli et al. [291].
The detailed comparison between the predictions of Angantyr and the results of [291] can, therefore,

be useful for the modelling of the DPS processes in pA collision.



Chapter 8
Summary and outlook

In this thesis we have studied the four-jet DPS production in pp and pA collisions within different
theoretical frameworks.

We have started by giving in Chapter 1 a short introduction to the main concepts of QCD. Then,
in Chapter 2 we have provided a brief historical review of the theoretical and experimental studies
of the DPS phenomena. We have also discussed the state-of-the-art in the theoretical description of
the DPS processes in pp and pA collisions including evolution of dPDFs, connection between DPS
cross section and two-parton correlation functions, existing problems in the formulation of DPS in
terms of collinear dPDFs and solutions to them proposed by different authors. In Chapter 3 we
have given a pedagogical introduction to the Monte Carlo algorithms we use to simulate the four-jet
DPS production processes.

In Chapter 4 we have performed a phenomenological study of the four-jet DPS production in pp
collisions. In order to do that we have developed a standalone Monte Carlo code supporting the
work with different models of dPDFs. With its help we have studied how different models of dPDF's
affect the four-jet DPS production. As a baseline for our DPS simulations we have used the simple
factorized product of single collinear PDFs multiplied by the step function to preserve conservation
of longitudinal momentum (“naive” dPDFs). The differential DPS distributions generated with
the “naive” dPDFs have been compared against corresponding distributions obtained with Gaunt
& Stirling dPDFs (GS09 dPDFs) [173]. It has been found that the leading jet p; DPS distributions
demonstrate a modest dependence on the choice of the dPDFs. However, we have demonstrated
that the distributions in maximal rapidity difference AY = max|y; — yj| obtained with GS09 dPDF's
significantly differ from the distributions obtained with “naive” dPDFs at high values of AY. We
have also studied the interplay between DPS and SPS contributions to the four-jet production and
confirmed earlier results on four-jet DPS production obtained by Maciuta and Szczurek [230].

Our Monte Carlo code supports generation of colour charges of particles produced in DPS within
the leading colour approximation which is required for the correct modelling of the colour coherence
phenomena in parton showering processes. This, together with modifications of the LHEF standard
[81] and the Pythia code [255] - [257] described in Appendix G, allows to combine our DPS code
with various models implemented in the Pythia event generator. By combining our four-jet DPS
simulations with the ISR and FSR models in Pythia we have improved the analysis of [230]. Namely,
we have studied the impact of the ISR and FSR effects on our parton-level simulations and found

that parton shower effects do not spoil the separation of the DPS and SPS events produced at
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low-p, or high-AY values predicted in [234]. Furthermore, incorporation of the ISR and FSR effects
into our simulations also gave us a possibility to study the effects due to the GS09 dPDF's not only
for the leading jet p; and AY = max|y; — yj| distributions but also for other DPS-sensitive variables
based upon transverse momenta imbalance and the azimuthal angles of produced jets as listed in
Appendix E. We have found that GS09 effects in four-jet DPS production significantly affect only
DPS distributions in AY.

The DPS processes in pA collisions demonstrate different dependence on the atomic mass number
A as the SPS processes [114], [213], [215], [216]. In Chapter 5 we have extended our simulation of
the four-jet DPS production from pp to pA collisions within the framework proposed by Treleani
and Strikman [213]. We have argued that the study of the four-jet DPS production in pA collisions
for the set of jet cuts as we have used in Chapter 4 leads to a strong separation between DPS signal
and SPS background even for the collision energies smaller than hadronic LHC collision energies.
We also have studied the overall impact of cold nuclear matter effects encapsulated in the nPDF's
on our DPS simulations within the Treleani & Strikman framework. The impact of the nPDFs has
been found to be very modest.

In Chapter 6 we have performed a detailed comparison between GS09 and Pythia models of
dPDFs. It has been found that dPDFs in the Pythia model obey the same sum rules as GS09 dPDF's
(GS sum rules) [173]. The comparison between DPS distributions simulated with GS09, Pythia
and “naive” dPDF's shows that the GS sum rules induce important correlations in momentum and
flavour which manifest themselves for the four-jet DPS production at high values of AY.

In Chapter 7 we have studied the four-jet DPS production within the Angantyr model [271]
being used in the Pythia event generator to simulate pA collisions. We have shown that the way
Angantyr models MPI in pA collisions leads to the enhancement of the DPS cross section similar to
the one predicted by Treleani and Strikman in [213]. We have also found that the Angantyr model
predicts the strong dependence of the number of the DPS processes on the chosen rapidity cuts.
This dependence, being verified experimentally, could help to study the DPS phenomena in pA
collisions.

Before finishing this thesis, we would like to make several comments on future possible directions
of our research. The modifications to the Pythia code and the LHEF standard [81] described in
Appendix G allow Pythia read DPS events from Les-Houches files and to add various effects, e. g.
ISR and FSR effects, hadronization and decay of produced hadrons etc, on top of them. This
approach is beneficial for the DPS modelling since it allows to combine Pythia with various models
of dPDFs without implementing them into Pythia’s code. During the work on this theses we have
developed a standalone code to produce DPS events for the four-jet DPS production. The structure
of our DPS code allows users to work with different models of dPDFs and easily implement new
types of DPS processes, e. g. three-jet plus photon DPS production, heavy-flavour DPS production
etc. This opens new directions for our future research. For example, recently, non-trivial correlations
between electrons due to the heavy-flavour hadron decays were observed in Monte Carlo simulations
performed with the Pythia code [212]. It was argued in [212] that the strength of predicted effects
is affected by multiplicity of interactions in MPI events. The combination of the Pythia event
generator with our DPS code allows to simulate the production of electrons due to the decays of

heavy-flavour hadrons produced via DPS processes with different models of dPDFs. Such analysis
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would help to find how strongly the results of [212] are affected by different models of dPDFs which,
in turn, can be beneficial for experimental studies of heavy-flavour production.

In this thesis we have studied three different models of dPDFs, namely GS09, “naive” and
Pythia dPDFs. Among these three models only GS09 model accounts for the evolution of dPDFs
due to the dDGLAP evolution equations. The GS09 dPDFs were produced under the assumption of
factorization of gPDF's into collinear and transverse pieces. However, the theoretical study performed
by Gaunt in [191] and by Diehl et al. in [192], [193] has demonstrated that the assumption about
factorization of gPDFs into longitudinal and transverse pieces is inconsistent with the field-theoretical
formulation of DPS and leads to incorrect description of DPS in kinematic regions in which two
partons inside a proton originate from the perturbative splitting of a single parton. A solution to
this problem, which allows for the definition of dPDF as operator matrix elements in a proton,
and which can be used at higher orders in perturbation theory was proposed by Diehl, Gaunt and
Schonwald in [200]. However, to the best of our knowledge, no phenomenological studies within
the framework of [200] were performed. The phenomenological applications of the results of Diehl,
Gaunt and Schonwald imply the usage of gPDFs which cannot be factorized into a product of
collinear and transverse pieces and obey a system of homogeneous dDGLAP evolution equations.
Therefore, a combination of our DPS code with a numerical tool to solve both homogeneous and
inhomogeneous dDGLAP evolution equations for different non-perturbative inputs will result in a
multi-task package which can be interfaced to Pythia to perform various studies of DPS phenomena
in pp and pA collisions. In particular, it will allow to perform phenomenological studies of DPS
within the framework of Diehl, Gaunt and Schénwald which, in turn, will improve DPS simulations
for the aforementioned problematic regions of a DPS phase space. Our preliminary results on
solution of dDGLAP evolution equation are given in Appendix J. We have studied in detail two
approaches to solve dDGLAP evolution equations. Namely, the approach based upon Chebyshev
polynomial approximation which was used in [180] and the approached based upon combination
of Runge-Kutta and Newton-Cotes methods which was used in [173]. However, our code requires
some optimisation and improvement of precision which we leave for future work.

The aforementioned problem of correct treatment of DPS processes in kinematic regions in
which two partons inside a proton originate from the perturbative splitting of a single parton is
inextricably connected with the modelling of ISR effects in DPS processes. Therefore, our approach
to study the impact of ISR effects on our DPS simulations can be seen only as an approximation
since it does not include a correct backward evolution for the “1v2” DPS processes. Recently, the
first results on the modelling of the ISR for “1v2” DPS processes within the framework of Diehl,
Gaunt and Schénwald were reported [211]. The comparison between our DPS simulations and the
results of [211] would help to estimate the error due to the approximate modelling of the ISR effects
in our DPS simulations as well as the strength of effects due to the “1v2” splitting processes.

Another interesting topic is the application of the Angantyr model of pA collisions in the analysis
of the experimental data, since, as it was argued in [290], the contribution from DPS (MPI) processes
in pA collision may be necessary to explain some of the existing measurements. Therefore, the
application of the model of [290] together with the Angantyr model to the available data on pA
collisions can be beneficial for the studies of DPS (MPI) phenomena in pA collisions. As we have

demonstrated in Chapter 7, the Angatyr model gives predictions very similar to the results obtained
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by Treleani and Strikman in [213] which is essential for the correct modelling of DPS processes in
PA collisions. However, apart from that, Angantyr offers a possibility to build complete exclusive

hadronic final states which makes it a perspective and powerful tool for future studies of both DPS

and MPI phenomena in pA collisions.



Appendix A
SU(N) symmetry group

The SU(3) group is a particular case of SU(N) group (a group of N x N linearly independent unitary
matrices with det(U) = 1). The generators of SU(N) are traceless tr {¢'} = 0. There are N? — 1
linearly independent matrices satisfying these conditions.

Here we list the basic SU(3) properties. The SU(3) generators ¢ (i = 1, 2, ..., 8) are hermitian,

traceless matrices which obey
[t 7] = i fiIktP, (A.1)

where f¥* are the group structure constants.

They also obey the Jacobi identity

[t", [tﬂ',t’“” + [tk, [t”,tjﬂ + [tj, [t’“,tiH —0,

which is a general property of a Lie algebra.

In general one can find a basis where all group generators are given by block-diagonal matrices.
Such representations are of particular importance and called irreducible representations. The
following equation fixes the normalization of group generators

tr {t.t]} = Tro" (A.2)
where TR is a constant for each irreducible representation. An irreducible representation of the SU(N)
symmetry group given by traceless Hermitian N x N matrices is called fundamental representation.
In the following we denote SU(N) generators in the fundamental representation as tév.

As soon as the normalization is fixed one can determine the structure constants which are given
by

fijk = _’I?Rtr { [ti,tj] tk} R (A3)

which implies that f“* is antisymmetric under permutations of 4, j and k indices.

Another very important example of irreducible representations is so called adjoint representation
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given by (N2 — 1) X (N2 — 1) matrices defined as

(6), = if (A1)

7

where a subscript G was to use label this particular case of irreducible representation. One can

show that a gauge field acting on a field in the adjoint representation is
(Dud)i = Outi — igAl, (te)ix ok = Outbi + gf 7% Al .. (A.5)
Let us consider the operator 2 defined as t? = t' t'. It is easy to show that
[t7,82] = [t/ t'¢'] = if7* {tk,ti} =0, (A.6)

due to the antisymmetry of f¥%. It implies that 2 is invariant of a Lie algebra and hence takes a
constant value for each irreducible representation.

Therefore, for the aforementioned fundamental and ajoint representations we express t? as

FEFH = 08, (A5)

where constants Cr and C'4 are called quadratic Casimir operators.

In this thesis we choose normalization of the group generator such that Tg = 1/2 which leads

tol

N2 -1
C =
F IN )

Cs = N. (A.9)

'For the derivation see, for example, [5].



Appendix B

Mandelstam variables

Consider a 2 — 2 scattering process
p+p = k+ K, (B.1)

where p and p’ are four momenta of particles in initial state and k, k' are four momenta of particles in
a final state. In order to describe such process one may form different Lorentz-invariant combinations

our of four momenta of scattering particles. A common choice is to consider the following invariants
2 2
(p+2)" = (k+#)",

(k=p)* = (K =p)",
@ = (W-p)'=k-p)"

»>
Il

>
I

These variables have an important property

S+t+a=>) m; (B.2)

%

where m; is a mass of i-th particle.
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Appendix C

Light-cone coordinates

Here we briefly sketch the properties of the light-cone variables discussed in [293].

Let us define 1 and 2~ as

0 3
+:x +x

V2

a — a3

V2

X

Tr =

1 .2

In these new coordinates a four-vector ## = {20, 2!, 2% 23} is written as 2* = {z*, 27, 2}, where

x = {z!, 2%}
In the light-cone coordinates the metric tensor n** has the following non-zero components

no1 = 1o = 1,
M22 = N33 = —1,

which implies that a scalar product of two four-vectors a* and b, now reads
atb, =a bt +a"b” —a-b.
If a# = b, = x,, a scalar product a*b, reduces to

+ 2

atr, =22 2" —x”.

A boost along x3-axis
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then in the light-cone coordinates is written as

1 1

gt 2Ty VITU L — Yo,
V1—1? 1—v
1—u 1—w

T t= vt =e Vo,

pry ’U pry
V1—0v? 1—w

where

w=110g<1+”>. (C.6)



Appendix D

Leading order 2 — 2 QCD cross

sections

Here we list all 2 — 2 LO QCD processes being used as building blocks to construct DPS events.

Process CrOSS section
9999 CeTE(a-a-%- )
49— qg de = lres (988 1 g)
¢ q; — 4 45, 4i 7 qj %= 455? (§2£+2a2)

99— qq b - Toe (2988
qq—qq de = o (42 4+ B2 20
79— qq de = oo (L2 + B2 22
94— 99 = (f+E- 950
i @i = 45 G5, 4 7+ 45 %24;02? (522%2)

Table D.1: List of 2 - 2 LO QCD processes contributing to pp LLEN 47

process. Here all quarks are considered to be massless.
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Appendix E

DPS-sensitive variables

In this section we are going to list the DPS sensitive variables, experimental cuts and jet reconstruc-
tion algorithms being used in the measurements of the four-jet DPS production performed by the
ATLAS collaboration [145]

Variable Definition
Aij = M Transverse momentum imbalance ¢,5 = 1,2, 3,4
p' +p)
Aoij = |di — ¢4 Azimuthal angle difference i,j = 1,2, 3,4
Ayij = |yi — yj] Rapidity difference 4,j = 1,2,3,4
The term ¢;1; denotes the azimuthal angle
|¢1+2 B ¢3+4|7 ‘¢1+3 B ¢2+4" |¢1+4 B ¢2+3| of the f(jufvect(z:z)bi;r?et;sby the sum of jetsgi and j

Table E.1: List of DPS sensitive variables used in [145].

Parameter Value
V'S 7 TeV
set A Njet > 2 pr1 > 20 GeV pio > 20 GeV
set B Njet > 2 pi1 > 425 GeV pig > 20 GeV
set Four-jet Njet >4 pr1 > 425 GeV piozg > 20 GeV
Il <44
Jet reconstruction algorithm anti-kp
Jet radius 0.6

Table E.2: Scenario in [145].

The complete DPS events were built using di-jet events from sets A and B.
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Appendix F

List of DPS processes studied in the

literature
In Table F.1 we list phenomenological studies for various DPS production processes.
Process Reference
pp 2555 7070 gA P55, 7070 [222]
pA 25, cece, bbec, bbbb [228]
pA 25 wHwt wow o [223], [225]
AA 225 g/ + Jfy [224]
pA(AA) 225 wrwt wow,
PA(AA) 255 T/ + I/, J /% + T, [225]

pA(AA) 255 T/ + W, T/ + Z,

pA(AA) ZEE Y4 Y Y+ W, Y+ 2

e A e N AN T

p 255, 4 [119], [121], [122], [229], [230], [231], [232], [233]

PP 2y + 25 [239]

pp 225 DBt BBt [226]

pp =55 bbbb [227]

pp 225, bbb, cicE, cebb [228]

op 255 e +Dijs, p D_—PS> D° + 25 234

and pp —= D°D0 + 2j
pp = I/ + I/ 235], [236]
P N -
pp A;S:SJ/w + I/ = Tt A+ et [237]

p 22 WrwW, Wwow

[242], [238], [243], [209]

DPS

w25 W 4 4, Z + g [243]
p 25 WE(2) + H [240]
pp o bb + H [241]

Table F.1: Phenomenological studies for various DPS production processes.
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Appendix G

Modifications of the Pythia code and
the LHEF standard

Here we describe modifications to the Pythia code and the LHEF standard necessary to read and
“shower” DPS events from LHE files. The checks of these modifications are given in Chapter 4.9.
The modifications of the Pythia code described in this section are to appear in the next public
release of the Pythia event generator!.

The Pythia event generator supports work with the LHEF standard [81]. Therefore, in order
to add parton shower effects to our DPS simulations, one would first generate LHE files with
DPS events and then supply them to Pythia for showering using SecondHard:generate = on and
PartonLevel:MPI = off settings. However, there are some technical difficulties which do not allow
to apply this approach directly. First of all the Pythia code earlier than 8.240 does not support the
output of DPS events into LHE files?. Starting from the version 8.240 a possibility to output DPS
events according to the extended LHEF standard was added, see [104]. An example of the DPS
event record created by Pythia according to a modified LHEF standard is shown in Fig. G.1. The
unmodified LHEF standard is explained in Fig. 3.5. By comparing the modified LHEF output in Fig.
G.1 with the standard LHEF output shown in Fig. 3.5 we see that some important modifications
were introduced. We see that two di-jet events, namely gg — c¢¢ and cu — cu are now stacked in
the same event®. The extension of the LHEF standard to the DPS events also requires the correct
mother-daughter information as it is shown in Fig. G.1. Namely, the parent indices 1 and 2 of the
¢, ¢ pair tell us that it originates from two initial-state gluons (first and second lines in the event
record) and the parent indices 5 and 6 of the ¢, u pair tell us that it originates from the initial-state
¢, u pair (fifth and sixth lines in the event record)*. In addition to the aforementioned changes a
new line starting with the key-word #scaleShowers was added. It contains factorization scales for

the first and second hard interactions correspondingly.

' At the moment of writing of this thesis the most recent Pythia release is Pythia 8.240.

2More precisely, an attempt to output DPS events into an LHE file in the Pythia with version < 8.240 would lead
to the wrong mother-daughter information between partons produced in the second hard interaction. Moreover, the
LHEF standard does not allow to output information about the second factorization scale and, therefore, has to be
extended.

3In LHE files different particles are distinguished according to their Particle Data Group (PDG) codes [82]. For
example, for g,d,u, s, c,b the corresponding PDG codes are given by 21, 1, 2, 3, 4. The PDG codes of anti-quarks are
equal to the PDG codes of corresponding quarks taken with a negative sign.

4Note that the numbering of lines between <event> and </event> tags starts from zero.

183



184APPENDIX G. MODIFICATIONS OF THE PYTHIA CODE AND THE LHEF STANDARD

<LesHouchesEvents version="1.0">

<event>
8 9999 1.000000e+4+00 2.218709e+01 7.694236e—03 1.675694e—01
21 -1 0 O 101 102 0.0 0.0 171.0 171.0 0. 0. 9
21 -1 0 O 103 101 0.0 0.0 —6.2 6.2 0. 0.9
4 1 1 2 103 0 —16.0 —15.3 17.3 28.1 1.5 0. 9
—4 1 1 2 0 102 16.0 15.3 14.8 14.9 1.5 0. 9.
4 -1 0 O 104 0 0.0 0.0 2.8 2.8 0. 0. 9.
2 -1 0 0 105 0 0.0 0.0 —944.7 944.7 0. 0. 9
4 1 5 6 105 0 22.5 12.5 —61.0 66.3 1.5 0. 9
2 1 5 6 104 0 —22.5 —12.5 —880.9 881.3 0.3 0. 9.
#pdf 21 21 2.637e—02 9.601e—04 2.219e+01 3.618e+00 2.938e+01

#scaleShowers 2.218709e+01 2.575019e+01
</event>
</LesHouchesEvents>

Figure G.1: An extension of the Les-Houches version="1.0" standard to the DPS events. In order
to ease the reading we keep only one digit after comma for the components of the four-momenta.

We also should note here that even though Pythia version = “8.240” can generate and output
DPS events into LHE files, as shown in Fig. G.1, it cannot “shower” them correctly. Sev-
eral important modifications have to be added. Namely, in the file Pythia.cc after the line
“event.scale( process.scale() );” one also has to add
“event.scaleSecond(process.scaleSecond());” inside of the Pythia: :next() method. One
also has to include the same two lines in the file Pythia.cc after each block of the code is
executed if the logical conditions if (!doPartonLevel) or if (!'doHadronLevel) are true. In
addition to it one has to modify the files PartonLevel.cc and ProcessContainer.cc. In the file
PartonLevel.cc one hast to replace the condition “if (doSecondHard)” by “if (twoHard)” in
the method PartonLevel: :next, see Fig. G.2. This replacement is necessary to set the scales of
ISR, FSR and MPI evolution properly while reading LHE files with DPS events since the boolean
variable twoHard is set to true if during the initialization of Pythia we set
SecondHard:generate = on. Moreover, in the file ProcessContainer.cc one has to add changes
as shown in Fig. G.3. The reason is that in the Pythia event generator one can assign the MPI,
ISR and FSR evolution scales to each parton individually.

One also has to keep in mind that the production of the resonances requires a different scales of
the MPIL, ISR and FSR evolution®. While reading DPS events out of the LHE files these scales have
to be initialized properly. After introducing the aforementioned modifications the MPI, ISR and
FSR scales of the first (second) hard process are set to the factorization scale of the first (second)
hard process and the scale of the resonance production is set to the mass of the resonance, see
Fig. G.3.

Before closing this section we also need to stress that for the correct work of the afore-
mentioned modifications to Pythia version = “8.240” the LHE events have to be written as
in Fig. G.1 with a necessary tag <LesHouchesEvents version="1.0">. If instead one will try to

use <LesHouchesEvents version="3.0"> then Pythia will still read and shower DPS events but in

®In our analysis we do not have a production of resonances. Therefore, the modifications of the Pyhia code related
to the correct setting of the MPI, ISR and FSR scales for resonances while reading DPS events from the LHE files are
not necessary for our four-jet DPS study
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if (doSecondHard) {
pTscaleRad = max( pTscaleRad, process.scaleSecond() );
pTscaleMPI = min( pTscaleMPI, process.scaleSecond () );
}
if (twoHard) {
pTscaleRad = max( pTscaleRad, process.scaleSecond() );
pTscaleMPI = min( pTscaleMPI, process.scaleSecond () );
}

Figure G.2: Logical condition to set the ISR, FSR and MPI scales in the method PartonLevel: :next
of the class PartonLevel.cc. Upper block of code: implementation in Pythia 8.240. Lower block
of code: necessary changes to initialize DPS model properly while reading LHE events.

a wrong way. The reason is that the reading of the LHE version = “1” files and the LHE version = “3”
files in the Pythia code is performed by different routines in the LesHouches.cc and LHEF3.cc
files correspondingly. Whereas the reader of the LHE version = “1” files was adopted for the DPS
events the reader of the LHE version = “3” files still requires important modifications. Therefore,
the usage of the tag <LesHouchesEvents version="3.0"> will invoke reading routines from the
file LHEF3. cc which will lead to the wrong assignment of the mother-daughter labels and MPI, ISR
and FSR scales.
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// Find scale from which to begin MPI/ISR/FSR evolution.
scalup = lhaUpPtr—>scale ();

scale = scalup;

double scalePr = (scale < 0.) ? sqrt(Q2Fac()) : scale;
process.scale( scalePr);

if (twoHard) process.scaleSecond( scalePr);

// For resonance decay products use resonance mass as scale.

double scaleNow = scalePr;
if (motherl > 4 && !useStrictLHEFscales) scaleNow = process|[motherl].m();
if (scaleShow >= 0.0) scaleNow = scaleShow;

// Find scale from which to begin MPI/ISR/FSR evolution.
scalup = lhaUpPtr—>scale ();

scale = scalup;

double scalePr = (scale < 0.) 7 sqrt(Q2Fac()) : scale;
process.scale( scalePr);

if (twoHard) process.scaleSecond( scalePr);

if ( lhaUpPtr—>scaleShowersIsSet () ) {
process.scale( lhaUpPtr—>scaleShowers (0) );
process .scaleSecond ( lhaUpPtr—>scaleShowers (1) );

}

double scalePr2 = process.scaleSecond ();

// For resonance decay products use resonance mass as scale.
double scaleNow = (iln < 3) ? scalePr : scalePr2;
int motherBeg = (iIln < 3) ? 4 : 4 4+ nOffsetSecond;
if (motherl > motherBeg && !useStrictLHEFscales)
scaleNow = process [motherl].m();
if (scaleShow >= 0.0) scaleNow = scaleShow;

Figure G.3: Logical condition to set the ISR, FSR and MPI scales in the method
ProcessContainer: :constructProcess of the class ProcessContainer. Upper block of code:
current implementation in Pythia 8.240. Lower block of code: necessary changes to initialize the
DPS model properly while reading LHE events.



Appendix H

Accessing dPDF's being used in the

Pythia event generator

The standard usage of the Pythia event generator does not allow the user to access dPDFs being
used to simulate DPS processes. However, using the methods of the class BeamParticle one
calculate the value of the PDF being used for the second hard interaction fjl\ﬁifo 4(T2, Q3) which is
modified according to the value of the PDF fi1 (g Q?) being used for the first hard interaction.

Raw

The corresponding dPDF, therefore, is given by the product

Didl,idg (:Clv x2, Q%) Q%) = ;'{d;w(lilu Q%) f]i\gf;d(a:?) Q%) (Hl)

In Fig. H we provide an example of a C++ function which allows to get access to modified
PDFs being used to produce second hard process. As arguments it takes the reference beam to
the object of the BeamParticle type and the PDG id number id; (id2), Bjorken z 1 (z2) and
factorization scale squared Q% (Q32) of the first (second) initial state parton. One can get the
reference to the beam object by setting BeamParticle &beam = pythia.beamA; in the analysis

code after the initialization of the Pythia object.

double second xPDF (BeamParticle &beam, int idl, int id2,
double x1, double x2,
double Q12, double Q22) {
double res = 0.;

if (x1 +x2< 1.) {

int ida = (idl = 0) ? 21 : idl;
int idb = (id2 = 0) ? 21 : id2;
beam. clear ()
beam . append

( 0, ida, x1 );
beam.xfISR ( 0, ida, x1, Q12 );
if (ida = 1 || ida = 2) beam.pickValSeaComp ();
res = beam.xfMPI ( idb, x2, Q22 );
}

return res;}
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Appendix I

Stability checks

HH
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o | [* t
= T
g Events = 1E6 e
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Figure I.1: Test of stability of the leading jet AY distributions under the variation of p'** cut. Four-
jet DPS simulation performed for the collision energy v/'S = 13TeV with naive dPDFs constructed
out of MSTW2008 LO PDFs [298]. Factorization and renormalization scales are equal to Q1 = p1,,
Q2 = po21, where p1| and po are equal to the absolute value of a jet transverse momentum in a first
and second hard processes in a given DPS event. Statistical errors are given by /Ny, where Ny,
is a number of events in a given bin. Here we plot AY distributions of the jets with p, € [35,100]
GeV produced by adding ISR and FSR effects to the parton level DPS simulations performed with
P =150 GeV, pT** =200 GeV and pT** = 250 GeV.
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Figure 1.2: Test of stability of the DPS distributions under the variation of p7** cut. Four-jet
DPS simulation performed for the collision energy /S = 13TV with naive dPDFs constructed out
of MSTW2008 LO PDF's [298]. Factorization and renormalization scales are equal to Q1 = p1,
Q2 = po1, where p;| and po are equal to the absolute value of a jet transverse momentum in a first
and second hard processes in a given DPS event. Statistical errors are given by 1/ Ny, where Ny
is a number of events in a given bin. Here we plot AY distributions of the jets with p, € [35,100]
GeV produced by adding ISR and FSR effects to the parton level DPS simulations performed with
P = 150 GeV, p1** = 200 GeV and p''** = 250 GeV. Upper panel: distribution in terms of p |
momenta imbalance of two hardest jets Ajs. Lower panel: distribution in terms of difference in the
azimuthal angle of two hardest jets ¢12.
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Figure I.3: Test of stability of the DPS distributions under the variation of p'** cut. Four-jet
DPS simulation performed for the collision energy v/S = 13TeV with naive dPDFs constructed out
of MSTW2008 LO PDFs [298]. Factorization and renormalization scales are equal to Q1 = p1,,
()2 = po1, where p1| and po are equal to the absolute value of a jet transverse momentum in a first
and second hard processes in a given DPS event. Statistical errors are given by +/Npj, where Ny,
is a number of events in a given bin. Here we plot AY distributions of the jets with p; € [35,100]
GeV produced by adding ISR and FSR effects to the parton level DPS simulations performed with
P = 150 GeV, p7™* = 200 GeV and p'** = 250 GeV. Upper panel: distribution in terms of p|
momenta imbalance of two softest jets Asy. Lower panel: distribution in terms of AS. For the
definition of AS, see Eq. 4.31



Appendix J

Methods to solve double DGLAP

evolution equations

Here we discuss different methods to solve DGLAP and double DGLAP evolution equations.

J.1 Method Chebyshev polynomial approximation

We start with the discussion of Chebyshev polynomial method! which was applied to solve double
DGLAP evolution equations in [178] - [180]. We use a system of single DGLAP evolution equations
as an example. In the case of double DGLAP evolution equations one gets a similar system of
matrix equations of a higher rank, see [180].

The system of DGLAP evolution equations at LO can be written as

at) [ [t Z p v
o) = G2 | [ E R a0 - 20} - ) [z )]
a 1
N 2:) / G (x/2t) — g (2,1) /0 dz Pg (z)], (1.1)

O G (z,t) = a—(t) / —PGG ){G(x/z,t)zQG(:v,t)}G’(J:,t)/owdzngg(z)]

o 1
+ 2(;) / Y Pay (2) S (x)2,) — 2N} () G (2, 1) /O dz Py (2)] (J.2)
where Ny (t) is a number of flavours? and
Ny
S(at) = i (@) + G (x,1)], (1.3)

i=1

see [180].
It is convenient to write Eq. J.1 and Eq. J.2 in terms of PDFs multiplied by their arguments as
Gi (z,t) = z q; (z,t) and G (z,t) = 2 G (x,t) which allows to write the DGLAP evolution equations

'For the description of the Chebyshev polinomial method see, for example, [308].
2The way the number of flavours N + depends on the evolution parameter ¢ depends on a scheme chosen to solve
DGLAP evolution equations.
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as
T ~ 1 ~ ~ ~ T
o O Gi (z,t) = / dz Py (2) {Gi (z/2,t) — 2¢; (x,t)} — Gi (a;,t)/ dz z Pyq (2)
T 0
1 1
+ / dz Py (2) G (z/2,t) — q-(x,t)/ dz Pgq (%), (J.4)
x 0
27 1 ~ - z
T 8.G (x,t) = / dz Pog (2) { (z/2,1) zG(x,t)} - G(x,t)/ dz = Poc (2)
«a (t) T 0
1 1
v [ dr Py ()5 () t) — 2N, ( )é(a;,t)/ dz Py (2), (J.5)
0

where integrals over the splitting functions may be computed analytically. In order to simplify

Eq. J.4 and Eq. J.5 we introduce the following integrals

T 1
Fy(z) = /dzquq (2) —I—/dzzPGq (2), (J.6)
0 0
Fl(z) = / dz 2 Pac (2), (3.7)
1
F}(t) = 2Np(t) | dzz Py (2 (1.8)
/

Using Eq. J.6 - J.8 we can write the system of DGLAP evolution equations as

2m - ! ~ ~ -
m 0 Gi (x,t) = /x dz Py (2) {Gi (z/2,t) — 2G; (x, 1)} — Gi (x,t) Fy (x)

+ / 4z Py () G (/2 1), (.9

G
2w -
a2 G @ = /dzPGG { (z/2,t) — G(z,t)}fG(x,t)Fgl(x)
1
+ /dzPGq(z)f](a:/z,t)—é(:v,t)F;(t). (J.10)

The decomposition into Chebyshev series will turn the system of DGLAP evolution equations into
a set of linear differential equations of the first order. For the function f(x) defined in the region

z € [—1,1] the decomposition into Chebyshev series reads

N
fl@) = Y waTy(2), (J.11)
:02 N
C, = me(x])Tk (xj), (J.12)
§=0
zj = cos[(j+1/2)7/(N+1)]. (J.13)

In order to expand the function defined in the range & € [a,b] we have to use decomposition in
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terms of “shifted” Chebyshev polynomials yielding

N
f@) = ZVk a Ty (H'(2)), (J.14)
= N+ - Zf ) Ti (), (J.15)
W3 = W:x, (J.16)
H(z) = %[(b—a):c—k(a—kb)] —z (3.17)

where vg = 1/2, v, = 1 if | # 0. By applying Eq. J.14 - J.17 to Eq. J.9 - J.10 we get the following

system of matrix equations

o) = Do+ 2 e, (1.18)
b (t) = 2;) MY b, Z Cha 0‘2(;) F2(t) by (t), (J.19)

where the summation over all repeated indices is assumed, 02 (t) is the k’th coefficient in Chebyshev
expansion of quark PDF's and by, (t) is the k’th coefficient in Chebyshev expansion of gluon PDF.

Equations J.18 and J.19 contain the following matrices:

My = Ay + By, (J.20)
MY, = Agl + B,Ql, (J.21)

wZ / 42 Pyg () {1 (7Y (35/2)) T () — =T () Ty (2))} . (3:22)

. 2
By =—
=N 17

Mz

Fo(@5) Ti, (x5) Th (25) (J.23)
=0

N 1
Ay = 7 Y [ e Poo () (T (471 @3/2) T o) — 2T () T}, (229)
j:[)jj

N
Bl = g 0 FL ) Ti () T ), (1.25)
=0
R 2 N
Cu = s / dz Pay (2) [T (1" (3,)2)) T (27)} . (J.26)
j:Ojj
R 2 N
Y = MWZ/dquG ()T (H (35/2)) Tis (z) } - (J.27)
j:Ojj

As we have discussed in Chapter 1.5 PDF's rapidly grow at small values of x and rapidly decrease at
high values of z, see Fig. 1.15. It means that in order to get a good precision in the decomposition

of PDF's into Chebyshev series one may need to include to many terms. However, this problem can
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be solved by switching from the linear to the logarithmic scale which implies the following change

of variables

r — exp(x), (J.28)
z — exp(z). (J.29)

Our results of numerical solution of the single DGLAP evolution equations are given in Fig. J.1
where we compare the MSTW2008 LO PDFs evolved from Q2 = 30 GeV? up to Q2 = 10* GeV?2.
The ratios in Fig. J.1 are given by the ratios of the MSTW2008 PDF's provided with the LHAPDF6
library and the output of our evolution code. Since the MSTW2008 set contains u,d, s,c and b
quarks, for the testing purposes, we have set the staring evolution scale to Q% = 30 GeV?. The
choice of the staring evolution scale above the mass of the b quark allows to set the number of
flavour to the constant which simplifies the checks of the evolution algorithm we use.

In Fig. J.2 we show a check of our implementation of the method of Chebyshev polynomials to
solve the system of double DGLAP evolution equations as it was proposed in [178] - [180]. In order
to test our implementation we use the GS09 set of dPDFs [173] as initial conditions at @ = 1 GeV?.
In order to check the error propagation in our code we use the GS09 dPDF's to decouple the system
of double DGLAP evolution equations. Namely, during the solution of the system of the double
DGLAP evolution equations we take all dPDFs from the GS09 set apart from the D,, dPDF.
Effectively it reduces a system of double DGLAP evolution equations to a single evolution equation
for the D,, dPDF. After performing the evolution for D,, we compare it against D, from the
GS09 set. The result of this comparison is given in the lower panel of Fig. J.2.

J.2 Combination of the Runge-Kutta and Newton-Cotes methods

Another commonly used approach to solve the system of DGLAP evolution equations is based upon
combination of Runge-Kutta and Newton-Cotes methods®. This approach was used by Gaunt and
Stirling in [173] to produce GS09 set of dPDFs.

Here we describe the way we use Runge-Kutta and Newton-Cotes methods to solve a system of
double DGLAP evolution equations. First of all let’s write the system of double DGLAP equations
as in [180]

2T

o(t)
=

a7fl)flf2 (xla $2,t) =

1 1
dz
/ P})lf, (2) Dyrg, (x1/2,22,t) — Dy, g, (21, 22, 1) /0 dzzP}],fl} +

| z

f/ 1—z9
! dz 0 1 o
2 /12 ~ Py (2) Dpy (21,22/2,8) = Dy (5617562,15)/0 dzzPpy, ¢ +
f/ 11—z
1 1
Fr atas) t). J.30

Now let us write these these equations for different dPDFs. We start with Dg,q, (21, x2,t) which

3For the description of the Runge-Kutta and Newton-Cotes methods see, for example, [308].
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Figure J.1: Our solution of the single DGLAP evolution equations. Upper panel: light flavour PDF
are evolved from 30 GeV? to 10 GeV? 250 terms in Chebyshev expansion, 2000 evolution steps.
Lower panel: heavy flavour and gluon PDF are evolved from 30 GeV? to 10* GeV? 250 terms in

Chebyshev expansion, 2000 evolution steps.

can be written as

2w

a(t)

1
dz
/zl 7 qu (Z) {D%‘lh (ml/zvx%t) - Z2DQ7L¢I1' (mlvm?vt)}

atDQiqz' (xlvx%t) =

x 1
1 1
dz 1—zy
+ [, FPi6() Doy (@1/5020) = Dy (a2 [ dezPy(2)+ [ dee Poa (2
0
0

1
dz
+/ 7 qu (Z) {qu'q{, ($1,1‘2/Z,t) - ZQDQiQi (xlax%t)}

r2

1
1
dz 1—xp
+ [, T P6) Duglana/st) - Dy (eraat)d [T de Py (o) + [ dez Pag (2
0
0

z2 z
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Figure J.2: Test of the evolution of the D,,, dPDF. Upper panel: test of the decomposition of the
D, dPDF into Chebyshev series at Q? = 1 GeV?. Lower panel: comparison between D, dPDF
evolved with our evolution code against GS09 D,,, dPDF at Q> = 10* GeV?2.

The evolution equation for Dy,q, (21, x2,t) can be written in a more compact form by introducing

the integral over DGLAP splitting functions Fy, (21, 22) defined as

]

1
Foq (x1,22) = /0112 dz z Pyq (2) + /dzzPGq (2) - (J.31)
0




J.2. COMBINATION OF THE RUNGE-KUTTA AND NEWTON-COTES METHODS

Using Eq. J.31 we can write the evolution equation for Dy, (z1,x2,t) as

%at‘DQiQi (71,70, t) =

1
dz
[ Z P ) D 1/ 2082,0) = 2Dy 1,020} +

1—.12
1 1
dz dz
/z 7 qG(Z) Dqu (w1/27x27t)+/z 7 qG’(Z) qu‘G(xlva;Q/th)"i_
s Z =2 Z
Ldz 9
vy Pyq (2) {DQiQi (w1, 72/2,t) — 2 Dy,q, (.’El,l‘g,t)} -
T—ay

DQiQi (1‘1, T2, t) {qu (xh x2) + qu (.%'2, xl)} :

197

(J.32)

In a similar way we can write down the evolution equations for other dPDFs. The equation for

Dy, reads
27
78t-inG (-Tla x2, t) -

1
dz
/m ~ Paa (2) {Dyc (w1/2,22,t) — 2* Dy (w1, 2,1) } +

L dz L dz
~ Fic (2) Dgg (x1/7, w2, 1) + . —qu( z) Bij (@1, 2/ 2, t) +

1—z9 1—xq

1
dz
/ ~ Poc (2) {Dy,c (x1,32/2,t) — 2°Dyy; (21, 72, t) } —

Dy, (x1,x2,1) {F;G (x1,x2) + F(?G (:Cl,xg,t)} +

1 1
P‘]i_XgiG ( ) fqi (.’171 + .'Z‘Q,t) )

xl—l-l‘z :c1+x2

where we have defined

T 1

11—z
Fug (w1,72) = /0 ’ dz z Pyq (2) + /dz 2Pgq (%),

0

Z2

1
F;G (x1,x2,t) = /01 dz z Pag () + 2Ny (t /dz 2Py (=
0

Eij (xl,xg/z,t) = ZDQWJ' (ml,mg/z,t),
J

and the sum in Eq. J.36 runs over all quark and antiquark species.

(J.33)

(J.34)

(J.35)

(J.36)
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The evolution equation for Dgg reads

2
—oD t) =
2 ac (z1,22,1)
Ldz 9
. 7PGG ) {Daa (x1/2,x2,t) — 2°Dag (21, 2,t) } +
T-zo
Ldz L4z
- 7PGq ) ZquG ($1/Z,1’2,t>+ w 7PGq ) ZDG(]J' ($1,$2/Z,t)+
1—;2 o J 1;11 J
L dz

" ?PGG ) {Dgq (x1,22/2,t) — 2*Dae (w1, 72, 1) ) —
l—zq

Dqa (1,22, t) {Faa (x1, 2, t) + Faa (22, 21,1)} +
1 x
Pe-ca < : > fa (x1+x2,1), (J.37)

T + xT9 T + xI9
where

I1

1
Faa (1‘1,1‘2,t> = /1 dZZPGG —I— 2Nf /dz ZPqG (J.38)
0
0

and the index j in Eq. J.37 runs over all quark and antiquark species.

Finally, the evolution equation for Dg,, reads

wathiqj (xlv €2, t) =

1
dz
/wl — Py (2) {inqj (x1/2,22,1) — ZQD(]i(]j ($1,$27t)} +

Ldz bodz
5 qG (Z) Dqu (xl/zvx%t) + _ qG (z) qu'G (a:l,mg/z,t) +

1—zo 1—xzq

1
- %2 Pyq (2) {D%Qj (z1,22/2,t) — zQinq]. ($1,$2,t)} _
e
DQinl (21,22, ) {Fyq (71, 72) + Fyq (v2,21)} +
where
@1 1
Flq (21, 22,t) = /0 Uz 2 Py (2) + 2N, (1 / dz 2Pgq (2 (J.40)
0

and the splitting term is non-zero only for the Dgs distribution functions. One can see that equation
for Dg,q, emerge from the equation for Dy, by setting i = j. Equations J.33, J.37 and J.40 form a
closed system of integro-differential equations which describes the evolutions of dPDF?.

Before solving the system of double DGLAP evolution equations we write them in a form

4Equations for Dy, ¢ and Dgg, dPDFs are not independent and related through the symmetry of dPDFs under the
interchange of the partons Dg,c (1, z2,t) = Daqg, (22, 21,t)



J.2. COMBINATION OF THE RUNGE-KUTTA AND NEWTON-COTES METHODS 199

suitable for numerical solution. Consider, for example, Dy,4,. In the same way as in Appendix J.1

we introduce ﬁqiqi = x122Dy,4, Which gives the following evolution for 5%’%’

%&%inqi (xh T2, t) =

1 ~ o~
/11 dz PQQ( ) {DQiQi (xl/zaw%t) - Z‘DQiQi (xlax?vt)} +

1—xzo
1 1

/21 dz Py (2) Dgy, (x1/2, x2,t) + /12 dz Py (2) Dy, (z1,22/2,t) +
1—zo q

/1 dz Py (2) {f)qiqi (x1,m2/2,t) — zﬁqiqi (21, xg,t)} —
inqi (1,22, t) {Fyq (21, 22) + Fyq (2, 21)} . (J.41)
Now we relabel variables as 1 =z, o =y
)6t giai (,,1) =
dz Pyq (2) {5%% (/2,y,t) — Zﬁ‘h"h‘ (z, y,t)} +
T

/
/ dz Py (2) D, (t)2,9,1) + /1 0z Py (2) Dyycs ()2, 1) +
[,

dquq (z) {ﬁqz'qz' (a:,y/z,t) - zﬁqﬂ]i (x,y,t)} -

Dysq (,y,) {Fyq (2,9) + Fyq (y,2)}, (J.42)

and switch to the logarithmic scale

x = exp ()
y = exp (7)),
z=exp(2),

which yields

27
a(t)

0
/ Py (059 (9) D (5= 5:5:0) ~ exp (2) Dy (5,500} +
Z—log(1—exp(j

0D}, (7,5:1) =

0
A 2 Py (030 (2) Diy (5= 55.1),+
Z—log(1—exp(y

0
| 2R (e (2) Dy (2,750 +
g—log(1—exp(&

0
/ dz Py (exp (2 {Dqlql (2,9 — 2,t) —exp (2) D}, .. (%, g, )} —
g—log(1—exp(Z))

Dy, (2,9, 8) {Fyq (exp () , exp (9)) + Foq (exp (9) , exp (2))} - (J.43)
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Expression for the others dPDFs can be easily obtained in the same way.

The test of our numerical code to solve double DGLAP evolution equations is given in Fig. J.3.
In our implementation we use the two step Runge-Kutta method for the evolution in ¢ and the
seven-point Newton-Cotes rule for the numerical integration as it is described in [308]. We also
use cubic spline interpolation routines from the GSL library [294] to interpolate dPDFs between
different grid points. In order to check our code we take the Dge dPDF's from the GS09 set and
evolve it from the ¢ quark mass up to the b quark mass. In the same was as in Appendix J.1 we
use GS09 dPDFs to decouple the evolution of Dgg from the others dPDFs. After performing the
evolution of Dgg we compare the output of our code against Dgg dPDF from the GS09 set.

350
300
Test of our evolution code
LDL 250 GG dPDF is evolved from Q2 = 1.96 GeV?
T 200 up to Q2 = 22.56GeV?
© X2 = 0.001 100 steps in x 100 stepsin t
< 150
< 100 —— GG dPDF from GS09 set
50 —— GG dPDF evolved with our code
0
1.100
1.075 4
1.050 -
o 1.025 4
E 1.000 N~
0.975 A
0.950 A - -
—— Ratio: GG dPDF from GS09 set / GG dPDF evolved with our code
0.925 A
0.900 . !
1073 1072 107! 10°

X1

Figure J.3: Test of the evolution of the Dgg dPDF. Here we evolve Dgg dPDF given by GS09 set.
The initial evolution scale is set to the ¢ quark mass (1.40 GeV) and the final evolution scale is set
to the b quark mass (4.75 GeV). We have used 100 x 100 grid in x-space and performed 100 steps
in the evolution parameter ¢. In the lower panel we give the ratio between the Dgg evolved to the b
quark mass against Dgg from GS09 set.

J.3 Conclusions

In Appendix J.1 and Appendix J.2 we have briefly described the method of Chebyshev polynomials
and the combination of Runge-Kutta and Newton-Cotes methods which were used in [178] - [180]
and in [173] to solve the system of double DGLAP evolution equations. We also presented the
checks of our implementation of these methods shown in Fig. J.1 - J.3. However, the checks we have
performed demonstrate that PDFs and dPDFs evolved with our code deviate from the MSTW2008
PDFs and GS09 dPDFs at small and high values of x. Therefore, we leave the improvement of our

evolution code for the future work.
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