ON ARITHMETIC FAMILIES OF FILTERED o-MODULES
AND CRYSTALLINE REPRESENTATIONS

EUGEN HELLMANN

ABsTRACT. We consider stacks of filtered ¢-modules over rigid analytic
spaces and adic spaces. We show that these modules parametrize p-adic
Galois representations of the absolute Galois group of a p-adic field with
varying coefficients over an open substack containing all classical points.
Further we study a period morphism (defined by Pappas and Rapoport)
from a stack parametrising integral data and determine the image of this
morphism.

1. INTRODUCTION

In p-adic Hodge theory one considers filtered p-modules as a category
of linear algebra data describing crystalline Galois representations. More
precisely, there is an equivalence of categories between crystalline represen-
tations and weakly admissible filtered ¢-modules (cf. [CF, Theorem Al),
where weak admissibility is a certain condition relating the slopes of the
Frobenius ® with the filtration.

In their book [RZ], Rapoport and Zink consider geometric families of these
modules. More precisely they fix an isocrystal over W (F,)[1/p] and consider
for a given coweight v the flag variety J,, over W (F,)[1/p], where v prescribes
the jumps of the filtration. They show that there is an admissible open
subspace F¥* C F,'® parametrizing those filtered ¢-modules that are weakly

admissible with respect to the given isocrystal.

In this paper we consider arithmetic families of filtered p-modules. That
is, we fix a local field K of characteristic 0, and study a stack on the category
of rigid analytic spaces parametrising K-filtered p-modules with coefficients
defined by Pappas and Rapoport in [PR]. The difference with the geometric
situation is that we do not fix an isocrystal (i.e. the Frobenius may vary)
and the filtration also varies. We define a notion of weak admissibility in this
context, and show that the weakly admissible locus in this stack is an open
substack. Here we work in the category of adic spaces introduced by Huber
(see |[Hu3| for example), instead of the category of rigid analytic spaces.
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The work of Kedlaya and Liu [KL] shows that the category of Berkovich
spaces (see [Be| for example) is not the right category in which to address
these questions, since the locus where certain ¢-modules over the Robba ring
are étale is not an open subspace. This phenomenon appears here again,
since the weakly admissible locus will not be a Berkovich space, as we show
by an explicit example (Example 4.4). Kedlaya and Liu formulate the local
étaleness of p-modules over the Robba ring in terms of rigid analytic spaces.
However, we cannot apply their result, since a covering by admissible open
subsets is not necessarily an admissible covering. This is the reason why we
are forced to work in the category of adic spaces. In fact, we will generalize
the theorem of Kedlaya and Liu to the setting of adic spaces.

In the geometric setting of [RZ], there is a period morphism from the
moduli space of p-divisible groups to a certain period domain F'*. The
image of this morphism was described by Hartl in [Hal|, [Ha2| and Faltings,
[Fa]. As an analogue to the moduli space of p-divisible groups, Pappas and
Rapoport define in [PR] a formal stack parametrizing modules that appear
in integral p-adic Hodge theory developed by Breuil and Kisin (see [Br2]
for example). They also define an analogue of the period map of [RZ]|. In
this paper we will determine the image of this period map, confirming a
conjecture of Pappas and Rapoport.

Finally we construct an open substack of the stack of weakly admissible
filtered p-modules and a family of crystalline representations on this stack,
i.e. a vector bundle with a continuous Galois action which is crystalline.
We show that this subspace is in fact universal for families of crystalline
representations.

Our main results are as follows. Let K be a finite extension of Q, and
denote by Ky the maximal unramified extension of QQ, inside K. We fix an
integer d > 0 and a dominant coweight v of the algebraic group Resg /g, GL4
with associated reflex field E. We denote by ©, the fpqc-stack on the cat-
egory of rigid analytic spaces over F (or, slightly more generally, on the
category of adic spaces locally of finite type) whose X-valued points are
triples (D, ®, F*®) with a locally free Ox ®q, Ko-module D, a semi-linear
automorphism ® and a filtration of D ®f, K which is of type v. It is easy
to see that this stack is an Artin stack, where we define an Artin stack on
the category of rigid spaces (or adic spaces) exactly as on the category of
schemes. We will define a notion of weak admissibility for all points of the
adic space generalizing the usual notion (cf. [CF, 3.4]) at the rigid analytic
points.

Theorem 1.1. The weakly admissible locus is an open substack ©)* C D,

on the category of adic spaces locally of finite type over E.

We will also consider the following stack C K on the category of Z,-schemes
on which p is nilpotent. The S-valued points of Cx are tuples (9, @), where
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M is a (fpgc-locally on S) free OS®ZPW[[u]]—module together with a semi-
linear injection ® : 991 — 9 whose cokernel is killed by the minimal poly-
nomial over Ky of some fixed uniformizer of K. Here W denotes the ring
of integers of K. The category of those modules was introduced by Breuil
and studied by Kisin in order to describe finite flat group schemes of p-
power order over Spec Ok and hence to describe p-divisible groups in the
limit. Given a miniscule cocharacter v, Pappas and Rapoport define a closed
substack C, K. of C, k by posing an extra condition on the cokernel of the semi-
linear injection ®. For a formal scheme X over Z, they also define a period
map

II(X) : Cx(X) — D, (X"8),

that maps the Z,-point associated with a p-divisible group over Ok to the
filtered isocrystal of the p-divisible group. We will show that the map indeed
factors through the weakly admissible locus and we describe the image of
the period map as follows. In |Ki2|, Kisin shows that there is an equivalence
between the category of filtered p-modules and a certain category of vector
bundles on the open unit disc together with a @-linear map. We will show
that the equivalence of categories generalizes to families. As the notion of
weak admissibility (for filtered isocrystals over Q) translates to the property
of being étale over the Robba ring, we will define a substack D" of D,
consisting of those filtered ¢-modules whose associated vector bundle is étale.

Theorem 1.2. Let v be a miniscule cocharacter. The stack D is an open
substack of D3 (on the category of adic spaces locally of finite type over the
reflex field of v). It is the image of the period morphism in the sense that a
morphism X — D% defining (D, ®,F*) € ©,(X), factors through DI if
and only if there exists a covering (U;)ier of X and p-adic formal schemes

U; together with (I, ®;) € CAK,V(L{i) such that L{iad =U,; and
H(uz)(mza (I)i) = (Dv (I)v ]:.)|Ui'

Finally we go back to crystalline representations. We consider vector bun-
dles £ on an adic space X endowed with an action of the absolute Galois
group G of K. As the structure sheaf Ox is a sheaf of topological rings and
£ is a vector bundle, all spaces of sections I'(U, £) of £ over some open subset
U have a natural topology and hence the notion of a continuous G g-action
on £ makes sense. A vector bundle £ with a continuous G g-action such that

Dcris (5) — (5®@p Bcris)GK

is locally on X free of rank d = rk & over Ox ®q, Ko is called a family of
crystalline representations on X.

Theorem 1.3. Let v be a miniscule cocharacter of Resyq, GLq. Then the
groupotd of families of crystalline representations of Hodge-Tate weights v is
an open substack D3IM of Dint,
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The following diagram summarizes the stacks that appear in this paper in
the case of a miniscule cocharacter v.

d
Dadm
-

1%

Here €, is a stack of vector bundles on the open unit disc that appears as
an intermediate step of the period morphism. By the adification of the stack
CAKVV we mean the stack mapping an adic space X to the limit of CAKW(X )
for all formal models & of X. The map @agy — @M then is the localization

map of CA}‘(d’V to its isogeny category. The vertical arrows on the right are all
open embeddings and D™ (F) = Dt (F) = DWa(F) for all finite extensions
F of the reflex field of v. In general the inclusion of ®24™ in DMt is a strict
inclusion, as shown in Example 8.30. Also the inclusion D't C D2 is strict.
However this argument is quite indirect and more complicated. We hope to
come back to this question in subsequent work.

We now outline the structure of this paper.

In section 2 we will recall some basic facts and concepts from p-adic Hodge-
theory and the theory of adic spaces.

In section 3 we introduce filtered isocrystals with coefficients in a valuated
field. These objects will appear as the fibers of our families. We introduce
the notions of semi-stability and weak admissibility, and establish a Harder-
Narasimhan formalism.

In section 4 we define the stacks of filtered isocrystals and prove our first
main result, Theorem 1.1.

In section 5 we study the relation of filtered isocrystals and vector bundles
on the open unit disc which was introduced by Kisin.

In section 6 we discuss the notion of being étale over the Robba ring in fam-
ilies, slightly generalizing a result of Kedlaya and Liu about local étaleness
of those modules. This allows us to determine the image of the period map
in section 7 and prove Theorem 1.2.

In section 8 we construct a family of crystalline Galois representations on an
open substack and show that this family is universal.
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2. PRELIMINARIES

Throughout the whole paper we fix the following notations: Let K be a
finite extension of @, and write O for its ring of integers. Fix a uniformizer
m € Ok and write k = Ok /7O for the residue field. Let W = W (k) be
the Witt ring of k and Ky = W/[1/p| the maximal unramified extension of
Qp inside K. Further we denote by E(u) € Wu] the minimal polynomial of
7w over K.

Fix an algebraic closure K of K and write Gx = Gal(K/K) for the
absolute Galois group. Further we choose a compatible system 7, of p”-
th roots of 7 in K and write K, for the field obtained from K by adjoining
the m,. Let Gk, = Gal(K/K) denote the absolute Galois group of K.

2.1. Some p-adic Hodge-theory. For further use we define some rings of
p-adic Hodge theory used in Kisin’s papers [Kil] and [Ki2]'.

Write Al%D = W([u]] and A for the p-adic completion of W ((u)). Further
B = A[l/p|. Let R denote Fontaine’s ring

R = lim Oc,/rOc,

where the transition maps in the limit are given by the p-th power map. Let
« denote the element (7,71, 72,...) € R and write [r] for the Teichmiiller
representative of 7 in the Witt ring W(R) of R. We may regard B as a
subring of W (Frac R)[1/p] by maping u to [x]. The lift ¢ of the absolute
Frobenius on R maps [x] to [x]” and hence this embeddings is p-equivariant.
Write B for the closure of the maximal unramified extension of B inside
W (Frac R)[1/p] and denote by A its ring of integers. Then A is a complete
discrete valuation ring (for the p-adic topology) with residue field the closure
of k((u))**P in Frac R and we have an injection A < W (Frac R) which is

continuous for the canonical topology of A.

1Our notations here differ from the ones in Kisin’s papers.
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We write A% = A N W(R) € W(Frac R). Then we have
;&cp:id _ Zp, ]~3(p:id _ Qp-

The Galois group Gk, is isomorphic to the absolute Galois group of
k((u)), see [BrCo, Theorem 11.1.2] for example, and its representations on
finite dimensional Q,-vector spaces are described in terms of étale p-modules
over B, i.e. finite dimensional B-vector spaces N together with an isomor-
phism & : ¢*N — N such that there exists an A-lattice 91 C N with
O (*MN) = N. Given an étale p-module (N, @) over B, we write

(2.1) VB(N) = (N gp B)*
for the associated Gk _ -representation.

Remark 2.1. In fact Kisin considers slightly smaller period rings. Instead of
B he considers the p-adic completion B’ of the maximal unramified extension
of B inside W (Frac R)[1/p]. The functor from G _ -representations to -
modules is then given by

Vi— (V ®Qp ]Aé/)GKOO .

But as B has the same p-invariants as B’ , the backward functor works with
our definition (2.1) as well. The advantage of our definition is that is makes
it easier to define the sheafified versions of the period rings.

Let Acis denote the p-adic completion of the divided power envelope of
W (R) with respect to the kernel of the surjection 6 : W(R) — Oc, induced
by

[(w,ml/p,asl/pQ,...)] — .
= Aais[l/p] and Beis = BT [1/t] denote Fontaine’s ring of crys-

cris

Let B;is
talline periods, where
t = log[(l, €1,€2,... )]

is the period of the cyclotomic character.

Recall that a representation of Gk on a d-dimensional Q,-vector space V
is called crystalline if

Dcris(v) = (V ®Qp Bcris)GK

is of dimension d over Ky = Bgfs‘ . The Ky-vector space Deyis(V') is equipped

with a semi-linear automorphism ® and a descending, separated and ex-
haustive filtration F*® on Deyis(V) @k, K. Such an object is called a filtered
w-module (or filtered isocrystal) over K. A filtered isocrystal (D, ®, F*) is
called weakly admissible if

vp(det @) = Zz dimg gr;(D ®k, K) ,

vp(det ®[pr) > Y i dimg gr;(D' @k, K) VD' C D, D' O-stable.

(2
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Then there is an equivalence of categories between the category of crystalline
representations and the category of weakly admissible filtered p-modules over

K, see |CF, Theorem A|.

2.2. Adic spaces. Let A be a topological ring over Q,. By a valuation (in
the sense of [Hul, 2, Definition|) on A we mean a map v: A — I', U {0} to
a totally ordered abelian group I', (written multiplicatively) such that

v(0) =
v(l)=1
v(ab) = v(a)v(b)

v(a+b) < max{v(a),v(b)},

where the order on I';, is extended to I', U {0} by 0 < ~ for all v € T',,.

The valuation is called continuous if {a € A | v(a) < v} is open for all
v €T,. If AT C Ais an open and integrally closed subring, Huber defines
the adic spectrum of (A, AT) as

isomorphism classes of continuous valuations }

+\ —
Spa(A4,A™) = { v:A— T, U{0} such that v(a) <1 for alla € AT

This space is equipped with a structure pre-sheaf Ox and a pre-sheaf of
integral subrings OF, see [Hu2, 1]. The space Spa(A, AT) is called an affinoid
adic space in case Oy is a sheaf. This condition will always be satisfied in
our context.

Given a finite extension F of Q, we denote by Rigy the category of rigid
analytic varieties over E (cf. [BGR, Part C]) and by Adg the category of adic
spaces over E in the sense of Huber. We have a fully faithful embedding of
Rigy into Adg that factors through the full subcategory AdBEft of adic spaces
locally of finite type over E, i.e. adic spaces that are locally isomorphic
to Spa(A, A°) for an E-algebra A that is topologically of finite type over
E and where A° C A is the subring of power bounded elements. In fact,
this embedding identifies the category of quasi-separated rigid spaces with
the category of quasi-separated adic spaces locally of finite type over E (see
[Hu3, 1.1.11]).

For an adic space X and a point x € X we will write Ox , for the local
ring at x and mx, for its maximal ideal. We denote the residue field at
x by k(z) and write vy : k(z) — 'y U {0} for the corresponding valuation.
Further we write k(z) for the completion of the residue field (with respect
to its natural topology). We write

—

L+ Spa(k(2), k(@) ) = Spa(k(x), k(z)*) < X

for the inclusion of the point x. Here and in the following we write k(z)™"

—_— —

+
resp. k(z) for the valuation subrings of k(x) resp. k(z).
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If F is a (quasi-coherent) sheaf of O x-modules (resp. OF-modules) on X
we write F ® k(x) for the quotient of F, by mx ,F, (resp. m}’x}"x), where

Fr = lim I'(U, F).
H
Uszx

More generally, let X +— Zx be a sheaf of quasi-coherent algebras (over
Ox or (’)}) such that for every map f : X — Y there is an induced map
f 1%y — Zx. Let F be a quasi-coherent #Zy-module. Then we write

FF=f1'F@q, Zx.

If G is another (quasi-coherent) sheaf of Zy-modules, we write € omg, (F,G)
for the sheaf of continuous homomorphisms from F to G.

We will talk about stacks on the category AdlEft and hence want to make
clear what we mean by the fpqc-topology. A morphism f : X — Y of
adic spaces is flat if the local ring Ox , is flat over Oy f(,) for all z € X
or, equivalently, if for all open affinoids U = Spa(A,AT) C Y and V =
Spa(B, Bt) c f~Y(U), the ring B is a flat A-algebra. The morphism f is
called faithfully flat if it is flat and surjective. It is an fpqc-morphism if it is
faithfully flat and quasi-compact.

In the case of rigid analytic varieties the notion of being faithfully flat is
defined in terms of formal models (see [BG, 3| for example). A quasi-compact
morphism of formal Og-schemes f : X' — X is called faithfully rig-flat if
there exist coverings X = (J;; Spf 4; of X and f~*(Spf A;) = Uje, Spf 4]
such that the induced map

H Spec A; — Spec A;
jeJi

is faithfully flat over the complement of the special fiber for all i € I.

As usual a morphism is called quasi-compact if the pre-image of any quasi-
compact subspace is quasi-compact. The property of being faithfully rig-flat
is stable under admissible blow-ups and hence gives rise to the notion of an
fpgce-morphism in the category of rigid analytic varieties.

A morphism f: X — X' in AdﬁEft is an fpqc morphism if and only if it is
quasi-compact and if locally on X and X’ (for the topology of an adic space)
it is induced by an fpgc morphism in Rigg.

By |BG, Theorem 3.1] the category of coherent sheaves is an fpqc-stack on
the category Rigg. Hence the same is true for the category Ad%t, as we can
glue coherent sheaves locally in the topology of an adic space.

Similarly to the case of stacks on the category of schemes we say that an
fpqe-stack F' on the category Rigp (resp. AdlEft) is an Artin stack if the
diagonal is representable, quasi-compact and separated and if there exist
a rigid space U (resp. an adic space locally of finite type) and a smooth,
surjective, relatively representable morphism U — F'.
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3. FILTERED (p-MODULES

Throughout this section we denote by F' a topological field containing Q,
with a continuous valuation vp : F — I'p U {0}. Recall that Ky is an
unramified extension of Q, with residue field k£ and write f = [Kpy : Qp].
We write ¢ for the lift of the absolute Frobenius to Ky. Further K is a
totally ramified extension of Ky with ramification index e = [K : Kp]. In
this section we briefly introduce filtered isocrystals with coefficients. We refer
to [He, 2| for a more detailed discussion.

Definition 3.1. An isocrystal over k with coefficients in F' is a free F®q, Ko-
module D of finite rank together with an automorphism ® : D — D that is
semi-linear with respect to id ®p : F' ®q, Ko = F ®q, Ko.

A morphism f : (D,®) — (D', ®') is an F ®q, Ko-linear map f : D — D’
such that

fod=dof.

The category of isocrystals over k with coefficients in F is denoted by
Isoc(k)p.

Definition 3.2. A K-filtered isocrystal over k with coefficients in F' is a
triple (D, ®, F*), where (D, ®) € Isoc(k)r and F* is a descending, separated
and exhaustive Z-filtration on Dg = D ®g, K by (not necessarily free)
F ®q, K-submodules.
A morphism

f:(D,®,F*) — (D', F"*)
is a morphism f : (D, ®) — (D', ®’) in Isoc(k) r such that f®id : Dg — D'
respects the filtrations.
The category of K-filtered isocrystals over k with coefficients in F' is denoted
by FilIsoc(k)K.

For an extension F’ of F' with valuation vp : F' — I'p U {0} extending
the valuation vy we have an extension of scalars
— ®p F' : Fillsoc(k)E — Fillsoc(k)%,,
mapping (D, ®, F*) € Fillsoc(k)E to the triple (D ®p F', ® ®id, F* @F F').
If F’ is finite over F, we also have a restriction of scalars
epryp ¢ Fil Isoc(k)X, — Fillsoc(k)k.

This functor maps (D', ®, F'®) € Fillsoc(k)%, to itself, forgetting the F’-
action but keeping the F-action. In the following we will often shorten our
notation and just write D for an object (D, ®, F*) € Fillsoc(k)¥.

We now define weakly admissible objects in FilIsoc(k)%. Write I'r ® Q for
the localisation of the abelian group I'p. Then every element 7/ € I'r @ Q
can be written as a single tensor v ® r and we extend the total order of I'p
to I'r ® Q by

a® L <b®isa <b"
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Definition 3.3. Let (D, ®, F*) € Fillsoc(k)X. We define
deg F* =) Lidimp gr, F*
i€Z
degp(D) = (vr(detr @) ® £) 7" vp(p)* ) €eTr @ Q
pp(D) =degp(D)(1® 1) €Tp ® Q.
We call pup(D) the slope of D.

Remark 3.4. One easily sees that the slope up is preserved under extension
and restriction of scalars. Hence we will just write p in the sequel.

Definition 3.5. An object (D, ®, F*) € Fillsoc(k)X is called weakly admis-
sible if, for all ®-stable subobjects D' C D, we have u(D’) > u(D) = 1.

Remark 3.6. Let (D, ®,F*) € Fil Isoc(k:)(gp and denote for the moment by
vp the p-adic valuation of Q,. Then

M(D) = pvp(detKo )3, idimK(‘Fi/fi+l).

Hence we see that D is weakly admissible if and only it is weakly admissible
in the sense of [CF, 3.4].

There is a Harder-Narasimhan formalism for objects in FilIsoc(k)¥ as in
[FF, 3] or [DOR, Chapter 1|. The main consequence of the existence of a
Harder-Narasimhan filtration is that weak admissibility is preserved under
extension and restriction of scalars. We refer to [He, 2| for a more detailed
discussion in the case of an arbitrary valuation.

Proposition 3.7. Let F' be an extension of F with valuation vy extending
vp and D € Fillsoc(k)E. The filtered p-module D is semi-stable of slope u
if and only if D' = D ®@p F' is semi-stable of slope .

If in addition F' is finite over F, then D' € Fil Isoc(k:)fp(, is semi-stable of
slope p if and only if ep/p(D') € Fil Isoc(k)K is semi-stable of slope pu.

Proof. This is [He, Corollary 2.22]. O

4. FAMILIES OF FILTERED (¢-MODULES

We now consider families of the objects introduced in the last section
parametrized by rigid analytic and adic spaces.

4.1. Stacks of filtered p-modules. Let d be a positive integer and v an
algebraic cocharacter

(4.1) v @; — (Resg/q, Ak)(Qp),
where A C GLg4 is the diagonal torus. We assume that this cocharacter is
dominant with respect to the restriction B of the Borel subgroup of upper
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triangular matrices in (GLg)x. This cocharacter is defined over the reflex
field £ C Qp. Let A denote the set of simple roots (defined over Q,) of
Resg /g, GLq with respect to B and denote by A, C A the set of all simple
roots « such that (o, v) = 0. Here (—, —) is the canonical pairing between
characters and cocharacters. We write P, for the parabolic subgroup of
(Res K/Q, GLg) containing B and corresponding to A, C A. This parabolic
subgroup is defined over F, and the quotient by this parabolic is a projective
variety over F,

GrK,u = (ReSK/Qp GLd)E/PI,
representing the functor

S+ {filtrations F* of Og ®g, K* of type v}

on the category of E-schemes. Here the filtrations are locally on S direct
summands. Being of type v means the following. Assume that the cochar-
acter

|2 @; — H GLd(Qp)
P K—Qp
is given by cocharacters
Vgt A diag (A1) ma®)) -\ () (me ()

for some integers i;(¢) € Z and multiplicities m;()) > 0. Then any point
F* € Grg,(Qp) is a filtration [T, 7y of T, Q¢ such that

0 ifi ¢ {ir(¢),...,ir(¥))}
m](’(/J) ifi = Z](¢)

We denote by Gr?(gy resp. Gr}‘éu the associated rigid space, resp. the asso-
ciated adic space (cf. [BGR, 9.3.4]).

dimg gr;(F}) = {

Given v as in (4.1) and denoting as before by E the reflex field of v, we
consider the following fpqc-stack ©, on the category Rigp (resp. on the
category Ad''). For X € Rigp (resp. Ad') the groupoid ©,(X) consists
of triples (D, ®, F*®), where D is a coherent Ox ®q, Ko-modules which is
locally on X free over Ox ®q, Ko and ® : D — D is an id ®¢p-linear auto-
morphism. Finally F* is a filtration of Dg = D ®q, K of type v, i.e. after
choosing fpqc-locally on X a basis of D, the filtration F* induces a map to
Gr?(g’y (resp. Gr%gy), compare also [PR, 5.a.

One easily sees that the stack ©,, is the stack quotient of the rigid space
X, = (Resg, /g, GLa)3 x Gri,
by the ¢-conjugation action of (Resg, q, (}Ld)ljgg given by
(A, F*).g = (g Ap(g), g~ F*).
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Here the canonical map X, — ®,, is given by
(A, F*) —~ (Ox, ®g, K§, A(id®yp), F*).

Hence ©, is an Artin stack in the sense of section 2. Of course the corre-
sponding statement in the category AdIEft is also true.

4.2. The weakly admissible locus. Fix a cocharacter v with reflex field
E as in the previous section. If X € Ad® and z € X, then our definitions
imply that, given (D, ®, F*) € ©,(X), we have
(D @ k(z), ® @ id, F* @ k(z)) € Fillsoc(k)y,) and
5(D,®, F*) € Finsoc(k)k%.
Our first main result is concerned with the structure of the weakly admissible
locus in the stacks ®, defined above.

Theorem 4.1. Let v be a cocharacter as in (4.1) and X be an adic space
locally of finite type over the reflex field of v. If (D,®,F*) € ©,(X), then
the weakly admissible locus

X" ={reX|(D®k(r),P®id, F* ® k(z)) is weakly admissible}
={x e X | (D,®,F*) is weakly admissible}

is an open subset. Especially it has a canonical structure of an adic space.

We can define a substack ©7* C ©, consisting of the weakly admissible
filtered isocrystals. More precisely, for an adic space X the groupoid D}?(X)
consists of those triples (D, ®, F*) such that (D ® k(x),® ® id, F* ® k(z))
is weakly admissible for all z € X. Thanks to Proposition 3.7 it is clear
that this is again an fpqc-stack. The following result is now an obvious
consequence of Theorem 4.1.

Corollary 4.2. The stack ©)]* on the category of adic spaces locally of finite
type over the reflex field of v is an open substack of ©,,. FEspecially it is again
an Artin stack.

Proof of Theorem 4.1. First it is clear that
{zeX|(D®k(z),®®id, F* @ k(x)) is weakly admissible}
={z € X | (D, ®,F*) is weakly admissible},
as weak admissibility is stable under base change. We only need to treat the
case
X = X, = (Resg, g, GLa)¥ x Gri,

which is locally (after choosing a basis of D) the universal case, again using
the fact that weak admissibility is stable under base change.

Let V = Q% and Vp = Ko ®q, V. Then Resy, /g, GL4(R) = GL(R ®q, Vo)
for a Qp-algebra R.
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For i € {0,...,d}, consider the following functor on the category of Q-
schemes,

SR £ C Og @Qp Vo 'locally free Og ®@? Ky-submodule .
of rank 4 that is locally on S a direct summand

This functor is representable by a projective Qp,-scheme Gr, ;.

We let G = Resg,,q, GLd act on Grg,,; in the following way: for a Q-
scheme S, let A € G(S) and &€ € Grg, i(S). We get a linear endomorphism
A of Og ®q, Vo and define the action of A on £ by

A-E=A(Id®p)(E)).
Write
a:Gx Grg,; — Gri,;

for this action and consider the subscheme Z; C G x Grg, ; defined by the
following fiber product:

Zz' G x GrKo,i

l ) lmd

GrKo,i GI"KO,,' X GrKo,i .

An S-valued point z of the scheme Z; is a pair (g,, Uy ), where g, € G(S) is
a linear automorphism of Og ®q, Vo and U, is an Og ®q, Ko-submodule of
rank 7 stable under ®, = g,(id ®p). The scheme Z; is projective over G via
the first projection

pr; : Zi — G.

Further we denote by f; € I'(Z;, Oz,) the global section defined by

fi(ge, Uz) = det((g.(id ®<P))f|U;c)

(recall f = [Kpy:Qp]). We also write f; for the global section on the associ-
ated adic space Ziad.
We write £ for the pullback of the universal bundle on Z; to Z; x Grg,,
and F* for the pullback of the universal filtration on Grg . Then the fiber
product

Gg*=(¢& Rk, K) nFr*

is a filtration of £® g, K by coherent sheaves. By the semi-continuity theorem
the function
hi:x— Zz % dim,,(,) gr; G*
€L
is upper semi-continuous on Z; x Grg , and hence so is
S — Zz é dimy,,) gr; (G*)2.
€L
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For m € Z we write Y; ,,, C Z; x Grg,, (resp. Yfﬁ}t C Zfd X Gr}‘(d’y) for the
closed subscheme (resp. the closed adic subspace)

Yim ={y € Zi x Grg,, | hi(y) > m},
Vi =1{y € 2} x Grid, | hid(y) = m}.
Then the definitions imply that
P Yz’i?@ — Xy

is a proper morphism of adic spaces.
We write Xy C X, for the open subset of all z = (g, F*) € X,, such that

. - ~Lidim r, F*®
vp(det(g(id ©p)7)) ® J = va(p)” = e T

Then X} C X( and

XO\Xwa
(] au — 2m

4.2) = Uity = (00 0 ) Y5 T (5) < o)),

where the union on the right hand side runs over all i € {1,...,d — 1} and

m € Z, and one easily checks that this union is finite.
Indeed, let = = (g, F2) € G x Gr%gy. Then the object

(k(z) ® Vo, g-(1d ®p), Fr)

is not weakly admissible if and only if there exists a g, (id ®¢)-stable subspace
U, C k(x)®V} of some rank, violating the weak admissibility condition. This
is exactly the condition on the right hand side of (4.2). Here we implicitly
use that fact that weak admissibility is stable under extension of scalars (see
Proposition 3.7).

Now the sets {y = (gy, Vy, Fy) € Ylf‘% | vy (fi) < Uy(p)_f2m} are closed by
the definition of the topology on an adic space. Further the map pr, ,, is a
proper map of adic spaces and hence universally closed. We conclude that
the complement of the weakly admissible locus is closed. ([

Proposition 4.3. Let X and (D, ®,F*) as in Theorem 4.1. Then X™“* is
the mazimal open subset whose rigid analytic points are exactly the weakly
admissible ones.

Proof. First there is a maximal open subset Y whose rigid analytic points
are exactly the weakly admissible ones (i.e. the union over all open subsets
with this property is non-empty), as X" is open.

Let y € Y, then (D ® k(y),® ® id, F* ® k(y)) is of slope 1, as there is an
affinoid neighbourhood of ¢ such that the slope at all rigid analytic points
is 1 and hence by the maximum modulus principle the same is true at y.
As weak admissibility is preserved under base change we are again reduced to
the case X = X, . If y is not weakly admissible then there exists a ®,-stable
subspace U C k:(y)d®Qp Ky violating the weak admissibility condition. Then
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y € pr;(Z;)* x Grg,, for some i, where pr;(Z;) C G is a closed subscheme
and hence pr;(Z;)*d x Grg,, is in Ad¥. Now the ®-stable subobject U is
induced from a family U of ®-stable subobjects in an affinoid neighbourhood
Spa(A, A°) of y inside pr;(Z;)* x Grg,,. But for all rigid analytic points of
Spa(A, A°) we must have

pU @ k(z), Polysi(z), (F° NUK) @ k(r)) > 1
and hence by the maximum principle the same must be true for . U

Ezxample 4.4. We give an example which shows that the weakly admissible
locus in a family of filtered -modules is not in general an analytic space in
the sense of Berkovich (cf. [Be]).

Let K = Ko = Qp, and denote by B the closed unit disc over Q,. Let
X = (B\{0,20}) x B, where z( is the point defined by (71)2 —p = 0 , and
where we denote by 77 resp. T the coordinate functions on the first (resp.
the second) factor. Consider the family (D, ®, F*®), where D = Oxe; ®Oxes
and @ is the linear automorphism of D given by the matrix

T 0
0 prl '

The filtration F* is given by

D if1 <0
.Fi: OX(el—I—TQeQ) ifi=1
0 if ¢ > 2.

Then one easily sees that the weakly admissible locus is given by
{z € X |v,(Th) > v(p)}\{z € X | To(z) = 0 and v,(T71) > v.(p)}.

This is clearly an open adic subspace.

By [Hu3, 8.3.1, 5.6.8] we have a fully faithful embedding of the category
of strict analytic spaces over QQ, in the category of adic spaces such that
the essential image consists of the adic spaces Y that are taut, i.e. for every
quasi-compact open subset U C Y the closure U C Y is again quasi-compact.
However one easily sees that the closure of the quasi-compact open subset
{z € X | v(T1) = ve(p)} inside X** is not quasi-compact .

5. VECTOR BUNDLES ON THE OPEN UNIT DISC

In this section we compare families of filtered ¢-modules with families of
vector bundles over the open unit disc. For rigid analytic points this relation
was established by Kisin in [Ki2|, and is used in |[Ki3| to define crystalline
(and more generally potentially semi-stable) deformation rings. Building on
Kisin’s construction, Pappas and Rapoport define a morphism from a stack of

2I thank R. Huber for pointing this out to me and hence shortening my original
argument.
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vector bundles on the open unit disc to the stack ®,, of the previous sections
that is a bijection at the level of classical points, see [PR, 5. We recall the
definition of this morphism and show that it is in fact an isomorphism.

For 0 <7 <1 we write B, for the closed unit disc of radius r over Ky
in the category of adic spaces and denote by

U = lLim Byo
r—1

the open unit disc. This is an open subspace of the closed unit disc (which is
not identified with the set of all points x in the closed unit disc with |z| < 1
in the adic setting). In the following we will always write u for the coordinate
function on By, and U, i.e. we view

B[O’T] = F(B[OJ‘}? OB[O,T])

and Bl := (U, Oy) as subrings of Ko|[[u]].

Let X be an adic space over Q, and write

«%‘E‘?’“ = Ox®q, Bl = Pry «OxxB

{@E?’l) = Ox®q, B = pry ,Oxyu

for the sheafified versions of the rings BI%") and B0V, These are sheaves of
topological Ox-algebras on X.

We consider a family of vector bundles on the open unit disc parametrised
by X, i.e. a coherent sheaf M on X x U that is fpqc-locally on X free over
Oxxu. We equip this vector bundle with the following extra structure. Let
¢ : U — U denote the morphism induced by the endomorphism of Ko[[u]]
that is the canonical Frobenius on Ky and that maps u to u?. We again
write ¢ for the map

idxp: X xU— X xU.

Then we equip M with an injective homomorphism ® : ¢*M — M such
that F(u) coker ® = 0, where E(u) € Wu] is the minimal polynomial of the
fixed uniformizer m € O over K.

)

Equivalently, we can think of M as a sheaf of %B?’l -modules that is locally on

X free over %&g’l) together with an injective endomorphism & : p* M — M

whose cokernel is annihilated by E(u), as X x U — X is Stein. Here we

write ¢ for the endomorphism of %’Eg’l)

on B0:1)

that is induced from the Frobenius

We fix an integer d > 0 and a dominant cocharacter v with reflex field
E as in (4.1). We will assume that v satisfies the extra condition that the
S-points of the associated flag variety Grg , are filtrations F* on Og ® K d
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such that

51) fi_{OS®QPKd ifi<o

0 if¢>2.

In particular v is miniscule in this case. Then we consider the following
fpqe-stack €, on the category of adic spaces locally of finite type over the
reflex field of v: For an adic space X € AdIEft the groupoid €, (X) consists of
pairs (M, ®) as above such that the reduction modulo E(u) of the filtration

E(u)®(¢*M) C E(uyM C ®(p*M)
is of type v after locally choosing a basis.

For n > 0 we fix elements r,, € (77", |7|'/?""") N p@ such that /P =
rn+1 and write B,, = B, . Denote by z, the point in B,, corresponding to
the irreducible polynomial E(u?"). We define

n
Ap = H ¢ (E(u)/E(0)) € I'(B,, Oy, ) = Bl
i=0
Then A, vanishes precisely at the points z; € By, for i = 1,...,n. Finally
we write

(5.2) A= lim A, = [I ¢"(Ew)/E(©)) € BOY.

n>0

Let X be an adic space locally of finite type over E and M a family of vector
bundles over U parametrized by X. We denote by i : X ®q, Ko — X x U the
inclusion z + (x,0) and by p: X x U — X ®q, Ko the projection. Given
M, we set D = i* M; then & : p* M — M induces a p-linear automorphism
of D which we again denote by ®.

Lemma 5.1. There is a unique ®-compatible morphism of Ox ®q, Ko-
modules € : D — p, M such that

(i) i*¢ is the identity on D

(ii) The induced morphism p*§ : p*D — M is injective and has cokernel
killed by M.

(iii) If r € (x|, |7|'/P) then the image of the restriction of p*¢ to X x Biov]
coincides with the restriction of im(® : o* M — M) to X x B,.

Proof. For affinoid adic spaces this follows from |[PR, Proposition 5.2]. The
general case then follows by glueing on affinoid subdomains using the unique-
ness. U

Using this lemma we can define a morphism

(5.3) ¢, —2-m,,
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compare [PR, 5.b]. Given X and (M, ®) € €,(X) we define (D, @) as above.

Further we have an isomorphism

D&, K== ®(*M) @ 0.1 (Ox ®g, K)

%g(()y'r]

for some 7 € p@ N (x|, |x|'/P). This isomorphism is the reduction of p*¢
modulo F(u). Now we set F! to be the pre-image of the subobject on the
right hand side induced by E(u)M C im ®.

The construction of D(—) is obviously compatible with base change, i.e.
if f: X — Y is a morphism in Ad(létp and (M, ®) € €,(Y), then

J*D(M) = D(f* M)
and hence this construction defines a morphism of stacks.

We want to define a morphism

(5.4) o, 2o ¢,

inverse to the map just defined. The idea is to generalize the construction
in [Ki2, 1.2| (resp. |PR, 5.b.2|).

Let X = Spa(A, A°) be an affinoid adic space and (D, ®,F*) € ©,(X).
Then p*D is a vector bundle on X x U. We write @Uﬂgn = Op for the
completed local ring at x,,. Then we have localizing maps

[(X X By, p*D|xx5,) — Op, 2, @k, T(X, D) = Og, . O [(X, Dg).

n,Tn

Precomposing this map with
c"@d " : (X xB,,p"D) — I'(X x B,,p"D),

where o is induced by the endomorphism of Ky[[u]] that is the Frobenius on
the coefficients, and inverting A,, we obtain a map

in : BOMINA @ T(X, D) — Op, 4, [(u— 20) "] @k T'(X, Dg).
We define a coherent sheaf M, on X x B, by

J

D(X, M) =) i; ((u—12;)"Op, 0, 9k T(X, F') + Op, o, ®x T(X, Di)).
j=0

This is indeed a coherent sheaf as X x B,, is affinoid with noetherian coor-
dinate ring and M,, C A\, 'p*D|x g, . Note that by construction we have

M| xxB, 1 = Mnp—1.
The morphism
id@® : o* (A 'BOY @k, (X, D)) — BOYA ] @k, T(X, D)
induces morphisms of coherent sheaves
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that are injective and have cokernel killed by F(u), i.e. the cokernel has
support X x {xo}. This follows from the fact that, after reducing to the
universal case G x Grg ,,, we are dealing with coherent sheaves on a reduced
space and that the corresponding assertions are true in the fibers over rigid
analytic points of X by the constructions in [Ki2|. Further we clearly have
(I)n‘XX]En,1 =P, .
Using the coherent sheaves M,, we may define a coherent sheaf M on X x U
by

M|xxB, = My.
This sheaf is endowed with an injective morphism ® : p*M — M with
E(u) coker ® = 0 that is locally given by the ®,, defined above.

Lemma 5.2. The sheaf M 1is fpgc-locally on X free over X x U.

Proof. First we claim that there is a fpqc-covering X’ — X such that all
M,, are free over X’ x B,,. This follows from the fact that we may replace
X locally in the fpgc-topology with open subsets of the universal space X,
and hence with (a disjoint sum of) products of closed polydiscs with closed
annuli. Now it suffices to see that M,, is locally free, as all vector bundles
on products of closed polydisc with closed annuli are trivial by Proposition
5.3 below. But M,, is locally free since it is a coherent sheaf on a reduced
space and it follows from the definition that M,, ® k(z) has dimension d for
all r € X x B,.

Now we have to show that there is a compatible system of trivialisations
of the M,,, i.e. there exist isomorphisms

(I Ogl(/XBn - M,
such that ¥y, |x/xm, , = ¥n—1. We write

E, = Isom(O% 5 , M)

for the set of trivialisations of M,, which is non empty by the above.

It follows that this space is a principal homogeneous space under the group
GL4(T'(X' x By, OxxB,)). The identity M, |x/xp,_, = Mp—1 induces con-
tinuous injections F,, < E,_1. As we assume that X’ is a product of closed
polydiscs with closed annuli we find that GLg4(T'(X" x B,,, Oxxs,,)) is dense
in GLg(I'(X’" x By,—1,Oxxp,_,)) and hence E,, is dense in E,_; under the
above injections. By the same arguments as in the proof of [Gr, V. Theorem
2 and Proposition 2| we find that the intersection of the E,, is non empty.
An element of this intersection gives the compatible set of trivialisations that
we were looking for. This shows that M is free over X’ x U. U

Proposition 5.3. Let E be a finite extension of Q, and write B for the
closed unit disc over E. Let 0B ={z € B ||z|=1} and X ={x € B | |p| <
|z| < 1}. Then every vector bundle on

X% x B x OB
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is trivial for any a,b,c > 0.

Proof. We proceed by induction on a. If @ = 0 then the claim follows (for
all b and ¢) from [Lue, Satz 3|.

Assume the claim is true for a. We write
B=XUyyY,

where Y = {z € B | |z| < |p|} B and 9Y = {z € B | |z| = |p|} = 0B. Note
that B = X UY is a covering of the closed unit disc by open subsets.
Let € be a vector bundle on X! x Bb x 9B¢, then the restriction

g|8Y><Xa><IBSb><8E§C

is trivial by induction hypothesis. Hence we may glue £ with the trivial
bundle on Y x X% xBb x 9B¢ and obtain a vector bundle on B x X% x B? x 9B¢
which must be trivial by induction hypothesis. It follows that & must be
trivial itself. ([

Again it is clear that the construction of M(—) is compatible with base
change.

Theorem 5.4. Let v be a cocharacter as in (4.1) satisfying (5.1). The
morphisms €, — ©, and ©,, — €, defined in (5.3) and (5.4) are mutually
inverse isomorphisms.

Proof. We have to check that the morphisms are inverse to each other.
Given an adic space X and an object (D, ®, F*) € ©,(X), there is an obvious
®-compatible isomorphism

U: D —s DM(D)).
We have to check that ¥ respects the filtrations on both objects after ex-
tending scalars to K. But as the M and D are compatible with base
change we may assume that X is reduced, as there is a universal object
over Resy, /g, GLg x Grg . Now for all rigid points € X we have
V(F'Di) @ k(x) = (F'D(M(D)) k) & k()

by [Ki2, Proposition 1.2.8]. As these are coherent sheaves this is enough to
conclude that the map respects the filtrations.

Conversely, start with M € €,(X). Then the map £ of Lemma 5.1 induces
a map
(5.5) M(D(M)) = X"'p*D = AT M.

We need to check that this induces an isomorphism M(D(M)) — M.
By Noether normalization we can locally on X choose a finite morphism
X — Y to a polydisc. Especially Y is reduced and we may view M(D(M)),
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M and A™1p* D as coherent sheaves on Y x U. The morphism in (5.5) induces
an isomorphism

M(D(M)) @ k(y) — M ® k(y)

in the fibers over rigid analytic points of Y, as the claim is true for Q,,
see |Ki2, Proposition 1.2.13|, and hence it is true for all finite Q,-algebras.
Again this is enough to conclude that the map is an isomorphism U

6. ©-MODULES OVER THE ROBBA RING

In the previous section we have defined an isomorphism between stacks
parametrising families of vector bundles over the open unit disc and certain
filtered ¢-modules generalising the construction in [Ki2]. In loc.cit. Kisin
shows that under the above isomorphism the condition of being weakly ad-
missible translates to the condition of being pure of slope zero over the Robba
ring (in the sense of [Kel) for rigid analytic points. The idea is that the re-
striction of a vector bundle with semi-linear action of ® on the open unit disc
to some small annulus near the boundary still carries a lot of information
about the vector bundle itself.

In fact, under the equivalence with crystalline representations, the restric-
tion to small annuli near the boundary corresponds to the restriction of the
Galois representation to Gk . Kisin shows that the restriction to Gk is
fully faithful on the category of crystalline representation, see [Ki2, Theorem
0.2]. For flat torsion representations (and hence for representations arising
from p-divisible groups) this was shown by Breuil in [Br2, Theorem 3.4.3|.
The slope theory for modules over a relative Robba ring was studied by
Kedlaya and Liu in the rigid analytic setting in |Liu| and [KL|, where they
already point out that the corresponding results fail in the category of ana-
lytic spaces in the sense of Berkovich (compare [KL, Remark 7.5]). However,
we need to transpose their result to the category of adic spaces (locally of
finite type) as this category seems to be the right category to formulate
statements such as the local étaleness of p-modules.

6.1. The relative Robba ring. For 0 <r < s <1 we denote by By, ;) the
annulus of inner radius r and outer radius s and by Us, the subspace of U
of inner radius r.

We write

Blmsl = F(B[r,s]v OB[r,s])’ Al = F(B[T’S]’ Oﬁ[hs )

]
B = I(Us,, Ou.,), AP = T(Us,, 0. ),
for the coordinate rings of these spaces and their integral subrings.

Let X be an adic space over Q,. We define the following sheaves of topo-
logical rings on X which are relative versions of the rings introduced above:
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For 0 <r < s < 1 we define
93&?5] =pry . Oxxp, = Ox®q, B,
A5~ prx. O, | = O%2, AP,
%’E?l) =prx, Oxxus, = Ox&qg,BIMY,
Ay = pry, Ok, = 0%z, A0,

where pry denotes the projection to X and by the completed tensor product
we mean the sheafification of the completed tensor product of presheaves of
topological rings.

We now define the relative Robba ring and the ring of integral elements in
the Robba ring to be the sheaves of rings

#% = lim ALY
r—1

A = lim 7y
r—1

on X. Again these are sheaves of topological rings. Then for a quasi-compact
open subset U of X we have

. r,1
(U, #%) = lim (U, BLY)
r—1
. r,1
T(U, o/}) = lim (U, o7y V).
r—1
We denote by
(p : B[rl/pysl/p] — B[T,S]
the morphism induced by the map which is the Frobenius on Ky and which
maps u to uP. This induces maps

Uzrl/p — UZT

which we again denote by ¢. If X = Spa (A, AT) is an affinoid space we also
write ¢ for the induced morphisms in the coordinate rings
p: ABg, Bl = T(X x B, Oxx8,,) — ABq,B

[r1/P s1/P]

[Oo A@QPB[TJ) = F(X X UZT’ OXXUZr) —_— A®QPB[T1/p71)-

In the limit these morphisms also define a morphism ¢ on %’)]? that preserves
the integral subring.

If F is a (complete) topological field over @, with continuous valuation vp

[7‘78] — (@[T‘,S}

and integral subring F'*, we simply write ;" = spa(rp+) and similarly

for the other sheaves of rings defined above.

Now we can define families of p-modules over the Robba ring parametrized
by an adic space X. In our context this is the kind of object that appears
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if we restrict the families of vector bundles on the open unit disc to small
annuli near the boundary of the open unit disc.

Definition 6.1. (i) A family of p-modules over the Robba ring parametrised
by X is an %’)I?—module N that is locally on X free of finite rank over 93)1?
together with an isomorphism ® : *N — N

(ii) A family of ¢-modules of rank d over %% is called étale if there exists

a covering (U;);er of X and free %Ji—submodules N; of Ny, of rank d such
that

and ® induces an isomorphism ¢*N; — N;.

(iii) A family A of ¢-modules over the Robba ring parametrized by X is
called étale at x € X if the p-module XN over %’gm is étale.

Definition 6.2. (i) Let 0 < 7 < r'/? < s < 1. A @-module over 95’?;’5] is
an ,%’E;’S}—module N that is locally on X free of finite rank together with an
isomorphism

[r1/P s

* 1/177
D:p N®@[T1/p7sl/p] B | — N®’%£?s] @; S}.
Bx

(i) A p-module (N, ®) over e%’g?s} is called r-étale, if there exists locally on
X a free ;z%)[:’s]-submodule N such that N = N ® lrs) 93&?81 and
X

Tl/p,s}

x [ _ [r
@((p N ®ﬁ)[(7‘1/p751/p] MX ) - N ®d)[g‘vs] Jy){

Lemma 6.3. Let X € Ad(létp and x € X.

(i) If x is a rigid analytic point of X, i.e. k(x) is a finite extension of Qp,
then BL @ k() is identified with the classical Robba ring of k(x) in the sense
of |Ke, Definition 1.1.1], i.e.

B @ h(w) = lim T(Usr @, K(z), Ou,, cq k) = BLes.
r—1

(ii) If x is an arbitrary point, then

B @ k(x) C @f}@

is a dense subring.

Proof. (i) Our definitions imply that there is a canonical injection
‘@)I? ® k($) — hi>n F(UZT ®@p ]f(.%'), OUZT@J@pk(x))'
r—1

Let Y,.; fiu' be an element on the right hand side. As k(z) is finite over
Qp there is a neighbourhood U of x in X such that all functions of k(z) lift
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to U. Hence there are functions f; € T'(U, Ox) that reduce to f; in k(x).
(ii) This is an direct consequence of the definitions and the easy point, that

By @ k(z) c B
X ®k(z) b
is dense. O

Remark 6.4. The obvious analogue of this Lemma for the integral ring szfﬂ\)
T

is also true, i.e.

A} @ h(w) = i T(Uzr €g, k(@) Of_ g, 1) = 7
r—1 -

if x € X is a rigid point. Further
T t
oy @ k(x) C ;zik/(;)
is dense if z is arbitrary.

For the rest of this section we will use the following notation:
Let 7 € p2 N [0,1). Then we write 7; = r'/?". We end this subsection by
proving that it is enough to work over some closed annulus near the boundary
in order to show that a family of p-modules over the Robba ring is étale.
We say that a family (N, ®) of p-modules over the Robba ring parametrised
by X admits a model N, over Us, if there exist a vector bundle N, over
X x Us, (that is locally on X free) and an isomorphism

DN, — NT|X><U2r1

such that
Ni ® iray B =N
0.4

compatible with the (-linear maps on both sides.

Proposition 6.5. Let X = Spa(A,A") € Adgtp and let (N, ®) be a free
p-module over %’f} that admits a model N, over Us,. Then N is étale if N,
is r-étale in the sense of Definition 6.2.

Proof. Denote by X = Spf At the formal model for X, ie. X = x2d,
Further let us write

B® =B

[r,r1/P"]
and
oB; = aB[o,rl/pi] - B[rl/z”',rl/?"]

for the moment.

We now inductively construct lattices N in the restriction of A, to X x
B® that are stable under ®. We start with N(2) = N, on X x B®). Then
we define N0 by glueing N and ¢*N@ over X x By, »,], using the
isomorphism ®. This yields a sheaf N on X x Us,. We claim that NV is free

over 42%)[?’1).
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We may choose
Yit1=YiUZ;
as a formal model for B®, where ) is the canonical formal model for B()
that becomes isomorphic to
ATUA!
after a ramified extension of K and the zero section of the first formal affine
line is glued together with the zero section of the second formal affine line.

Further Z; is the canonical formal model for By, _, ;. Then the special fiber
of Y; is the k-scheme

Vi=ALUPLU---UPLUAL
where the infinity section of the j-th P is glued to the O-section of the j+ 1-

th P1 and the infinity section of the i — 1-th (i.e. the last) P} is glued to the
0-section of A,lg. In the limit we find that lim })); is a formal model for Us,.
e >

Further X x J; is a formal model for X x B® and lim X x Y; is a formal
—
model for X x Us,.

Our definition of the sheaf N; also defines vector bundles on X x J); that
are trivial on the product of X with each irreducible component of };. Hence
we can find trivialisations of these vector bundles and even compatible ones
as ¢ grows. The analytification of this compatible trivialisation on the formal
model yields a trivialisation

d
OXXUE,,» N

mapping ((’)}XUZT)CI to the sheaf N. This yields the claim. O

6.2. Local étaleness. In this section we study how the property of being
étale behaves in families. Given a family of p-modules over the Robba ring
we will show that the subset where the ¢-module is étale is an open subset.
This will imply that a family of ¢-modules is étale if and only if all fibers
are étale.

We use the following notation. Let X be a quasi-compact adic space locally
of finite type over Q, and f € I'(X, Ox). We write

Iflx = me(%p){vx(f)} €R,

where the maximum is taken over all rigid analytic points of X. By the
maximum modulus principle we then also have

vz(f) < |flx

for all points x € X which makes sense as every point is the secondary
specialisation of a rank 1 valuation (cf. [Hu3, Lemma 1.1.10]). The following
is a variant of [KL, Lemma 7.1]
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Lemma 6.6. Let X = Spa(A, AT) be a reduced affinoid adic space and
x € X. For any X\ > 0 there is an affinoid subdomain Y = Spa(B, BT) of X
such that for all f € A vanishing at x we have vy(f) < N f|x for ally € Y.

Proof. We have A = A™[1/p] and the rings A and A" are noetherian. Hence
we can generate the ideal I C A of functions vanishing at z by finitely many
functions f1,..., fr € A. Multiplying with an arbitrary power of p we may
assume that |f;|x = 1. Hence the affinoid subdomain defined by |fi(y)] < A
for all 7 satisfies the required properties. O

Let X = Spa(A, A1) be an affinoid adic space. For 0 <r < s < 1 we write
B[AT»S} = F(X X B[r,s}, OXX]B[r,s]): A®QPB[T»S],
ALY = D(X % By, Ok g, )= A7z, Al

r,S

Definition 6.7. Let X = Spa (4, A") be an affinoid adic space and fix
0<r; <s<ry<1. We define a valuation wg on B[Arl’rz] as follows. Given

f=3 fu By

we define
ws(f) =supp™*|filx,

where s = p~°. This is just the multiplicative version of the valuation defined
in [KL, Definition 7.2].

In the following we will use the following notation: If D is a matrix and v a
valuation, we write v(D) for the maximum of the valuations of the coefficients

of D.

Lemma 6.8. Let X = Spa (A, AT) be an affinoid adic space and let D €
GLd(B[j’S]). We set
h = (ws(D)wys(D1)) L.

Let F € Matdxd(Bgi’S]) such that
wy(FD™' — I;) < ¢h!/P}

for some ¢ < 1. If s2(P=1) > P then there exists U € GLd(BEZ’Sl/p]) such
that

W =U"'"Fe(U)D™" — I € Matgxq(pA?")
and ws(W) < 1.

Proof. This is [KL, Lemma 7.3]. O
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Theorem 6.9. Let X be an adic space locally of finite type over Q, and N
be a family of free p-modules of rank d over %g’m]. Assume that there exists
x € X and an d)[g’m] ® k(z)-lattice Ny, C N ® k(x) such that ® induces an
isomorphism

(6.1) P : " (N® irra) d)[(r’rﬂ) — N @ _jrr) JZ/)[(TLW]'
X Tx

Then there exists an open neighbourhood U C X of x and a locally free
%U[r’rﬂ -submodule N C N of rank d such that

@((P*N‘XXB[T,Tl]) = N‘XXB[TLTQ]
N@M['r,'rg] %gﬂg] :N|U
U

Proof. In this formulation the proof is the same as the proof of [KL, Theorem
7.4]. Let us sketch the argument.

We may assume that X = Spa(A, AT) is affinoid. Choose a basis e, of
N, and denote by Dy € GLd(d)[(T’m} ® k(x)) the matrix of ® in this basis.
After shrinking X if necessary we may lift the matrix D to a matrix with
coefficients in I'(X, ;z%)[(r’m]). Localizing further we may assume that D is

invertible over T'(X, 42/)[;’”]).

Fixing a basis b of N we denote by S € GLd(BZ’T]) the matrix of @ in this
basis. Further we denote by V' a lift of the change of basis matrix from the
basis e, to the basis b mod x.

Applying Lemma 6.6 we can shrink X such that the valuation of the matrix
V=1Sp(V) — D is arbitrary small, as the valuation vanishes at . Now we
can apply Lemma 6.8 with the matrix F' = V~1Sp(V) and obtain a matrix

U € GLy(BI™).

Then the basis of N obtained from b by base change via the matrix VU
defines the desired integral model N on X X By, .. ). Gluing N and ¢*N on
X X By, 7] using @ we obtain the desired model. U

Proposition 6.10. Let X € Adg“p and N be a @-module over %’B’;’Tﬂ. Let
x € X such that ciN is r-étale in the sense of Definition 6.2. Then N @ k(x)
admits an sz)[g’m] ® k(x)-lattice that is ®-stable in the sense of (6.1).

—

Proof. So simplify the notations, we write F' = k(x) and F = k(z). Further
we write m C E7T for the maximal ideal of elements with valuation strict less
than one.

Let N be an Mg’rz]—lattice in N such that
(62) q)(SD*N|{CE}><]E[T7T1]) = N’{I}XB[TLTQ]'
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Consider the 42%)[;’7“2} ® k(z)-module M = NNN ® k(z) C L IN. We claim
that the canonical map

N/(mN NN ® k(x)) — N/mN

is an isomorphism: Indeed it is injective by definition and it remains to
check surjectivity. But N ® k(z) is dense in t*N and N\mN C N is open.
Hence we can approximate a basis of N by elements in 91. As m contains a
fundamental system of neighbourhoods of 0, the surjectivity follows.

Now we can lift a basis of N/mN to elements fi,..., fg € 9. Consider the
(free) @/)[(T’TQ] ®k(x)-submodule N of N @k (z) that is generated by f1, ..., fa.

]

By Nakayama’s Lemma f1,..., fg generate N over ﬂg’m and hence also

AN over %g’m]. Now the maximal ideals m, of %’;’m] ®k(x) are parametrized
by the Galois orbits in {a € F | r < vp(a) < ro}. It follows that the im-
ages of f1,..., fq generate N ® k(z) modulo each maximal ideal m,, as they

generate ¢*N modulo the closure of m, in %’g’m]. Hence f1,..., fq generate
N ® k(z) by Nakayama’s Lemma.

If we denote by B the matrix of ® in the basis fi,..., f4, then the above
implies

B € GLy("") N GLy(BY @ k(2)) = GLy(#1 @ k(z)).
This finishes the proof of the Proposition. O

Corollary 6.11. Let X be an adic space locally of finite type over Q, and
(N, ®) a family of p-modules over :@)}?.

(i) Let x € X. Then (iN is étale if and only if N @ k(x) is étale, i.e. if
N @ k(x) admits a ®-stable 527;( ® k(x)-lattice.

(i) The subset {x € X | LN is étale} is open.

(i) The family N is étale if and only if LEN is étale for all x € X.

Proof. We may assume (locally on X) that the family N admits a model
over Us,. The claim now follows from Proposition 6.10, Theorem 6.9 and
Proposition 6.5. [l

Remark 6.12. Note that a family of ¢-modules over the Robba ring is not
necessarily étale if it is étale in all rigid points. If this were the case, it would
follow that DI = D¥2 (with the notations of the next section). As already
stressed in the introduction, this is not the case but a little bit involved. We
do not give an example here, but hope to adress this question in subsequent
work. As a consequence, Kedlaya’s slope filtration theorem (see [Ke]) fails
for arbitrary large coefficient fileds.

Remark 6.13. As in Example 4.4 above we find that the étale locus is not
a Berkovich space in general. Using the same notations as in example 4.4,
one can show that the family on X obtained from the family of filtered
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isocrystals, by applying the construction in section 5 and restricting to the
boundary, is étale exactly over X%2.

Proposition 6.14. Let f : X — Y be a morphism of adic spaces locally of
finite type and let Ny be a p-module over BE. Denote by Nx = f*Ny the
pullback of Ny to a @-module over %’)}?. Let

U={xeX|Nx is étale at x}
V={yeY | Ny is étale at y}.
Then f~4(V)=U.

Proof. First it is obvious that f~%(V) C U. Let # € U mapping to y € Y.
We have to show y € V. As above we may reduce to the case that Ny
(and hence also Nx) admits a model over Us, and we may even work over
X x B[mnz} and Y x B[Naﬂ.

As U is open, we may replace = by a point in U N f~!(y) such that E = k(x)
is finite over F' = k(y). Enlarging E' if necessary we may assume that the
extension is finite and Galois with Galois group H.

Fix an .Q{g’m]—lattice in N ® k(z) that satisfies the condition (6.2). Let
e1,...,eq be a basis of this lattice. We can consider the %g’m]—la‘ctice N
which is generated by the translates of the e; by the action of H. Now N
is stable under the action of H and we may take the invariants N/ = N
which are a finitely generated %}T’TQ]—submodule that also satisfies condition
(6.2) and which generates N @ k(y) as N contains a neighborhood of 0. We
claim that N is free.

As N’ is finitely generated, it is defined in a neighborhood
U =Spa(4,AT)CY
of y and generates N|y. Especially N’ is freely generated by exactly d ele-
ments in every rigid analytic point of U X B;.,.,]. Now we view N " as a coher-
ent module on the formal model Spf AT x X of U XBy;. ), where X denotes the
canonical formal model of By, ., with special fiber Spec(A* /AT)x (ALUA}).
Here AT C AT denotes the ideal of topologically nilpotent elements. We
consider the restriction N’ of N’ to this special fiber and find that it is freely
generated by d elements in every closed point of the special fiber. It follows
that the reduction of N’ C Ny ® k(y) modulo the maximal ideal mp+ of F*
is free of rank d on Spec kg x (A,lC U A}C) By Nakayama’s lemma we can lift
d generators of the special fiber to generators of N'. As N’ @+ F is free of
rank d, these generators can not satisfy any relations. O

7. THE PERIOD MORPHISM

In this section we deal with an integral model for the stack ®,. We recall
from [PR] the definition of a stack of integral models Cx,, and the definition
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of the period morphism
TI(X) : Cr (X) — D, (X7%)
for a p-adic formal scheme X. First we recall from [PR] the definitions of the

stacks C, K and CAK’Z, on the category Nil,, of Z,-schemes on which p is locally
nilpotent.

For a Zy-algebra R such that p" R = 0 for some n we set é\K(R) to be the
groupoid of pairs (I, @), where M is an Ry [[u]]-module that is fpqc-locally
on Spec R free over Ryy[[u]] and ® : 9t — 9 is a ¢-linear map such that

E(u)M C (™M) C M.
Here we write Ry = R ®z, W and
¢ : Rw([u]] — Rw[[u]]

is the morphism that is the identity on R, the natural Frobenius on W and
that takes u to uP.

Given a dominant coweight v that satisfies the extra condition (5.1), there
is a closed substack é\K,V - (/Z’\K, where the Spf Op-valued points (for finite
extensions F' of Q, containing the reflex field of v) are the pairs (91, @) such
that the reduction modulo E(u) of the filtration

E(w)® (™M) C E(u)M C (™M)

is of type v. See |PR, 3.d| for the precise definition of C K-
These definitions imply that for a p-adic formal scheme & topologically of
finite type over Z, we have a map

Crep(X) — €, (X)) — D, (x2d)

which will be referred to as the period map, see also [PR, 5.b.4]. Here the
first arrow is given by analytification of a pair (90, ®).

The motivation to consider these stacks comes again from the theory of
p-adic Galois representations. By Kisin’s classification of finite flat group
schemes of p-power order (cf. [Kil, 1]), if p > 2, the pairs (M, ®) € Cx(R)
correspond to finite flat group schemes over Spec Ok with an action of R,
provided R is finite and 9 is of projective dimension 1 over W{[u]]. This
motivates our definition of the stack 5K. If p = 2 then the corresponding
classification was proved by Kisin for connected objects in [Ki4, Theorem
1.3.9] and finally independently proved in the general case by Kim [Kim],
Lau [Lau| and T. Liu [TLiu]

Fixing a cocharacter v, a Spf Op-valued point of 5K,u (for some F' con-
taining the reflex field of v) defines a p-divisible group over Spec Ok with
action of Op. The idea of the definition of the stack é\K’,, is that the Hodge-
filtration on the rational Dieudonné module of this p-divisible group is of

type v.
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First we study what the period morphism does on Spf O valued points.
We write © g for the disjoint union of the ®,, for all (miniscule) cocharacters
v as in (5.1). The definitions imply that é\K,,, maps to D, C D g under the
period morphism.

We make the following observations that are already contained in Kisin’s
paper |Ki2|.

Proposition 7.1. Let F' be a finite extension of Q, with ring of integers
Op. A filtered ®-module (D,®,F®) € Dg(F) is weakly admissible if and
only if it is in the image of the period morphism, i.e. there is an object
z = (M, ®) € Cx(OF) such that

(D,®, F*) =1I(Spf Op)(z).
Proof. This is a consequence of [BrCo, Corollary 10.4.8, 10.4.9]. O

Further we remark the following connection between the image of an Op-
valued point (9, @) of Cx and the Galois representation on the Tate module
of the p-divisible group associated to (90, ®).

Proposition 7.2. Let F' be a finite extension of Q, with ring of integers Op
and z = (M, ®) € Cx(Op). Write V,, = T(Gz) ®z, Qp for the rational Tate-
module of the associated p-divisible group and (D,®,F®) € D (F) for the
image of x under the period morphism. Then there is a natural isomorphism
of filtered ®-modules

Deyis(Vo(—1)) = (D, ®, F).

Proof. As (D, ®, F*) is weakly admissible, there is a crystalline representa-
tion V' = V4is(D) associated to it, by [CF, Theorem A|. By |Ki2, Corollary
2.1.14] the restriction functor to Gk, = Gal(K/K) is fully faithful on the
category of crystalline G i-representation. Hence it is enough to show that

Ve(=Dlax,, = Vlek., -
But with the notations of (2.1) we have isomorphisms
Va(=Dlcx, — VBM ®@p00) B) — Vg,

where the first isomorphism follows from [Kil, Proposition 1.1.13| and the
second follows from [BrCo, Proposition 11.3.3]. O

Remark 7.3. By Kisin’s classification, the objects (9, ®) € (?K(Spf Or) cor-
respond to p-divisible groups over Spec O, see [Kil, Corollary 2.2.22]. In
the above Proposition we use implicitly that every crystalline representa-
tion with Hodge-Tate weights in {0, 1} arises as the Tate-module of some
p-divisible group over Spec O . This was shown by Breuil for p # 2 in |Brl,
Theorem 5.3.2] and by Kisin in [Ki2, Theorem 0.3| for arbitrary p.
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Denote by E the reflex field of the cocharacter v. We now define a stack

Dint on the category AdIElct which will be the image of the period morphism

in a sense specified below. We will write
0,1
JZ{)[( )= PIX « O;EXU
for the sheafified version of the ring A% on an adic space X.

Definition 7.4. A p-module of height 1 over @7)[(0’1) is an sz)[(o’l)—module m
that is locally on X free of finite rank with an injection ® : ©*9T — 9 such
that E(u)coker ® = 0.

Definition 7.5. Let D' denote the groupoid that assigns to an adic space
X e Ad¥ the groupoid of (D, ®, F*) € ®,(X) such that locally on X there

exists a p-module I of height 1 over %)[(0,1) such that
0,1) ~ °
933@@(0,1) %g( ) :M(D,(I),]: )7
where M(D) is the vector bundle on X x U defined in (5.4).

Theorem 7.6. (i) Let X € AdE and (D, ®,F*) € D,(X) be a family of
filtered p-modules on X. Then (D, ®, F*) € D1 (X) if and only if the family

M(D) ® o 734

of p-modules over the Robba ring us étale. ‘
(ii) The groupoid D™ is an open substack of DY* and DI(F) = DYV (F)
for any finite extension F of E.

Proof. (i) The one implication is obvious. Assume that the family is étale.
As being étale may be checked at points and is compatible with base change
we can reduce to the universal case and assume that X is reduced. Locally

on X thereis 0 <r <1 and an d)[(r’l)—lattice N in
M(D) ® 4on By = M(D)|xxus,

such that
(I)(SO*N) = N’XX]Uzrla

where we again write r; = 1/ P'. We also write N for the restriction of N to
the annulus X x By, ..

By Proposition 7.7 below we can (locally on X) construct a free @7)[(0 2]
module

M, C M(D)®_j0.1) B

200
such that
E(U)Mr C ®(¢*MT‘XXB[T,T1]) C M,.

By gluing M, with @*MT|X><IB%[T2 rs] using the isomorphism ®, we can extend

M, to ﬁ%)[(o 3], Repeating this procedure yields the desired p-module of height
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1 over 42%)[(0 Y The freeness of this module follows by the same argument as
in Proposition 6.5

(i) By Corollary 6.11 the condition of being étale is equivalent to being étale
at all points, which is an open condition. The fact that this notion is fpqc-
local follows from Proposition 6.14. The description of the rigid analytic
points is a consequence of |Ki2, Theorem 1.3.8]. Now it also follows from
Proposition 4.3 that the open substack D of ©,, is an open substack of
Dre. O

Recall that we write

AE:;,S] _ F(Spa(-A)AO)’JMS[:;:2A7AO)) = AC’@ZPA[rvS] = AO<T/577’/T>3

for a complete Q,-algebra A topologically of finite type.

Proposition 7.7. Let X = Spa (A, A1) be a reduced affinoid adic space of
finite type over E. Let v > |r| with r € pQ and set r; = /. Let M, be a
free vector bundle on X x By, such that E(u)M, C ®(¢*M;|xxBs,,) C M;.

Assume that there exists a free AZ’M] = AT (T/ro,7/T) submodule
Ny C N, = My @ o By
A

of rank d, containing a basis of N, such that

(" (N7 @ 7 Al = N, ® L) Al

Then locally on X there exists a free A[AO’TQ]-submodule M, C M, of rank d,
containing a basis of M, such that

(7.1) @ " (My @0 Ay g,

is injective with cokernel killed by E(u).

Proof. The idea of the proposition is to give a relative version of the proof of
|[Ki2, Lemma 1.3.13]. Again it is enough to consider the universal case and
hence we may assume that Spa(A4, A") is a product of discs and annuli.

We also write M, for the global sections of the vector bundle. Write M, =
M, NN, C N,. This is an AT (T /r3)-module. Further we set

M, = (M ® , o) A" 0 MI[E] C N,

A[OWQ
A
Then M, is a finitely generated AT (T /rs)-module as the ring is noetherian,

and we claim that it is locally on X free and satisfies (7.1).

We first claim that for all quotients AT — Op onto a finite flat Z,-algebra
the map in (7.1) exists and the Op(T'/r2)-module M, ® 4+ OF is free and
satisfies the condition in (7.1). To do so it is enough to show that the
construction (M,, N,) — M, commutes with base change — ® 4+ O, as the
claim then follows from the argument in the proof of |Ki2, Lemma 1.3.13].
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We show that M) @ 4+ Op = (M, ®4 F)N (N, ® 4+ OF), as the argument
for the second step in the construction of M, is the same. Consider the short
exact sequence

0— M, — M, — M, /M. — 0.

As M, /M is p-power torsion, so is Tor{' (Op, M,/M!) and hence it is
enough to show that M/ ® 4+ Op has no p-power torsion. Let w be an
uniformizer of Op. If f € M/ is a lift of a w-torsion element, then f ¢
mM/ but wf € mM, (at least Zariski-locally around the point defined by
AT — Op), where m is the ideal defining A™ — Op and @ is a lift of w.
As we assume that Spa(A, A™) is a product of discs and annuli the ideal m
is generated by elements (g1, ..., g,) such that (w, g1,...,g,) form a regular
sequence in any ordering of the elements. Especially it follows that f € mM,
if of € mM].

It now follows that the reduction M, of M, modulo wg defines a vector
bundle on Spec(AT /wrpAT)™d x Al. Hence, after localization on X, we may
assume that M, it is free. As M, is Op-flat (by construction it has no wg-

power torsion) the claim follows by Nakayama’s Lemma after lifting a basis
of M, to M,. O

We now want to show that the stack D' is the image of the period map
defined by Pappas and Rapoport in the sense of (a slightly weakened version)
of [PR, Conjecture 5.3].

As the stacks D, DV and D are Artin stacks, it makes sense to extend
them to the category of all adic spaces (not necessarily of finite type) over
the reflex field of v.

Let F' be a complete topological field over Q, and vp : F* — I'r a
continuous valuation. As usual we write F* = {a € F | vp(a) < 1} for the
ring of integral elements.

We say that F' is topologically finitely generated if there exist finitely many
elements f1,..., fm € F such that Frac(Qp[f1,..., fm]) is dense in F.

We say that F'is of p-adic type if for any fi,..., fm € F the topological
closure A of the Qp-subalgebra Q,[f1,..., fin] in F' is Tate, i.e. a quotient
of some Q,(T1,...,T,), and the intersection of 't with A is precisely the
ring of power bounded elements A° C A.

If F' is topologically finitely generated and of p-adic type, then there is
an adic space X of finite type over Q, such that F'is the completion of the
residue field at a point of X: If fi,..., f;, are topological generators and
if A denotes the closure of Qp[fi,..., fm], then the restriction of vy to A
defines a point in Spa(A, A°) such that the completion of its residue field is
F. Conversely, if X is an adic space, then the completion of the residue field
at a point x € X is topologically finitely generated and of p-adic type.
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Theorem 7.8. (i) Let F be a topologically finitely generated field of p-adic
type and (D, ®,F*) € D,(F). Then there exists (M, P) € Cr,(Spf FT)
such that TI(Spf FT)(IM, ®) = (D, ®, F*) if and only if

M(D) ® o) 4

is étale if and only if Spa(F, F+) — D, factors over DI,

(ii) Let X € Ad(létp and f : X — D, a morphism defined by (D, ®,F*). Then
f factors over D1t if and only if there exists a covering U; of X and formal
models U; of U; together with (9, ®;) € (?K’V(Z/li) such that

H(uz)(muq)l) = (qu)v}-.)hfi'

Proof. (i) If (9, @) exists, then it is obvious that
M(D) ®%[071) ‘@g
F

is étale. Conversely, assume this is the case. By the above remark we may
embed the field F' into a space X of finite type and (after localizing) assume
that (D, ®,F*) extends to a family on X. Then étaleness is equivalent to
the fact that X — ®, factors locally around z over ®™ by Theorem 7.6
and this also implies the existence of a lattice of ¢-modules of height 1 over
,Qf)[(o 1) locally around x. The fiber of this lattice at x then defines the point
(9, @) € Crc, (Spf F1).

(ii) If X is reduced this is just a restatement of Theorem 7.6, using the fact
that a free ;zf)[(o Y_module on an reduced, affinoid adic space X = Spa(A, A™)
is the same as a free A+<§>ZPW[[U]]—module and Spf A™ is a formal model for
X. The general case follows by locally choosing a formal model f:)Y — X
for the morphism to the universal family and pulling back the family of
p-modules over OX@)ZPW[[U]] along f. O

8. FAMILIES OF CRYSTALLINE REPRESENTATIONS

In the previous section we have constructed an open substack of the stack
of filtered @-modules on which there exists an integral model (in the sense
of Kisin’s paper [Ki2|) for the (weakly admissible) filtered ¢-module, if the
type of the filtration is given by a miniscule coweight. Now we want to
construct an open substack of the weakly admissible locus on which there
exists a family of crystalline representations giving rise to the restriction of
the universal filtered ¢-module.

8.1. Some sheaves of period rings. First we have to define some sheaves
of topological rings which are relative versions of the period rings recalled
in section 2. Recall that an adic space X comes along with an open and
integrally closed subsheaf O} of the structure sheaf Ox. Unfortunately this
subsheaf is only well behaved if X is reduced: if f € Ox is nilpotent, then
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p"f e (9} for all n. Hence we will consider the integral versions of the
period sheaves only for reduced spaces. It will turn out that this is enough,
as we have a reduced universal case.

The ring R introduced in section 2 is equipped with a valuation valg given
by
ValR((x()? Z1,22,- .- )) = ’Up(l'o),
where z; € Oc,, and 2 = w;_y for all i. The topology defined by the
valuation coincides with the canonical topology of R, and R is complete
with respect to this topology.

Let AT be a reduced, p-adically complete, flat Z,-algebra topologically of
finite type over Z,. We define

ATRW(R) = @A*@pri(R),

>0

where AT ®z, W;(R) is the completion of AT @z, W;(R) with respect to the
discrete topology on A1 /p'A* and the natural topology on the truncated
Witt vectors W;(R) = W(R)/p'W (R).

Lemma 8.1. (i) Let AT and B be two Zy-algebras as above and assume
Bt = AT /I for some (closed) ideal I C AT. Then

BT@W(R) = AT@W(R)/I(AT@W (R)).
(ii) If BT is a finite A" -algebra, then
BY@W(R) = (AT@W(R)) @4+ BY.
(i) Let X be an reduced, affinoid adic space of finite type over Q, and

X =JU; be a covering by open, affinoid subspaces. Write AT = T'(X, (’)})
Further set A7 =T(U;, 0%) and A;; =T (U;NU;,0%). Then

0— ATRW(R) — [[4TeW R[] AW (R)
i i.j
15 exact.

Proof. (i), (ii) These are direct consequences of the definition.
(iii) As OF is a sheaf, we find that

0— AT — J[AF S]] A
i i

is exact. This sequence is still exact if we reduce modulo p’ and tensorize with
Wi(R). Further it stays exact if we complete with respect to the topology
on Wi(R). The claim follows from this. O

Using this lemma, we can define a sheaf O}@W(R) on a reduced, affinoid
adic space X of finite type over @, such that

T(U,0L8W(R)) = T(U, 0O%)&W (R)
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for all affinoid open subsets U C X: For an arbitrary open subset V' C X
we define
[(V,0L&W(R)) = lim I'(U,Ox)&W(R),
VoU
where the limit is taken over all open, affinoid subspaces U C V. Further we
can extend this construction to all reduced adic spaces locally of finite type.

Similarly we can define the sheaf OF&W (Frac R).

IfX e Ad(gtp, then we can consider the sheaf Ox&W (Frac R)[1/p], which is

obtained from O ®W (R) by inverting p. This sheaf also makes sense if X is
not reduced, where it is defined to be the restriction of Oy &W (Frac R)[1/p)
to X for some closed embedding of X into a reduced space Y.

Given a section f of Ox®W (Frac R)[1/p], we say that f vanishes at a
rigid point z € X if

f(z) € (Ox@W (Frac R)[1/p]) ® k(z)

is zero. We use the same terminology for the other sheaves of period rings
that we are going to construct.

Lemma 8.2. Let AT = Z,(T\,...,T,) and X = Spa(A*[1/p], AT).
(i) The canonical map

ATRW(R) — [[ k()" @z, W(R),
where the product runs over all rigid points x € X, is an injection.
(ii) Let
a: (ATRW(R))™ — (ATEW(R))™
be an A*@W(R)-lmear map such that coker o vanishes at all rigid points of
X. Then coker ao = 0.

Proof. (i) Let f € AT®W (R). After dividing by some power of p, we may
assume that

f modp=fe Fp[Tl,...,Tn]éAi)FpR
is non zero. We need to check that the image of f in []x(z) ®p, R is non

zero, where the product runs over all closed points x of Spec Fp[T1,...,T),].
Fix an [F)-basis (b;)icr of R, then

el
with f; € Fu[Ty,...,T,] and the sets {i € I | fi # 0 and valg(b;) < 7}
are finite for all 7 € R. As f # 0 there exists an index ¢ € I such that
fi # 0. Hence there exists a closed point z € Spec Fp[T1, ..., Ty] such that

fi(z) # 0. It follows that the image of f in [] x(z) ®r, R does not vanish.
(ii) Again we can reduce the claim modulo p and obtain a map

a: (Fp[Ty,..., Ty)®R)™ — (Fp[T1, ..., T,)®R)™
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such that coker & vanishes at all closed points z € Spec F,[T7,...,T;]. Now
coker « is a finitely generated module over F,[T7,. .., Tn]®FpR. We denote
by I the ideal of F,,[T1, . .. ,Tn]ééFpR which is generated by all elements in R
with positive valuation. Then [ is contained in every maximal ideal and by
Nakayama’s lemma coker & vanishes if its reduction modulo I vanishes. But
(FplT1, ..., Tn)®5,R) /I =Fp[Ty,...,T,] ®F, F, and every finitely generated
module over this ring clearly vanishes if it vanishes modulo all maximal ideals
of Fy[T1, ..., Th)]. O

Remark 8.3. The same proofs as above also apply to p-torsion modules, i.e.
if M is a finitely presented (AT®W(R))/p™-module which vanishes at all
the rigid analytic points of X, i.e. M ®z, k(z)™ = 0 for all rigid analytic
points © € X, then M = 0. Further, if M C N is an inclusion of finitely
presented (AT&W(R))/p™-modules and f € M such that

f(z) € N ®z, k(x)t c M ®z, k(x)+
for all rigid points x, then f € N.
Corollary 8.4. Let X be an affinoid adic space of finite type over Q,. By
Noether normalization there exists a finite morphism f : X — Y, where

Y = Spa(Qu(T1,...,Tn), Zy(Th,...,Ty)) is a polydisc. Then the canonical
map

I(X,0x@W(R)[L]) — [[T(f (), Ox) @g, W(R)[2]
is an injection, where the product runs over all rigid analytic points of Y.
Further a finitely presented Ox @W (Frac R)[1/p]-module vanishes if it van-

ishes at all rigid points of Y.

Proof. As Ox is a finite Oy-module, this is consequence of Lemma 8.2. [

Let X € Ad(lé)tp be a reduced space. We define the sheaf Ay by taking
the closure of O% ®z, A in O} ®W (Frac R). By this we mean that for an

affinoid open U C X we define I'(U, @7x) to be the topological closure of
T'(U,0%) ®z, A C T(U, O%&W (Frac R)).

Similarly we define the sheaves JZZEO Y and 2 'x by taking the closures of

LU, 0%) @z, AP cr, OL®W(R)), respectively
I (U,0x) ®g, B C (U, Ox&W (Frac R)[1]).

Further we define the sheaf o7y as follows: If X = Spa(4, A™) is an affinoid
adic space, then

P(X, /) = DX, )R] = (A7 @z, W)(w)",
where (—)" means p-adic completion. As in the construction of OL&W (R)
we can extend this definition to a sheaf &y on X.
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Finally we define Zx = @/x[1/p]. Again we can consider Zx and P on any
(not necessarily reduced) adic space X. By construction all these sheaves
are endowed with an Ox (resp. (’)}) linear continuous Frobenius ¢. Further

we have an action of Gx_, on @/x and Hx.

Remark 8.5. The obvious analogue of Lemma 8.2 and Corollary 8.4 also
holds true for the subsheaves of Ox®W (Frac R)[1/p] introduced above.

Lemma 8.6. Let AT = Z,(T1,....T,) and X = Spa(AT[1/p|,A"). Let
S € {ZP,M/,A[OJ),A,A[O’U,K} be a closed subring of W(Frac R) and let
f € AT@W (Frac R) such that f(z) € k(z)* ®z, S for all rigid points x € X.
Then f is in the closure of AT ®z, S C AY@W (Frac R).

Proof. By p-adic approximation we may reduce this claim modulo p. Write
S = S/pS. Fix an Fy-basis (b;)ies of Frac R such that (b;)ics is a basis of S
for a certain subset J C I. We can expand the reduction f of f modulo p in

a series
F=> fiob
el

Our assumption implies that f;(z) = 0 for all i ¢ J and all closed points
x € Spec Fp[T1,...,T,]. It follows that f; =0 for i ¢ J. O

Remark 8.7. With the same notation as in the lemma, write A = A™[1/p]
and let B be a finite A-algebra. The the above implies that

f € B&W (Frac R)[1/p]
lies in the closure of B ®g, B inside BRW (Frac R)[1/p], if
f(z) € (B®ak(z)) ®q, B

for all rigid points z € Spa(A, AT). The same statement is also true, if we
replace B by any of the other rings of the lemma.

Corollary 8.8. Let X be an adic space locally of finite type over Q, and
x € X be a rigid point. Then

PBx @ k(r) = B @q, k(z), Bx @ k(zr) = B @q, k(z).
Further
B,

If X s reduced, a similar statement is true for the sheaf of integral rings.

Proof. The first point is a direct consequence of Lemma 8.1. The sec-
ond point is local on X so we may assume that X = Spa(A, AT) is affi-
noid. By the Noether normalization theorem X is finite over a polydisc
Y = Spa(B, B"). As A is finite over B we find that

I'(X,%x) =T(Y, By) ®5 A,



40 E. HELLMANN

As in Corollary 8.4 we have
I(X, %x) = [[T(f(y),0x) ®g, B

= H(A B k(y)) ®@p ]§>

where the product runs over all rigid points y € Y, and this inclusion is
compatible with the action of ¢ and Gk . But, as A ®p k(y) is a finite
dimensional k(y)-vector space we find that

(A®p k(y) ©g, B)" ™ = A @5 k(y).

By Lemma 8.6 the image of I'(X, Ox) C I'(X, @X) under (8.1) is identified
with

(8.1)

- P=id ~ )
P(x, 2x) 0 ([[(A ©p k() 8¢, B) = T(X, Zx)*
and the claim follows. O

Remark 8.9. If x € X is any point, and Z is any of the sheaves considered
above, is makes sense to define the sheaf (% on Spa(k(z), k(x)™): We define
it to be the completion of Z ® k(z) with respect to its canonical topology.
Sometimes we will also write Z— for 1z %.
(z)

We now need to construct a relative version of Fontaine’s period ring Beyis.
Again we first consider the case of a reduced space X locally of finite type
over Q,. The map 6 : W(R) — Oc, extends to a map

Ox : OXBW(R) — 0%&7,0c,,
where the completed tensor product on the right denotes the p-adic comple-

tion. We then define O};@Acris to be the p-adic completion of the divided
power envelope of O}@W(R) with respect to ker @x. Finally we define

0X®B+ - O}(@Acris[l/p] OX®Bcris = 0X®Bcris[1/t]-

cris
These sheaves again make sense for any adic space X € Ad(létp. Further
there is a continuous Ox-linear Frobenius ¢ on Ox®Beys and a filtration
on (OX®Bcris) QK K.

Remark 8.10. The notation A*®Aeis might be a little misleading, as this
is not the completion of the ordinary tensor product over Z, for the p-adic
topology. The reason that it is not enough to consider this completion is
that it does not contain A™[[u]], where u = [x].

Lemma 8.11. Let AT = Z,(T1,...,T,) and A = AT[1/p]. Further write
X = Spa(4,A™).
(i) The canonical maps

A+®Acris — H ]{3(33)+ ®Zp Acris,
A@-Bcris — H I{Z(SL‘) ®@p BCTiS’
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where the products runs over all rigid points of X, are injections.

(ii) A finitely presented AT® Agis-module is zero if it vanishes at all Tigid
points of X.

(iii) A finitely presented AR Beis-module is zero if it vanishes at all rigid
points of X.

(iv) Let f € AT®Aers such that f(x) € k(z)* ®z, W C k(z)t ®z, Aais for
all rigid points x € X. Then f € AT @z, W C AT R Acris.

Proof. (i) It suffices to show the statement for A*. Let f € AT ® Aeyis such
that f(xz) = 0 for all rigid analytic points € X. We show that

f mod pm € (A+®Acris)/pm

vanishes for all m > 1. But (A+<§>Acris) /p"™ is the quotient of the divided
power envelope of AT@W (R) with respect to ker fx by p™ and f lies in a
finitely presented (AT®W (R))/p™-subalgebra. That means that f lies in
the quotient of

(Zp(Ty, ..., T)@W(R)) /p™
by some finitely generated ideal and vanishes at all the rigid points of
Spa(Qp(Th,...,Ts), Zy(Th, ..., Ts)) for some s > n. By Remark 8.3 is follows
that f =0 mod p™.
(ii) Let
(63 (A+®Acris)m1 — (A+®Acris)m2

be a morphism whose cokernel vanishes at all rigid points. We show that
its reduction modulo powers of p vanish. The entries of the matrix of «
mod p™ lie in a finitely presented (A*&W (R))/p™-algebra and hence a sim-
ilar argument as above shows that « is surjective modulo powers of p.

(iii) This follows from (ii) after multiplying a presentation with an arbitrary
power of t and neglecting the ¢-torsion part of the quotient of two A+ ® Aeris-
lattices.

(iv) By Lemma 8.6 it suffices to show that f € AT®W(R). Reducing the
claim modulo powers of p and applying the same argument as above this
follows from Remark 8.3. U

Remark 8.12. With the notations of the lemma above, let B be a finite
A-algebra. Then Lemma 8.11 (iii) implies that a finitely presented B® Beris-
module vanishes if it vanishes at all rigid points of Spa(A, AT). If B is
reduced this is equivalent to its vanishing at all rigid points of Spa(B, B™).
Further the analogue of (iv) also holds for B, i.e. if f € B®Beis such that
f(x) € (k(z) ®a B) ®q, Ko C (k(r) ®4 B) ®q, Beis for all rigid points ,
then f € B ®Qp K.

Corollary 8.13. Let X € Adgp and x € X be a rigid point. Then

(OX®Bcris) ® ki(CC) = I{Z(CC) ®Qp Bis-
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Further we have
(0X®Bcris)GK - OX ®Qp KO
Fil®(Ox®Bais)¥ ™4 = Ox.

Proof. By applying Lemma 8.11, the proof is the same as in Corollary 8.8.
We reduce to the case where X is affinoid and use the fact that the map

F(X, 0X®Bcris) — H F(f_l(y)a OX) ®Qp Beyis

is an injection compatible with ¢ and the filtration for a finite morphism
f: X — Y to a polydisc, where the product is taken over all rigid points of
Y. O

The following diagram summarizes the sheaves of integral period rings on
a reduced space X. All maps are continuous inclusions.

Oj( (/X\)Acris
(8.2) o;e%fmz) /—%Q?Ef’” Q%&E’”
O} &W (Frac R) > alx .oy .

Let &€ be a vector bundle on an adic space X. As Ox is a sheaf of topological
rings, the sections I'(U, £) of £ over an open subset U have a natural topology.
If G is a topological group acting on £ it thus makes sense to ask whether
this action is continuous.

Definition 8.14. Let X be an adic space. A family of crystalline repre-
sentations over X is a vector bundle £ on X endowed with a continuous
G i-action such that

Dcris(g) = (€®Bcris)GK = (8 ®OX (OX®Qchris))
is locally on X free of rank d =rk €.

Gk

Let &€ be a vector bundle on X with a continuous G g-action. If x € X is
a rigid point then we have an obvious embedding

Dais(€) @ k(2) = Deris(€ ® k(x)),

compatible with the action of ¢ and the filtration, with equality if £ is
crystalline. By a result of Berger and Colmez (see [BeCo, Corollary 6.33]) a
family € of Gi-representations on a reduced adic space locally of finite type
X is crystalline if and only if the representations on £ ® k(z) are crystalline®

3Actually Berger and Colmez use a slighty different relative version of Beis. But as
our sheaf Ox®Beris contains their relative period ring, we may apply their result.
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for all rigid analytic points x € X and the Hodge-Tate weights at these
points are constant on X.

Lemma 8.15. (i) Let f : X — Y be a morphism in Adgp and & a vector
bundle on Y with continuous G -action. If € is crystalline, then so is f*E.
(ii) Let (f; : Xi — X)i be an fpgc cover in Adlft and &€ be a vector bundle
on &€ with continuous G -action. Then & is crystallme if and only if all the
1€ are crystalline.

Proof. (i) We want to check that f*Deyis(€) = Deris(f*E). The claim is local
on X and we may choose a finite morphism ¢ : X — Z to a polydisc. Then
we have

P(X7 f*DcriS(g)) - F(X, Dcris(f*g))
C I(X, f*€@Beis) C [ [(£7€ ® k(2)) ®q, Bexis,

where the product is taken over all closed points of Z. The claim follows as

[*Deis(€) is identified with
FE8Beis N[ ((F*€ © k(2)) ©q, Beris) ™~

by a similar argument as in the proof of Corollary 8.8, as f*Deis(E) =
Deyis(f*E) is true in the fibers over the rigid points z € Z, by comparing
dimensions.

(ii) By definition we have a Gi-equivariant descent datum on the vector
bundles f;€ and hence also on fE ®Beris. By Gi-equivariance this induces
a descent datum on the Deris(f;€) and by fpqge descent we find a Ox ®q, Ko
submodule

D C 5®Bcris

which is locally on X free of rank d = rk & over Ox ®q, Ko and on which
G acts trivial. The verification that D = D¢is(€) is similar as in the first
part of the lemma. O

Lemma 8.16. (i) Let £ be a family of crystalline representations on an adic
space X. Then the canonical morphism

E— ‘/cris(Dcris(g)) - FilO(Dcris(5)®Qchris)¢:id
s an isomorphism.
(ii) Let &1, & be families of crystalline representations on an adic space X .

]f DCriS(gl) = Dcrjs(EQ), then 51 =~ 52,

Proof. As in the classical case (i.e. X = Spa(Qp,Z,)) this is an easy conse-
quence of Fil®(Ox®Beis)?~'4 = Oy, see [Fo, 5.2, Theorem (iv)] for exam-
ple. O



44 E. HELLMANN

8.2. Etale p-modules and G_ -representations. Before we construct
a universal crystalline representation we first discuss families of étale -
modules and their relation with families of Gi__-representations.

Definition 8.17. A family of Gk -representations on an adic space X €
Ad(létp is a vector bundle £ on X endowed with a continuous action of Gk __.

Definition 8.18. Let X be an adic space over Q.

(i) Let Z be one of the sheaves @7x, ABx, JZZ( or @X A p-module over %
is an Z-module N that is locally on X free of finite rank over & together
with an isomorphism ® : *N — N.

(ii) Assume that X is reduced. A p-module over Zx (resp. Byx) is called

étale, if it is induced from a p-module over &/x (resp. o/x).

It is not true that every family of étale -modules comes from a family
of Gk -representations. However, if X is an adic space and N is a family
of étale p-modules on X, we want to show that there is an open subset on
which N is induced from a family of G k,__-representations. The main tool is
an easy approximation argument which is already contained in [KL, Section
5] in a slightly different context.

Lemma 8.19. Let X = Spa(A, A™) be an reduced, affinoid adic space and
fix an element x € T'(X, o/x) = A*@ZPA. Then the equation

y—o (y) ==

has a solution in F(X,JZZ() = A*@Zp;&. Moreover, if x is divisible by p, we
can choose this solution such that y is divisible by p.

Proof. First, if x € k((u))*P, then the equation y — ¢~!(y) = z has a
solution in k((u))*P, as the field is separably closed. If valg(x) > 0, then we
can choose y such that valg(y) > pvalr(z). Hence, by approximation, there
is a solution of the equation for all z in the closure of k((u))*P C Frac R.
The claim follows for AT = Z, by p-adic approximation from the modulo
p-case.

The general statement follows if we expand z = ) . f; ® x; and solve the
equations y; — @fl(yi) = x;. The above claim on the valuations of the

solutions modulo p guarantees that the series will converge in A*@ZPTX,
compare also [KL, Lemma 5.1]. O

Proposition 8.20. Let X be a reduced adic space locally of finite type over
Qp and x € X and let (N, ®) be an étale p-module of rank d on X.

(i) If _
dim@(g‘c/\/)‘kld = d,
then, dimy, ) (N @ k(x))*=14 = d.
(ii) The set .
U={reX| diml@(L;N)q):ld = d}
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is open in X and N|(¢J’:id 1s a family of Gk -representations on U.

Proof. (i) Let fi,..., fqa € t:N be a basis on which ® acts as the identity.
As N ® Ek(x) is dense in AN we can approximate this basis by elements
Gis-. 04 € N @ k(z). Let B € GLg(Bx © k(z)) denote the matrix of ®
in this basis. As the g; are close to the basis f;, the entries of B are close
to the entries of the matrix of ® in the basis (f;) and hence the entries of
B —id are arbitrary small and we may assume that they are divisible by p.
Let V = Spa(4, AT) be an affinoid neighbourhood of x such that B lifts to
a matrix B € I(V, GLy(Z%x)) such that B —id is divisible by p. Let (N, @)
denote the free p-module over ,@V with basis g1,...,gq on which @’ acts
by B. By Lemma 8.19 we may choose a matrix X € Matgxq(p'(V, 94/))
such that X — ¢~ 1(X) = B —id. Changing the basis g1,..., g4 by id +X
the matrix of ® — id in the new basis is divisible by p?. As A is p-adically
complete this process converges to a ®'-stable basis of 7. The claim now
follows from the equality of p-modules

(N @ k(z),®) = (N @ k(z),d).

(ii) By the first step of the proposition we find
U= {z € X | dimy N ® k()" = d}.
Let z € U and f1,..., fq be lifts of generators of
(N @ (a)) =

to some affinoid neighbourhood V. After shrinking V' we may assume that
fi,..., fq are linearly independent and generate an étale lattice in Ny .
Denote by B the matrix of ® in this basis. Then B — id vanishes at x and
has bounded entries. Hence by Lemma 6.6 we may shrink V such that the
entries of B —id are divisible by p. By Lemma 8.19 we can choose a matrix
X which is divisible by p such that X — ¢~1(X) = B — id. Then, changing
the basis by id +X we find a basis such that the matrix of ® —id is divisible
by p?. This process converges to a ®-stable basis of A|y,. This yields the
claim. (]

Corollary 8.21. Let N be an étale o-module of rank d over Bx. The set

U= {z € X |dimg, Homg _ o (N, é@) =d}

is open and the sheaf 7 omg, &(N|u, @U) is a vector bundle on U. Further,

for a ®-stable x-lattice MW C N, the O -module ,%”omdU,w(‘ﬁ\U,sz//\(;) is
locally on U free of rank d.

Proof. This is the dual statement of the Proposition above. O
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The next Proposition shows that the open locus constructed in the Corol-
lary above is compatible with base change and hence this construction is
geometric.

Proposition 8.22. Let f : X — Y be a morphism of adic spaces in Adlft
with Y reduced and let Ny be an étale By -module of rank d. Write NX =
f*Ny for the pullback to X and let

V={yeY|dimg )HomﬁT)Q(L/\/‘% kj@):d}

o) Homg Nx,

U={z€X|dim_~ o k(x))

=d}.
Then U = f~1(V) and %OW%U@(NX’U,«@U) = f*%omg‘,@(./\/'ﬂv,égv),

Proof. The inclusion f~1(V) C U is obvious. Let 2 € U mapping to y € Y.
We have to show y € V, i.e.

dim i )Hom%(A) o(LNy, & (y)) =d.

The set U is open and f is (locally) of finite type, hence there exists a point
2’ € UN f~1(y) such that k( ') is a finite extension of k‘( ). In this case

—

e Nx = (LZNy) ®@ k(z'),

where we do not need to complete the tensor product as the extension is
finite. Hence we have a descent datum on ¢}, Nx which is compatible with
the action of ®. It follows that

Homgg/(.\q)( /N% ,))

descends to k(y) which yields the claim on the dimension. To prove the
last claim we again chose locally on X a finite morphism g : X — Z to a
polydisc. The claim follows from the fact that (assuming locally that V' is
affinoid and U’ C U is affinoid) the inclusion

Homy,, &Ny v, Bv)®rv.0 (U, Ox) C Homgy,, o (Nx|vr, Bu)

induces an equality in the fibers g~1(2) of g for all rigid points z € Z, which
can be seen by comparing dimensions over Q. ([

8.3. Construction of a crystalline family. Now we want to use the re-
sults of the preceding subsection to construct an open substack ©24™ c Dint
on which there exists a family of crystalline representations giving rise to
the restriction of the universal filtered ¢-module. The main point is to show
that a family of Gk _ -representations and an extension of the associated
étale p-module to a certain p-module on the open unit disc "glue" together
to a family of Gi-representations.
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Proposition 8.23. Let X € Ad%étp be reduced and (MM, ®) be a p-module of

height 1 and rank d over %)[(0’1) with associated filtered p-module (D, ®, F*).
Then

U := {.%' eX ‘ rkk(z)Jr Homﬂ[o,l)(@k( (m & k(x% Jo,l) ® k;(g:)) = d}

)@

= {.%' e X ‘ d1m Hom@,(\ q;( (Dﬁ@w[o 1) @X) B—~) = d}

(z) k(:v)>

and this set is open and

ji”om%[o 1) (b(m‘(], JZZEO’I)) Xz, Qp = f%ﬂomy@U@(f)ﬁ‘U ®W[B0,1) %U,QZU)

1s a vector bundle on U.

Proof. We have a canonical injection

(8.3) %”om 10.1) q)(f)ﬁ JZ%;EO’I)) — Homz, o (M ® l0.1) ﬂx,&fo)v().
X

By Corollary 8.21 the set

—{x€X|d1m HongA ot (im® 01)%7)() %k( ) =d}

(z)

is open and the sheaf

%Omﬂxq)(f)ﬁ@ 01) ng7X7=527X)

restricts to a locally free O}—module on U’
We claim that U = U’ and that (8.3) is an isomorphism on U. The inclusion
U C U’ is obvious and we have to prove the converse. Let

fel(V,#omy, @(gﬁ@)d[m JZ{X,%())

= Homp(v,u), 0DV, M® o) ), T(V, @x))

for some affinoid V' C U’. This equality is true, as 9 is locally free. For
some m € I'(V, M) CT(V,M® 1) #x) we then have
X

f(m)(x) € A @ k(x)
for all rigid analytic points € V by [Ki2, Corollary 2.1.4|, and hence we
find that f(m) € I'(V, @0’1)) by Lemma 8.6, as X is reduced. It follows

that f restricts to an element of

Hom (T(V, ), T(V, 7).

T(X,7)®
O

Proposition 8.24. Let X be a reduced space and (M, P) be a p-module of
height 1 and rank d over 42/)[?’1) such that

rkk(z)+ Hom%[(o,l)(gk( (M @ k(x), JZ’{;[(OJ) R k(x))=d

z),®
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forallz € X. Write (D, ®, F*®) for the filtered o-module associated to (9, P)
by the period morphism. There is a canonical isomorphism of Ox-modules

(8.4) ,%”om%[(o,n’q)(im, »Q?)f(o’l)) ®z, Qp — Home pil(D, Ox @Beris).

Further € = V. (D) = S omg pi(D, Ox®Beis) is a vector bundle of rank
d on X with a continuous action of G such that there is a canonical iso-
morphism of filtered p-modules

Homo (6] (€, OxBBais) = (D, 0, F*).

Proof. The point of this proposition is that [Ki2, Proposition 2.1.5] (see also
[BrCo, Proposition 11.3.3]) works also in the relative case. We give the
definition of the map and refer to [BrCo| for the details.
Write 0.1)

M = 9ﬁ®%[{o,1> @X’

for the vector bundle on X x U associated with 9.
First the map A®Y) < W(R) < Beys (compare also (8.2)) induces injec-
tions

Fom (o, J;/;EOJ)) ®z, Qp — e%”om%[?,l)yq)(im, (’)X@)Bms)

AR )
— %”omg[m) <I>(M’ Ox®Beyis)-
X b

Secondly consider the map

%0m%£,1) <I>(M’ OX@)Bcris) — S om D ®K0 %B[(),l)’ OX®Bcris)

A0 5
= ome(D, (’)X@)Bcris),
given by composing with the ®-compatible injection
¢: Dok, BYY = M

of Lemma 5.1. The resulting map (8.4) is injective, as the source is a vector
bundle on a reduced space and the kernel vanishes at all rigid points. Further
the map has image in

A ome pil(D, Ox@Beris) C #0ma (D, Ox @ Beyis)
which can be seen as follows: The inclusion is true for all rigid points by the
argument in the proof of |[BrCo, Proposition 11.3.3] and, as X is reduced,
locally on X the sections of J#omge pi(D, O X@A@Qchris) are identified with
Homg (D, Ox® Beyis) N H Homg rii(D ® k(), k(z) ®q, Beris),
where the product runs over all rigid points z € X.

Now V. (D) is a vector bundle on X which has a continuous G g-action

induced from the action on Beis.

Finally the evaluation map
D — fmeOX [GKk] (ﬁoquFﬂ(D» OX®BCYiS)a 0X®Bcris)
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defines an isomorphism: The map is clearly injective, as D is a coherent
sheaf on a reduced space and the kernel vanishes at all rigid points. Further
the cokernel of the induced map of finite Ox® B.;is-modules

D®KO Beris — %”Omox (L%pomgo,Fil(Dv OX®BCriS)7 OX®Bcris)

vanishes at all rigid points and by the usual argument we conclude that it is
an isomorphism. The claim follows from this after taking Gx-invariants on
both sides. O

Theorem 8.25. The groupoid that assigns to an adic space X € Ad(létp the
groupoid of triples (D, ®, F®*) € D"(X) such that

dimk/(\m)(L;m ®%[?A,1)) @]®)¢:id =d
for all x € X and any choice of an integral model M C M(D) in some
neighbourhood U of x (where M(—) is the map (5.4)), is an open sub-
stack D3I C DI For any finite extension F of Q, we have D™ (F) =
DIt(F) = Dy*(F). Further there exists a family of crystalline representa-
tions EMMY on DM sych that

Deris(ES™) = (D, ®, F*)| gacn.

Proof. 1t is clear that the condition

dimk/(\x) (L;Sﬁ ®dk[£()\,1)) %@)‘P:m —d
is independent of the choice of an integral model in a neighbourhood of x.
Further this condition is fpqc-local by Proposition 8.22. By the Proposition
above we can define the sheaf £V in the universal case, i.e the open sub-
space of Resy, /g, GL4 X Grk,, defined by the condition in the theorem, as
this is reduced. This vector bundle is well defined as D5 commutes with
pullbacks and as two crystalline representations £ and & are isomorphic if
Deris(€1) and Deis(E2) are isomorphic (see Lemma 8.16). Now £V can be
defined in general by pullback from the universal case. ([l

8.4. Universality of the admissible locus. We now want to show that
the substack constructed above with its crystalline family is indeed the stack
of crystalline representations. The main point is to show that the ¢-module
associated to the restriction of a crystalline family to Gk __ is overconvergent,
i.e. extends to all of the open unit disc.

Let v be a dominant cocharacter of the algebraic group Resg /g, GL4 as
n (5.1), defined over E. We say that a family of crystalline representations
€ on X has Hodge-Tate weights v if the filtration on Deis(€) ®k, K is of

type v.
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Theorem 8.26. The groupoid

—Tcris

v families of crystalline representations on X
Repgis + X = { with Hodge-Tate weights v

on the category AdY is isomorphic to the stack D2™ and hence is an open

substack of D). Especially it is an Artin stack over Q. Further it is
contained in the image of the period morphism and contains all rigid analytic
points of D2

Proof. The injectivity of the morphism D from the stack of crystalline
representations with Hodge-Tate weights v to ©, follows from Lemma 8.16.
The rest of the claim is an immediate consequence of the propositions below.

O

Remark 8.27. We expect that the result is also true in the non-miniscule
case, i.e. for arbitrary fixed Hodge-Tate weights. Actually most of the proofs
carry over to the non-miniscule case. We hope to address this question in
subsequent work.

Proposition 8.28. The morphism
Dris : Rep” s D,

factors over the image of the period morphism D™ C D,,.

Proof. Let X be an adic space and £ a family of crystalline representations
over X. Write Duis(€) = (D, ®, F*®) for the associated filtered p-module
on X. As D" C D, is open and factorizing over an open subspace may
be checked point wise, we may assume that X is reduced. We consider the
inclusions

B (E8Buris) % € M = M(D)
C )\—1(@&%1) (5®Bcris)GK C 6®Bcrisa

where A is the element defined in (5.2).
Then the Gk -action on M C ERq, Beris 1s trivial as this is true for all rigid
analytic points x € X. Hence

I 7 b G
M o) BT C (Ev0, BY)Cr
for some 0 < r < r1/P* < s < 1 near the boundary and where
Fe = A
X

Now
M ®%£(<),1) %E?s] =& ROy %g?s},
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as the cokernel vanishes at all rigid analytic points and X is reduced. We
find that a G -invariant OF lattice £7 C £ (which exists locally on X)
defines an integral structure in

=~ G =~ G
Mo B = (M@ 00 B = (€ @0, A7)
Now the claim follows from Theorem 7.6. O
Proposition 8.29. The morphism
Deyis : Rep” D

factors over the admissible locus D™ C D,,.

Proof. Let X be an adic space and £ a family of crystalline representations
on X with Dgis(€) = (D, @, F®). Again we may assume that X is reduced.
By Proposition 8.28 we may choose locally on X a p-module (9, ®) of

height 1 over 42/)[(0’1) (compare Definition 7.4) which is an integral model for
(D, ®,F*). Then the canonical map

E— (M ® o1 éx)ézid
X

is an isomorphism of G _ -representations. Indeed, it is injective, as £ is a
vector bundle on a reduced space and the kernel vanishes at all rigid analytic
points. Further the cokernel of the induced map of finite Zx-modules

Ex R0y @X — mt@%[o,n @X
X

vanishes at all rigid points of . As X is reduced this map is an isomorphism
by the argument of Corollary 8.8. The claim now follows after taking ®-
invariants in both sides. U

We end this section by giving two examples of a crystalline families and
the corresponding filtered ¢-modules.

Ezample 8.30. Let X = 0B = Spa(Qu(T, T~ 1), Z,(T,T~')) and K = Q,.
Consider the 1-dimensional filtered p-module D = Ox with ® given by
multiplication with 7 and F* = D if i < 0 and F* = 0if i > 0 . Then
this family is weakly admissible and has an integral model on X. The fiber
at a rigid point a € 06,, gives rise to the unramified character mapping
the Frobenius to a. But this does not define a continuous character at the
Gauss point 1 € X, as the character Z — k(n)* mapping 1 € Z to T has no
continuous extension to Z. In fact the admissible locus is given by

X =\ = [[v.

4This example is due to G. Chenevier in the context of overconvergent (¢, T')-modules,
see [KL] for example.



52 E. HELLMANN

where the disjoint union of open unit discs is indexed by the closed points
of Gy, F, -
Especially we see that ©2m C DIt in general.

Ezxample 8.31. In this example we want to show that in general the admissible
locus is not just a disjoint union of deformation spaces of residual Galois
representations (or rather some quotient of this), as in the first example.

Let X = B = Spa(Q,(T),Zy(T)) and K a ramified extension of @, with
E(u) € Zplu| the minimal polynomial of some uniformizer. Consider the

integral family given by 9t = M)[;)’l)el & M)[(O’I)eg and

v(2)=(0 2o ()

For a rigid point z this is an extension of the cyclotomic character with
the trivial character which splits over the origin. But any neighbourhood
of the origin contains points, where this extension does not split, and the
representations on the punctured unit disc are isomorphic. Hence the whole
family is admissible and the residual representation is non constant.
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