ON THE STRUCTURE OF SOME MODULI SPACES OF FINITE
FLAT GROUP SCHEMES

EUGEN HELLMANN

1. INTRODUCTION AND NOTATIONS

Let p be an odd prime and k a finite field of characteristic p. Let W = W (k) be
the ring of Witt vectors with coefficients in k£ and Ky = W[%] its fraction field. We
consider a finite, totally ramified extension K /Ky and denote by e = [K : K] the
degree of the extension. Let us fix a uniformizer 7 € Ok with minimal polynomial
E(u) € W[u] over K. Further we fix an algebraic closure K of K.

Let F be a finite field of characteristic p and p : Gk — GL(VF) a continuous
representation of the absolute Galois group Gx = Gal(K/K) of K in a finite
dimensional F-vector space V& whose dimension will be denoted by d.

This datum is equivalent to a finite commutative group scheme G — Spec K with
an operation of F: The K-valued points become an F-vector space with a natural
action of Gk and we want G(K) and Vi to be isomorphic as F[Gx]-modules.

If F/ is a finite extension of F, the representation p induces a representation p’ on
Vi = Ve Qp F.

By the construction in Kisin’s article [Ki], there is a projective F-scheme GRy; o
whose F’-valued points parametrize the isomorphism classes of finite flat models of
Vi, i.e. finite flat group schemes G — Spec Ok with an operation of F' such that
the generic fiber of G is the Gk-representation on Vg in the above sense.

Our aim is to analyze the structure of (some stratification of) GRy; o in the case
d=2and k=T,

First we recall some constructions from [Ki], see also [PR2]. We assume k = F,, to
simplify the situation.

For each n let 7, € K be a p"-th root of the uniformizer 7 such that 72 = m,_; for
all n. Define Ko, =J,»; K(7y,) and denote by Goo = Gal(K/K) the absolute
Galois group of K.

For each algebraic extension F’ of F we denote by ¢ : F/((u)) — F/((u)) the ho-
momorphism which takes u to its p-th power and which is the identity on the

coefficients:
o a) = 3 au
i

Denote by Mod /(f;,((u)) the category of finite dimensional F/((u))-modules M to-
gether with a ¢-linear map ® : M — M such that the linearization id® ® : ¢p* M —
M is an isomorphism. The morphism are F’((u))-linear maps commuting with ®.
By ([Ki] 1.2.6, Lemma 1.2.7), there is an equivalence of abelian categories

Mod @ continuous G g ~o-representations
JE () on finite dimensional F’-vector spaces
1
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which preserves the dimensions and is compatible with finite base change F”/F’.
This is a version with coefficients of the equivalence of categories of Fontaine (cf.
[Fo], A3).

Denote by (My, @) the d-dimensional F((u))-vector space with semi-linear endomor-
phism @, associated to the restriction of the Tate-twist Vg(—1) to Gx_, under the
above equivalence. By the descriptions in [Ki|, the finite flat models G — Spec Ok
of Vg correspond to Flu]-lattices MM C My satisfying w90 C (P(M)) C M. Here
(P(M)) = (id @ P)p*M is the Flu]-lattice in My generated by @ ().

Under this description the multiplicative group schemes correspond to the lattices
M such that (P(M)) = M and the étale group schemes correspond to the lattices
with u¢9t = (®(M)). These lattices will be called multiplicative resp. étale.

This construction is compatible with base change in the following sense. Suppose
Mr C My is a Fu]-lattice corresponding to a finite flat model G of V§. If F’ is a
finite extension of F with n = [F : F], then the F'[u] lattice

Mp = SJT@FIF’ C Mp = M]F@[FFI

corresponds to the finite flat model G’ = G Xy F’ of V. Here the exterior tensor
product G X F’ is the following group scheme: Choose a F-basis e ...e, of F.
Then G R F' =[], G and 2z € F’ operates via the matrix A € GL,(F) describing
the multiplication by z on F’ in the fixed F-basis.

The scheme GRy; o is constructed as a closed subscheme of the affine Grassmannian
Grass My for GL(Mp) and its closed points are given by

(1.1) GRv, o(F') = {F'[u]-lattices M C M | u®9N C ($(M)) C M}

for every finite extension F’ of F.

In the following we will forget about the Galois representation and finite flat group
schemes and will consider lattices. We will drop the condition p # 2. All results
hold for arbitrary p, except those using the interpretation of the closed points as
finite flat group schemes. We will always assume that there exists a finite flat model
for Vg at least after extending scalars.

For each Q,-algebra embedding 1 : K — Ky we now fix an integer v,, € {0,...,d}.
Denote by v = (vy )y the collection of the v, and by r = ¥ the dual partition, i.e.
ri = H{y | vy > i}

Kisin constructs closed, reduced subschemes
GRYIY C GRvi0
whose F’-valued points are given by
(1.2) QR‘(/I;{%C(F/) = {M € GRv: o(F') | J(ul(a(om)) /ue m) < T}

for a finite extension ' of F (cf. [Ki], Prop. 2.4.6). Here J(u|oon))/ue o) denotes
the Jordan type of the nilpotent endomorphism on (®(90))/u® M induced by the
multiplication with u. Recall that for d = 2

a1 < az,

(13) (al’bl) S (a2’b2) = { aq + bl = a2 "‘ b2

for pairs (a;, b;) € Z* with a; > b;. The local structure of QR;]’FI,%C is linked to the
structure of the local models studied in [PR1]. These schemes are named " closed
Kisin varieties” in [PR2].
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Kisin conjectures in ([Ki] 2.4.16) that, if Endpg,(Vr) = F, the connected compo-

nents of QR“%’FI’%C are given by the open and closed subschemes on which both the
rank of the maximal multiplicative subobject and the rank of the maximal étale
quotient are fixed. In ([Ki|, 2.5) he proves this conjecture in the case d = 2, k =T,
and vy = 1 for all 9. For d = 2 and vy, = 1 for all 4 this result is generalized by
Imai to the case of arbitrary k (see [Im]). In this paper we want to analyze the
situation in the case k = Fj,, d = 2 but arbitrary v. It turns out that the conjecture
is not true in general. Our main results are as follows.

For (a,b) € Z% with a > b, we introduce a locally closed subscheme of the affine
Grassmannian

Gvi(a,b) C Grass M,

with closed points the lattices 9t such that the elementary divisors of (®(9)) with
respect to 91 are given by (a,b).

Theorem 1.1. Assume that (Mg, ®) = (Mp®pF’, ®) is simple for all finite exten-
sions F' of F.
(i) If Gy, (a,b) £ 0, there exists a finite extension F' of F such that

gw/ (a, b) = QVF (a, b) Rr F =~ Ag’;

—b
form=[977].
(i) The scheme QR‘(,%I%C is geometrically connected and irreducible. There exists a
finite extension F' of F such that QR‘(/I;I%C Qr ' is isomorphic to a Schubert variety
in the affine Grassmannian for GL(Mg/).

The dimension of QR}',]‘F{%C is either |"272 | or |12 | —1. Herer; = §{¢ | vy > i}

In the treatment of the reducible case we consider the set S(v) of isomorphism
classes [M’] of one dimensional objects in Mod /%( () which admit an Flu]-lattice
Marp € M’ such that ((Mpry)) = u®"* M. We will define subschemes

XYy C GRYY @& F.
A lattice defines a closed point of X [‘;V[,] if it admits a ®-stable subobject isomorphic
to Mar. A lattice M is called v-ordinary iff it defines a closed point of X[‘]’W] for

some [M'] € §(v). The subscheme of non-v-ordinary points will be denoted by X .
We will prove the following Theorem.

Theorem 1.2. Assume that (My, ®) = (MpQpF', ®) is reducible for some finite
extension ' of F.

(i) The subschemes X\ and X[ are open and closed in gR‘\f/;l,%c ®r F for all
isomorphism classes [M'] € S(v).

(i) The scheme X\ is connected.

(iii) For each [M'] € S(v) the scheme X7}, is connected. If it is non empty, it is
either a single point, or isomorphic to ]P’]%.

(iv) There are at most two isomorphism classes [M'] € S(v) such that X # 0.

The structure of the subscheme X§ of non-v-ordinary lattices is much more com-
plicated than in the absolutely simple case. In general X has many irreducible
components of varying dimensions. The main result concerning the irreducible
components of X\ is the following theorem.
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Theorem 1.3. If (Mg, ®) is not isomorphic to the direct sum of two isomorphic
one-dimensional ¢-modules, then the irreducible components of X\ are Schubert
varieties. Especially they are normal.

Theorem 1.2 proves a modified version of Kisin’s conjecture in the case k = F, and
d = 2, as follows.
For an integer s denote by

gR\(/[,Fl’(())c,s c gR\‘l/];l’c())c
the open and closed subscheme where the rank of the maximal ®-stable subobject
My, satisfying (P(My)) = u® "My, is equal to s.

Corollary 1.4. Assume p # 2 and let p : Gx — Vg be any two dimensional
continuous representation of Gr. Assume that Endp g, (Vi) is a simple algebra
for all finite extensions F' of F. Then QR‘(/;%C’S is geometrically connected for all
s. Furthermore

(i) If s = 1 and Endp g ,.)(Ver) = F' for all finite extensions F' of F, then QR“'/[’FI’%C’S
is either empty or a single point.

If s = 1 and Endp (g, (VE) = Ma(F') for some finite extension F' of F, then
gR‘é};l_%C’s is either empty or becomes isomorphic to Py, after extending the scalars
to F'.

(i) If s =2, then QR‘{,’F{%C’S is either empty or a single point.

Acknowledgments: This paper is the author’s diploma thesis written at the
University of Bonn. I want to thank M. Rapoport for introducing me into this
subject and for many helpful discussions. I also want to thank X. Caruso for lots
of explanations on Kisin and Breuil modules and for his interest in my work.

2. SOME NOTATIONS IN THE BUILDING

The method of this paper is to determine all lattices in the building of GLs (F((u)))

that correspond to closed points of QR“%I%C. As we know that the scheme we study

is a closed reduced subscheme of the affine Grassmannian, we can get information
on the structure of QR“',[’FIBC by looking at its closed points.

For the rest of this paper, we fix the following notations: Let (Mg, ®) be the object
in Mod /ﬁ((u)) corresponding to the 2-dimensional Galois representation p on V.

Let v = (vy)y be a collection of integers vy, € {0,1,2} for every ¢ : K — Kj.
Define

(2.1) d = vy
¥

Denote by r = v the dual partition, i.e.
r=#{v vy 21}
ro ={) | vy > 2}

Denote by B the Bruhat-Tits building for GLy (F((u))). For any finite extension F’
of F the building for GLs (F'((u))) will be denoted by Bp. We write

B=|] Be

F’ /F
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for the building for GLs (F((u))).

We choose an F((u))-basis ej,eq of Mp. Denote by My = (eq,es) the standard
lattice in the standard apartment Ay determined by ej,es. In this apartment we
choose the following coordinates:
Let (m,n)o denote the lattice (u™
of coordinates given by [z,y]o = (

(m,n)p = [m —n,m + no.

Let ¢ € F((u))™ and set k = v,(q) € Z, where v,, is the valuation on F((u)) with
vy(u) = 1. The basis eq, ge; + ez of My defines another apartment A, which is
branching off from the standard apartment at the line defined by « = k. Using the
Iwasawa decomposition we find

"eg). Further, we consider another set
v _) for z,y € Z, v = y mod 2; i.e.

U A

q€F((w))

For arbitrary ¢ € F((u)) we choose coordinates in the apartments A, similar to
the case of Ag. Define

(m,n)g = [m—n,m+n]y := (u"er,u"(ge1 + e2)) € A,.

Remark 2.1. (i) The systems of coordinates in the various apartments are compat-
ible in the following sense: For any z,y € Z ,x =y mod 2 and ¢,¢" € F((u)) we
have [z,y], = [z, y]y iff £ <wv,(q — ¢') which implies

[,y = [2,9]ly  [2,y]lg € AyN Ay & [2,y]ly € AgN Ay

(#i) We will make use of these coordinates for arbitrary points in the building (not
only points corresponding to lattices). We see that [z,y], defines a lattice if and
only if x,y € Z and x =y mod 2.

(iii) We extend the above notations in the obvious way to the buildings B and B
for arbitrary finite extensions F’ of FF.

(iv) Two points [z,y],, [2',y']q € Ay define the same point in the building for
PGLs (F((w))) if and only if # = 2. Thus the projection from B onto the build-
ing for PGLy (F((u))) is given by the projection onto the z-coordinate for every
apartment A4, C B.

Definition 2.2. Let 9t and 9’ be lattices in My. Let a,b be the elementary
divisors of M’ with respect to 9, i.e. there exists a basis e}, e, of M such that
M = (uey,u’eh). Define

di (9, M) = |a — b|

da(O, M) = a + b.
Remark 2.3. These quantities have the following meaning in the building:
If M = [z,y], and M = [2/, 4], then do(IM, M) = v/ — y. Further d; (I, M)
is the distance between 9t and 9V in the building for PGL2(F((u))). Here, the

distance between two lattices joined by an edge is equal to 1. This can be seen as
follows: Assume that 90T = (eq, e2) is the standard lattice and I = AM = [z,y],,

with
um un
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If a > b are the elementary divisors of 9V with respect to 90, then, by the theory
of elementary divisors,

Y]

o’
m Mm - ”

T 0 vu(q) 0 vu(q)
FIGURE 1. The distance between two lattices in the building for

PGL5(F((u))) in the cases z < v, (q) and x > vy, (q) > 0.

ll§

If £ =m —n < wv,(q) or v,(¢g) > 0, then min, ; v,(a;;) = min{m,n} and hence
di(M,M)=a—b=|m—n|=|z|
If > v,(q) and v,(¢) < 0, then min; ; v,(a;;) = n + v,(q). In this case we find
di(M, M) =a—b=m—n—2v,(q) = (z —vu(q)) + (0 — vy(q))-
Compare also Fig. 1 and Fig. 2.

n
Uy, (q) 6

FIGURE 2. The distance between two lattices in the building for
PGLy(F((u))) in the case x > v,(q) and v,(q) < 0.

We see that the distance dy (99T, 9) only depends on x, 2’ (and on v,(¢—¢’)), while
do (O, M) only depends on y and y'.
Using this remark, we can extend the distances d; and ds in an obvious way to the
whole building B (and to B, By ). For example
x if x>0, v,(¢) >0
di([%,9]q,[0,0)0) = ¢ —= if £ <0, z<vy,(q)
x —2v,(q) i vu(q) <z, vu(q) <O.
Lemma 2.4. Define d’ as in (2.1). The closed points z € QR“'/L;I)%C(F) correspond
to the lattices M C Mz which satisfy
dl(i)ﬁ, <¢’(9ﬁ)>) S T — T2
do (9N, (P(M))) = 2e — d'.
Proof. If MM C My is any lattice and if a,b are the elementary divisors of (®(91))
with respect to 9, then the above conditions read
a—b<ri—rg
a+b=2e—d =2ec—(r+r).
This implies u*9 C (®(M)) C M. The Jordan type of u on (®(M))/u® M is given
by
J(u\@(m))/ue gm) = (e —a,e — b)



STRUCTURE OF MODULI OF FINITE FLAT GROUP SCHEMES 7

Assuming a > b we find:

J (ul )<r& b2e-m
u ue =
(@(Wl)}/ m a+b:26_d’:26—('r1—|—7"2).

The lemma follows easily from this. (]

Definition 2.5. A lattice 9 is called v-admissible if it satisfies
di(OM(®(M))) <ry—7ry  and  da(IM,(P(M))) = 2e —d'.
Let 9 be a lattice in My and A € GLy (F((u))) be a matrix. We will use the

notation M ~ A if M admits a Fu]-basis by, by satisfying ®(b;) = Ab;. Similarly
we will use the notation My ~ A (use a F((u))-basis of My).

Lemma 2.6. Fori = 1,2, let z; € QR‘(/[’F{%C(F) be closed points corresponding to
lattices M; = (w4, yilq; € B. Then y1 = yo.
Proof. Choose A,B € GL, (F((u))) such that My = AMy and M; ~ B. Then
My ~ ¢(A)BA~L. Using the theory of elementary divisors it follows that

vy (det B) = do (M, (P(;))) = (p — vy (det A) + vy (det B)
and hence v, (det A) = 0 which yields the claim. O
Definition 2.7. For each m € Z define the following subset of B:

Bm):= |J {lw.yly€ Ay ly=m}.
4€F((w)

Viewing GRY')(F) as a subset of B, Lemma 2.6 implies:

GRY, 5 (F) < B(m)
for some m = m(v) € Z. The subset B(m) is a tree which is (as a topological
space) isomorphic to the building for PG Lo (F((u))). B

The difference is that not every vertex represents a lattice: A vertex [z, m], € B(m)
represents a lattice 9 C Mz iff x =m mod 2.

Remark 2.8. By construction we have
GRyv,0 C Grass My,

where Grass My denotes the affine Grassmannian for GGLs. Since the determinant
condition in (1.2) fixes the dimension

dim (M) /uf M = vy = d,
P

the closed subscheme QR“',;I’%C lies in a connected component of this Grassmannian:
If M = AN defines a closed point (where MMy is the standard lattice and A is a ma-
trix), then the valuation of det A is determined by the dimension of (®(90))/u® M.

Definition 2.9. For a given collection v denote by GRY, , the closed subscheme
of GRy;,0 consisting of all lattices M such that dim(®(M)) /u® M =3 vy.

Proposition 2.10. If any two of the vy differ at most by 1, then
1
GRYV..0 = GRvo -
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Proof. Let 9 be a lattice and a > b the elementary divisors of (®(91)) with respect
to M. Then M defines a closed point of QR“}F)O if and only if 0 < b < a < e and
a+b=2e—d withd =3 vy This is equivalent to

a+b=2e—d

a—b<max{d, 2e—d}.
Indeed, if a+b = 2e—d’, then a—b < d’ is equivalent to a < e, while a—b < 2e —d’
is equivalent to b > 0.
Now if any of the v, differ at most by 1 we must have r; = e (if all vy, > 1) or
ro = 0 (if all vy, < 1). In both cases we find r; — ry = max{d’, 2e — d'}.
(See also [Ki|, Prop. 2.4.6 (4) and [PR1], Thm. B (7). O

3. THE ABSOLUTELY SIMPLE CASE

In this section we will analyze the structure of QR}',]’FI%C in the case where (Mp, ®) is

absolutely simple, i.e. for every (finite) extension F’/F there is no proper ®-stable
subobject of (My/, D).

Lemma 3.1. If (Mg, ®) is absolutely simple, there exists a finite extension F' of
F, a basis e1,es of My and a € F'* | s € Z satisfying

0<s<p’—1lands#0 mod (p+1)

0 au®
)
Proof. This follows from (|Cal, Cor. 8), except that we need to check that s #Z 0
mod (p+1). If p+ 1|s, then there would be a proper ®-stable subspace of My~ for
a quadratic extension F” of F’, namely (v/au®/Ptle; + ep) C Mp@pF'[\/a].
The constructions in [Cal give a basis after extending scalars to the algebraic closure

F of F, but of course this also gives a basis after finite field extension, as there are
only finitely many equations to solve. See also ([Im], Lemma 1.2). |

such that

For the rest of this section we fix the basis e, es of Lemma 3.1 as the standard
basis of Mg and use the coordinates introduced in section 2. Furthermore we fix
the point

(31) ]Dirrcd = [ﬁ,* = ]0 € .A() C B

p—1

Proposition 3.2. (i) The map ® extends to a map B — B also denoted by ®.
(i1) Let [z,y]o € Ao be any point in the standard apartment. Then

@([SC, y]O) = [7p1' +s,py + 5}0~
(i4i) For any q € F((u))* with k = v,(q) and [z,y] € A\ Ao, i.e. x >k, the map
D is given by
O([z,ylg) = [pr — 2pk + s,py + sly € Ay

for some ¢’ € F((u))* with v,(¢') = —pk + 5 # k.
(iv) The point Pirea, as defined in (3.1), satisfies ®(Pireqd) = Pired-
(v) If Q € B is an arbitrary point, then

dl(Qa (I)(Q>) = (p + 1)d1(Q7 Pirred)

d2(Q7 @(Q)) = (p - 1)d2(Q, Rrred)-
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Proof. (i) We can use the expressions in (#) and (iii) to extend ®.
(i) We have

D(uTer) = uP"P(er) = uP"eqy
D(u"ey) = uP"®(en) = auP" ey

and hence ®((m,n)o) = (pn + s,pm)o. The statement follows from this.
(i4i) We put v, (q) = k and ¢(q) = auP* for some a € F[u]*. If M = (m,n),, then

(®(M)) = (uP™ez , uP"P(q)ez + aul"ey).
As M = [m —n,m+nly, ¢ Ao we have m > n+ k. Hence
(BOM)) = (WP ey — P (WP G(g)e + auP™ o er), uP" d(g)es + auP" ey
— <up(m—k)+sel’up(n+k)(q/el +eo))

with ¢ = a~tau Pk, And thus ®((m,n),) = (p(m — k) + s,p(n + k)), with
vu(¢))=—-pk+s#k,ask#0 mod (p+1).

(iv) Obvious.

(v) If M = [z, y],, then the statement on dy follows immediately from (i) and (4ii):

dy (I, (B(M))) = (p— D)y + s = (p — Vela[, Y] [57, —210)-

m T
| (@) pr—2pk+s
k

s)erl —pk+s

FIGURE 3. The images of 91 and ®(9M) in the building for
PGLy(F((u))) in the case M ¢ Ay.

For the statement on d; first assume that 9t = [z, y]o € Ag. Then (i7) implies
(M, (2(M))) = |(p + Dz — 5| = (p+ Dda([z, o, [757, —555]0)-

=
If M = [z,y]g € A\ Ao, then z > k and px — 2pk + s > —pk + s which implies
(®(M)) ¢ Ao. Now (444) implies

di (M, (@(M))) = (x — k) + | —pk+s— k| + (px — 2pk + s — (—pk + 9))
=+ D=k +(p+1) [k -3

p+1
:{(p+1)(x—p;‘1) if k> 2
p+D@—k+ 35—k k< iy,
using k # —pk + s. In both cases the claim follows. (See also Fig. 3) O

Remark 3.3. The Proposition shows that the absolutely simple case is exactly the
case discussed in ([PR2], 6.d, A1). The fixed point in the building is the point P, eq
and its projection onto the building for PG Ly(F((u))) lies on the edge between two
vertices. The set of lattices M with dp (901, (P(IM))) < ry — 7o is identified with a
ball around this fixed point.
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Let v be a collection of integers as in the introduction. By Lemma 2.4 and Propo-
sition 3.2(v) we find QR“;;I%C(]F) C B(m(v)), where

(3.2) m(v)=2e—d —s)/(p—1).
Corollary 3.4. The scheme QR“',]’:,%C is empty if 2e —d' £ s mod (p—1).

Proof. This follows from Lemma 2.4 and Proposition 3.2. O

FIGURE 4. This picture illustrates the subset of v-admissible lat-
tices in the case p = 3 and F = F3. This subset is given by all
lattices M € B(m(v)) satisfying dq (I, Pirea) < (r1 —72)/(p + 1).
The fat points correspond to v-admissible lattices.

Now we want to define locally closed subschemes of Grass My on which the elemen-
tary divisors of (®(9)) with respect to 91 are fixed. Define a function

E : Grass My — Z°.

For an extension field L of F and an L-valued point z € (Grass My)(L) consider the
Flu]®pL-lattice M, in Mp&gL corresponding to z. Then E(z) = (ji,j2), where
j1 > jo are the elementary divisors of (®(9M,)) with respect to 9M,. Recall that
there is a partial order on the pairs (a,b) € Z? given by (1.3).

Lemma 3.5. The function E is lower semi-continuous with respect to the Zariski
topology on Grass Mp.

Proof. Let n ~+ z be a specialization and let 91,, and 90, be the lattices correspond-
ing to the points n and z. Denote by E(n) = (a(n),b(n)) and E(z) = (a(z),b(2))
the elementary divisors of (®(91,,)) with respect to 9, (resp. the elementary divi-
sors of (®(9M,)) with respect to M,). We mark the specialization by a morphism
f :SpecR — QR“'/]’FI%C, where R is a discrete valuation ring with uniformizer ¢. The
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morphism f defines a R[u]-lattice Mg in Mp®@pR. After choosing a basis we find
a matrix C' = (¢;j)i; € GLa(R((w))) N Ma(R[u]) such that Mg ~ C. Denote by
Cij the reduction mod ¢ of the matrix coefficients. Using the theory of elementary
divisors we find

b(n) = minwvy(cij) < minva(ei;) = b(z)

and hence E(n) > E(z) which yields the claim. O

Definition 3.6. Let (a,b) € Z? such that a > b. The "Kisin variety" associated
to (a,b) is

Gv.(a,b) = E~%(a,b) C Grass Mg.
By Lemma 3.5, this is a locally closed subset and it will be considered as a subscheme
with the reduced scheme structure (See also [PR2]).

Now we want to analyze the structure of Gy, (a,b) and QR‘(,[’FI%C. We will make use

of the following fact.
Lemma 3.7. Let by,bs be any basis of Mz. There exists a morphism

X : Aﬂ% — Grass Mz
such that x(z) = (by, 2u= by + by) for every closed point z € A%‘. The morphism x
ertends in a unique way to a morphism

X: ]P’%F — Grass M.
The image of the point at infinity is given by Y(00) = (u=1by, ubs).
Proof. Consider the family

(br, Tu™"b1 + ba)gprypg © Me@sF([T]

of lattices on A' = Spec F[T]. This family defines the morphism x.
Let X be the closed subscheme of Grass M5 consisting of all lattices 90t that satisfy
u(by,ba) C M C u~{by,by) and that lie in the same connected component of
Grass My as (b1, b2). The scheme X is identified with a closed subscheme of the

(ordinary) Grassmann variety Grassp(4,2) of 2-dimensional subspaces in F4. The
morphism x factors as follows:

X

A

1 _
= Grass Mz
’

X

=
X — Grassp(4,2) —— P2

where ¢ is the Pliicker embedding. As X is projective, the valuative criterion shows
that y extends in a unique way to P*.

We view Grassp(4,2) as the quotient G Ly 5\V, where V' is the scheme of 2 x 4 ma-
trices of rank 2 and GL, 5 acts on V' by left multiplication. Now, the computations
using Pliicker coordinates gives

X'(z)<2 (1) 8 (1)) , UX'(2)=(=2:0:0:0:1:0)

for all closed points z € A!(F). Hence the extension to P is

(21 :22) = (=21:0:0:0:22:0).
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The image of the point at infinity is

- 01 00
X((l:O)):(l 0 0 0)|—>(—1:O:0:0:0:0).
This is the lattice (u=1by, ubs). O

Remark 3.8. In the building, the F-valued points of the image of the morphism Y
can be illustrated in the following way (if the morphism is defined over F):

FIGURE 5. The morphism Y in the building for p = 5 and F = Fs.

Similarly, we can define morphisms X1, X2 : IP%F — Grass Mg such that
im(x1) = {7 b, u” Y (20 0y + by)) | 2 € F}U {(u"by, u"bs)}
im(ye) = {(u"by,u"™(2by +b2)) | z € F} U {{u""by,u"bs)}

Theorem 3.9. Assume that (My, ®) is absolutely simple. Fix a finite extension F’
of F such that the normal form for ® of Lemma 3.1 is defined over F'.

(a) For any (a,b) € Z* with a > b:

pa+b=s mod (p?—1)

b & b= d(p-1
Gvi(a,b) #0 < a+b=s mod (p—1), {or pa+b=ps mod (p*—1).

This condition being satisfied, there exists an isomorphism
gvF (a, b) RF F =~ A]?/

‘@‘

withn = [377]. Further

1
gVF (Cl, b) = U gV]F (alv b/)

(a’,b")<(a,b)

+

(b) The scheme QR}',]’FI%C is geometrically connected and irreducible. After extending
the scalars to T it becomes isomorphic to a Schubert variety in the affine Grass-
mannian for My = MpQpF' with dimension given by

dim GRYS = |52 — (-1 | + |05 |

, - 2e—d' —
with € = LT;H_?J + ij_lj + ep_l s

[Here as in the rest of the paper, || denotes the integral part of a real number z.|

Proof. (a) Assume 9 € Gy (a,b) # (0. Without loss of generality, we may assume
M = [x,ylo € Ap: if M is an arbitrary lattice, then there exists a lattice M’ € A
such that d;(IM, Pirred) = di (I, Pireq) for i = 1,2 (compare Fig. 4, for example).
By Lemma 3.2(v) and Definition 2.2, the condition for 9 = [z, y|o € Gy, (a,b) is

(p+ 1)d1 (M, Prrea) =a —b (p — 1)d2(IM, Pirrea) = a + b.
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By an explicit computation of these distances, this is equivalent to

__ a—b __ atb
T optl -1 p-1°

S
p+1

’xi

The second equation gives s = a +b mod (p — 1) and the sum of both equations
gives s = pa +b mod (p?> — 1) if (p+ 1)z > s and ps = pa + b mod (p? — 1) if
(p+ 1)x < s (using the fact that  + y and « — y are even).

Conversely, suppose s = a+b mod (p—1) and s = pa+b mod (p? — 1) and define
a;_Hb»TS Y=
Then we have y € Z and x + y € 2Z. Thus [sc,y]o defines a lattice M € Gy, (a,b).
If ps =pa+b mod (p? — 1) we use

T = a+b s.

s—(a—b) _ a+b—s
p+1 by="p—71"

Now fix the sum a + b and denote by y the integer solving the equation
(p—Dy+s=a+b.

xr =

Let us assume that zy := LZ%J = y mod 2 (the case zo Z y mod 2 admits a
similar treatment). In this case [zg,y]o defines a lattice My and we denote by X
the connected component of Grass My containing My, i.e. X(F) = {9 € B(y)}.
For each m > 0, there is a morphism f,, : A2m+1 — X given by the family of
lattices

2m—+1
<u(ar70—i-y)/2um+le1 , u(y—xg)/2u—(m+1) (( Z Tiui-l-xo)el +62>>

i=1
C Mp@p (F'[T1,. .., Tomi1])
on A%/nﬂ = SpecF'[T1, ..., Tom11]. Let Vi, = A]%fnﬂ be its image. We have
B(y) D Vin(F) =
(3.3) 2m4l
{(u(ﬂco+y)/2um+1el ) u(y—xg)/Zu—(m+1)(qel + 62)> | q= Z Cl,iuH_xo},
i=1

with ay ... a2,41 € F. Similarly, define for m > 0 a morphism g,), : AZ™ — X given
by the family of lattices

2m—1
<u($°+y)/2um <61 +( Z Tiuiwo)@) , u(ywo)/zumez>

i=0
C My @p (F'[Ty, ..., Tom—1])
and let U,, = AZ" be its image. We have
B(y) > Un(F) =
(34) (To+y)/2,,—m ( x0)/2, m gl iz
{{ut 0T Zu T (e + qeg) , ulYTTO U€2|Q—Zau o},

with ag . ..ag,_1 € F. It is easy to see that every lattice 9t € B(y) is either of the
form (3.3) or of the form (3.4) for some m > 0. Thus

= (U v u(J Um)

m>0 m>0
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We claim

(3.5) M € Vy(F) = di (M, Prrvea) = 2m +2 — €
(3.6) M € Uy (F) = s (M, Prgea) = 2m + £,
where £ = ﬁ — xo denotes the fractional part of 5 >3-

Indeed, if M € V,,(F), then 9 = [zg + 2m + 2,y|, for some ¢ € F((u)) with
vy (q) > xo and hence

dl(mapirred):$0+2m+2_ s —2m+2—§

p+1
The statement on U, follows by a more complicated computation or by a symmetry
argument: The choice of apartments A, and coordinates [—, —], depends on the

order of e; and ey. Interchanging e; and es yields expressions for the lattices
M € U, similar to the above expressions for V,,, (if M € U,, is a lattice, then
M = [—xo + 2m,y], for some ¢) while it maps the point Pjreq to [—
and hence the claim follows by the same computation.

Now equation (3.5) and (3.6) together with Proposition 3.2 (v) imply

Vin(F) C Gug (aoaa(m), boaa(m))(F)
U (F) C Gvz (Geven (1), beven (m)) (F)

for some (aoad(m), boaa(m)) , (Geven (M), beven(m)) € Z? with

_s_ _L]
p+1°~ p—110

(3.7)

Aodd (m) + bodd(m) = aeven(ml) + beven(m/) = (p - 1)y +s
(3.8) aodd(m) — boaa(m) =p+1)2m+2-¢)
Aoven (M) — boven (M) ={p+1)2m+E

and 0 < £ < 1 implies that all these pairs are pairwise distinct when m runs over
all positive integers.

As U,, and V,,, cover X, the inclusions in (3.7) are actually equalities. Further-
more Vi, = Gyi(aoda(m), boad(m)) as schemes, as both are reduced locally closed
subschemes of Grass My with the same underlying point set. Finally (3.8) yields

. ae m)—bg m
dim Vi = 2m + 1= [2m + 2 — ¢ = | @eaalm)boaalm) |

The conclusion for U, is similar.

To finish the proof of (a), it remains to show that U, C Vyn and Vi1 C Uy,. We
will prove the first assertion: the second is proved in the same way.

Let z; € U,, be an arbitrary point corresponding to a lattice

M, = <u(xo+y)/2u—m(el + qes) u(y—xo)/2ume2>
with ¢ = Z?;nofl a;u'~% and let z; € V;, be the point corresponding to
My = <u(fﬂo+y)/2um+1e1 ’ u(y*ro)/2u*(mﬂ)62>.
There exists a basis b; and by of Mg such that
(b1, b2) = Mo = [0, Ylo,
(u™™by,uby) = My,
(W™ by, u” M by) = 9y,
Explicitly, we may choose

by = u(zo+y)/2(el +qes) , by = u(y_%)ﬂeg.
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Applying Lemma 3.7 (resp. Remark 3.8) with the basis uby,u~'by, we obtain a
morphism x : AL — Grass My that is given by x(z) = (u"*'b, u” ") (zuby + by))
on closed points and we easily find im x C V;, @ F. As V,, ® F is projective, the
morphism y extends to a morphism from P! to V,, @& F and the point at infinity
is mapped to z; (Fig. 6 illustrates the image of the morphism ¥ in the building.
The fat points are the lattices in the image of Y). Hence z; € V,,,(F) and the claim
follows.

i/

Z1 | Z9
T

551 vlo

AN

A? AV Al A3

FIGURE 6. The stratification with affine spaces in the building.
Fat points mark the image of an exemplary morphism y.

(b) For a given collection v we have

1
(3.9) GRY = U Gvi(a,b),
a+b=2e—d’
e—r1<b<a<e—rs
where d' is the integer defined in (2.1). Hence the scheme is geometrically irre-
ducible, because the restriction of the order "<" on the pairs

{(a,b) € Z* | a+b=m(v)},

where m(v) is given by (3.2), is a total order. Of course this also implies connect-

edness.

The dimension of QR;]’FI%C is given by the dimension of the maximal affine space in

(3.9). We assume that € is even, i.e. =752 ] + 29 = m(v) mod 2. The computa-
tions in the other case are similar.
In this case the affine subspace of maximal dimension consists of all lattices
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M € B(m(v)) with
dl (ma Rrred) = dl([ﬂﬁo - L%J 3 m(V)]o, Pirred)~
(if the latter distance is < “252) or of the lattices with

dl (EUL -Pirred) = dl([mo + \_T;H_,IQ J P m(V)]o, -Pirred)

(if di([zo — [ 5572 ), m(V)]o, Pirea) > “572). Hence its dimension is either n :=
| =572 (in the first case) or n — 1 (in the second case). This yields the claim on

the dimension:

dim ngloc: Lrl—rg __s J"—\_ﬁj

p+1 p+1
3 s S rT1—=T2 _ | T1—=T2
_ {n if p+1 Lp-&-lJ — p+l p+1 J
_ Ti—Tr2 _ | Tr1—T2
n 1 p+1 p—&-lJ > p+1 p+1 J

We further see that the set of v-admissible lattices is exactly the set of lattices in
B(m(v)) with
di (M, [zg,m(v)]o) < n if xg + L“ 12— o <

(310) - p+1 — p+l
di (O, [x0 + 1,m(v)]o) <n—1 otherwise

and hence this is the set of lattices whose elementary divisors (a, b) with respect to
a lattice 91 satisfy (a,b) < (dmax,Pmax) for some given integers amax, bmax- For N
we choose one of the lattices

[zo,m(V)]o , [zo,m(v) =1]o or [zo+1,m(v)]o, [zo+1,m(v)— 1]
depending on the cases as listed in (3.10) and on xy —m(v) mod 2. Since we know
that QR“;I%C is reduced, we find that it is isomorphic to a Schubert variety in the
affine Grassmannian after extending the scalars to F’. B
If € is odd, then the maximal affine subspace consists of all lattices I € B(m(v))
with

dl (ma Rrred) = dl([ﬂﬁo + 1 + L%J 3 m(v)]07 Rrred)

(if the latter distance is < “=52) or of the lattices with

dl(gjt -Plrrcd) - d1([$0 + 1-— Lrl TZJam(V)]Ov -Pirrcd)

P+l
(if dy(Jxo + 1+ Lr;+§zj,m(v)]0, Piryed) > T;+§2) We find
v,l rL—T s
dim GRy. o =1 5+ p+1j + |- -HJ
_ { i1 (i~ L)) < e — Lo
n—1 if1-(3 -7 > %2 - 15
and the conclusion for the isomorphism with a Schubert variety is similar. (]

. 1 .
As a consequence of the theorem, we may determine the cases when QR;'/ %C is a

single point.

Corollary 3.10. Denote by § = ;37 — Lpﬂj

the fractional part of pil.

R;IOC { }<:> O+§ S r11)171“2 < 275 Zf ij‘_1J = ze;(_;llis mod 2
0 1-E<nopR <1+& if 53] #2545 mod 2.
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Proof. This is just the case where the dimension of QR;'/;I,%C is zero. More explicitly:

If 2o = [ 5] = m(v) mod 2, then [z9, m(v)] is the unique lattice with minimal
distance d; from Pireq. We have

dl([an m(V)]o, Pirred) - E
Thus this lattice is v-admissible if and only if % > £. There is no other v-
admissible lattice iff the lattices I with dy (9, Pired) = 2 — € are not v-admissible.
This yields the claim.

The case xg # m(v) mod 2 is similar. Instead of [z, m(v)]o we have to consider
the lattice [zo + 1, m(Vv)]o. O

4. THE REDUCIBLE CASE

In this section we want to analyze the case, where (Mp, ®) admits a proper ®-stable
subobject, at least after extending the scalars to some finite extension of F. Before

we start to determine the set of v-admissible lattices in the building, we want to

formulate the precise statement on the connected components of QR“'/]";%C. We first

define some open and closed subschemes of QR“',[’;%C.

Definition 4.1. For a € F* and j € Z>( define (M7 (a), ®?) by
M (a) = Fu] , ®I(1) = an’.
Definition 4.2. A v-admissible lattice 91 C M is called v-ordinary if there exists
a short exact sequence
(4.0.1) 0— (M (a), P ") — (M, P) — (M"2(b), P, ") — 0
for some a,b € F*.

Remark 4.3. The determinant condition in (1.2) implies that
(4.0.2) weTTIN C (D(IM)) C w2

for all v-admissible lattices 9. Hence the v-ordinary lattices are the lattices which
admit a ®-stable subobject with the minimal possible elementary divisors. If a v-
admissible lattice (9T, ®) admits a subobject isomorphic to (9~ (a), PE~") for
some a € F*, then the quotient has no u-torsion by (4.0.2) and is isomorphic to
(Me="2(b), ;") for some b € F*, because the sum of the elementary divisors is
fixed by (1.2). Hence (9, ®) is v-ordinary in this case.

Denote by S(v) the set of isomorphism classes of one dimensional F((u))-modules
M’ with ¢-linear map @' # 0 such that M’ admits a (unique) lattice 9 C M’
with (®(Mar)) = v " Mp). The elements of S(v) are in bijection with the
elements of F*: For cach a € F* there is a unique isomorphism class represented
by

(4.03) (Mo, @a) = (M7 (a) 5], 7).
Set X = QR“'/L;I,%C @r F. On X there is a universal sheaf of F[u]@zOx = Ox[u]-
lattices M C Mp®rOx satisfying
u'MC ([d® ®)p*M C M.
For each [M'] € S(v) define a sheaf of Ox-modules
(4.0.4) Fiar) = Homo, [u),6 Mar 8 0x, M)
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where the subscript ® indicates that the homomorphism have to commute with the
semi-linear maps that are part of the data.

Proposition 4.4. (i) For each [M'] € S(v) the sheaf Fpr is a coherent Ox -
module.
(i) A closed point x € QR‘(/;I%C corresponds to a non-v-ordinary lattice if and only

if Fiven @ k(x) = 0 for all [M'] € S(v).

Proof. (i) For the isomorphism class [M’] we choose a representative of the form
M, defined in (4.0.3). Let U = Spec A C X an affine open. We claim

(a) HomA[[u]]@(‘)ﬁ[M/]@pr,M(U)) is a finitely generated A-module.

(b) If V.= Spec B C U is an affine open we have

(4.0.5) HOHIB[[u]]@(W[M/}@FRM(V)) = HOIHA[[H]]@(SJI[M/]@)FA,M(U)) ®a B.

This implies the first part of the Proposition.
Proof of (a): Because M@z A is a free AJu]-module of rank one, a morphism is
given by the image of 1 and hence

Hom ap,),a (M @A, M(U)) = Na € M(U),

where N4 is the A-submodule of all v € M(U) satisfying ®(v) = au®""v. We
claim that the reduction modulo u¢t! induces an injective homomorphism

Ny — MU)/u“T* M(U)

and hence N4 is finitely generated as an A-module, because the scheme X is noe-
therian. Now, if 0 # v = u"w € N4 with n > 0 and w € M(U)\uM(U), then

uP"®(w) = ¢(u"w) = au®" " "w

and hence 0 < e —7r; — (p — 1)n < e which implies n < e.
Proof of (b): We have the following commutative diagram

IR

Hom )& (Ma @5 A, M(U)) N € M(U)
Hom pu).0(M(ar) 85 B, M(V)) ——= N5 M(V) = M(U)& 4B

As N, is a finitely generated A-module, we do not need to complete the tensor
product to obtain Np from N4 (there are only finitely many denominators). Hence
(4.0.5) is an isomorphism.

(ii) Let [M’] € S(v) be an isomorphism class and suppose that = € QR“'/;%C is a
closed point corresponding to a lattice 9 such that Fjyq ® k(x) # 0, ie. there

exists a non trivial morphism
f . W[M/} — M.

As both sides are free F[u]-modules and the morphism is non trivial, it is injective.
We have to convince ourselves that coker f has no u-torsion: in this case 9 is the
extension of free F[u]-modules of rank 1 (an extension of coker f by im f), and
hence v-ordinary.

We write f(1) = u"v for some n € Z and v € IM\uM and claim n = 0. Because
of ®(f(1)) = f(®(1)) we find ®(v) = qu¢~"1=P=U" € (M) C w19 for some

a € F* and hence n = 0.
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Conversely, if 91 is v-ordinary, then the inclusion of the ®-stable subobject defines
a nontrivial morphism 9y — M for some [M'] € S(v). O

Definition 4.5. For each isomorphism class [M'] € S(v) define
Xy ={z€ QR“;]’FI,%C @r F | Fiar @ K(z) # 0}
Further define
v v,loc T v
Xy =0RVyYerF\  |J X
[M']eS(v)

By the Proposition below these subsets are open and closed and hence they come
along with a canonical scheme structure.

Proposition 4.6. (i) The subset X, is open and closed for each [M'] € S(v).
(i) The subset X\ is open and closed.

Proof. (i) It is clear that X[y Is closed, as Fipp) is coherent. We show that it is
closed under cospecialization.

Let n ~» = be a specialization with z € X [‘ju,] and assume that z is a closed point.
We mark this specialization by Spec R — X, where R is a discrete valuation ring
with uniformizer ¢ and residue field F. Denote by Mg the R[u]-lattice in Mz®zR
defined by this morphism. Because of Fy) ® x(z) # 0, there is a non trivial
morphism DJI[M/] — M, and hence there is a basis vector b; € Mz such that
®(by) = au®~"1by for some a € F*. As Mp is a free R[u]-module, there is a basis

of Mz such that
a7y
Mz (0 5)7

for a,v,d € R[u], with & = au®~"™ mod ¢t. But the determinant condition in (1.2)
implies vy (@) > e —7r1. Hence vy (o) = e—r1 and n € X7y, for some [M"] € S§(v).
If [M'] = [M"] we are done.

Assume [M'] # [M"]. As X[}, is closed, we have z € X5, N X/, In this case
M, admits two linear independent subspaces:

aut~" 0
M ~ < 0 bue_“)

and hence e — 71 = e — 5. Now we easily deduce QR‘\;;’%C = {M,} and the claim
follows.

(#i) This follows from the first part of the Proposition together with the fact that
the one-dimensional ®-invariant subspaces of M7 which admit an integral model
M with (P(IM)) = w® "M run over a finite set of isomorphism classes of one-
dimensional objects:

Assume that there are two different one-dimensional ®-stable subspaces (b) and
(be) of Mz such that ®(b;) = a;u® "'b;, for i = 1,2. Then b; and by are linear
independent.

If a; # as, then (by + gby) is not ®-stable for all ¢ € F((u))* and hence there are
only two isomorphism classes.

If a; = ag, then there is a unique such isomorphism class given by [M,]. (Il

We will see below that the open and closed subschemes X7, and X of QR‘(/]’FI,%C ®pF

are connected and hence turn out to be the connected components of GRY1°¢ @ .
Ve,0
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Now we want to determine the subset of v-admissible lattices in the building. As
we are assuming that (Mp, @) is reducible, at least after extending scalars, there
exists a finite extension F’ of F and a basis ey, ex of Mp = Mr®pF’ such that

au® vy
My < 0 but>
for some a,b € F'* v € F'((u)) and s,t € Z with 0 < s,t < p — 1. We choose this
basis to be the standard basis.

Lemma 4.7. (i) The map ® extends to a map B — B also denoted by ®.
(i1) For ¢ € F((u)) and [x,y], € Aq the map @ is given by

O([z,yly) = [pr+s—t,py+s+t]y
with ¢ = b~ u (au*§lq) + 7).

Proof. (i) We can use the expressions in () to extend ®.
(i1) We have ®(u™e;) = auP™ %e; and

O (u™(ger + e2)) = uP" (au®d(q)er + yer + bu'es)
= buP" (b u T (y + autg(q))er + e3).
The Lemma follows from this. O
Corollary 4.8. The scheme QR;]’FIBC is empty if 26 —d' £ s+t mod (p—1).
Proof. This follows from Lemma 2.4 and Lemma 4.7: We have

da([7,ylg, @([z,9]g)) = (P — Dy + s+

and this distance must be equal to 2e — d’ if [z, y], is v-admissible. O

We assume that the scheme is non empty and define

(4.0.6) Prea = [[=1, — 51l € Ao C B
(4.0.7) m(v) = 2= ¢ 7,

These definitions imply QR“;[’F{%C(F) C B(m(v)).

There are three different cases which we have to study in order to determine the
set of v-admissible lattices. It makes a difference whether (Mg, ®) is a split or a
non-split extension of two one-dimensional objects. In the split case there are two
possibilities: Either the direct summands are isomorphic or non-isomorphic.

4.1. The case (Mg, ®) = (My,®1) ® (M7, P1). In this section we want to analyze
the case where (Mg, ®) becomes isomorphic to a direct sum of two isomorphic one-
dimensional objects after possibly extending the scalars to some finite extension of
F, i.e. we want to assume that there exists F'/IF and an F/((u))-basis e, ez of Mg
such that

S
(4.1.1) My ~ (“8‘ 0 )

au®

with a € F/* and 0 < s < p—1. We immediately find D(Pred) = Prea-
For each z € P*(F) we define a (half)-line £, C B(m(v)) by

L. ={[z,m)]. |z >0} CB(m(v)) if > € F=AYF)
Lo = {2, m()]o | = < 0} € Bm(v)).
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These lines are defined in such a way that
(4.1.2) T:= |J £.=JAnB@m(v)).
zePL(F) z€F
The apartments on the right hand side are given by the basis e;, ze; + e2 and in

this basis the semi-linear endomorphism ® is of the form (4.1.1).

Lemma 4.9. Let Q € B(m(v)) be an arbitrary point. Let Q' € T be the unique
point satisfying di(Q, Q") = d1(Q,T). Then

dl (Q7 (I)(Q)) = (p + 1)d1 (Qa Prcd) - 2dl (Qla Prcd)

d2(Q7 (I)(Q)) = (p - 1>d2(Qu Pred)~
Proof. The statement on d follows immediately from Lemma 4.7. For the state-
ment on d; we assume Q' € Ly. The cases Q' € L, for z € F are analogous and the
case Q' € L, is obtained by interchanging e; and es.

First assume @Q = @', i.e. Q@ = [z,m(Vv)]p € Lo. Then Lemma 4.7 implies
®(Q) = [pz,pm(v) + 2s]o and hence di(Q, ®(Q)) = (p — 1)z = (p — 1)d1(Q, Prea)-
Now assume @Q # Q'. We write
Q = [Qj’m(V)}q ) Q/ = [Ilvm(v)]O
with & > 2" = v,(q) € Zso. Then ®(Q) = [px,pm(v) + 25]4(4) by Lemma 4.7.
Using vy (¢(q)) = px’, we find
d1(Q,2(Q)) = (z — ') + (pa’ — 2') + (pz — pa’)
= (p + 1)-/17 - 21}/ = (p + 1)dl(Qa Pred) - 2d1(Q/, Pred)-
(I

Remark 4.10. This Lemma shows that the case of a direct sum of two isomorphic
objects corresponds to the case B 2 in [PR2| 6.d:

The unique point fixed by ® is the point P,.q and the projection of this point to
the building for PG Ly(F((u))) is a vertex. The link of this vertex is the projection
of 7 and all the half-lines £, of 7 (for z € P}(F)) are fixed by ®.

Proposition 4.11. With the notations of Definition 4.1 and (4.0.3), (4.0.7) assume
that

(M]F7 (I)) = (ﬂﬁs(a)[%]? (I)Z) @ (gﬁs(a)[%]’ (I)Z)
for some a € F* and 0 < s <p—1.
(i) The schemes Xy are empty for all [M'] € S(V)\{[M.]}.
(it) The scheme X[}, 1 is given by

0 ifm(v)+ T;%Iz ¢ 27
Xy ==t f0="= €Z and =12 =m(v) mod 2
Py if0# =7 € Z and "= =m(v) mod 2.
(#i3) If non empty, the scheme X{ is connected.
Proof. We first claim that every v-admissible lattice 91 can be linked to a v-
admissible lattice 9’ € 7 by a chain of P!.

Assume M = [z,m(v)], ¢ 7 and let Q' € T be the unique point satisfying
di(M, Q") = di(9M,T). Without loss of generality, we may again assume that
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Q' = [2/,m(v)]o € Lo. By construction we have MM, Q" € A, and we choose the
following basis b1, bo of I:

by = w20,y — M)/ 2 (gey 1 ).

Aq

Eoo | EO
0, m(v)lo Q'
FIGURE 7. The fat points mark the image of the morphism ¥ in
the building in the case p = 3 and F = F3.

Applying Lemma 3.7 with this basis yields a morphism ¥ : IE”]%T — Grass Mz with

X(2) = [, m(V)] g4 2ye—1 for z € F = AY(F) and x(o0) = [z — 2,m(v)]y. We have
dl(X(OO)’ Pred) < dl(i(z)vpred) = dl(ma Pred)

for all z € F, while d;(x(2),7) < dy(9, T) for all z € P1(F) and, by construction,

di(X(00), T) < dr(M, T).

By Lemma 4.9 and Lemma 2.4, the morphism ¥ factors through QR‘(/I%C and the

claim follows by induction on the distance di (9, 7).

Now we assume that 9t € 7 is a v-admissible lattice and we are looking for a

v-admissible lattice 9t that can be linked with 9 by a P! and that has strictly

smaller distance dy from Proq = [0, ;E‘i]o than 9, i.e. dy(ONV, Prea) < d1 (M, Prea)-

We may assume M = [z, m(v)]op € Lo. Assuming x > 1, our candidate for I’ is

[z — 2,m(v)]o. Fixing a basis

by = u@tmV2e; - py = 4 (mV)=2)/2¢,

of M so that M’ = (u='by,uby), yields a morphism Yy : ]P’1 — Grass Mgz with
X(0) = 9t and x(co0) = M. This morphism factors through QRV 19¢ iff the lattices
X(2) = [z,m(V)].y=—1 are v-admissible for all z € F\{0}.This is the case iff

di(x(2), ®(x(2))) = (p+ Dd1(X(2), Prea) — 2d1([z — 1, m(V)]o, Prea)
=p+lz—-2@-1)=@pPE-Dz+2<r —ra.
Consider the following subset of v-admissible lattices
N ={MegRYTF) [ M¢T or (MeT and dy (M, Prea) < “57272)}.

So far, we have shown that all v-admissible lattices 9t € A can either be linked to
the lattice [0, m(v)]p or to one of the lattices

(4.1.3) {[1,m(V)]. |z € F}U{[-1,m(V)]o} = {M € B(m(v)) | di(M, Preq) = 1}.
by a chain of P!. Here, the two different cases depend on m(v) mod 2. Hence the

subset of QR‘(,;%C ®r I given by the lattices in N is connected: using Remark 3.8
again, the set in (4.1.3) forms a P*. The Proposition now follows from the following
two facts:

(a) If M € N, then M is not v-ordinary, i.e. N C X (F).

(b) If M ¢ N is v-admissible, then M € X, ](IF‘) and

(4.1.4) M e {[L="2 m(v)]. |z € Fru{[- =2 m(v)]o}

p—17
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By Remark 3.8, this set forms a P! if r; # 7. Otherwise it is a single point.
Proof of (a): If M € T, then dy (M, (P(M))) < ry —re —2 < 11 — 19 and hence the
elementary divisors of (®(91)) with respect to 9 are not given by (e — rq,e — r1).
IEM ¢ T, say M = [z, m(v)]y with > v,(q) > 0 for example, then M = (by, ba)
with

by = w2 by = (M0 2 (e 4 ey)
and one finds

—1 1 +1
au’z (@mv)+s a¢((1)up7 m(v)=Fyats
p—1

M~ (aij)ij - = (m(v)—x)+s
2

0 au

with v, (a12) < vy(a11), because v,(¢) < z, and hence the minimal elementary
divisor of (®(9M)) with respect to M is not given by a P-stable subspace.
Proof of (b): Let M ¢ N be v-admissible. Then 9 € 7 and

= 7"2 2 < dl(sjt Prcd) Tl ;2
We show that di (9, Prea) = =% which implies (4.1.4).
Suppose that MM = [z, m(v)]. Wlth z € F and

o ri—roe—1 _ 2e—d'—2s __ 2e—r1—T3—28
r== p—1 S/ ’ m(V) - p—1 - p—1 ’

In this case we find

7 m(v) = ERrE Tl g o7,

contradiction. We are left to show that 9 € X[‘MQ](F)’ i.e. that there exists a

vector egn € 9 and a ®-stable subspace Flu]egn C 9 with ®(egn) = au "egy.
An easy computation shows that we may choose

e—ri—s _

em=u P~1 (ze;+e3) ifm = [2=2,m(v)]., z€F
e—ri—s

em=u Pl e if M=[— —T;:?,m(v)]o.

O

We conclude the discussion by determining the cases where QR;’,[’FI’%C is reduced to
a single point.

Corollary 4.12. (i) If m(v) =0 mod 2, then GRY. loc — L) iff O3 <2

(i) If m(v) =1 mod 2, then GRy; OOC can not be a smgle point.

GRY G =0 S0<H=R <1
v,loc = ~ Tl —
GRYV o @r F = Pg 1< <3.

Proof. (i) As m(v) = 0 mod 2, the lattice [0, m(v)]o is always v-admissible. It
is the unique point of QR‘(,L;]’%C if the lattices 9 with dy(9M, Preq) = 2 are not v-
admissible. By Lemma 4.9 this is the case iff T;:’f < 2.
(#i) The scheme is empty if the lattices 9 with dy(9M, Prea) = 1 are not v-
admissible. By Lemma 4.9, this is the case iff T;:? < 1.

If T;%? > 1, then the lattices

{[1.0]- | z e F} U{[-1,0o}
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are v-admissible and form a ]P’%F. Again by Lemma 4.9 there are no other v-

admissible lattices iff 7'11):1'2 < 3. O

4.2. The case (Mg, ®) = (M, ®1) ® (M, P2). In this section we treat the case
where (Mp, ®) becomes isomorphic to the direct sum of two non-isomorphic one-
dimensional objects after extending the scalars to some finite extension. The situ-
ation is the following: There exists a finite extension F’ of F and a basis eq, es of

My such that
au® 0
My ~ < 0 but>

with a,b € F’* and 0 < s,t < p— 1. As we are assuming that the direct summands
are not isomorphic, we further have s # ¢ or a # b. Again we find ®(Preg) = Pred-

Lemma 4.13. Let Q € B(m(v)) be an arbitrary point. Let Q' € Ay N B(m(v)) be
the unique point satisfying di(Q, Q") = d1(Q, Ao). Then

dl (Q7 (I)(Q)) = (p + 1>d1 (Qu Pred) - 2dl (QI7 Pred)
d2(Q7 (I)(Q)) = (p - 1)d2(Q7 Pred)'

Proof. This is similar to Lemma 4.9. Again the statement on dy is an immediate
consequence of Lemma 4.7. Let @) be any point. We may assume that the unique
point Q' € Ao N B(m(v)) satisfying d1(Q, Q") = d1(Q, Ap) is given by [z, m(v)]o
with x > ;:Sl. The case ¢ < ;:31 is obtained by interchanging e; and es.
If Q = @Q’, then Q € Ay and the statement is a consequence of Lemma 4.7.
Assume Q # Q' and put
Q=[rmWv),, Q=" m¥)
with & > 2’ = v,(q) > ;:‘i. Now ®(Q) = [px + s — t,pm(v) + s + t]y with
¢ = ab ()
If s # t, then 2’ = v,(q) > ;:Sl or equivalently ' = v,(q) < vu(q¢") = pvu(q)—(t—s),
and we find
d1(Q,®(Q))=(x—2')+ (px' —(t—s) —2')+ (pr+s—t — (px’' +s—1))
)

=(p+1)(z — ;:‘i) — 2 — =5

p—1

= (p + 1)d1(Qa Pred) - 2d1(Ql7 Pred)~
If s =t, then a # b. We find v,(q) # vu(q’) if v,(g) # 0 and in this case the
computation is the same as above.
If g =ap+ ayu+... with ag # 0, then ¢/ = ab~'ap + ... and hence the absolute
coefficient of ¢ is different from the absolute coefficient of q'. The geodesic between
Q@ and the projection of ®(Q) to B(m(v)) contains the point Q' = [0,m(v)]p =
[;%Sl,m(v)]o. Hence

di(Q Q) =z+(pr+s—t)=(p+1z

= (p + 1)d1(Q7 Pred) - le(le Pred)~

O

Remark 4.14. Again, this Lemma shows the connection to [PR2| 6.d. The point
fixed by ® is again the point Peq.

If s = t, then we are in the case B 2 of loc. cit.: The projection of the fixed point
to the building for PGLy(F((u))) is a vertex. Exactly two of the half-lines of the
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link of this vertex are fixed by .

If s # t we are in the case A 2 of loc. cit.: The projection of the fixed point
Pieq is not a vertex but it lies on an edge and the projections of the two half-lines
{[z,m(V)]o | x < t =7} and {[z,m(v)]o | z > t =21} to the building for PG Ly (F((u)))

are fixed by ®.
Proposition 4.15. With the notations of Definition 4.1 and (4.0.3), (4.0.7) assume

that

(Mg, @) = (M*(a)[;], 25) & (M'(b)[5;], ©p)
with a,b € F* and 0 < s,t < p — 1. Further assume a # b or s # t.
(i) The schemes X, are empty for all [M'] € S(v)\{[Ma], [My]}.
(ii) If s =t, then

(I + 0= ¢ 2Z
Xina,) = Xiaa) = AN
{«} ifm(v)+ 5= €22,
further X[‘;wa] = X[‘J’VI ]

) W =ra.
(iii) If s # t, then

_ -1 ( )

(Ma] {*} -5 — “ ” +m(v) € 2Z
v _{@ pi§+” ’2+m(v>¢2Z
] ) (v)

t* “ =2 +m(v) € 2Z.

t
p
t

v ] if;fs “ =2 +m(v ¢ 27
if
if

(iv) If non empty the scheme X{ is connected.

Proof. Again, this is similar to the proof of Proposition 4.11.

First, we link any v-admissible lattice to a v-admissible lattice in Ag by a chain of
P!.

Let MM be any v-admissible lattice and let Q" € Ay N B(m(v)) be the unique point
with d1(Q, Q") = d1(Q, Ap). Again, we may assume without loss of generality

Q' = [2',m(v)]p with 2’ > ;:si. Completely analogous to the proof of Proposition

4.11, we find a morphism

X ]P _ ng ,Jloc
such that x(0) = M and d; (x(00),Ap) < dl(im, .Ao). By induction on the distance
d1 (M, Ap), we find that we can link any v-admissible lattice to a v-admissible
lattice in Ajy.
Now assume MM = [z, m(v)]p € Ag.
If x > , we find a map P! — GRy; l%c, as in the proof of Proposmon 4.11, whose
S)Y<r;—rg—2.

image contams [, m(v)]o and [x — 2, m(V)]o, if (p — 1)(z —

p 1
If z < ﬁ, we find a map P! — QR“'/[FI%C whose image contains [z, m(v)]o and
[z +2,m(V)]o, if (p 1)(——x)<r1—r2—2
Similarly as in Proposmon 4.11, one can proof the following two facts:
(a) The set

N = {9 € GRY'G(F) | M ¢ Ap or (M € A and dy (M, Preq) < D2272)}

P
consists of non-v-ordinary lattices.

(b) It M € Ay is v-admissible, then
dl(ma Prcd) > Tl;+2172 = dl(ma Prcd) = Tl:r2 .
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Now A defines a connected subset of X{:
If s # ¢, then there is a unique lattice with minimal distance from [

=, m(v)]o and
every v-admissible lattice in A/ can be linked to this lattice by a chaln of PL.

If s = t, then either [It;ii ,m(v)]o is a lattice itself and any v-admissible lattice can
be linked to this lattice by a chain of P!, or there are two v-admissible lattices
[£1,m(v)]o in N with distance 1 from [0,m(v)]op and by the above there is a

morphism

IF;I N gR“;I;lf())C
containing both lattices in its image. Thus N defines a connected subset.
Consider the following points:

Qi = [125 + B=22 m(v))o
Q- =[5 — 1=t (v,

We are left to show that, if one of these points defines a lattice M = Q4 (resp.
M_ = @Q_), then this point lies in X[M ] (resp X[‘J,\/Ia])'

If ;ﬁ — =1 + m(v) € 2Z, then Q_ = M_ is a lattice and

e = ule—m1=9)/ (=D,

defines a ®-stable subspace satisfying ®(egn_) = au "tegy_, i.e. M_ € X[M -

If ﬁ + 5= +m(v) € 2Z, then Q1 = M is a lattice and

e, = ueT1=0/ @V,

defines a ®-stable subspace satisfying ®(egn, ) = bu®""em, , ie. M, € X[‘jwb].

We have two different cases:

If s =t and T;:? + m(v) € 2Z, then the lattices 9t and M_ define points
M_ € X[‘fwa} and M, € X[‘Mb] which coincide iff 1 = ry.

If s # ¢, then
Q- defines an isolated point in X}, , < tsp(i”l”) +m(v) € 2Z
@+ defines an isolated point in X7y, < fg';(;llrz) + m(v) € 2Z.
L=% ¢ 7. This finishes the proof of the
P
Proposition. (Il

Corollary 4.16. (i) Assume s = t.
(a) If m(v) =0 mod 2, then GRY' loc — £y} iff B < 2.
(b)) If m(v) =1 mod 2, then QR‘{,FI)%C cannot be a single point.

GRYS =0 e0<n= <l
GRYY = {+} U {*} 1< n=E <l

(ii) Assume s #t.
Define xg = L;:‘;

__ t—s
p—1

0+€ <=2 <2-¢ if m(v) ==z mod?2
1—¢< 8= <1+¢ if m(v)#zo mod 2.

— xq for the fractional part of ;:51

GRYY = {x} {
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Proof. (i) This is nearly identical to Corollary 4.12.
(#i) Assume m(v) = zy mod 2. Then [zg, m(v)] is the unique lattice with minimal

distance dy from P,eq. By Lemma 4.13 it is v-admissible iff ’”11):71"2 > €.

Again by Lemma 4.13 it is the only v-admissible lattice iff [zg + 2, m(v)]op is not

v-admissible. This is the case iff 7= <2 —¢.

The case m(v) # x¢p mod 2 is similar. O

4.3. The case of a non split extension. Finally, we analyze the case where
(Mg, ®) is a non split extension of two one dimensional objects. There is a basis

e1, es such that
ey
Mg ( 0 but>

with 0 < s,t <p—1and a,b € F*, v € F((u)). In any basis of the form e;, ge; + ez
defining the apartment A, the endomorphism @ is upper triangular with diagonal
entries au® and bu', and we fix the basis such that the valuation of the upper right
entry k := v,(7) is maximal.

Lemma 4.17. (i) The integer k = vy, () satisfies

N=@E+z+s+t—2k
>) = (p - 1)d2(m7 Pred)~

(i11) If M = [z, y]y with x < k;‘s or vy (q) < k;S, let Q' € Ao N B(y) be the unique

point such that diy (M, Q") = d1 (M, Ag). Then

dl (m> <(I)(9n)>) = (p + 1)d1 (ma Pred) - 2dl (Q/7 Pred)
d2(9:n7 <@(9ﬁ)>) = (p - 1)d2(9ﬁ, Pred)'

Proof. (i) This follows from the maximality of k = v,(v): We have
(4.3.1) ®(ge; + e2) = (v + au®p(q) — buq)es + bu'(gey + ez).
And

3

vy (au®p(q) — bu'q) = {

SRS
e =

vu(q) +t  ifvu(q) > =5
pou(q) +5 ifu,(q) < =
t—s

we could delete the

If we had k = vu(y) = vu(q) +t for any ¢ with vu(q) > =1,

leading coefficient of v in (4.3.1) which contradicts the maximality of v, (). Hence
we have k < v,(q) + t for all ¢ with v, (q) > ;:‘Ti which yields the first claim.

(#) The first part of the lemma implies % > k —t and hence our assumptions on
vu(q) imply k& < min{v,(q) +¢, pvu(q) +s}. We find v, (v +au®d(q) —bu'q) = vu(7)
and we may assume ¢ = 0, i.e. 9 € Ay, as the situation is the same as in the
standard apartment. Now we have (®(9)) = [px + s —t,py + 5 + t]p-1,-1,, and

T > % implies

pr+s—t>k—t, x>k-—t.
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Thus d; (9N, (P(M))) = (pr+s—t—(k—1t))+(z—(k—1t)) = (p+Lax+s+t—2k.
The statement on ds is easy.
(1ii) If M & Ay, then v, (q) < % < ;=% and hence

va (v + au’é(q) — bu'q) = vu(au’(q) — bu'q)
and the situation is the same as in the split case, i.e. the case v = 0. If M € Ay,
then (®(9M)) € Ay and the statement is easy. O

Remark 4.18. In the case of a non split extension we are in the case B 2 or A 3
of [PR2] 6.d. More precisely, if k;‘s ¢ 7, then the unique fixed point of ([PR2],
Prop. 6.1) is not in the building B. It is only visible after extending F((u)) to
some separable wildly ramified extension (the apartment containing the fixed point

will branch off from Ay at the line x = k;‘“, because we can successively delete

the leading coefficient of v in (4.3.1) if there is some ¢ with v,(q) = %) The

image of the half line {[z,m(v)]o | z < k;S} in the building for PG Ly(F((u))) is

stable under ® and the geodesic between [L%J +1,m(v)]p and its image under ®
contains the (projection of the) point [zg, m(Vv)]o in the building for PG Ly(F((u))).
This is the case A 3 of [PR2] 6.d.

If % € Z, then we are in the case B 2 of [PR2] 6.d.: In this case the maximality
of k = v,(q) implies k —t = ’C;S =I3=0
coefficient of 7) and we find that Prq is the fixed point in the building. In this case
there is a unique half-line in the apartment for PGLy(F((w))) that is fixed by P,

namely the image of the half-line {[x, m(v)]o | z < 0} under the projection.

Proposition 4.19. With the notations of Definition 4.1 and (4.0.3), (4.0.7), as-
sume that (Mg, ®) is a non split extension
0 — (M*(a)[3], @2) — (Mg, ®) — (M'(D)[;;], ®}) — 0
for some a,b € F* and 0 < s,t < p— 1.
(i) The schemes Xy, are empty for all [M'] € S(v)\{[Ma]}.
(it) For X7}, 1 the following holds:

(otherwise we could delete the leading

xvo_ 0 if = - e m(v) €22
(el () if =5 - 2=+ m(v) € 22.

(#i) If non empty, the scheme X{ is connected.
Proof. Lemma 4.17 (i) implies % < ﬁ and an easy computation using the same
inequality shows that

t—s _ 1T1=T2 ~ k=s k=s ~ _1
p—1 p—1 — p = p —p+1(

ri—ro—s—t+2k),

and hence

t—s _ T1=T2 k—s < 1
p—1 p—1 — p —p+1(

if QR“%’F{%C # (). Further denote by A the set of v-admissible lattices 9 = [z, m(v)],
with % < min{z, v, (q)}

ry—ro — 8 —t+2k),

As we have seen above, the situation for the v-admissible lattices 9 ¢ N is the
same as in the split case. Hence we can link all v-admissible lattices to v-admissible
lattices in Ay by a chain of P'. If M = [z,m(v)]o is a v-admissible lattice in Ag
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with z + 2 < % then there is a P! in GRY; 10 containing M = [z, m(v)]o and

[z+2,m(v)]o , except if M =M_ = [t‘(’p(+”),m( )]o which defines an isolated
point in X7, , if t T — =1 + m(v) € 2Z (compare Proposition 4.15).
Let 9V = [xo, m( )}0 be the lattice where x¢ is the maximal integer smaller than

% that is congruent to m(v) mod 2. We claim:

(a) If M is v-admissible and xo # ;:‘; — S=12, then any lattice in N can be linked
to M’ by a chain of P'.

(b) The lattices M € N are non-v-ordinary.

This finishes the proof of the proposition.

Proof of (a): Let M = [x,m(v)], € N be a lattice. Without loss of generality,
we may assume I € Ay, as the situation is the same in all apartments A, with
vy (q) > %. By Lemma 4.17, we have

% <z < #(rlfrg—s—lﬂrﬂc).
We consider the basis
by = u@tm(V)/2¢, , by = u(mV)=2)/2¢,

of 9 and by Lemma 3.7, there is a morphism
X: IP’% — Grass Mp

with x(z) [x m(v)],=—1 for z € F and y(o0) = [z — 2,m(Vv)]o.
Ifz—1> , then the morphism factors over GRy; l%c Consider the following two
cases:

If % < zg+1, then this argument shows that we can link all 9 € /\N/' to the lattice
[0, m(v)]o by a chain of PL.
If k;s
lattice M” = [z + 2, m(v)]o by a chain of P!. We can link the lattice 9" to the
lattice M = [xg, m(v)]o if the lattices M, = [xg, m(V)],u«-1 are v-admissible for
all z € F. For z # 0 we have

dl(mzy <(I)(9'nz)>) = (p + 1)d1(mza Pred) - 2d1(Q/7 Pred)a
where Q' = [xg + 1, m(v)]o is the unique point in Ay with minimal distance from
Mi,. Hence di (M, <<I>(9ﬁ )>) = dy (O, (@(M'))) + 2 and the morphism factors
through Ry loc — n=p
in X, ])

Proof of (b): Let M € N be a lattice. Similarly to the proof of Proposition 4.11,
we find
ail a2
M~ ( 0 a22>
with vy, (a12) < vy(a11) and hence the minimal elementary divisor of (®(90)) with
respect to 901 is not defined by a ®-stable subspace. (I

. (Otherwise 90V is the unique isolated point

Summarizing the results on the connected components we find the following Theo-
rem.

Theorem 4.20. Assume that (Mg, ®) becomes reducible after extending the scalars
to some finite extension F' of F.
(i) The subschemes XY and X[ are open and closed in QR“’él,%c ®r F for all
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isomorphism classes [M'] € S(v).
(i) If non empty, the scheme XY is connected.
i) For each [M'] € S(v) the scheme X%, is either empty, a single point or
(M]
isomorphic to ]P’]%.,
w) There are at most two isomorphism classes [M'] € S(v) such that XV, # (.
[M/]

Proof. This is a summary of the Propositions 4.11, 4.15 and 4.19. (]

This theorem implies a modified version of the conjecture of Kisin stated in ([Ki],
2.4. 16).

Definition 4.21. For an integer s denote by QR“',]’FI,%C’S the open and closed sub-

scheme of QR‘(,’FI%C comnsisting of all v-admissible lattices 9, where the rank of the

maximal ®-stable subobject 9y satisfying (®(My)) = u® "9y is equal to s.

Corollary 4.22. Assume p # 2 and let p : Gxg — Vg be any two-dimensional con-
tinuous representation of G that admits a finite flat model after possibly extending
the scalars to some finite extension of F.

Assume that Endg g, (V) is a simple algebra for all finite extensions F' of F.

Then QR}',;’%C’S is geometrically connected for all s. Furthermore

(i) If s = 1 and Endg g ,.)(Ver) = F' for all finite extensions F' of F, then QR“'/[’FI’%C’S
is either empty or a single point.

If s = 1 and Endp (g, (VE) = M(F') for some finite extension F' of F, then
QR“;]’FI,%C’S is either empty or becomes isomorphic to Py, after extending the scalars
to TF'.

(ii) If s = 2, then QR“;;’%C’S is either empty or a single point.

Proof. Our definitions imply
GRY S @ F = X
Further

v GRYG if >
U M — ng,loc,Z if —r
[M/]€S(v) veo o BTL=T2

By ([BI‘], Thm. 343) we have End]F’[GK](VJF’) = End]f«‘/((u)),@(M]F/)- The same The-
orem implies that the image of the category of finite flat Gi-representations on
finite length Z,-algebras under the restriction to G’k is closed under subobjects
and quotients. Hence Vf is irreducible (resp. reducible, resp. split reducible) if
and only if (Mp/, @) is. An easy computation yields:

Endg/ (g, (V) = F' if Vg is irreducible or non-split reducible.

Endg/ g, (VFr) = ' x F if V@ is the direct sum of two non-isomorphic one-
dimensional representations.

Endp (g (VEr) = Ma(IF') if Vi is the direct sum of two isomorphic one-dimensional
representations.

The Corollary now follows from Theorem 4.20 and Propositions 4.11, 4.15 and
4.19. |



STRUCTURE OF MODULI OF FINITE FLAT GROUP SCHEMES 31

5. THE STRUCTURE OF X

In this section we want to analyze the structure of the connected component X\ of
non-v-ordinary lattices. In the absolutely simple case we have

X3 =GRy, @r F
and this is isomorphic to a Schubert variety. In the reducible case it turns out that

this component has a quite complicated structure. It is in general not irreducible
and its irreducible components have varying dimensions.

5.1. The case (Mp, @) = (M1, ®1) ® (M7, P1). We assume that (Mg, @) is a direct
summand of two isomorphic one-dimensional objects and we will use the notations
of section 4.1. First we define some subsets of the affine Grassmannian.
Denote by n the maximal integer congruent to m(v) mod 2, such that

(5.1.1) n < norat?
Denote by [ the minimal integer such that

—ro+2l
(5.1.2) n+2< %

For z € P'(F) and j > 0 we define the following points:

Q: =[l+@+1jmv). ifzeF

Q7 = [l = (p+1)j,m(v)l.
We define the following subschemes Z, Z; C X for j > 0 by specifying its closed
points:

Z(F) ={M e B(m(v)) | di(M, Prea) < n}
GL3) z;®) = |J {MeBmv) | di(M Q) <n+2-1-(p-1)j}.
2€P1(F)

We want to consider these subsets as subschemes with the reduced scheme structure.

Lemma 5.1. With the notations of (5.1.1)-(5.1.3):

X3 () = (| 2 () U Z(F).

>0

Proof. Let M = [z, m(v)], be a non-v-ordinary lattice and denote by Q" = [/, m(v)].
the unique lattice with d; (90, Q") = d1(9M, 7). Without loss of generality, we may
assume that Q' € Lo, i.e. z=0 and v,(q) =2’ > 0.
If 1 < a2’ =wv,(q) <, then by Lemma 4.9 and the definition of n and I we find that
M is v-admissible (and non-v-ordinary) iff di (9, Preq) < n.
If v, (q) > I, then there is a unique j such that [+ (p+1)j <’ <I+(p+1)(j+1).
By Lemma 4.9, we find that 9t is v-admissible iff dy (9, Preq) < ’“1%‘*‘2“‘/ Now

+1
and hence 91 is v-admissible iff

r1—7T2 z' —1— j -
(9, Q) < nigiERt 4 HE=R I — (p—1);

By the definition of n and [ and the fact 2’ — 1 — (p+1)j < (p+ 1) we find that 9
is v-admissible iff

di(M, Q) <n+2—1—(p—1)j.
This yields the claim. ]
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Proposition 5.2. With the notation of (5.1.1)-(5.1.3):
(5.1.4) xy=(Jzyuz

Jj=0
(i) The scheme Z is isomorphic to an n-dimensional Schubert variety.
(i) For j > 0 there is a projective, surjective and birational morphism

ijP]%-XY}—)Zj

where Y; is ann+2 —1— (p — 1)j dimensional Schubert variety. Especially Z; is
closed and irreducible.
(#i3) If | # 2, then (5.1.4) is the decomposition of X§ into its irreducible components.
(iv) If | = 2, then the decomposition of XY into its irreducible components is given
by
Xy =2z
720

(v) The dimension of X§ is given by

n+1 ifl=2
n if | £ 2.

Proof. (i) The closed points of the scheme Z are the lattices with distance smaller
than n from the point [0, m(v)]o. By the same argument as in the proof of Theorem
3.9 (b), this is an n-dimensional Schubert variety.

(i1) The scheme Z; is the union of the Schubert varieties consisting of the lattices
M with distance dy (M, Q%) <n+2—1—(p—1)j =: n; for z € P}(F).

Let us first assume that m(v) = z; := [+ (p+1)j mod 2, i.e. Q7 is a lattice for
all z € P1(F). For any linearly independent vectors b; and by denote by

(b1, be) 1 Y; — Grass Mz

dim X :{

the inclusion of the Schubert variety of lattices 9t with

di (9, (b1, b2)) < nj

da (M, (b1, b2)) = 0.
First we construct a morphism

fj :]P’% x Y; — Grass Mg.

The inclusion (e, ez) defines a sheaf My, of Oy, [u]-lattices in MH}@FOyj. If
U = Spec A C Y} is an affine open we write M4 = I'(U, My,) for the Afu]-lattice
in Mz®zA defined by My;. To define the morphism E we define a sheaf M of
OP%XYjﬂu]]—lattices in MI’F(@FOP%ij- Let ]P’%F = Vp UV, with Vy = SpecF[T] and
Vs = SpecF[T~!]. We define M by specifying its sections over the open subsets
V x U of IP’]% x Y; where V' C IF’]% and U = Spec A C Y are affine open subschemes.
If V! = SpecF[T], C V; for some g € F[T], then T'(V' x U, M) is the pushout of
MR 4A[T], via the endomorphism of M@z A[T], defined by the matrix

o _ (a2 =)/
A= pumetenz ymev)—z/2 |
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If V" = Spec F[T 1], C Vi for some h € F[T~], then ['(V" x U, M) is the pushout
of MA® A A[T~];, via the endomorphism of Mz®zA[T~'];, defined by the matrix

TRy mv)—w)/2
CX =m0z ot me-z)/2)

These definitions are compatible: if V' C Vo NV, = SpecF[T,77!], then the
matrices C4 and C° differ by a unit (namely T resp. T~1). Further this definitions

are compatible with localization in the following sense.
If U' = Spec B C U = Spec A is an affine open, then

T(V' x U, M)=T(V'x U, M)®4B,
as Mp = MaR4B. And similarly for V" and for localization on ]P’%F. As the sets

V' xUV"xU|V' CVy, V" CVs, UCY, affine open} form a basis of the
topology this indeed defines a sheaf of OP%X)G [u]-lattices on ]P’l% x Yj.

N &
7 N

FIGURE 8. The closed points of Z; in the building in the case
p =3, F =TF3. The fat points mark the points Q3 for z € P*(F).

By construction the values of f; on closed points are given by
Fi (1 22),2) = 0 (WM (2165 + ze), w02 (161 + e3)) (1),
If we set T = z € F (resp. 771 = 0), then we pushout the Schubert variety Y;

along the automorphism

eq s u(MWFT) /20
eg u(m(")_”f)/2(zel + e2).

This is the Schubert variety consisting of the lattices 9 with d; (9, Qj) < nj,
where

Q= <u(m(V)+vﬁj)/2el7U(M(V)fﬂr]’)/2(ze1 + e3)).
The conclusion for the point at infinity in P!(F) is similar. This also shows that
the image of fj is Z;. As ]P’IlF x Y} is reduced, the morphism E factors through
Z; and we obtain a surjective morphism f; : ]P’%, xY; — Z;. As the source of this
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morphism is projective, it follows that Z; is a closed irreducible subset of the affine
Grassmannian and that the morphism f; is projective.

We have to show that it is birational. Denote by U C Y; the subset of all lattices
n;j—1
{M = (u"iPer, w2 (ger + e2) | g = Y aiu')},
i=0
(our assumptions guarantee that n; is even in this case). This subscheme is iso-
morphic to the affine space A[T—;j and is a maximal dimensional affine subspace of

Y;. Now V= [i(Vo x [7) C Zj is the subset of all lattices

n+2j5+1
m = <u(n+2j+2)/2€hu—(n+2j+2)/2(qe1 +e)) | g=ao+ Z a;u
i=l+(p+1)j

This is again an affine space and f; maps Vj x U isomorphically onto V. Thus it is
birational.
The case m(v) # x; mod 2 is similar. We have to consider the lattices

[+ (p+1)jm(v)—1, forzeF

(1= (p+ 1), m(v) — 1o
instead of Q7. Now Y; < Grass My is the inclusion of the Schubert variety of
lattices 9 with da(9, (b1, be)) = 1 and the same condition on d; as above. The

conclusion is now similar.
(i4i) For i > 0 we always have

1—1
zi¢g(Jz)uz,
j=0

because for example [n 4 2i 4+ 2,m(v)]o € Z;(IF) but not in the latter union, as we
can see from the definitions. If [ # 2, then

Zq UZj
>0

because for example [n,m(v)], € Z(F) but not in the latter union. The claim
follows from that and the computation of the dimensions: At first consider Z C X{.
This is irreducible and its complement has dimension less or equal to dim Z. Now
consider Z U Zy 2 Z. The complement of this subscheme has dimension (strictly)
less than dim Zy. Proceeding by induction on j yields the claim.

(iv) In the case | = 2 we have Z C Zy: If M = [z, m(v)], € Z(F) and if we assume
again v, (q) > 0, then d;(9M,7) <n — 1 and hence

di(M,Qp) = (M, Q") +di(Q, Q) Sn—1+1—-1=n+2—1

Thus each point MM € Z(F) is also contained in Zy. The statement now follows by
the same argument as in (7).
(v) This is a consequence of (i)-(iv). O

Remark 5.3. On each of the half lines £, for z € P!(F) we find Schubert varieties
with decreasing dimensions. This behavior is called "thinning tubes” in [PR2] 6.d.
compare loc. cit. B 2.
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5.2. The case (Mg, ®) = (M7, ®1) ¢ (Ms, P5). In this section we assume that
av® 0
Mg ~ ( 0 but>
with a,b € F* and 0 < s,t < p — 1. Further we assume s # t or a # b.

Assume s = t and let n be the largest integer that is congruent to m(v) mod 2
and that satisfies

(5.2.1) n < SR
Denote by [ the smallest integer satisfying
(5.2.2) n+42 < noratll,

Define the points
Q5 ==+ p+1)7),m¥)o,
and the subschemes Z, Zji C X{ by:

Z([F) ={MeBm((v)) | di(M, Prea) <n}

Zi(F) = {M € B(m(v)) | d1(M, Q) <n+2—1—(p—1)j}.
Proposition 5.4. Assume s =t and define n and I as in (5.2.1) and (5.2.2).
(i) The scheme Z is isomorphic to an n-dimensional Schubert variety.

(i) The schemes Zji are isomorphic ton + 2 —1 — (p — 1)j dimensional Schubert
varieties.
(iii) If I # 1, then
xy=zulJzHuvlUz)
Jj=0 Jj=0

is the decomposition of X into its irreducible components.
(iv) If L =1, then

xy=WUzHuJz)

j=20 j=20

is the decomposition of X§ into its irreducible components.
(v) The dimension of X{ is given by
n+1 ifl=1
n if 1 £ 1.

Proof. (i) and (ii) follow immediately from the definitions.
As in Lemma 5.1 we easily find

(5.2:3) xy=zulUzhulJz)
i>0 §>0

dim X :{

and as in Proposition 5.2 we find

1—1 —1
zt¢zulJzhHulJz)).
j=>0 j=>0

Further
Zq¢zZE ifl#£1
zZczy ifl=1
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The computations are the same as in the proof of Proposition 5.2 with the only
difference that we have to replace 7 by Lo U Lo, = Ao N B(m(v)). Part (i) and
(iv) now follow exactly as in the proof of Proposition 5.2.

Finally (v) follows from (i)-(iv). O

In the case s # t we have to distinguish more different cases. We only sketch the
structure of the irreducible components.
Denote by xy = L;jj the integral part of Itﬁ. Let ny be the largest integer

congruent to m(v) mod 2 such that

(5.2.4) ny <225 4 g (r =+ 2(20 +1 - 157).

Let n_ be the smallest integer congruent to m(v) mod 2 such that

(5.2:5) ne 255 - e+ 205 - @),
By Lemma 4.13, these numbers have the following meaning: The maximal distance
dy of a v-admissible lattice in A,\Ap with v,(¢) = zo + 1 from P,eq is iltJ:i;

the maximal distance d; of a v-admissible lattice in A,\Ag with v,(q) = z¢ from

Preq is ;j —n_. We define

(n4 +n-)

(ny —n_).

(5.2.6) e

NI pof=

n =
Let Z be the subscheme whose closed points are given by
Z(F) = {M € B(m(v)) | di (M, [z1,m(v)]o) < n}.
This is a n-dimensional Schubert variety. Let [; be the smallest integer such that
(=2 +2(1 — £2%)),

i.e. the smallest integer such that there are v-admissible lattices with x-coordinate
ny + 2 in the apartments branching of from Ay at the line z = [.
Similarly, let [_ the largest integer such that

n_ > =5 - Iﬁ(rl — 1o + 2(;:‘;

—L)).
For j > 0 we define the following points

Qf =y + (p+ 1), m(v)lo

Q7 =1 (p+1)j,m(¥)lo.
Again, we define the following subschemes of X{:
ZF(F) = (M € Bm(v)) | d (M, Q) <ny +2— L — (p—1)j}
Z: (B) = {M € Bim(v)) | di(M,Q;) <1 +2—n_ — (p—1)j}.

J

(5.2.7)

These subschemes are isomorphic to Schubert varieties.

Lemma 5.5. With the above notation we have

(5.2.8) XY (F) u(lJz @) ul z; @)

>0 3§20
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Proof. The proof of this fact is similar to the proof of Lemma 5.1.

If M = [x,m(v)], is a lattice, we denote by @’ the unique point in Ay N B(m(v))
with di (9, Q") = d1(9M, Ag). We assume that Q' = [2/,m(v)]o with 2’ > It)%sl.

If 2/ <y, then M is v-admissible (and non-v-ordinary) if and only if 9t € Z(F).
This is a direct consequence of the definitions.

If ' > I, there is a unique integer 7 > 0 such that

L+ @+lj<a’ <l +@E+1E+1).

In this case the definitions imply that 9 is v-admissible (and non-v-ordinary) if
and only if M € ZJ‘-Ir (F) (compare the proof of Lemma 5.1).

The conclusions for 2’/ < ;:Sl
above, the computations become more complicated, but we can also deduce this

result by interchanging e; and es. (I

are similar. In the set of coordinates considered

Proposition 5.6. With the notations of (5.2.4)-(5.2.7) :
(5.2.9) xy=zu(lJzHullz).
320 720
(i) The scheme Z is isomorphic to an n-dimensional Schubert variety.
(i) For j > 0 the schemes Zji are isomorphic to Schubert varieties of dimension
dim Z =ny +2 -1, — (p—1)j
dim Z;7 =1_+2-n_—(p—1)j.
(ii) If Z ¢ Z3 U Zy , then (5.2.9) is the decomposition of XY into its irreducible

components.
(iv) If Z C Z§ U Z; , then

xy=(UJzhulJz)
Jj=0 Jj=0
is the decomposition of X into its irreducible components.

In this case we would have to consider many cases in order to determine whether
Z C Zg' U Z, or not from the given integers 71,79, s, .

Proof. By use of Lemma 5.5, this is nearly the same as in the proof of Proposition
5.4. O

Remark 5.7. Again, we find that the Schubert varieties of decreasing dimension
defined above correspond to the "thinning tubes” in [PR2] 6.d along the ®-stable
half lint_es {[z,m(V)]o | z < ;:51} and {[z,m(V)]o | x > ;:51} in the building for
PGLy(F((w)))-

5.3. The case of a non split extension. As in section 4.3, we assume that there
is a basis ey, e2 of Mz such that

au®
Mg ~ ( 0 bzt>

for some a,b € F*, v € F((u)) and 0 < 5,t < p — 1. We assume that (Mg, ®) is a
non-split extension and use the notations of section 4.3.
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Denote by xg the largest integer xy < %. Let ny be the largest integer congruent
m(v) mod 2 such that

(5.3.1) ny < Zﬁ(rl —ro —s—t+ 2k).

Let n_ be the smallest integer congruent m(v) mod 2 such that

(5.3.2) ))-

These numbers have the following meaning: The integer n is the maximal z-
coordinate of a v-admissible lattice in A, with v,(g) > k;S, ;:51 —n_is
the maximal distance d; of a v-admissible lattice in A,\Ag with v,(q) = z¢ from

Pieq- As above, we define the following integers

T —To + 2(;:“;

1
_—p—l_m(

o1 = g(ny +n-)
(5.3.3) n = Lny —n_).

We have 1 € {xg,zo + 1} which can be deduced from the equation

rl—r2—s—t+2k)—%z%—(t;sl—L(rl—rg—FQ(;:i — kosyy),

1
i (

k—s

(Here, we compute the distance from the point
n (5.3.2)). We define the following subset

(5.3.4) Z(F) = {M € B(m(v)) | di(M, [x1,m(v)]o) < n}.
Let [_ be the largest integer such that
(5.3.5) n_—2> ;:i — Iﬁ(rl — 71+ 2(;:81 —1)).

For j > 0 we define the points Q; = [I- — (p + 1)j, m(v)]o and the subsets
(5:36) 77 (F) = {Me Bm(v)) | d(ON,Q7) <1 +2—n_ —(p—1)j}.
Lemma 5.8. With the above notations

XY (F) u(lJz F

7>0

Proof. Let M = [z, m(v)], be a lattice.
If v,(q) > k;“” (or equivalently if v,(g¢) > o), then (by Lemma 4.17) 9 is v-

admissible (and non-v-ordinary) iff

xSerl

(r1 —rog —s—t+2k),
or equivalently iff z < mn,.
If v, (q) = xo and = > v,(q), then (by Lemma 4.17) 91 is v-admissible and non-v-

ordinary iff

dy (M, [3=F, m(v)lo) < — ),

or equivalently iff dy (9, [ =1,m(v)]o) < ;=% — n—. By the definitions of z; and n
and the fact x; € {xg,20 + 1}, we find that in both cases 91 is v-admissible (and
non v-ordinary) iff 9 € Z(F).

For the v-admissible lattices 9 = [z, m(v)], with v,(¢) < o we proceed as in the
proof of Lemma 5.5. O

1(7"177"24’2(
t—

/\”S
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Proposition 5.9. With the notations of (5.3.1)-(5.3.6):
(5.3.7) xy=zu(lJz).
§>0
(i) The scheme Z is isomorphic to an n-dimensional Schubert variety.
(i) For j > 0 the schemes Z; are isomorphic to Schubert varieties of dimension

dim Z; =1-+2—-n_—(p—1)j.

(i11) If Z ¢ Zy , then (5.3.7) is the decomposition of X{ into its irreducible compo-
nents.
() If Z C Z; , then the decomposition of X into its irreducible components is

given by
xy=Jz.
Jj=0
Proof. (i),(ii) This follows from the definitions.

(#3), (iv) As in the discussion of the other cases, our Schubert varieties are con-
structed in a way such that

i—1
zr¢ 7o 7))
§=0
for all # > 0. The claim follows from this and the computation of the dimension
(compare the proof of Proposition 5.2). O

Remark 5.10. We find a sequence of Schubert varieties of decreasing dimension
along the unique ®-stable half line {[z,m(v)]o | = < k;S} corresponding to the
"thinning tubes” in [PR2] 6.d.

Further, we find a Schubert variety Z corresponding to a ball with given radius
around a given point as in loc. cit. A 3 resp. B 2.

The discussion of this section implies the following result.

Theorem 5.11. If (Mg, ®) is not isomorphic to the direct sum of two isomorphic
one-dimensional ¢-modules, then the irreducible components of X; are Schubert
varieties. Especially they are normal.

6. RELATION TO RAYNAUD’S THEOREM

In this section, we assume p # 2. In [Ra], Raynaud introduces a partial order on
the set of finite flat models for Vg (i.e. the set of F-valued points of GRy; o) by
defining G; < G if there exists a morphism Go — G; inducing the identity on the
generic fiber of Spec Ok. By (loc. cit. 2.2.3 and 3.3.2), this order admits a minimal
and maximal object (if the set is non-empty) which agree if e < p — 1.

In our case, Raynaud’s partial order is given by the inclusion of lattices in Mp:
Inclusion of two admissible lattices is a morphism that commutes with the semi-
linear map ® and induces the identity of My after inverting u. Here, a lattice 90 is
called admissible if it defines a finite flat group scheme, i.e. if 9t C ((M)) C M.

Proposition 6.1. Let p: Gx — Vi be a continuous representation of G . Assume
that there exists a finite extension ' of F such that there is a finite flat group scheme
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model over Spec Ok for the induced Gy representation on Vipr = Vg Qp F'. Then
there exists a finite flat model for Vi, i.e.

GRv,0 # 0 = GRy, o(F) # 0.

Proof. Our assumptions imply GRy; o(F’) # 0 for some finite extension F’ of F.
Hence, by Raynaud’s theorem, the set GRy; o(F’) has a unique minimal element.
The natural action of the Galois group Gal(F’/F) on QR‘(/;%C(]F’ ) preserves the
partial order (it preserves inclusion of lattices) and hence the minimal element is

stable under this action. Consequently, the minimal object is already defined over
F. O

We now want to reprove Raynaud’s theorem in our context: we will show that there
is a minimal and a maximal lattice for the order induced by inclusion on the set

GRv;0(F).

Proposition 6.2. There exists a minimal and a maximal admissible lattice Mumin
resp. Mmax for the order defined by the inclusion.

Proof. We only prove the statement about the maximal lattice. The other one is
analogue. We choose a basis e;, e5. The proposition follows from the following two
observations:

(a) There exists a unique admissible lattice with minimal y-coordinate.

(b) If M is a admissible lattice with non-minimal y-coordinate, then it is contained
in an admissible lattice with strictly smaller y-coordinate.

Proof of (a): First it is clear that the y-coordinates of admissible lattices are

bounded below: If
/ /
<€17 62> ~A = (:/ ?/)

and if M = [z, y], is admissible, then 2¢ — d' = (p — 1)y + v, (det A’) with
0 < d = dim(®(M))/u M < 2e.

Suppose now that 91 and 91, are admissible lattices with the same y-coordinate.
There is a basis b1, by such that

gJ'tl = <b17b2>
S:RQ = <u”b1,u7”b2>.
for some n > 0. We have
(2 )
M P—1 u—n(p+1)g
My ~ B = p+1,y ufnp 1)5
for some «, 3,7,6 € F((u)). Define
n 1 0
m;; = <b1,u b2> = <0 U_n> 93?1.

Then 93 has strictly smaller y-coordinate and is admissible. Indeed:

« u~"Pg
mco (8 70
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and we have to show: min; ; ¢;; > 0 and v, (det C) — min; j ¢;; < e.
But because 9M; and 91, are admissible we know:

vu(@) > 0 vu(u™"B) > n
v (u"y) > n v (uP=Y5) > 0.
Similarly v, (det C) = v, (det A) — (p — 1)n = v, (det B) — (p — 1)n and hence:
vy(det C) —wvy(a) <e—(p—1)n wvy(det C) — v, (u™"PB) < e—pn
vy(det C) — vy (u"y) < e—pn vy(det C) — v, (u™™P7V8) < e — (p — 1)n.
Proof of (b): Let 9 be an admissible lattice with non-minimal y-coordinate. Then
there exists an admissible lattice 9 with strictly smaller y-coordinate. These

lattices are contained in a common apartment and hence there is a basis by, by such
that

M = (b1, ba)

i)in/ = <umb1,u”bg>
for some integers m,n with m + n < 0, because the y-coordinate of 9 is strictly
smaller than the y-coordinate of 1.
Without loss of generality, we assume m —n > 0. If m <0, then n < 0 and we are

done, since then 9t C 9.
If m > 0 we claim that the lattice 9y = (b1, u™"by) is admissible. Indeed

a B
mw(W 5>

o (u(pl)ma uanrmg)

upmfn,y u(pfl)na

o upP(mtn) 3
ml ~ (umn,}/ u(P*l)(va")(S

and the claim follows by a similar argument as in the proof of (a). O

Proposition 6.3. Ife < p—1, then the minimal and the maximal lattice coincide.

Proof. Denote the minimal lattice by 9in, the maximal by 9My.x. There is a
apartment containing both lattices and we may assume My = (€1,e2) = [0,0]o
and Myin = [z, ylo for some y > 0.

Let A € GLa(F((u))) be a matrix such that

My ~ A= (¢ 0
max /7 5 M
Define diin = dim Myin/(P(Mupin)) and similarly dyay. Then
2e — dimax = 2 — dim Moy /(P (Mimax)) = vu(det A)
2e — dpin = 2e — dim Myin /(P (Mmin)) = vu(det A) + (p — 1)y.

Thus we have (p — 1)y = dmin — dmax < 2e < 2(p—1) and hence y =0or y = 1. If
y = 0 we are done, as 9My,.x is the unique lattice with minimal y-coordinate.
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Assume y = 1. In this case My C Mupax implies My, = [£1, 1]p. Without loss

of generality, we assume My = [—1, 1]o = (ueq, e2). Then
uwla uwlg
mmi“NB(upv J >

As both lattices are admissible, we have
max{v,(det B) — v, (u™18), v, (det B) —v,(0)} < e
and hence:
vy () >0 v, (B8) — 1> v,(det B) —e=wv,(det A) + (p—1) — e > vy, (det A)
Vu(7) >0 vy, (6) > vy(det B) — e =wv,(det A) + (p—1) — e > v,(det A)
It follows that
vy (det A) = vy (@d — By) > min{v, («) + v,(0), v (8) + vu(y)} > vy (det A).

Contradiction. O

Finally we want to determine the elementary divisors of (®(91)) with respect to 9t
for the minimal and the maximal lattice in the cases where (Mg, ®) is simple resp.
split reducible. If (Mp, ®) is non-split reducible, the computations turn out to be
very difficult and are omitted.

6.1. The absolutely simple case. As in section 3, we fix a basis e, e such that

0 au®
v (1)

with @ € F¥ and 0 < s < p? — 1. Let Muin be the minimal and M.y be
the maximal lattice. Denote by si,ss the unique integers 0 < s; < p + 1 resp.
0<sy <p-—1with

s1=s mod (p+1)

ss =s mod (p—1).
Because p — 1 and p + 1 are both even, we find s;1 = so mod 2.
Similarly let s} be the unique integer 0 < s < p— 1 with 2e —s = s, mod (p—1).

S—S1
p+1

— S—S2

Proposition 6.4. Denote by m = the integral part of

S
Pl
resp. I/ = == %.

(i) The elementary divisors (max,bmax) Of (P(Mmax)) with respect to M.y are
given by

(SH‘62 f228) if 1+ m €27 and sy > 51
(25 §1—|—p,§1+92—1) if 1+m €27 and sy < 81
(2= Sl+(p+1),sl+52 (p= 1)) if l+4m¢&2Z and sy +s2>p+1
(51+52+p D 52— SIHP DY if I+ m ¢ 2Z and sy + 55 < p+ 1.

)
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(i1) The elementary divisors (Gmin,bmin) Of (P(Mmin)) with respect to My, are
given by

(e—i—%,e—sﬁ‘”) if !4+m €27 and s1 < s

(e+1— =}z, e—p—|—"'1_g2) if !+m €2Z and s1 > s

(e+ (p+1)5‘91_s,2,e+ T 2(p+1)) if !'+m¢2Z and sy +sh,>p+1

(e + sl_ség(p_l),e + _81_552_(”_1)) if ' +m¢2Z and sy + sz <p+ 1.

Proof. We only prove the statement on MM,,.x. From Corollary 3.10 we know that
the lattice My, is contained in the apartment defined by ey, es. For a lattice I,
denote the elementary divisors of (®(91)) with respect to 9 by (a,b). Then M is
admissible if 0 < b,a < e. As we are assuming that there exist admissible lattices
we only have to check the condition a,b > 0 for My, (and the condition a,b < e
for mmin).

If | + m € 2Z, the candidate for the maximal lattice is [m, —I]o. If this is not
admissible, then we take [m + 1, -1 + 1]g. Computing the elementary divisors a, b
by use of Lemma 3.2 and Definition 2.2 we find the above expressions. In the case
I+ m ¢ 27 we deal with the lattices [m + 1, —I]o and [m, — + 1]o. O

6.2. The split reducible case. As in section 4, we fix a basis ej, e such that
auv® 0
My ~ ( 0 but>
with a,b € F* and 0 < s,t < p — 1.

Proposition 6.5. (i) The elementary divisors (amax,bmax) 0f (P(Mmax)) with
respect to Myax are given by

t,s) ift>s
(amaX7 bmax) = ( ) .
(s,t) ifs>t.
(i) The elementary divisors (amin,bmin) 0f (P(Mmin)) with respect to Muyin are

given by

(aminabmin) = {

(p=Dl= )+t - D= +s) if 25
(== +s. - V=p) +1) if =%

Proof. From Corollary 4.12 and Corollary 4.16 we know that the minimal and the
maximal lattice are contained in the apartment defined by e, es. Now

p—1)m+s (

d(ue1) = au' uey)

B(u"ey) = buP~U (4 ey).
The first part of the Proposition follows from the fact that s (resp. t) are the

smallest positive integers that are congruent to s (resp. ¢) modulo p — 1.
The second part follows from the fact that (p —1)| >=5

2| + s is the largest integer
smaller than e that is congruent to s modulo p — 1 (and similar for ¢). (]
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