CONNECTEDNESS OF KISIN VARIETIES FOR GLo

EUGEN HELLMANN

ABsTRACT. We show that the Kisin varieties associated to simple ¢-
modules of rank 2 are connected in the case of an arbitrary cocharacter.
This proves that the connected components of the generic fiber of the flat
deformation ring of an irreducible 2-dimensional Galois representation
of a local field are precisely the components where the multiplicities of
the Hodge-Tate weights are fixed.

1. INTRODUCTION

In his paper |Ki|, Kisin constructs a projective scheme over a finite field
of characteristic p whose closed points parametrize the extensions of a fixed
Galois representation of a local p-adic field K in a vector space over a finite
field F of characteristic p to a finite flat group scheme over the ring of in-
tegers Ok of K. In [PR], Pappas and Rapoport name these varieties Kisin
varieties. Kisin shows that the connected components of this scheme are
in bijection with the connected components of the generic fiber of the flat
deformation ring of the fixed representation in the sense of Ramakrishna (cf.
[Ram]). The quotient of the flat deformation ring corresponding to those
flat representations whose Hodge-Tate weights 0 and 1 have the same mul-
tiplicity is of particular interest for modularity lifting theorems (see [Kil).
In the case where K is totally ramified over Q, and the Galois representa-
tion is 2-dimensional, the connected components of the corresponding variety
over [, were determined by Kisin in [Ki, 2.5|. In general Kisin conjectures
that the connected components are given by open and closed subschemes on
which the rank of the maximal multiplicative subobject and the maximal
étale quotient are fixed, see [Ki, 2.4.16]. Kisin’s connectedness result was
generalized by Gee and Imai to the case of an arbitrary local field K (again
in the 2-dimensional case), see |Gee| and [Im1], but their results again only
concern the case corresponding to deformations whose Hodge-Tate weights
0 and 1 (in the generic fiber) have the same multiplicity. In [Im2] and [Im3],
Imai also determines the type of the zeta function of the Kisin variety in
these cases and counts the points of the variety parametrising extensions of
the trivial representation. In the case of low ramification (more precisely
if the ramification index of K is smaller than p — 1), the scheme is either
empty or contains a single point, by Raynaud’s theorem [Ra, 2.2.3, 3.3.2].
In this paper we prove connectedness of the Kisin variety corresponding to
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arbitrary Hodge-Tate weights in the case of an irreducible Galois represen-
tation of dimension 2. This generalises our result in [He|, that the Kisin
variety for arbitrary Hodge-Tate weights is geometrically connected if the
representation is absolutely irreducible and K is totally ramified.

We now describe our main result. Let K be a finite extension of @, with
residue field k. Fix a uniformizer m and a compatible system of p™-th roots
7n of 7 in a fixed algebraic closure K of K. We denote by K, the subfield
of K obtained from K by adjoining 7, for all n. Then the absolute Galois
group G, of K. is isomorphic to the absolute Galois group of a local
field in characteristic p and hence the F-linear representations of G are
described in terms of étale ¢-modules over (k @, F)((u)) (or equivalently
¢™-modules over F((u)) if £ C F and n = [k : F))]), where F is a finite field of
characteristic p, compare [Fo, A]. Here the Frobenius ¢ acts on (k®r, F)((u))
as the p-power map on k((u)) and as the identity on F.

Assume that p > 3. By a result of Kisin (building on work of Breuil), the
finite flat group schemes over Spec Ok that are p-torsion are described in
terms of free k[[u]]-modules 91 together with a ¢-linear injection ® : M — M
such that u®9 C ®(p*M). Here e = [K : W(k)[1/p]] is the ramification
index of K over Q. Under this equivalence of categories, the restriction to
Gk, of the Galois representation in the generic fiber corresponds up to twist
to the étale ¢-module obtained from (9%, ®) by inverting u. More precisely,
let G — Spec Ok be the finite flat group scheme defined by (9, ®). We write
V = G(K) for the Galois representation on the generic fiber and assume that
V carries an action of F. Then (9[1/u], ®) is the étale p-module associated

to V(1)|gx.. -

Conversely let us fix a free (F®p, k)((u)) module N of rank d together with
an isomorphism @ : ¢* N — N. Kisin shows that there is a closed subvariety
Ck (®) of the affine Grassmannian of the algebraic group G = Resy, /F, GLa
such that the F'-valued points of C'x (®) are the (F' ®p, k)[[u]]-lattices M’ C
N&pF satisfying

utM C d(p*M) c M.
As the restriction of flat p-torsion representations of Gx = Gal(K/K) to
Gk, is fully faithful [Br, Theorem 3.4.3], this scheme indeed parametrises
finite flat group scheme models of a given G g-representation.

If we fix a dominant cocharacter of the group G, then we can ask for the
closed subscheme C,(®) of the affine Grassmannian parametrising lattices
M such that the elementary divisors of ®(p*9) with respect to M are less or
equal to v in the usual order on dominant coweights (see also the definitions
below). In this context p = 2 is also allowed. We will prove the following
Theorem.

Theorem 1.1. Fix a dominant cocharacter v and a simple 2-dimensional
étale p-module (N, ®). Then the scheme C,(®) is geometrically connected.
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We believe that C,(®) is in fact irreducible and hope to come back to this
question and also to discuss some of the structure of C,(®).

Now let p > 3 and let p : Gg — GLa(F) be an irreducible continuous
representation of G’ with coefficients in a finite extension IF of F,. Then the
flat deformation functor is pro-representable by a complete local noetherian

W (F)-algebra R%. Let
1 Gy, g, — (Resk g, GL2)g,

be a miniscule dominant cocharacter and write R™# for the quotient of
RA[1/p] corresponding to those valuations whose Hodge-Tate weights are
given by p. If the cocharacter is not miniscule, i.e. the Hodge-Tate weights
are not in {0,1}, then the corresponding quotient of R would be empty.
Our main result has the following consequence.

Corollary 1.2. The scheme Spec(RM) is connected.

Acknowledgements: I thank M. Rapoport, X. Caruso and N. Imai for
their remarks on a preliminary version of this paper and for their interest in
this work. The author was supported by the SFB/TR45 "Periods, Moduli
spaces and Arithmetic of Algebraic Varieties" of the DFG (German Research
Foundation).

2. NOTATIONS

Let k be a finite field of characteristic p > 0 of degree n = [k : F}] over
F,. We fix an algebraic closure [F,, of F,. Let G denote the reductive group
Resyr, GL2 over Fp. Then

(2.1) Gp, = G @r, F, —— 112, (GLa)s, -

The automorphism of Resyr, GL2 induced by the absolute Frobenius on k
acts on the right hand side by shifting the factors. The Weil restriction of the
Borel subgroup of upper triangular matrices in GLo defines a Borel subgroup
B C G such that

B g, F —= I, B

under the isomorphism in (2.1), where B; C (GL2)g, is the subgroup of
upper triangular matrices.

Denote by LG (resp. LTG) the loop group (resp. the positive loop group) of
G, i.e. the ind-group scheme representing the functor R — G(R((u))) (resp.
R — G(R[[u]])) on the category of Fp-algebras. Further we denote by

Fo=LG/LTG
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for the affine Grassmannian of the group G. The isomorphism in (2.1) in-
duces isomorphisms

F ®r, B, — L(Gg)/L* (Gg,) — [[", Fi,

where F; 2 L(GLs)g, /L*(GLz)g, is the affine Grassmannian for GLa parametris-
ing IFp[[u]]-lattices in F,((u))?. We fix the isomorphism in (2.1) and write

(2.2) pr; : G, — (GLa)g,

for the projection to the i-th factor. We write (—, —) for the canonical pairing
between characters and cocharacters and fix the characters

det : GLy — Gy,
a: T — Gy,

where det is the usual determinant, 7' C GL9 is the maximal torus of diagonal
matrices and « is the unique dominant root defined by the Borel subgroup
of upper triangular matrices, i.e. the character diag(t,t2) — tit; L

Let

(2.3) v: (Gm)s, — Gp, = [[(GL2)s,
i=1

be a dominant cocharacter defined over the reflex field F C F, and fix an
F-valued point A € LG(F) = G(F((u))). Given an Fp-algebra R we write

¢ : (R®r, k)((u)) = (R &, k)((u))
for the homomorphism that is the identity on R, the absolute Frobenius on
k and that maps u to u?.
We also write ¢ for the homomorphism F,((u)) — F,((u)) that is the identity
on FP and maps u to uP. It will always be clear from the context which ¢
is used. By the construction in |PR, 2.c.1] there is a reduced projective
F-variety

C,(A) C Fo®F, F

whose Fp—valued points are given by
m = -1 + m v T+ >
{gﬁ% ®r, K)[[]2 C (F, @, k)((w))2| 9 A9) € LG Ju LTG(E) }

for some v/ < .

Here < is the order on dominant coweights induced by our choice of the Borel
and u”’ is the image of u € G, (Fp((u))) under v/. This variety is called the
(closed) Kisin variety associated with v and A, compare [PR, 6.a].

We will also use a different description of the closed points of C),(A). Let
N = (Fp ®r, k)((u))?. We can consider the ¢-linear map

(2.4) @A:A(id@)(p):]\f—»]\f.

We have an isomorphism

N—%>J\71><---><Nn7
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where N; are 2-dimensional Fp((u))-vector spaces and the map ® 4 splits up
into p-linear maps

D, : N; — Nitq,
where we write N,;1 = Nj.
An F,-valued point of F¢ can be viewed as an n-tupel MM = (My, ..., M,,),
where 9; C N; is an Fp[[u]]-lattice.
Given M = (My,...,M,) € Fg(F,) we denote by (a;,b;) € (Z?); the
elementary divisors of ®;_1(¢*9M;_1) with respect to ;.
Consider the cocharacters p;(9) : G, — GLg defined by

— uai O
b 0 wub)”

Then the alternative description of C,(A)(Fp) is given as follows: for M €
Fa(Fp) we have

M € C(A)(Fp) <= (11 (M), un(M)) < v,

with componentwise partition ordering. To analyse the connected compo-
nents of the varieties Cy,(A), we will use the language of Bruhat-Tits build-
ings (see |Ti| for example).

Let Z(G) denote the center of G and write G = G/Z(G).

We write B = B(LG(F,)) for the Bruhat-Tits building of G(F,((u))) and
B = B(LG(F,)) for the building of the group G(F,((u))). Then

BBy x---x By,
BBy x - X By,

where B; is isomorphic to the building of GLa(F,((u))) and B; is isomorphic
to the building of PGLy(F,((u))), i.e. B; is a topological space that is iso-
morphic to a tree where the link of every vertex is parametrized by P!(F),).
We write
di : Bl X BZ — R

for the Weyl equivariant distance in the tree B;, normalized such that the
distance of two neighbouring vertices is equal to 1. For a Fp[[u]]-lattice
M; C N; = Fp((u))? we write 9M; € B; or sometimes [M;] for its homothety
class.

Proposition 2.1. The map M, +— [®;(0*M;)] extends to a map ®; : B; —
Bit1. This map has the following properties:
(i) ®; takes geodesics to geodesics.

(ii) Let z,y € By, then dit1(®;(x), ®;(y)) = pd;i(z,y).
Proof. The proof is the same as in [PR, 6.b.2, 6.b.3]. O

We want to reformulate the definition of the Kisin variety C,(A) in terms
of the building. This is done in the following Proposition.
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Proposition 2.2. Let v be a cocharacter as in (2.3), defined over the reflex
field F and fix a point A € LG(F). Define the following integers:
r; = (o pr;,v) ,
m; = (det o pr;,v) .
Let M = (My,...,M,) € Fo(Fp) be an n-tuple of lattices. Then
= di(My, @1 (1)) < 7y
M € O, (A)(F,) > | 40 (M) <7
det 9M; = u™idet ©;_1(*M;—1).
Here in the last identity we mean equality of lattices in det N; = Fp((u)).

Proof. Let M = g(F @g, k)[[u]]* € C,(A)(F,). Write v/ for the cocharacter
such that

(2.5) g Ap(g) € LT G(F)u” LTG(F).

Under the isomorphism (2.1) we set g = (g1,...,9n) and A = (A1,..., 4p),
where g; € GL2(F((u))) and A; € GLa(F((u))). Further the cocharacter v/

is given by an n-tupel (v, ...,1,,), where v; : G,, — GLg is a cocharacter.
Then 9 = (My, ..., M,) with M; = ¢;F[[u]]?> C N; and (2.5) translates to
(2.6) gi1 Air10(9i) € GLa(F([u]] )"+ GLa(F([u]])

for i =1,...,n where we again identify g,4+1 = g1 and A, +1 = A;.

Suppose that the cocharacter v/ is given by

u —— uai O .
0 wbi)’

then (2.6) means that the elementary divisors of ®;(*9M;) = As110(g:)Fp|[u]]®
with respect to 911 = gi+1F,[[u]]? are given by (a;11,bi+1). Hence (2.6) is
equivalent to

dig1(Mig1, P;(9)) = aig1 — biy
det ®;(0*M;) = uti+rThitidet My, ;.
Now the claim follows, as v/ < v is equivalent to
a; + b; = m; = (det o pr;, v)

a; —b; <r; = (aopr,v), foralli=1,...,n.

3. SOME LEMMAS IN THE BUILDING

Before we proceed with the investigation of the Kisin variety, we need two
Lemmas about some subvarietes of the affine Grassmannian defined in terms
of the building.
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Lemma 3.1. Let m € Z and x1,25 € B(L(PGL2)(Fp)). Write d for the
distance function on B(L(PGL2)(FF,)). For ri,re € Q, the closed subvariety
X C Far, = LGLy /LT GLy
whose closed points are given by

B B det M = u_mIF‘p[[u]] C Fp((u))
X(Fp) =< M C Fp((u))? d(9M, z1) <1y
d(i)ﬁ, xg) S T9

is isomorphic to a Schubert variety in FgL,, i.e it is the closure of some
GL(M) orbit for a suitable lattice M C Fy((u))?. Especially X is connected.

Proof. Denote by [z1,22] C B(PGL2(F,((u)))) the geodesic between z; and
xg. We assume that d(z1,22) < 71 4 ro, as otherwise X is empty. Let
y € [z1,x2] be the unique point with

d(y, 1) = 3(d(z1,22) + 11 — 12).
Further we set
R= %(rl +ro —d(x1,22)).
Then

(3.) X(F) = {sm € Fy((w))?

det M = u"F|[u]] }
dm,y) < R ’
which can be seen as follows:
If d(O,y) < R, then

d(if’t7x1) < d(gjta y) + d(y,ﬂfl) < R+ d(ya I‘l) =n

and similarly for zo. If conversely d(90,x;) < r;, then we choose an apart-
ment containing 1, z and y. Denote by z the projection of 9 to this
apartment and assume that z is contained in the half line starting at y and
not containing xo. Then

dM, y) = d(M, x2) — d(y, z2) < ro — d(y,z2) = R.

We may replace R by the smallest number such that the equality (3.1) is
possible. If 4 is a vertex, then we are done.

Assume this is not the case and denote by z; and 29 the endpoints of the
edge containing y. Fix a lattice My € X (F,) such that d(9My,y) = R. Such
a lattice exists by our definition of R. Then we take for z the unique element
of {21, 22} such that z € [My, y]. If we define

R = max{d(z, M) | M e X(F,)},
then we easily see that R = R — d(z,y). We now have

X(F,) = {im’ det mm—,;;"fg uf] }



8 E. HELLMANN

The inclusion "C" is obvious from the definition of R. The converse inclusion
follows from

= JdOy) —d(z,y) ify ¢ [N, 2]
A, z) = {d(zﬁt, y)+d(z,y) ifye[Mm, 2],

the definition of R and the fact that the distance between the homothety
classes of two lattices with equal determinant is even.

It now follows that X is the closure of the GL(1)-orbit of ﬁ where 91 is

some lattice with homothety class z and M is some lattice with det M =
"y [[u]] and d([9], []) = R. O

Proposition 3.2. Let s > 3 and let Ny, ..., Ny be 2-dimensional Fp((u))-
vector spaces together with fized isomorphisms with Fp((u))?, and let F; be
the affine Grassmannian of N;. Suppose that there are @-linear maps

®; 1 N; — Niyq
such that their linearisations are isomorphisms. Let My C Ny and My C Ny

be lattices. Further we fix ra,...,75s € Q and mo,...,mgs_1 € Z. Then the
closed subvariety X C Fa X -+ X Fy_1 defined by

B det M; = u™ IE‘ [[u]]
X(Fp) = (93?2, . ,S)Jts_l) € Fox X Fs_q dz(q)l 1(9ﬁ ) S)ﬁl)
fori=2 ... s

1s connected.

Proof. We proceed by induction.

Let s = 3. Then we deduce the claim from Lemma 3.1 as follows: The
Fp—valued points of the subvariety X C F5 are the lattices 9, C No such
that det 9y = u™2F,[[u]] and

do(®1(901), M) < 1y
do (M, 5 (M3)) < r3/p,

where we write @2_ (95?3) for the preimage of M3. This does not necessarily
lie in the building By = B(PGL(NQ)) but is visible after some ramified
extension of F,((u)). Replacing ®,*(M3) by its projection to By and r3/p
by

r3/p — da(®5 (M), Ba),
the case s = 3 now is a consequence of Lemma 3.1.

Assume that the assertion holds for s — 1. Then the fibers of X over every
point in F» are connected by induction hypothesis. And hence X is connected
if and only if pry(X) C F; is connected. Here we use the properness of the
projection pry.

Let ys_1 be the projection of s onto the convex subset ®,_1(B,_1). This is
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indeed a convex subset as ®,_1 is injective and maps an apartment in Bs_1
onto an apartment in B,. If we set t; = ds(Ms, ys_1), then

ds((i)s—l(z)af)jts) <rs & ds(q)s—l(z)ays—l) <rs—ts

& ds1(z, 071 (ys-1)) < 2(rs — t),

for all z € B,_1. Inductively we denote by y,_; the projection of ys—;4+1 € B
onto the convex subset (®s_10---0®, ;)(Bs_;) C Bs and write t5_; 41 for
the integer defined by

ds(ysf’iJrla ysfi) = pi_ltsfiJrl-

This is indeed an integer as dy_i41(Ps—i(2),y) is an integer for all vertices
x € Bs_; and y € Bs_;y1 (and ®; multiplies distances by p). Now we have

B det My = u™2F,[[u]]
pra(X (Fp)) = ¢ M2 C Ny d2(9ﬁ27‘1>1(5m1)) <7y ,
da(My, (Ps_10---0Py) Hy)) < R/p* 2
where R = (rg—ts)+p(rs_1 —ts_1)+---+p°3(r3 —t3). This can be seen as

follows: Inductively (starting with the observation above) we can show that
for any lattice M;_; C Ns_; we have

=
ds,i(ﬂﬁs,i, ((I)s 0--+0 (I)S,Z-) ys z § ; Z 7"sfj - tsfj)
§=0
if and only if there exist an ffRs_iH such that

ds—it1(Ms—ip1, Ps—i(Ms—i)) < Ts—it1

ds—z‘(gjts—i—&-la (cI)s ©---0 (i)s—z'-i-l) (ys z+1 rs—j - ts—j)-

Now the claim follows from Lemma 3.1. (]
We return to the setting of the first section. Let v be a cocharacter as in
(2.3) and define
= (det o pr;, V),
ri = (oo pry,v).
We define a subset
(3.2) B(v) =Bi(v) x -+ x By(v) C B,

where B;(v) is the convex hull of all lattices 9t; C N; such that det 9; =
u®F)[[u]], where the s; are integers defined by the set of equations

PPsi + Mit1 = Sit1 fori=1,...,n—1

2
P Sy +my1 = S7.
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Remark 3.3. Note that B(v) maps homeomorphically onto B. But not every
vertex of B(v) is defined by a lattice. More precisely, if M; and 9; are
lattices in B;(v), then d;(9M;, MN;) is even.

The integers s; are defined in a way such that C,(A)(F,) C B(v): If
M= (My,...,M,) € C,(A)(F,) with det M; = u*F,[[u]], then
det M1 = u™ittdet (™M)
implies $;41 = mjy1 + p2s;.
Corollary 3.4. Denote by pr; : C,(A) — F; the projection onto the i-th
factor in (2.2). Then the fibers of pr; are connected.

Proof. With the notations from above we find C,(A)(F,) C B(v). Then the
claim follows from the description of the closed points in Proposition 2.2 and
Proposition 3.2. U

4. THE SIMPLE CASE

In this section we will prove the following theorem.
Theorem 4.1. Let A € LG(F,) and assume that the object
(N, @4) = ((Fp @r, k)((0))?, @4)

is simple, where ® 4 is defined as in (2.4). Let v be a cocharacter as in (2.3).
Then the Kisin variety C,(A) is geometrically connected.

The idea of the proof is to analyse the set of lattices in the set B(v) defined
in (3.2) that correspond to closed points in C,(A). In the following we will
write [z, y] for the geodesic between two points x,y € B (resp. z,y € B;).

Proposition 4.2. Let A € LG(IF,) and assume that the object
(N, ®4) = ((Fp ® k)((u))?, ®4)
defined by (2.4) is simple, i.e. there is no proper ® 4-stable subspace.
(i) There is a unique point P = (Py,...,P,) € B = By x --- x By, fived by
the induced map ® 4.
(ii) For alli € {1,...,n} the point P; € B; is not a vertex.
(iil) Let M = (My,...,M,) € Fe(Fp). Then there isi € {1,...,n} such
that

P, € 9, &1 (M;_1)).

Proof. (i) Again we write
N = (F, @ k)((u))* = Ny x --- x Ny,
and (I)z = q)A’Ni : Nz — Ni+1~ Then

b:=P,0--- 0P =P|n, : Ny — N
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is a @-linear endomorphism of Ny whose linearisation is an isomorphism,
where @ : F,((u)) — Fp((u)) is the identity on F, and maps u to uP".
Further ((F, ® k)((u))?, ®4) is simple if and only if (N, ®) is. By Caruso’s
classification of simple objects, see [Ca, Corollary 8|, there is an IF),((u))-basis
b1, by of N7 such that

®(by) = by

E)(bg) = ausbl
for some a € IF‘; and s € Z. Let A C By be the apartment defined by by, by
and let A = R be an isomorphism preserving the distance and under which

the homothety class of F[[u]]b; @ Fp[[u]]bs is mapped to 0. Then one easily
calculates that the preimage of s/(p™ + 1) is fixed under

(@] :E;Bl — B;.
Denote this fixed point by P; and inductively define

Py =®; 1(Pi1) €B;
for i =2,...,n. Then P = (P,...,P,) is fixed by ®4. Further it is unique
because of Proposition 2.1, (ii).

(ii) As the isomorphism .4 2 R maps the vertices of A exactly to the integers,
the point Pj is a vertex if and only if p™ + 1|s. In this case one easily checks
that

Fp((w)(vau/ " Dby 4 by)

is a d-stable subspace. Contradiction. Hence P; is not a vertex.
Instead of constructing P; using P; we could also have used

and hence the same argument shows that P; is not a vertex.
(iii) We first show that P; € [9y,[®](91,)]. Using the above notation

we denote by z1 and wy the vertices of By such that Py € [z1,22] and
dy(z1,22) = 1. As ®" maps geodesics to geodesics it is enough to check

that z; € [Py, ®"(x2)] and vice versa. Using the standard form for ®" from
above this is an easy computation.

Now assume P; ¢ [90;, ®;_1(90;_1)] for all indices i. Then P, ¢ [z, ®1(M1)]
implies B S
Py = ®9(P2) & [P2(My2), Po(P1(MM))]
Together with Ps ¢ [z, ®o(Mz)] this implies P ¢ [, @o(P1(My))], as
[ D3, ©2(@1(M1))] C (M3, Do (Ma)] U [@2(My), D2 (D1 (M1))].
Proceeding by induction this implies
Py g [0, S()] = [0y, (B 0 -+ 0 &1) ()],

contradicting the above. O
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Given a cocharacter v as in (2.3), recall the definition of
B(v) =Bi(v) x -+ x By(v)

from (3.2). This set maps homeomorphically onto B. For i € {1,...,n} we
write Q; € B; for the unique vertex with minimal distance from P; that is
the homothety class of some lattice in B;(v). This vertex is indeed unique
as P; is not a vertex, and the distance between two homothety classes of
lattices in B;(v) is always even, compare Remark 3.3.

We construct a lattice MM(Q;) € B(v) as follows: Let M(Q;); € Bi(v)
be the unique lattice such that [9(Q;);] = @;. Then M(Q;); is defined
inductively for j # ¢ as the unique lattice in

N € B;(v)
N C Nj [ } € [Qja j— l(pﬁ(Qz) ])]
dj([‘ﬂ], j— 1([ (QZ)] 1])) Ty

with minimal distance from @);.

Lemma 4.3. Leti € {1,...,n}. If there exists M € CZ,(A)(IF‘p) with M; =
Qi, then M(Q;) € C,(A).

Proof. We only need to check
di(®i—1[PM(Qi)i-1], Qi) < 74
By induction one easily sees that
dj(®;-1([M(Q:)j-1]), Q5) < dj(Pj—1([M-1)), @),

for all j, using that this is true for P; instead of (); and the fact that the
difference between the left hand side and the right hand side is even. The
claim now follows from

dz(q)z 1( ) Qz) = z( i— l(gﬁi—l)agﬁi) <.
[l
Lemma 4.4. Leti,j € {1,...,n} such that M(Q;), M(Q;) € C,(A). Then
M(Qi); = M(Q;); or M(Qj)i = M(Qi)i-
Proof. Assume j < i and [9(Q;);] # Q;. Then the constructions of M (Q;)
and MM(Q;) imply
dj1(Qjt1, [M(Q))j+1]) < djg1(Qj1, [MUQi) j41])-
Proceeding by induction the constructions yield
di(Qi, [M(Qy):]) < di(Qs, [M(Qi):]) =0
and hence M(Q;); = M(Q;);- O
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Lemma 4.5. Let 9, Mo C F,((u))? be lattices with det My = det Na. Let
y denote the midpoint of the geodesic
[, 9] € BPGLa(Fp((w))))-

There exists a morphism

X = Xy, 9, P! — Far,
such that x(0) = 9y and x(c0) = Na and such that

d([x(2)],y) = 3d(N1, Ny)
for all z € Fp. Note that the right hand side is an integer.

Proof. This is similar to [He, Lemma 3.7]. O

Proposition 4.6. Let MM = (My,...,M,,) € C,(A). Then there exists an
index i € {1,...,n} such that for all M; C N; with detN; = detM; and
€ [P, M), where y; denotes the midpoint of [N;, M;], there is a morphism

X: Py — Fi
such that x(P') C pr;(C,(A)) and x(0) = M; and x(c00) = N;.

Proof. Leti € {1,...,n} such that P; € [0, @;_1(9M;_1)]. This index exists
because of Proposition 4.2, (ii). If 9; = @Q;, then we are done. Assume this
is not the case.

With the notation from Lemma 4.5 we consider the morphism x = Xy, &,-
Then x(0) = 9M; and x(co) = N;. As pr;(C,(A)) is closed it is sufficient
to show that x(AY(F,)) C pr;(C,(A)(Fp)). By construction we have for all
z € Fp,

di([x(2)],9i) = di([x(20)], i),
where y; denotes the midpoint of [N, M;]. As y; € [P;, ;] we have
di([x(2)], Pi) = di([9i), By)
di([x(2)], @i1([Mi-1])) [x(2)], i) + di(Pi, @i ([9Mi-1]))
[90%], Pi) + di(P;, @it ([90%i-1]))
[900], @i -1 ([Mi-1]))

d;
d;
d;

(1

(
(
(
(

for all z € Fp.

Lemma 4.7. If ®i(y;) ¢ [Qit1, Mit1], then i(y;) € [Migr, ©i([x(2)])] for
all z € F.

Proof ‘We can choose an apartment A C Bj;1 containing the points Qi+1,

Pii1, ®:(Q;), ®i(y;) and ®;(9M;). We denote by z the projection of S)JTZH
onto this apartment. Denote by A_ the half line in A starting at ®;(y;)
and containing @Q;+1. Our assumption means z € A_. But we also have
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Pi(x(2))

Di(Mi)

Qi+

FIGURE 1. The relative position of ®;(x(z)) and 91 =
M; 1 in the building.

®;(Q;) € A_ as the corresponding fact holds true for P; instead of ;. The
claim now follows from

[@:(Q4), i (y:)] N [@i([x(2)]), Piyi)] = {Pi(wi)}-

Assume first that ®;(y;) ¢ [Qis1,Mir1]. By Lemma 4.7 we find
dip1 (M), Pi([x(2)]) = disa (M), @i(vi) + dia (Pi(yi), B([x(2)]))
= dit1([Mit1], Pi(yi)) + div1 (Pi(yi), P([9]))
= dip1([Mia], ®i(])) < ripa
for all z € F,, (compare Fig. 1). It follows that
(ml, I, X(Z),f)ﬁprl, - ,i)ﬁn) S CV(A)
for all z and hence we are done.
If ®;(y;) € [Qix1,M;iy1], then consider the morphism
Xi+1 = Xm+17zi+1’A1 tAN— i+1s

where z;,1 is the point in B defined as follows. The point &Di(y_i) is the
midpoint of the geodesic [z;41,9;+1] and there is an apartment A C B;y;
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Zi+l Qi+
A
FIGURE 2. The relative position of ®;(x(z)) and x;11(z) in
the building.
such that

[Zit1, Mig1], [Qix1, Mira] C A,

compare also Fig. 2. Then, by construction, we have ®;(y;) € [[x(2)], [xi+1(2)]]
for all z and hence

dir1([xi+1(2)], Pi([x(2)])) = diga1([xir1(2)], Pi(yi) + dig1(Piyi), Pi([x(2)]))
= dit1([xi+1(0)], @5(y1)) + dig1 (Pi (i), Pi([x(0)]))
= diy1([xi+1(0)], @5([x(0)]));
di+1([Xi+1(2)], Pit1) = dig1([xi+1(0)], Pit1)

for all z € F,, (compare Fig. 2).

Denote by yiy1 = @i(y;) the midpoint of [zjy1,Miy1]. If @i (yir1) ¢
[Qit2,M; 2], then

diza([Mira], Di1(Di+1(2)]) = diva([Mia], Pim1 (Di+1(0)]))
for all 2 € F,, by the same argument as above and hence
(Dﬁl, - ,Sﬁi_l, X(Z), X,‘_H(Z), Dﬁi_;,_g, . ,mn) S CV(A),

and we are done.
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Otherwise, if ®;,1(yiy1) € [Qir2, Mit2], we proceed inductively as above.
If this procedure does not stop we end up with maps

Xj Alle — F;
for j =1,...,n, where x; = x|a1 and x;(0) = 9M; for all j. Further

d([x; (2)]; Pj) = d([x;(0)], Pj) for all z € F,
d([x; (2)], ®j-1([xj-1(2)]) = d([x; (0)], ®j1([x;j-1(0)]))  for all j # i.
Finally our constructions imply that the midpoint of [P}, [x;(2)]] is inde-

pendent of z € F, and this implies (together with P; € [, ®;—1(9M;_1)])
that

=d
=d

di([xi(2)], ®i-1([xi-1(2)])) = di([xi (0)], Pi—1([xi—1(0)])) < 7.
Hence we have (x1(2), ..., xn(2)) € C,(A) for all z € F,,. O

Corollary 4.8. There ezists an indexi € {1,...,n} such that the projection
pr;(C,(A)) C F; is isomorphic to a Schubert variety.

Proof. Let i € {1,...,n} be as in the Proposition above, i.e. such that there

exists M € C,(A)(Fp) such that P; € [, ©;—1(M;—1)]. We set
R =max{d;(M;, P,) | M= (My,...,M,) € C,(A)(F,)},

and fix an 9;, where this maximum is obtained. Applying Proposition 4.6
several times we find that

{9 C N; | det N; = det M; and d; (M, P;) = R} C pr;(Co(A)(Fp)).

As pr; is projective, the projection pr;(C)(A)) is closed. Hence the closure
of the above subset is also contained in pr;(C,(A)), and by maximality of R
it has to be all of pr;(C,(A)). O

Proof of Theorem 4.1. Let xz,y € C,(A). By Proposition 4.6 there exist
i€{l,...,n} and M € C,(A)(F,) with 9; = Q; such that M; and x; lie
in the same connected component of pr;(C,(A)). By Lemma 4.3 we have
M(Q;) € Cy(A). As the fibers of pr; : C,(A) — F; and pr; : C,(4) — F;
are connected by Corollary 3.4, it follows that = and 9%(Q;) lie in the same
connected component of Cy,(A). Similarly there exists j € {1,...,n} such
that y and 9M(Q);) lie in the same connected component of C,(A4). Now,
using Lemma 4.4 and Corollary 3.4 again, it follows that 9t(Q;) and 9(Q;)
lie in the same connected component of C),(A) and hence the same is true
of x and y. O
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5. APPLICATION TO DEFORMATION SPACES

Finally we want to state a consequence of the main result. In this section
we assume p > 2.
Let p: Gk — GLy(F) be an irreducible 2-dimensional continuous represen-
tation of the absolute Galois group Gk = Gal(K/K) of K with coefficients
in a finite extension F of F,,. We assume that p is flat. In this case the flat
deformation functor of Ramakrishna is pro-representable by a complete local
noetherian W (F)-algebra R

Recall that we considered a subfield K., of K obtained by adjoining a
compatible system of p”-th roots of a fixed uniformizer m € Op. Its absolute
Galois group G is identified with the absolute Galois group of a local
field in characteristic p and hence there is a ¢-module (N5, ®5) of rank 2
over (k ®r, IF)((u)) associated with the restriction to G, of the Tate-twist
p(—1). As p is irreducible and flat, the ¢-module (N, ®5) is simple.

Fix a cocharacter
1 Gy, g, — (Resg/g, GL2)g,

which is dominant with respect to the restriction of the Borel subgroup of
upper triangular matrices in GLp. The cocharacter is given by a tuple (£ )y,
where 1y, is a dominant cocharacter of GLy and 1 runs over all embeddings
K — Q. Assume that py is given by ¢ — diag(t®,t*). We write RT# for
the quotient of R corresponding to those deformations ¢ : Gx — GLa(Op),
where OF is the ring of integers in some extension E of W(IF)[1/p], such that
the Hodge-Tate weights of £ are given by pu, i.e. the jumps of the filtrations
on

Dcris(§ R0 Qp)K QK @p

are given by {ay, by }. We may assume that ay, by € {0, 1} as otherwise R#
is empty.

Corollary 5.1. The scheme Spec(RM) is connected.

Proof. We construct a dominant cocharacter
v: G, 5, — (Resyr, GL2)f,

as follows: The cocharacter v is given by cocharacters v of GLg2, where W)
runs over all embeddings k — Fp.
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For each ¢ we define vy(t) = (t*9,¢%3), where (with the notations from

above)
Oélz = Z aw
mod m=1)
Bp= > by
ymod =1
By [Ki, Corollary 2.4.10] the connected components of Spec(R%#) are in
bijection with those of C),(®5) which yields the claim. O
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