FAMILIES OF p-ADIC GALOIS REPRESENTATIONS AND
(¢,T)-MODULES

EUGEN HELLMANN

ABsTRACT. We investigate the relation between p-adic Galois represen-
tations and overconvergent (p,I')-modules in families. Especially we
construct a natural open subspace of a family of (¢, I')-modules, over
which it is induced by a family of Galois-representations.

1. INTRODUCTION

The theory of (¢, I')-modules describes Q,-valued continuous representa-
tions of the absolute Galois group of a local field in terms of semi-linear
algebra objects. This theory was generalized by Dee [Dee| to the case of
coefficients in a complete local noetherian Z,-algebra. Finally Berger and
Colmez |[BC]| generalize the theory of overconvergent (p,T')-modules to fam-
ilies parametrized by p-adic Banach algebras. More preceisely their result
gives a fully faithful functor from the category of vector bundles with contin-
uous Galois action on a rigid analytic variety to the category of families of
étale overconvergent (¢, I')-modules. This functor fails to be essentially sur-
jective. However it was shown by Kedlaya and Liu in [KL] that this functor
can be inverted locally around rigid analytic points.

It was already pointed out in our previous paper [Hel| that the right cat-
egory to handle these objects is the category of adic spaces (locally of finite
type over Q) as introduced by Huber, see [Hu|. Using the language of adic
spaces, we show in this paper that given a family N of (¢, T)-modules over

the relative Robba ring 93}( rig O an adic space X locally of finite type

over Q, (see below for the construction of the sheaf e@; rig)s ONE can con-

struct natural open subspaces X'™ resp. X2d™ where the family N is étale
resp. induced by a family of Galois representations. This generalizes our
paper [Hel] to the set up of (¢,I')-modules. Moreover we show that the
inclusion X2d™ < X is partially proper, i.e. contains all its specializations
inside X, and we further investigate the difference between the open sub-
spaces X' and X24™: we show that X2I™ contains the tube over a point
in the special fiber of some formal model of X,
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2 E. HELLMANN

Our main results are as follows. Let K be a finite extension of QQ, and
write G for its absolute Galois group. Further we fix a cyclotomic extension

Koo =K (ppn) of K and write I' = Gal(K«/K).

Theorem 1.1. Let X be a reduced adic space locally of finite type over Qp,

and let N be a family of (p,T')-modules over the relative Robba ring %’;Jig.
(i) There is a natural open subspace X'™ C X such that the restriction of N
to X is ¢étale, i.e. locally on X™ there is a family of étale lattices M C N .
(ii) The formation (X, N') — X™¢ is compatible with base change in X, and
X = X' whenever the family N is étale.

In the classical theory of overconvergent (¢, I')-modules, the slope filtration
theorem of Kedlaya, [Ke, Theorem 1.7.1| asserts that a p-module over the
Robba ring admits an étale lattice if and only if it is pure of slope zero. The
latter condition is a semi-stability condition which only involves the slopes of
the Frobenius. The question whether there is a generalization of this result
to p-adic families was first considered by R. Liu in [Liu|, where he shows that
an étale lattice exists locally around rigid analytic points.

The condition of being étale is a local condition and asks for the existence
of a lattice. As these lattices are only unique up to p-isogeny one can not
expect that they glue together to give an étale lattice globally. Hence it is
not easy to define this kind of structure over a formal model of the given
rigid analytic space. However, if we relax the condition of being locally free
and consider classical (¢,T')-modules in the sense of Fontaine instead of the
overconvergent (¢,I")-modules (i.e. consider modules over %x i instead of
modules over %}Qig in the notations of the body of the paper) we have
the following replacement. Again we refer to the body of the paper for the
precise definitions.

Theorem 1.2. Let X be a reduced adic space of finite type over Q, and let
N be an étale family of (p,T')-modules over %’} rig With associated (p,1)-
module N over Bx k. Then there exists a coherent @/x i -sub (p,I')-module

N C N that is étale and generates N over Bx K-

Moreover there exists a formal model X of X such that N admits a model
over X.

On the other hand, we construct an admissible subset X24™ < X for a
family of (¢,I")-modules over X. This is the subset over which there exists
a family of Galois representations. It will be obvious that we always have an

inclusion Xadm ¢ xint,
Theorem 1.3. Let X be a reduced adic space locally of finite type over Q,
and N be a family of (p,T')-modules over the relative Robba ring %’; rig-

(i) There is a natural open and partially proper subspace X*™ C X and a
family V of G -representations on X such that N| yaam is associated to
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V by the construction of Berger-Colmez.

(ii) The formation (X,N) > (XM V) is compatible with base change in
X, and X = X2 whenever the family N' comes from a family of Galois
representations.

(iii) Assume that X is quasi-compact and N is étale, i.e. X = X', Let X
be a formal model of X that admits a model for an étale submodule N C N
in the sense of Theorem 1.2. Let Y C X be the tube of a closed point in the
special fiber of X. ThenY C X2dm,

In a forthcoming paper we will apply the theory developed in this article to
families of trianguline (¢, I')-modules and the construction of a (conjectural)
local Galois-theoretic theoretic counterpart of eigenvarieties. This should
give an alternative construction of Kisin’s finite slope space.

Acknowledgements: It is a pleasure to thank R. Liu, T. Richarz, P. Scholze
and M. Rapoport for helpful conversations and J. Nekovar for pointing out
some references. Further I thank R. Bellovin for pointing out some small
mistakes. The author was partially supported by the SFB TR 45 of the
DFG (German Research Foundation).

2. SHEAVES OF PERIOD RINGS

In this section we define relative versions of the classical period rings used
in the theory of (¢,I")-modules and in p-adic Hodge-theory. Some of these
sheaves were already defined in [Hel, §|.

Let K be a finite extension of QQ, with ring of integers Ok and residue
field k. Fix an algebraic closure K of K and write Gx = Gal(K/K) for
the absolute Galois group of K. As usual we choose a compatible system
én € K of p"-th root of unity and write Koo = (JK(e,). Let Hx C Gk
denote the absolute Galois group of K and write I' = Gal(K/K). Finally
we denote by W = W (k) the ring of Witt vectors with coefficients in k and by
Ky = Frac W the maximal unramified extension of Q, inside K. Moreover we
write W/ = O K, for the ring of integers of the maximal unramified extension

K, of Q, inside K.

2.1. The classical period rings. We briefly recall the definitions of the
period rings, as defined in [Bel] for example, see also [KL, 1]. Write

~+ .
E" = lim Oc,/pOc,.
P

This is a perfect ring of characteristic p which is complete for the valuation
valg given by valg(zo, z1,...) = valy(zo). Let

E = FracET = E+[%],
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where € = (e1, €o,...) € ET. Further we define

At =W(E") A:W(N),
= AT[1/p] B =A[l/p].

On all these ring we have an action of the Frobenius morphism ¢ which is
induced by the p-th power map on E. Let W/((T)) = W[[T]][1/T] denote
the ring of Laurent series with coefficient in W’. Further we consider the ring
A i which is the p-adic completion of W’((T')) and denote by Bxg = Ag[1/p]
its rational analogue. We embed these rings into B by mapping 7T to the lift
of a uniformizer of the field of norms of K. The morphism ¢ restricts to an
endomorphism, again denoted by ¢, on Ak, resp. Bi. Further Gi acts on
A g through the quotient G — T

For r < s € Z we define

0 < val,(a,p™") = 00, n = —o0
A[T’S] _ 7" K > p\Un ’
{Za” n € Ko, 0< valp(anp”/s) — 00, N — 00 ’
nez
AP = 3N aa)p” |on € B, 0 < valg(w,) + 2% — 00, n— 00 5,
n>0
B — { Z [z,]p" |2, € E, valg(z,) + I];rq — 00, N — oo}
n>>—oo

The rings A" and B are endowed with the valuation

Wy Zpk[mk] — ir]if {ValE(mk + pml}

Using these definitions the perfect period rings (on which the Frobenius ¢ is
bijective) are defined as follows:

Frechet completion of B

BT s __
rig for the valuations wy, s’ > s,
(2.1) B = lim BT,
—S
Bl = lim Bf:®.

rig s rig
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Further we have the usual imperfect period rings (where the Frobenius is not
bijective):
Bl — A1)
B'" =By NnBI"
AT = AN AT
Frechet completion of BT

Bf® —
(2.2) rig = for the valuations wy, s’ > s,
B = lim BT,
—r
T T,
Brig - h_IgBrig?
Al = AxNB.

Note that these definitions equip all rings with a canonical topology. There
are canonical actions of Gx on all of these rings which are continuous for
their canonical topologies. The Hg-invariants of R for any of the rings in
(2.1) are given by the corresponding ring without a tilde R in (2.2), where
R is identified with a subring of R by mapping T to a lift of a uniformizer
of the field of norms of K. Hence there is a natural continuous I'-action on
all the rings in (2.2).

Remark 2.1. Let us point out that some of the above rings have a geometric
interpretation. We write B for the closed unit disc over K, and U C B for
the open unit disc. Then

A[Tvs] = F(B[p—l/T’p_l/ﬂ’ OE),
B — F(B[p—l/r7p71/5}7 Os),

where B, ;) C B is the subspace of inner radius a and outer radius b and
U>, C U is the subspace of inner radius a.

The ring BI{; is known to be identified with the ring of rigid analytic
functions in the variable T' that converge on the annulus 0 < v,(T") < 1/7,
i.e. we have the identification

Bl = lim B" = T(U, /r, Op),

S

and BT is identified with its subring of functions that are bounded in that
annulus. We write A" < BY" for the subring! of power series with coef-
ficients in W’ = Ok, . Note that

AT = lim A"
s

IThis ring is denoted R™" in [KL]
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but that A% is strictly larger than lim A" as for example T7-! € Al
—s
but T~! is not bounded by 1 on any annulus 0 < v,(T) < 1/7.

The Frobenius endomorhpism ¢ of B induces a ring homomorphisms
Als] .y Alprips]
Alroe) o Alprioo)
Abs 5 AtPs,
for r, s > 0 and in the limit endomorphisms of the rings
AT BY B, BT Bl .

These homomorphisms will be denoted by ¢ and commute with the action
of ', resp. Gk .

2.2. Sheafification. Let X be an adic space locally of finite type over @, in
the sense of Huber [Hu]. Recall that X comes along with a sheaf O3 C Ox
of open and integrally closed subrings.

Let AT be a reduced Z,-algebra topologically of finite type. Recall that
for ¢ > 0 the completed tensor products

A+®ZPW1‘ (EJr) and AJF@)ZPWZ'(E)

are the completions of the ordinary tensor product for the topology that is
given by the discrete topology on AT /p' AT and by the natural topology on
W;(E™) resp. W;(E), see [Hel, 8.1].

Let X be a reduced adic space locally of finite type over Q,. As in [Hel,
8.1] we can define sheaves 5;, Ex, %+ and @y by demanding

I'(Spa(A, AT), &5 At®y, ET,
F(Spa(A,A+),(50X A+®Z E
T(Spa(A, AT), o5 1m ATRz,W; (ET),

)
)
)
['(Spa(A, A™), o) = 1m AT®g, Wi(E),

for an affinoid open subset Spa(A, AT) C X. It follows from [Hel, Lemma
8.1 that these are well defined sheaves.

We define the sheaf 7y i to be the p-adic completion of (0% ®z, W)((T)),
that is

o i (Spa(A, A1) = (AT @z, W)((T)))"
for some reduced affinoid Tate algebra (A, AT). As p-adic completion is left

exact it is clear that this rule again defines a sheaf, not just a pre-sheaf.
Further we set Bx x = /x k[1/p.
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Let A" be as above and A = AT [1/p]. We define
A+(§>ZPA[T’S] and A+(§)ZPAT’S
to be the completion of the ordinary tensor product for the p-adic topology on
A*1 and the natural topology on Al resp. At These completed tensor
products can be viewed as subrings of T'(Spa(A, A"), gpa(a,a+)). For a
reduced adic space X locally of finite type over QQ,, we define the sheaves
,Qf)[(r I and 42%}5 by demanding

T (Spa(d, A*), (") = A* &z, Al
T(Spa(A, AT), %) = AT &y AT,

for an open affinoid Spa(A, AT) C X. In order to show that these rules
really define sheaves, we proceed as follows: The rings Al is a lattice in
a Banach-algebra over @, and so is Ats (it is complete for the valuation
ws) and we may use [KL, Definition 3.2, Lemma 3.3] in order to prove the
sheaf axiom. The claim of loc. cit. is formulated for Banach algebras, but
the proof works the same for lattices in Banach algebras.

Similarly we define the sheaf @;&s Finally, as in the case above, we can
use these sheaves to define the sheafified versions of (2.1):

(2.3) # = lim BY,
' ‘%@(,rig = lim &%°

g T X rig?

where the dirct limits are (by definition) direct limits in the category of
sheaces (i.e. sheafification of the direct limit as pre-sheaves).

Moreover we define @;{rig to be the sheaf associated to
+ 5 RBbr
Spa(Av A ) = A®QpBrig
for Spa(A4, A*) C X affinoid open. Again it is easy to see that this indeed
defines a sheaf: The ring A®QPBL’; is the Frechet completion of

Adg,BP =T(Spa(4, A1), B1?)

with respect to the family of norms wy, for s’ > s. But as completion is left
exact, for some open covering Spa(A, AT) = |J; U;, the exact sequence

0 — I(Spa(4, A1), BY) — [[ T, £Y) — [[rWinU;, Y)
A i,]

stays exact after completion. We deduce the sheaf property from LT from

N X rig
the sheaf property of %}T.

Moreover we have the sheafified versions of the rings (2.2) (by a direct
limit we always mean the direct limit in the category of sheaves, i.e. the
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sheafification of the direct limit in the category of presheaves):
a2 = 1)
%}T = %XvK N @L’—r
(2.4) AN = g N AN
A = lim BY,
Ay =y kN B

Note that all the rational period rings (i.e. those period rings in which p is
inverted) can also be defined on a non-reduced space X by locally embedding
the space into a reduced space Y and restricting the corresponding period
sheaf from Y to X, compare [Hel, 8.1].

Remark 2.2. As in the absolute case there is a geometric interpretation of
some of these sheaves of period rings:

[rs] _ +
%X - er?* (OXXB[p—l/r,p—l/S])7

[r,s] _
r%)( - er,* (OXXB[p—l/r’p—l/S])'
Here pry denotes the projection from the product to X.

We may further set

B i = lim BT = pryc (Oxxw_ )5

T — 15 T7
‘@X,rig - hi? o i

» o Tig

By construction all the “perfect” sheaves Rx (i.e. those of the period
sheaves with a tilde) are endowed with a continuous Ox-linear Gi-action
and an endomorphism ¢ commuting with the Galois action. The “imperfect”
sheaves Zx (i.e. those period rings without a tilde) are endowed with a

continuous [-action and an endomorphism ¢ commuting with the action of
.

Notation: In the following we will use the notation X (Q,) for the set of
rigid analytic points of an adic space X locally of finite type over Qp, i.e.

X(Qp) ={z € X | k(x)/Q, finite}.

Proposition 2.3. Let X be a reduced adic space locally of finite type over
Qp and let R be any of the integral period rings (i.e. a period ring in which
p is not inverted) defined above. Let Zx be the corresponding sheaf of period
rings on X.

(i) The canonical map

(X, %x) — ][] k@) "oz R

z€X(Qp)
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1S5 an injection.
(ii) Let R' C R be another integral period ring with corresponding sheaf of
period rings # C Xx and let f € T(X,%Zx). Then f € T'(X, %) if and
only if

f(z) € k(z)" @z, R' C k(z)" @z, R

for all rigid analytic points v € X.

Proof. This is proven along the same lines as [Hel, Lemma 8.2] and [Hel,
Lemma 8.6]. O

Corollary 2.4. Let X be an adic space locally of finite type over Qy, then

~ =id ~ H
(‘@;(,rig)go = OX (‘@;(,rig) "= ‘%_J;(,rig’
()77 = Ox ()" = 2.

Proof. If the space is reduced this follows from the above by chasing through
the definitions. Otherwise we can locally on X choose a finite morphism to
a reduced space Y (namely a polydisc) and study the ¢- resp. Hx-invariants
in the fibers over the rigid analytic points of Y, compare [Hel, Corollary 8.4,
Corollary 8.8] O

Noation: Let X be an adic space locally of finite type and & be any of
the sheaves of topological rings defined above. If z € X is a point then we
will sometimes write %, for the completion of the fiber Z ® k(x) of Z at x
with respect to the canonical induced topology.

3. COHERENT (’)}-MODULES AND LATTICES

As the notion of being étale is defined by using lattices we make precise
what we mean by (families of) lattices.

Let X be an adic space locally of finite type over Q,. The space X is
endowed with a structure sheaf Oy and a sheaf of open and integrally closed
subrings O} C Ox consisting of the power bounded sections of Ox. Recall
that for any ringed space, there is the notion of a coherent module, see
[EGA T, 5.3].

Definition 3.1. Let X be an adic space (locally of finite type over Q,) and
let E be a sheaf of O}—modules on X.

(i) The O;} module F is called of finite type or finitely generated, if there
exist an open covering X = (J;c; U; and for all i € I exact sequences

(Of)% — Ely, — 0.

(ii) The module is called coherent, if it is of finite type and for any open
subspace U C X the kernel of any morphism (Og)d — E|y is of finite type.
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iii) The sheaf F is called quasi-coherent if there is an open covering X =
JU; and there exist exact sequences

((’);}i)@‘hﬂ' — (O(in)@‘]” — E|y, — 0.

for some index sets Ji ;, Ja ;.

Let X = Spa(4, A1) be an affinoid adic space. Then any finitely gener-
ated AT-module M defines a coherent sheaf of (’)}—modules E by the usual
procedure

I'(Spa(B,B"),E) = M @4+ B
for an affinoid open subspace Spa(B, BT) C X.

Remark 3.2. Let X be a reduced adic space locally of finite type over Q.
Then locally on X the sections I'(X, Ox) as well as I'(X, O%) are noetherian
rings: Indeed, this comes down to the following claim: Let Spa(A, AT) be
an affinoid adic space of finite type over Q, and assume that A is reduced.
We claim that AT is noetherian. But A" is identified with the ring of power
bounded elements of A (by definition of being of finite type). By Noether
normalization there exists a morphism

B=Qy(T,...,T,) — A

which makes A into a finite B-module. As the valuation on Q) is discrete
it follows from [BGR, 6.4.1, Corollary 6] that A% is finite over the ring of
power bounded elements Bt = Z,(T\,...,T;) of B = Q,(T1,...,T,). As
BT is noetherian, so is AT.

It follows form this remark that an O}—module which is locally associated
with a module of finite type is coherent.

Remark 3.3. The same definition of course also applies to the sheaves of
period rings that we defined above. However, as in this case the sections
over open affinoids are (in general) not noetherian, the analogue of Remark
3.2 does not apply.

On the other hand it is not true that all coherent O}—modules on an
affinoid space arise in that way, as shown by the following example. The
reason is that the cohomology H'(X, E) of a coherent O3 -sheaf E does not
necessarily vanish on affinoid spaces.

Example 3.4. Let X = Spa(Q,(T'),Z,(T")) be the closed unit disc. Let
Ur={z e X ||| <|pl}
Up={z e X |[|p| <] <1}

Define the O}—Sheaf FEy C Ox by glueing (’)$1 and 19*1T(9(J}2 over Up N Uy
and Fy C Ox by glueing (’);}1 and pT *1(’)52. Then F; and Es are coherent
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O}—modules. ‘We have

I(X, E1) = (L,p~'T)I(X, 0%),
['(X, Ey) = pI'(X,0%).

Especially Fs is not generated by global sections. If X = Uy Ul = :A%p Uﬁ%p
is the canonical formal model of X = U; U U, then Es is defined by the
coherent Oy -sheaf which is trivial on the formal affine line and which is the
twisting sheaf O(1) on the formal projective line, while E; is defined by its
dual O(—1) on the formal projective line.

Let X be an adic space of finite type over Q, (especially X is quasi-
compact) and E be a coherent (’)}—module on X. As FE is not necessarily
associated to an AT-module on an affinoid open Spa(4, A*) C X, the sheaf
E does not necessarily have a model £ over any formal model X of X: The
sheaf U +— I'(U??, E)) does not define E in the generic fiber in general. How-
ever there is a covering X = [JU; of X by finitely many open affinoids such
that E|y, is the sheaf defined by the finitely generated I'(U;, O )-module
I'(U;, E). Hence there is a formal model X of X such that E is defined by
a coherent Oy-modules £. Namely X is a formal model on which one can
realize the covering X = |JU; as a covering by open formal subschemes.

Remark 3.5. If E is a coherent O}-module on an adic space X of finite type
over Q, and if U = Spa(A, AT) C X is an affinoid open, then I'(U, E) is a
finitely generated At-module. In fact there is a formal model ¢ of U that
is an admissible blow up of Spf A* and such that there is a model € of E |t
over . Then the claim follows from standard finiteness results for coherent
sheaves and projective morphisms.

Let E be a coherent O}—module on an adic space X and let z € X. Let
m,; C Ox, denote the maximal ideal of function vanishing at = and write
mf = m, NOy,, ie. Oy, /mf = k(z)" is the integral subring of k(z).
We write E ® k(x)* for the fiber of E at z, that is for the quotient of the
O}@—module

E, = lim I'U,E)
Uszx

by the ideal m} .

Let X be a formal model of X and &£ be a coherent Oy-module defining
E in the generic fiber. Further let Spfk(z)™ < X denote the morphism
defining = in the generic fiber. Then & ® k(z)* = E @ k(z)T. If we write X
for the special fiber of X and & for the restriction of £ to X and if g € X
denotes the specialization of x, then it follows that

ER@k(rg) = (E@k(x)T) Ok(x)+ k(zo) = (E® k(z)1) Q)+ k(xo).
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Definition 3.6. Let E be a vector bundle of rank d on an adic space X,
locally of finite type over Q,. A lattice in F is a coherent O}—submodule
ET C E which is locally on X free of rank d over (9} and which generates
E, i.e. the inclusion induces an isomorphism

Let us assume for simplicity that the space X is reduced and let X be
a formal model of X. In a similar way as above we can define coherent

sheaves of @y g or ;zf)[(r ’m)—modules. Moreover we can define the sheaf of
Ox-algebras @y g on X by
DU, v i) = T(U™, ox ).

If X = Spf A" is affine and if 91 is a finitely generate A+®Z,,AK =I'(X, oy K)-
module, then we can associate to N a coherent @y r-module by

Spf BY +— N@4+ BT =N® 0, a, (BT Oz,AK),
for Spf BT C Spf A" open affine.

Similarly we associate to N a coherent &/x g-module by
Spa(B, B) — M@+ BY = N0, o, (B¥O2z,AK),

for Spa(B, B™) C Spa(A, A™) open affinoid.

Given again an arbitrary adic space of finite type over Q, and a formal
model X of X. Let N be a coherent @y g-module on X. As a coherent
y g-module is of finite type it follows that there is an affine cover X =
User Spf A such that ‘mspfAj is associated to a module N; as above?.

Then we can associate to N a coherent 2/x x-module N ad on X by defining
N ‘°‘d|(Spf AF)ad to be the sheaf associated to ;. If a coherent &x x-module

is of the form N2d for some coherent oy -module N, then we say that this
module admits a model over X, or that N is a model for N2d.

Finally let A/ be a locally free Bx g-module. We say that a coherent
ax -submodule N C N is a lattice in A/ if N is locally on X free as an
ox i-module and if N ®,  Bxx = N[;] = N.

)

Similar remarks and constructions apply to 427)[; % as well.

4. (¢,I')-MODULES OVER THE RELATIVE ROBBA RING

In this section we define certain families of ¢-modules that will appear in
the context of families of Galois representations later on. Some results of
this section are already contained in [Hel, 6].

2Note that we do not claim that if X' is affine then every coherent Ax x-module is
associated to a module over I'(X, &x k).
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Definition 4.1. Let X be an adic space and Z € {%X,K,,szf)z}.
An étale p-module over & is a coherent Z-module N together with an
isomorphism
O: "N — N
Definition 4.2. Let X € Adg) and
% € {’%XJO ‘@;(7 ’%},rig}‘

Write Z+ C % for the corresponding integral subring?®.

(i) A p-module over Z is an Z-module N which is locally on X free over #Z
together with an isomorphism ® : p*N — N.

(ii) A p-module over Z is called étale if it is locally on X induced from an
étale p-module that is free over ZT.

Remark 4.3. Although our main interest is in objects that are (locally on
some X) free, we need more flexibility in the case of Definition 4.1. Espe-
cially, given an étale ¢-module on some affinoid space, we want to be able
to treat its global sections as an étale p-module.

Recall that K is a fixed cyclotomic extension of K and I' = Gal(K/K)
denotes the Galois group of K., over K.

Definition 4.4. Let X € Ad& and Z be any of the sheaves of rings defined
above.

(i) A (¢, T')-module over Z is a p-module over Z together with a continuous
semi-linear action of I' commuting with the semi-linear endomorphism ®.
(ii) A (¢, T')-module over Z is called étale if its underlying p-module is étale.

4.1. The étale locus. If X is an adic space (locally of finite type over Q)
and x € X is any point, we will write ¢, : £ — X for the inclusion of z.
If # is any of the sheaf of topological rings above and if N is a sheaf of
Zx-modules on X, we write

UN =, N @y, %

for the pullback of N to the point z. The following result is a generalization
of [KL, Theorem 7.4] to the category of adic spaces.
Theorem 4.5. Let X be an adic space locally of finite type over Q, and N
be a family of (¢, I)-modules over %’;{ rig-
(i) The set .

XM =Ly € X | 5N is étale} C X
1S open.
(ii) There exists a covering X'™ = | JU; and locally free étale %Ji—modules

N; C Ny, which are stable under ® such that
I —
Ny ®‘Q{l}i PB,ig = N'vis

3The integral subring of %’I(,rig is oy
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i.e. Nyt is étale.

Proof. If X is reduced this is [Hel, Corollary 6.11]. In loc. cit. we use a
different Frobenius ¢. However the proof works verbatim in the case con-
sidered here. For non reduced spaces we follow the same proof using [HaHe,
Theorem 6.5] instead of [Hel, Theorem 6.9]%. O

Remark 4.6. If we are interested in integral models it is in fact enough to
work with locally free ,%’kr—modules N instead of modules over %’;{ that
are locally over X free: A locally free %’;’S}—module (which is obtained by
restricting a locally free %}r—module) is locally on X free over 93&2’5]. Hence

[Hel, Theorem 6.9] resp. [HaHe, Theorem 6.5] still apply and the assump-
tions of [Hel, Proposition 6.5] are satisfied.

Theorem 4.7. Let f : X — Y be a morphism of adic spaces locally of finite
type over Q. Let Ny be a family of (¢,I")-modules over B

Yorig and write
Nx for its pullback over %} Then f~1(yint) = xint

rig”

Proof. This is [Hel, Proposition 6.14]. Again the same proof applies with
the Frobenius considered here. O

4.2. Existence of étale submodules. For later applications to Galois rep-
resentations the existence of an étale lattice locally on X will not be sufficient.
We cannot hope that the étale lattices glue together to a global étale lattice
on the space X. However we have a replacement which will be sufficient for
applications.

Convention: Let X be a reduced adic space locally of finite type over @,
and let (N, ®) be an étale p-module over t%’;( g and (N, ®) be an (étale)
¢-module over By rc. We say that (N, ®) is induced from (N, ®) if there
exists a covering X = (JU; and étale %JZ lattices N; C Ny, such that

N, @), = ((Ni, ®)") [2] = (N, @) ® 1 PU K-

Note that %Zx i is not a sheaf of %} rig-modules and hence we can only
base change after passing to an étale lattice. Further note the every étale
p-module over Q%’E( rig gives rise to a unique p-module over Zx i, as an étale

,Q{)T(—lattice is unique up to p-isogeny, compare [KL, Prop. 6.5].

Proposition 4.8. Let X be a reduced adic space of finite type and (J\7 , Cf))
be a p-module over Bx i which is induced from an étale @-module (N, ®)

over %’;{ rig” Then there exists an étale p-submodule N c N over x i such

4There is a mistake in [Hel]. The proof of Theorem 6.9 only applies to reduced spaces.
However, this is enough for the purposes of [Hel]. This mistake is fixed in [HaHe]|.
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that the inclusion induces an isomorphism after inverting p. Moreover there
exists an formal model X of X such that N has a model over X .

Remark 4.9. Note that in this proposition we do not claim that N is locally
free.

Proposition 4.10. Let X be an reduced adic space of finite type over Q.

T

Let N be an étale p-module over %’L’— then there exists a quasi-coherent

;rig’
dg’w)—submodule N C N which (locally on X) contains a basis of N'. More-
over, if X = J", U; is a finite covering such that N'|y, admits a free étale
lattice Nj, then we can choose N such that N|y, C Nj.

Proof. Let X = |J*, U; be a finite covering such that N[y, is free and admits
an étale lattice N; C Nly,. Write V; = J;_; Uj.

Let M; = Ny on U;. We claim that we can inductively extend M; on V;
to M;4+1 on Vi1 such that

(4.1) pcl{'*'le - Mi+1’Uj C pci+1Nj

for j=1,...,14 1 for some constants C;;; and C’{_H. The proposition then

follows after rescaling M,, by p~».

The claim is obvious for ¢ = 1 and for the induction step it is sufficient to
extend M;|v;ny,,, to Uit such that this extension satisfies (4.1). By Lemma
4.11 below it is sufficient to check that there are C;;1 and Cj; such that

C! C;
p l+1Ni+1|ViﬁUi+1 - Mi‘%mUi+1 Cp +1Ni+1|VzﬂUi+1'

However this may be checked on the open covering U;NU;4q for j € {1,...,4}
of V; N U;4+1 and hence by induction hypothesis it is enough to show that

/ c : :
pCl+1Ni+1|anUi+1 C p ]Nj|U]‘ﬂU¢+1 C pC]Nj‘UjﬁUH_l C pcz+1N’i+1‘Uij¢+1'
But by [KL, Prop 6.5] an étale lattice in N|y,~y; is unique up to p-isogeny

and hence the required constants C;;1 and C’{ 11 do exist. O

Lemma 4.11. Let X = Spa(A, A") be a reduced affinoid adic space and

U C X an quasi-compact open subset. Let Nx = (%’T’T )% and let Ny be a

X rig
finitely generated eszfg’oo)—submodule of Nu = Nx|u.

Let N',N" c Nx be d)[g’oo)—lattices such that
N”‘U C NU C N/’U

Then there exists a quasi-coherent %)[g’oo)—module Nx such that Nx |y = Ny
and

N" c Nx Cc N'.
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Proof. After localizing we may assume that N’ is free. Denote by j : U < X
the open embedding of U. We define Nx by

NX = ker(N' — ]*(NIU/NU))
)

and claim that Nx is a coherent 42/)[; "**)_module containing (locally on X) a

basis of Nx.

It is obvious that N” € Nx C N’ and hence Nx contains a basis of Nx.
It remains to check that this sheaf is quasi-coherent. Let U = JU; be a
finite covering by open affinoids such that Vi is associated to a finitely gen-
erated I'(U;, bcz{)[g’oo))-module. Choose a covering X = (JV; by open affinoids
such that V; NU C Uy, for some index ¢;. Then Nx is associated to the

rv;, dg’w))—module

ker (F(‘G’N/)—)F(Uiijl/]/NU) ®F F(‘/jﬂU,M)[g’oo))).

(Ui 75>)

Especially Nx is quasi-coherent. [l

Proof of Proposition 4.8. As X is quasi-compact, we can choose a locally
free model (N, ®,) of (N, ®) over %}éﬂrig for some 7 > 0. After enlarging r
if necessary, we can assume that there exists a finite covering X = |JU; and
étale lattices M; C N;|y,. Using Proposition 4.10 we find that there exist a

quasi-coherent sz)[(r °°)_module Ny C A such that
N0|Ui C Mi

and such that Ny generates N as a %L’g—module. As Ny is quasi-coherent,
we may assume (after eventually refining the covering) that U; is affine and

that Nop|y, is associated to a module over I'(U;, ;zf)[g’oo)).

Let N, denote the restriction of N, to %;érﬁig, where we write r; = pir.

Then we inductively define quasi-coherent .Q/)[gi’oo)—modules N; € N;, by
setting

Niv1 = N; ®W)[(’“i,°°) ,Q{)[;i“'l’oo) + (I)(SO*NZ')-

By assumption, we always have
[rj,00)

Nj|Ui C M; ®M[Er,oo) JZ/U

We define an d;(—submodule N C N, by setting
N = (lm N;) © o/}
1€N
where the direct limit again is the direct limit in the category of sheaves.

Further we define N to be the image of the canonical morphism

N®£4 . — N,
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where N is the PBx k-module associated to N. We claim that N is co-
herent. This is a local claim and may be checked on affinoid open subsets
U = Spa(A4, A") C X such that U C U; for some i and such that No|y is
associated to a I'(U, ﬂ%)[(r’oo))—module. It follows from the construction that
N|y is the sheaf associated to the T'(U, #y k) = (A* &z, W')((T)))"-module

(4.2) I'(U,N) c I'(U, M; ® ” X 1)

We point out that the ring (A" ®z, W’)((T))" is noetherian. Indeed, the
ring AT is the ring of power bounded elements in a reduced Tate-algebra
and hence noetherian, compare Remark 3.2. The ring (AT ®z, W’)((T)) is
a localization of the noetherian ring (A* @z, W')[[T]] (the power-series ring
over a noetherian ring is noetherian) and hence itself noetherian. Finally
the p-adic completion of the noetherian Z,-algebra (A* @z, W')((T)) is still
noetherian.

As the right hand side of (4.2)is finitely generated, so is the left hand side
and it follows that N is coherent.

Moreover N can be defined over a formal model X of X: indeed we may
take a formal model such that there is an open covering of X realizing a
covering of X by open subsets of the form U as above. This formal model
clearly does the job.

Further the construction implies that
b(¢"N) C N,
N ®¢Q/XYK ﬂX,K = ./\7

It is left to show that ®(p*N) — N is an isomorphism. In order to do
so, we may work locally on X and hence assume that X is affinoid and N
is contained in an étale o/x g-lattice M c N. Moreover we may assume
that N is the coherent sheaf associated to its global sections (that we also
denote by N by abuse of notation) and that these global sections are finitely
generated over I'(X, &x k).

Given a maximal ideal m C A" we denote by kyn = AT /m the residue field
of m. By Nakayama’s lemma we are reduced to show that for all maximal
ideals m C A" the canonical map of finite free (kn ®p, k')((T"))-modules
(here &’ denotes the residue field of Ok )

(43) é : QO*N ®A+ k?m — N ®A+ k‘m,

is an isomorphism. As both, source and target, have the same dimension as
kw((T))-vector spaces (one is just a “twist" of the other) it is enough to show
that the map is surjective.
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For a rigid analytic point x € X we write m, C A for the maximal ideal
defining x and m}” = m;NA" C A™. Then x specializes tom € Spec AT /pAT
if and only if m}” C m.

Given z, the fiber N ® k(x)" is a finitely generated module over the ring
x k ® k(z)T which is (a product of) complete discrete valuation rings.
Write

(N @ k(z)") " ¢ N @ k(z)*
for the submodule which is w,-torsion free. This submodule has to be free
and

~

(N @ k(z) ") L] = (W @ k(z)*)[4]
= (M @ k(x)")[L] =N @ k(x).

tors—free

It follows from Lemma 4.12 below that (N ® k(z)") is an étale -

module, i.e. ® is surjective.

Now we consider the morphism (4.3) and assume f € N ®4+ km. As
N is p-torsion free, there exists some x € X such that z is in the tube of
m and f € (N ® k(x)*)torsffree such that f = f mod w,, where w, is a
uniformizer of k(x)", i.e. m/m} = (w,) as ideals in AT /m} = k(z)T. As
(N@k(m)+)tors_free is ¢tale, there exists an f/ € ¢* (N@k(:v)+)t0rs_free such
that &(f") = f. Reducing modulo w, it follows that (f mod w,) maps to
f. We have shown that (4.3) is surjective as claimed.

[l

Lemma 4.12. Let F be a finite extension of Q, and (N, <i>) be a free étale
p-module over o/r k. Let N C N be a finitely generated submodule such that
Ni[1/p] = N[1/p] and ®(¢*N1) C Ni. Then (N1, ®) is an étale p-module,

i.e.

Proof. As @/ is (a product of) discrete valuation rings, it is clear that Ny
is free on d generators, where d is the @/p g-rank of N. Let bi,...,bq be a
basis of N and e1,...,eq be a basis of Ni. Let A denote the change of basis
matrix from b to e and denote by Mat,(®) resp. Mat,(®) the matrix of ® in

the basis b resp. e of N [1/p] = Nl[l /p]. Then our assumptions imply that
Mat,(®) € Matqyxq(r ).
On the other hand
Mat,(®) = A~ Maty(®)p(A)
and hence det (Matg(i))) € JZ%I;TK, as N is étale, and

valp(det A) = val,(det ¢(A)).
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5. FAMILIES OF p-ADIC GALOIS REPRESENTATIONS

In this section we study the relation between Galois representations and
(¢, T')-modules in families. This problem was first considered by Dee in [Dee]
for families parametrized by a complete local noetherian Z,-algebra. Later
the problem was considered by Berger and Colmez in [BC| and Kedlaya
and Liu in [KL|, where they define a functor from p-adic families of G-
representations to p-adic families of overconvergent (p,T')-modules.

Definition 5.1. Let G a topological group and X an adic space locally of
finite type over Q,. A family of G-representations over X is a vector bundle
Y over X endowed with a continuous G-action.

We write Rep x G for the category of families of G-representations over X.
Recall that we write Gxg = Gal(K/K) for the absolute Galois group of a
fixed local field K. In this case Berger and Colmez define the functor

D' : Repy G — {étale (o, I')-modules over ;%’g(},
which maps a family V of Gx-representations on X to the étale (¢, I')-module
DT(V) = (V R0y FZ’;)HK
More precisely they construct this functor if X is a reduced affinoid adic
space of finite type. As the functor DT is fully faithful in this case and maps

Y to a free %’;{—module it follows that we can consider D on the full category
Repx G, whenever X is reduced.

In [KL] Kedlaya and Liu consider the variant

Drig Vi (V Koy ‘@X,rig) ¥ = DT(V) ®gg;{ t@X,rig

which we will also consider here. Note that for an adic space X of finite type
over Q,, the (¢,T')-module DT(V) is always defined over some %}f c A,

for s > 0. Especially an étale lattice can be defined over 42%)[(8 ) for s> 0.

5.1. The admissible locus. In this section we will always assume that our
adic spaces are reduced.

It is known that the functors DT and DLg
In [KL|, Kedlaya and Liu construct a local inverse to this functor. More
precisely, they show that if A is a family of (¢, I')-modules over %’;{Jig, then
every rigid analytic point at which N is étale has an affinoid neighborhood on
which the family A is the image of a family of G g-representations. However,
we need to extend this result to the setup of adic spaces in order to define
a natural subspace over which such a family A is induced by a family of
G i -representations.

are not essentially surjective.
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Theorem 5.2. Let X be a reduced adic space locally of finite type over Q,
and let N be a family of (p,T')-modules of rank d over %’;
(i) The subset

7rlg :

—id

: = ]
dimy o) (W @1 H i) © k() d

xodm —dpex and this k(x)-vector space generates
7l
(N ®‘@L,rig ‘@X,rig) © k(l‘)

1S open.
(ii) There exists a family of G -representations V on X2™ such that there
is a canonical and functorial isomorphism

DL (V) 2 N yadm.

rig
(i) Let V be a family Gg-representations on X such that DLg(V) = N.
Then X2 = X

Remark 5.3. Note that (iii) is not contained in [Hel| (in the context of a
different semi-linear operator): there the claim is only made if we assume
Xt — X

Let A be a complete topological Q,-algebra and let AT C A be a ring of
integral elements. Assume that the completed tensor products AT®AT and
A@)BLg are defined®. In this case the following approximation Lemma of
Kedlaya and Liu applies.

Lemma 5.4. Let N be a free (p,T')-module over A@Biig such that there
exists a basis on which ® acts via id +B with

B e pMathd(A+®AT).
Then N®=14 is free of rank d as an A-module. Moreover, an A-module basis

of N®=1d 45 an A@Biig—module basis of N.

Proof. This is [KL, Theorem 5.2]. O

Corollary 5.5. Let X be an adic space locally of finite type over Q, and N
be a family of (¢, T')-modules over @} rig- Let T in X, then

. * N7\ P=i . =, d=id
dlmk/(;)(%/\/)‘t’ d=d <= dimy) (W Dl B o) @ k(@) T =d.

X,rig

Proof. The proof is the same as the proof of [Hel, Proposition 8.20 (i)]. O

5The examples we consider here, are I'(X, Ox) for an affinoid adic space of finite type
and the completions of k(z) for a point © € X. In the latter case the completed tensor
product is the completion of the fiber of </ resp. %Iig at the point x.
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Proof of Theorem 5.2. Let x € X2d™ and denote by Z the Zariski-closure of
x, that is, the subspace defined by the ideal of all functions vanishing at x.
This is an reduced adic space locally of finite type and we have k(z) = Oz,
as the ideal of functions on Z that vanish at x is trivial by definition. Then

(W o, B @ k@) = (W2 ®y; By © k()
- h—H>1 F(U’N|Z ®%’TZ rig <@PZTZ,rig)'
zeUCZ ’

By this identification we may choose an affinoid neighborhood U C Z of z
in Z such that a basis of the ®-invariants extends to U and forms a basis of
N|y. Then

B ~+\P=id
Vo = (Nlz gz e ‘@U,rig)
is free of rank d over Oy and
Vo ©@0y By g = Nz

On Vy we have the diagonal G g-action given by the natural action on <%~’[T] rig

and the I'-action on N. It is a direct consequence of the construction that
D}, (Vo) = Ny

Especially it follows that A is étale at x. It follows that we already have

Xadm — xint  Replacing X by X™ we may assume that A is étale every-

where.

Now let z € X2I™ and let U denote a neighborhood of z to which we can
lift a basis of ®-invariants. As A is known to be étale, we can shrink U such
that we are in the situation of Lemma 5.4.

It follows that X29™ is open and that

= P=id
(N ®‘@§(,rig ‘%;(,rig) 1

gives a vector bundle V on X2™  Again, we have the diagonal action of G-
As above we find that

DIlg(V) = N|Xadmmxim = N|Xadm.
Finally (iii) is obvious by the construction of [BC]. N

Theorem 5.6. Let f: X — Y be a morphism of adic spaces locally of finite
type over Q, with Y reduced. Further let Ny be a family of (¢,T')-modules

over . and write Nx for the pullback of Ny to X. en f— =
B 1 and Nx for the pullback of Ny to X. Then f~'(Yadm)

Xm gnd f*Vy = Yy on Xm,

Proof. Using the discussion above, the proof is the same as the proof of [Hel,
Proposition 8.22]. O
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Proposition 5.7. Let X be a reduced adic space locally of finite type over
Qp and let N be a family of (o, T)-modules over 1@};{ rig- Then the inclusion

frxedm — X

is open and partially proper.

Proof. We have already shown that f is open. Especially it is quasi-separated
and hence we may apply the valuative criterion for partial properness, see
[Hu, 1.3]. Let (2, A) be a valuation ring of X with x € X®™ and let y € X
be a center of (A, ). We need to show that y € X2™. As y is a specialization
of x, the inclusion ¢ : k(y) < k(z) identifies k(y) with a dense subfield of
k(x). Especially

Ny =N® 2t %’]t

“k(y),rig

(y).rig By () wig (z),rig
is dense. Let eq,...,eq be a basis of N, on which @ acts as the identity. We
may approximate this basis by a basis of ;. Thus we can choose a basis of

N, on which ® acts by id +A with

Ae Matdxd(ﬁli(y),rig)

sufficently small. For example we can choose

Ae pMathd(dlj(y))-
By Lemma 5.4 and Corollary 5.5 it follows that y € X2dm, O

5.2. Existence of Galois representations. In this section we link defor-
mations of Galois representations and deformations of étale p-modules.

In the following (R, m) will denote a complete local noetherian ring, topo-
logically of finite type over Z,. Again we have a notion of an étale p-module
over

R@z,Ax = lim ((R/m") ®z, Ax).

By this we mean an R®ZPAK—module D of finite type together with an
isomorphism @ : ¢*D — D. Note that D is not required to be locally free.

A Galois representation with coefficients in R (or a family of Galois rep-
resentations on Spf R) is a continuous representation

G — GLd(R),

where G is the absolute Galois group of some field L. The relation between
Galois representations and étale p-modules with coefficients in local rings
was first considered by Dee, see [Dee, 2].

Theorem 5.8. Let X be a reduced adic space of finite type over Q, and and
let (N, ®) be a family of étale p-modules over ,%’L- rig* Then there exists a
formal model X of X and an étale o/x r-module N C N generating N that
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admits a model over X. Let xg € X be a closed point in the special fiber of
Xof X and let Y C X denote the tube over xy. Then (N, ®)|y is associated
to a family of Hg-representations on the open subspace Y .

Proof. Let us write N for the # x,-module associated to . It follows from
Proposmon 4.8 that there exist an étale p-module N over /x i such that
N Cc N as p-modules and such that N contains a basis of N'. Moreover
there is some formal model X of X such that N is defined over X. Choose
a formal affine neighborhood U = Spf(A™) of zg and write U for its generic
fiber. We write m C A" for the maximal ideal defining xo and write R for
the m-adic completion of A*. Then Y is the generic fiber of Spf R in the
sense of Berthelot. Write % = T(U, N). This is a T'(U, @x x )-module on

which @ induces a semi-linear isomorphism.

It follows that 91 = M 4+ R is a finitely generated étale p-module over
(Y, ox k) = R®z,Ak. Hence, by [Dee|, there is a finitely generated R-

module FE with continuous Hy action associated with M. Then
YOV E®rI(V,0x)
defines the desired family of Galois representations® on Y . O

Corollary 5.9. Let X be a reduced adic space locally of finite type over Q,
and N be a family of étale (p,T')-modules on X. Then there exists a formal
model X of X and an étale o/x -module N C N generatingN which admits
a model over X . Let xog € X be a closed point in the special fiber X of X
and let Y C X denote the tube of xog. Then Ny is associated to a family of
G -representations on the open subspace Y .

Proof. By the above theorem it follows that ¥ = Y2d™  The claim follows
from Theorem 5.2. ([

Conjecture 5.10. The claim of the theorem (and the corollary) also holds
true if we replace xg by a (locally) closed subscheme of the special fiber over
which there exists a Galois representation that is associated with the reduction
of the étale submodule.

5.3. Local constancy of the reduction modulo p. Let L be a finite
extension of Q, with ring of integers Oy, uniformizer w;, and residue field
kr. Let V be a d-dimensional L-vector space with a continuous action of
a compact group G. We choose a G-stable Op-lattice A C V and write
A = AJwpA for the reduction modulo the maximal ideal of Or. Then A
is a (continuous) representation of G on a d-dimensional k;, = Or /wOf-
vector space. The representation A depends on the choice of a G-stable
lattice A C V, however it is well known that its semisimplification A% (i.e.

6Note that we do not claim that locally on Y the integral representation F is associated
with an étale lattice in (N, ®). This is only true up to p-isogeny.
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the direct sum of its Jordan-Holder constituents) is independent of A and
hence only depends on the representation V. In the following we will write
V for this representation and refer to it as the reduction modulo wy, of the
representation V.

The aim of this section is to show that the reduction modulo wy, is lo-
cally constant in a family” of p-adic representations of G. In the context of
families of Galois representations this was shown by Berger for families of
2-dimensional crystalline representations of Gal(Q,/Q,) in a weaker sense:
Berger showed that every rigid analytic point has a neighborhood on which
the reduction is constant, see [Be2].

Let X be an adic space locally of finite type over Q, and E a vector bundle
on X endowed with a continuous G-action. If x € X, then we write

(E®k(2)) = (B k()™

for the semisimplification of the G-representation in the special fiber k(z) =

k(x)"/(wy) of k(z).

Proposition 5.11. Let X be an adic space locally of finite type and let E be
a vector bundle on X endowed with a continuous action of a compact group
G. Then the semi-simplification of the reduction E®k(x) is locally constant.

Proof. As the claim remains the same once we replace X by its reduced
underlying subspace, we may assume that X is reduced. Moreover, we may
assume that X = Spa(A, A1) is affinoid. For g € G we consider the map

fq : @ — charpoly (9| E ® k(x))

Let us write fyi(x) for the i-th coefficient of fy(x). As E ® k(x) admits an
k(z)*-lattice stable under the action of G, we find that f,;(z) € k(x)T, and
hence f4; defines a map

fi:G—T(X,0%)=A".
By construction this map is continuous and hence so is the induced map
FiiG—s A= ATjATT,

where AT C A denotes the ideal of topologically nilpotent elements. How-
ever, as A is endowed with the discrete topology this morphism has to be
constant. On the other hand f,;(x) is the i-th coefficient of the character-
istic polynomial of ¢ acting on &, /w,E,, where £, C E ® k(zx) is a G-stable

k(z)*-lattice and w, € k(z)" is a uniformizer. Now [CR, Theorem 30.16]

implies the claim®. U

"This seems to be a well known fact, at least in the context of pseudo-characters. As
we do not want to assume p > d here, we give a different proof.

8After this paper was written, we noticed that the idea to consider all coefficients of
the characteristic polynonial is used in [Ch| to generalize pseudo-characters.
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6. AN EXAMPLE

In this section we give an example in order to show how the condition on
the reduction modulo p to be locally constant obstructs the existence of a
global étlale lattice.

For this section we use different notations. Let K be a totally ramified
quadratic extension of Q,. Fix a uniformizer m € Ok and a compatible
system m, € K of p"th roots of m. Let us write Ko = |JK(m,) and
Gk, = Gal(K/K) for this section. Further let E(u) € Zy[u] denote the
minimal polynomial of 7. Finally we adapt the notation from [Hel] and
write

B = By and BLY = pry, Oxv.

We consider the following family (D, ®, F*) of filtered ¢-modules on
X =PL x Pk

Let D = (9%( = Oxe1 ® Oxes and ¢ = diag(wi, ws), where ww; and wy are
the zeros of E(u). We consider a filtration F* of Dx = D ®q, K such that
FY = Dk and F? = 0. Fix an isomorphism D ®q, K = Og( &) Og( and let
the filtration step F! be the universal subspace on X. This is a family of
filtered p-modules in the sense of [Hel|. One easily computes that

XV = X\{(0,0), (c0,00)},

where XV C X is the weakly admissible locus defined in [Hel, 4.2|. Gen-
eralizing a construction of Kisin [Ki| the family (D, ®, F*®) defines a family
(M, @) consisting of a vector bundle on X“*x U and an injection ® : ¢p* M —
M such that E(u) coker ® = 0 (see [Hel, Theorem 5.4]).

We define the family (N, ®) over #%.. as

(6.1) N, @) = (M, D)@ _0,1) Bwa.

B
This is obviously a family of ¢-modules over the Robba ring which is étale

at all rigid analytic points. We can cover the weakly admissible set XV? =
X1 U XoU X3U Xy, where

Xp = ((P"\{oo}) x (P"\{0o}))\{(0,0)} = A%\ {0},
Xa = (P'\{oo}) x (P'\{0}) = A%,
Xy = (P'\{0}) x (P"\{o0}) 2= A%,
X = ((P"\{0}) x (P'\{0}))\{(00, 00)} = A*\{0}.
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Now the space X™® contains K-valued points z1,x2 and x3 such that

(M, ) @ k(z1) = (O%K, <0 —E(u) ))

1 w4+ w2

(M, ) @ k(za) = <(9%K, <( 0 —(u—fm))>

u—ws) w1+ w2
(M, ®) @ k() = <(’)%K, <_(“aw1) _(ugm)))

The semi-simplifications of the reduction modulo 7 of the obvious ®-stable
W{[u]]-lattices in these p-modules are

oyt = (s () ).
o) ot = (e ().

u

o) o = (w0 (0 °))-
Using Caruso’s classification [Ca, Corollary 8| of those p-modules we find
that they are all non-isomorphic and in fact even stay non-ismomorphic
after inverting u. After inverting u these p-modules correspond (up to twist)
under Fontaine’s equivalence of categories to the restriction to Gx_, of the
reduction modulo 7 of the constructed Galois representations € ® k(z;). By
[Br, Theorem 3.4.3| this restriction is fully faithful and hence we find that

E@k(x;) 2 EQk(xy)

as G-representations for ¢ # j.

As (M, ®) is admissible in a neighborhood of each of the x;, we can find
some y; such that

& & k:(a:l) =g & k(yl)
for ¢ = 1,2,3 and such that in addition y; € X5 for all i for example. Let

us fix a covering Xy = A? = [JU; by an increasing sequence of closed discs
around the origin and let V; C U; be the corresponding open disc.

Assume that there exists an étale vtzf;(—lattice in (N, ®) over all the U;
defined above. Then it follows from Corollary 5.9 that there exists a family
of G-representations associated to (M, ®) on all the V;.

By the construction in [Hel| this family is naturally contained in D oy,
(Ov.@Bgis) and in fact identified with

. = P=id
Fil’ (D ®0y, (Ov,®Beis)) -

However, if this assumption is true for all ¢, we easily can find some ¢ such
that y1,y2,y3 € U; map to the origin in the special fiber, i.e. y1,y2,y3 €
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Vi. By Proposition 5.11, we know that the reduction modulo p of the G-
representation on the fibers of the family £ has to be constant, contradicting
the choice of the y;.

Hence we see that a formal model of U; over which we have an integral
étale structure as in Proposition 4.8 must be a blow up that separates the
specializations of the points 1,y and ys.
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