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ABSTRACT. Let K be a finite field extension of Q, and let ¥k be its absolute Galois group. We construct
the universal family of filtered (¢, N)-modules, or (more generally) the universal family of (¢, N)-modules
with a Hodge-Pink lattice, and study its geometric properties. Building on this, we construct the universal
family of semi-stable ¥k -representations in Qp-algebras. All these universal families are parametrized by
moduli spaces which are Artin stacks in schemes or in adic spaces locally of finite type over Q, in the sense
of Huber. This has conjectural applications to the p-adic local Langlands program.
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1. INTRODUCTION

Let K be a finite field extension of Q,. The emerging p-adic local Langlands program wants to relate on
the one hand certain continuous representations of the absolute Galois group ¥ = Gal(K/K) of K on
n-dimensional L-vector spaces for another p-adic field L, and on the other hand topologically irreducible
admissible representations of GL,,(K) on finite dimensional L-Banach spaces in the sense of [ST06]. One
fundamental difference to the case where L is an ¢-adic field with £ # p is that the ¢-adic local Langlands
correspondence is a bijection of merely discrete sets. In the p-adic case the representations vary in
families. So one may even speculate about a continuous or analytic correspondence; see Chapter [10| for
more explanations.

At present not even a conjectural formulation of the p-adic local Langlands correspondence purely in
local terms is known. The main requirement which should characterize the correspondence is a version
of local global compatibility for representations occurring in completed cohomology of Shimura varieties.
As a consequence, one of the main tools in the p-adic Langlands program is to consider families of
representations that admit a dense set of points, where the representations “come from a global set-up”,
as in [CEGGPSI3]| for example. Hence a good understanding of these arithmetic families of p-adic Galois
representations of ¥k seems to be crucial. This understanding is our aim in the present article.

The study of such families and their associated p-adic Hodge structures was begun by Kisin, Pappas
and Rapoport in [Kis06] [KisO8, [PR09] and by one of us in [Hell3], where a universal family of filtered
w-modules was constructed and, building on this, a universal family of crystalline representations with
Hodge-Tate weights in {0,1}. The approach is based on Kisin’s integral p-adic Hodge theory cf. [Kis06].
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In the present article we generalize this result to the case of semi-stable representations of the absolute
Galois group ¥x of K with arbitrary (fixed) Hodge-Tate weights. If the Hodge-Tate weights do not just
lie in {0,1}, Kisin’s theory does not describe ¥x-stable Zy-lattices in a crystalline resp. semi-stable %-
representation but all ¥x_-stable Z,-lattices, where K is a certain Kummer extension of K appearing
in [Kis06]. This leads us to consider not only filtered (, N)-modules but rather (¢, N)-modules together
with a so called Hodge-Pink lattice. These structures will correspond to certain ¢ __ representation and
we describe a moduli space (actually a stack) of (¢, N)-modules with Hodge-Pink lattice. This stack turns
out to be a vector bundle over a space of filtered (p, N)-modules. The original space of filtered (¢, N)-
modules (corresponding to 5 rather than ¢ _ -representations) can be recovered as a section defined by
a certain transversality condition in this vector bundle. The inspiration to work with Hodge-Pink lattices
instead of filtrations is taken from the analogous theory over function fields; see [Pin97, IGL11, Har11].
It was already applied to Kisin’s integral p-adic Hodge theory by Genestier and Lafforgue |[GL12] in the
absolute case for ¢-modules over Q.

We can define a notion of weak admissibility for (¢, V)-modules with Hodge-Pink lattice and show that
being weakly admissible is an open condition in the set up of adic spaces generalizing the corresponding
result for filtered p-modules in [Hell3|. Following the method of [Kis06] and [Hell3] we further cut out
an open subspace over which an integral structure for the (¢, N)-modules with Hodge-Pink lattice exists
and an open subspace over which a family of ¥y, = Gal(K /K )-representation exists. If we restrict
ourselves to the subspace of filtered (¢, N)-modules one can promote this family of &k __-representations
to the universal family of semi-stable ¥ -representations.

It is worth pointing out that, unlike in the case of filtered (¢, N)-modules, the Hodge-Tate weights
can jump in a family of (¢, N)-modules with Hodge-Pink lattice, and likewise in a family of ¥ -
representations (where we define the Hodge-Tate weights to be those of the corresponding Hodge-Pink
lattice). As the Hodge-Tate weights of a family of ¥x-representations vary p-adically continuously, and
hence cannot jump, this is certainly an obstruction which forces us to restrict ourselves to the subspace
of fixed Hodge-Tate weights in order to construct a family of ¥ -representations.

We describe our results in more detail. Let K be a finite extension of @, with absolute Galois group ¥k
and maximal unramified sub-extension Ky. Let Frob, be the p-Frobenius on Ky. We consider families
of (¢, N)-modules over Qp-schemes X, that is finite locally free Ox ®q, Ko-modules D together with
a ¢ := id ® Froby-linear automorphism ® and a linear monodromy operator N: D — D satisfying the
usual relation N® = p®N. Choosing locally on X a basis of D and considering ¢ € GLd(OX ®q, Ko)
and N € Matgxq(Ox ®q, Ko) as matrices, the condition N® = p®N cuts out a closed subscheme
Pry.a C Resg, /g, GLa xq, Resg, /g, Matixqa. We can describe the geometry of this scheme as follows.

Theorem The scheme P, q is equi-dimensional of dimension [Ky : Q)] d?. It is reduced, Cohen-
Macaulay and generically smooth over Q. Its irreducible components are indexed by the possible Jordan
types of the (necessarily nilpotent) monodromy operator N .

Further we consider families of (¢, N)-modules D with a filtration 7* on D ®, K and more generally
families of (¢, N)-modules with a Hodge-Pink lattice q, see Definition for the precise definitions.
Given a cocharacter p of the algebraic group Resg/q, GLax (or more precisely a cocharacter of the
WEeil restriction of the diagonal torus which is dominant with respect to the Weil restriction of the upper
triangular matrices) we define a notion of a filtration F* resp. a Hodge-Pink lattice with constant Hodge
polygon equal to u, and a notion of boundedness by u for a Hodge-Pink lattice q. With p is associated a
reflex field E,, which is a finite extension of Q.

Theorem [3.6l

(a) The stack A, n <, parametrizing rank d families of (o, N')-modules with Hodge-Pink lattice bounded
by pu on the category of E,-schemes is an Artin stack. It is equi-dimensional and generically
smooth. Its dimension can be explicitly described in terms of the cocharacter p and its irreducible
components are indexed by the possible Jordan types of the (nilpotent) monodromy operator.

(b) The stack H, N, parametrizing rank d families of (¢, N)-modules with Hodge-Pink lattice with
constant Hodge polygon equal to i, is an open and dense substack of 7, N <. Further it is reduced
and Cohen-Macaulay. It admits a canonical map to the stack D, N, of filtered (o, N)-modules with
filtration of type p. This map is representable by a vector bundle.
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If we restrict ourselves to the case of vanishing monodromy, i.e. the case N = 0, we cut out a single
irreducible component 7, <, C J7, y <, and similarly for the other stacks in the theorem. Following
[Hell3] we consider the above stacks also as stacks on the category of adic spaces locally of finite type
over Qp,, i.e. we consider the adification %3:‘}\77 <0 et Passing from Q,-schemes to adic spaces allows
us to generalize Kisin’s comparison between filtered (p, N)-modules and vector bundles on the open unit
disc (together with certain additional structures). To do so we need to fix a uniformizer 7w of K as well

as its minimal polynomial E(u) over Kj.

Theorem For every adic space X locally of finite type over Q, there is a natural equivalence
of categories between the category of (¢, N)-modules with Hodge-Pink lattice over X and the category
of (¢, Nv)-modules over X, i.e. the category of vector bundles M on the product of X with the open
unit disc U over Ko together with a semi-linear map ®pr: M — M that is an isomorphism away from
X x {E(u) =0} C X x U and a differential operator Né/[ satisfying

Ngtodpop=pEE  Puopo N

Theorem The differential operator Névl defines a canonical meromorphic connection on the vector

bundle M. The closed substack %YN# C jfﬁ?\w where this connection is holomorphic coincides with the

; ad ad
zero section of the vector bundle %J\W — .@%N#.

Similarly to the case of filtered p-modules in [Hell3] there is a notion of weak admissibility for families
of (¢, N)-modules with Hodge-Pink lattice over an adic space. We show that weak admissibility is an
open condition.

Theorem Let v be a cocharacter as above, then the groupoid

X = {(D,®,N,q) € 7, n=<u(X) | D® k(x) is weakly admissible for all v € X'}
s an open substack %aji\}wju of %a% <u

ad,int c %ad,wa

Following the construction in [Hell3| we construct an open substack .7 N,<u Where an

N ,
integral model for the (¢, Ny)-module over the open unit disc exists. Here@integljral megns with respect
to the ring of integers W in Kj. Dealing with Hodge-Pink lattices instead of filtrations makes is possible
to generalize the period morphism of [PR09, §5] beyond the miniscule case. That is, we consider a
stack CAjM N,k in the category of formal schemes over Spf Op, whose R-valued points parameterize tuples
(O, @, N) where MM is a finite locally free (R®z, W)[u] module, ® is a semi-linear morphism ®: 9t — 9N
which is an isomorphism away from E(u) = 0, whose behavior at E(u) is controlled in terms of u, and N
is an endomorphism of 9 /u satisfying N® = p®N; see after Remark for the precise definition.

Given a p-adic formal scheme X over Spf Op, we construct a period morphism
TI(X): C=pnv i (X) —> HEY <, (X%9)
and the substack jﬁz(}\’fiﬁu will serve as the image of this morphism in the following sense.

Corollary Let X be an adic space locally of finite type over the reflex field E, of p and let

f: X — %a(]iv < be a morphism defined by (D, ®, N,q). Then f factors over %a?\}irf:# if and only if there

exists an fpgc-covering (U; — X)ier and formal models U; of U; together with (9, ;) € CAj%N,K(Z/{i)
such that IL(U;) (O, ;) = (D, P, N, q)|u,-

Finally we go back to Galois representations. We prove that there is a canonical open subspace
%ﬁﬁ:;ﬁadm of the reduced space underlying :’(Ji\’,gtﬂ which carries a family of ¥k __-representations.
This family is universal in a sense made precise in the body of the article. Roughly this means that a

morphism f: X — e%’fpa(]i\}irju defined by some (9, &, N) over a formal model X of X factors over 57 a‘}\}ajri
if and only there exists a family of ¥k __-representations £ on X such that the p-module of &£, in the sense
of Fontaine, is (up to inverting p) given by the p-adic completion of (9, ®)[1/u]. For a finite extension L

of E,,, Kisin’s theory implies that we have an equality

d,ad,ad _ d,int _ d,
jfsor,eN;ua (L) = %%Nl,r;u(l’) B %iN?u(L)
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of L-valued points.

If we restrict ourselves to the case of filtrations, i.e. to the above mentioned zero section in the vector
bundle %%?V,M — @z?Nw we may extend this family of ¥ _ -representations to a family of semi-stable
Y -representations which turns out to be the universal family of semi-stable representations (with fixed
Hodge-Tate weights).

Theorem There s an open substack .@Zfl]’\;im C .@gflM . over which there exists a family € of semi-
stable Y -representations such that Dg(E) = (D, ®, N, F*®) is the restriction of the universal family of
filtered (@, N')-modules on QS?N,M to 9;?]’\%?;“.

This family is universal in the following sense: Let X be an adic space locally of finite type over the
reflex field E, of p, and let £ be a family of semi-stable G -representations on X with constant Hodge
polygon equal to p. Then there is a unique morphism f: X — @Zi’\ﬁm such that &' = f*E as families of
Y -representations.

The corresponding result for crystalline ¥x-representations with constant Hodge polygon equal to p,
whose moduli space is .@gi;adm, is formulated and proved in Corollary .

Notations: Let K be a finite field extension of the p-adic numbers Q, and fix an algebraic closure K of
K. We write C,, for the p-adic completion of K and let ¥ = Gal(K/K) be the absolute Galois group of
K. Let K be the Galois closure of K inside K. Let Ky be the maximal unramified subfield of K and W
its ring of integers. Set f := [K( : Qp], and let Frob,, be the Frobenius automorphism of Ky which induces
the p-power map on the residue field of Ky. We fix once and for all a uniformizer 7 of K and its minimal
polynomial E(u) = mipo, /x, (u) € Wu] over Ko. It is an Eisenstein polynomial, and K = Kolu]/(E(u)).
We choose a compatible system 7, of p”-th roots of m in K and write K. for the field obtained from K
by adjoining all 7.

Acknowledgements. The second author acknowledges support of the DFG (German Research Foun-
dation) in form of SFB/TR 45 “Periods, Moduli Spaces and Arithmetic of Algebraic Varieties” and in
form of a Forschungsstipendium He 6753/1-1. Both authors were also supported by SFB 878 “Groups,
Geometry & Actions” of the DFG. We would further like to thank A. Mézard, M. Rapoport, T. Richarz
and P. Scholze for helpful discussions.

2. FAMILIES OF (¢, N)-MODULES WITH HODGE-PINK LATTICE

Let R be a Qp-algebra and consider the endomorphism ¢ := idg ® Frob,, of R®q, K. For an R®q, Ko-
module M we set ¢*M = M ® R®q, Ko, ¢ R ®q, Ko. Similar notation is applied to morphisms between
R ®q, Ko-modules. We let p*: M — ©*M be the p-semi-linear map with ¢*(m) = m ® 1.

We introduce the rings

1

B} = {El(R ®q, Ko[u])/(E(u)") and Bg := BE[E(U)]

In a certain sense Bap and Bg, are the analogs of Fontaine’s rings BgR and Bggr in Kisin’s theory
IKis06] of p-adic Galois representation. By Cohen’s structure theorem [Ser79, Theorem I1.4.2| the ring

Bap = {El Ko[u]/(E(u)") is isomorphic to K[t] under a map sending ¢ to g((gg . The rings Bf, and By are

relative versions over R, and are isomorphic to (R ®q, K)[t], respectively (R ®q, K)[t][1]. We extend

¢ to R ®g, Ko[u] by requiring ¢(u) = u? and we define ¢"(Bf) := lim (R ®q, Kolu])/(¢"(E(u))").
— i

Note that we may also identify ¢"(B},) with 1<£n(R ®q, K(m)[u])/(1 — L) = (R®q, K(m))[L — =]

Tn
under the assignment g%g; + 1 — & compare [Kis06, (1.1.1)]. We extend these rings to sheaves of rings

e"(BY) == go"(IB%X) on Qp-schemes X or adic spaces X € Ad(létp. Here Ad(létp denotes the category of adic
spaces locally of finite type, see [Hub94] for example.
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Remark 2.1. Note that ¢"(B}) is not a subring of Bf. If X = Spa(R, R°) is an affinoid adic space of
finite type over @, one should think of go”(IBE) as the completion of the structure sheaf on X x U along
the section defined by ¢"(E(u)) € U. Here U denotes the open unit disc over Kj.

Definition 2.2. (a) A p-module (D, ®) over R consists of a locally free R ®q, Ko-module D of finite
rank, and an R ®q, Ko-linear isomorphism ®: ¢*D == D. A morphzsm a: (D, ®) - (D,®) of
p-modules is an R ®q, Ko-homomorphism a: D — D with ao® = ® o pra.

(b) A (@, N)-module (D,®, N) over R consists of a p-module (D, ®) over R and an R ®q, Ko-linear
endomorphism N: D — D satisfying No® =p-Po@*N. A morphism a: (D, P, N) — (ﬁ, P, N)
of (p, N)-modules is morphism of ¢-modules with co N = Noa.

The rank of D over R ®q, Ko is called the rank of (D, ®), resp. (D, ®, N).

Every ¢-module over R can be viewed as a (¢, N)-module with N = 0.

Lemma 2.3. (a) Every p-module (D, ®) over R is Zariski locally on Spec R free over R ®q, Ko.
(b) The endomorphism N of a (¢, N)-module over R is automatically nilpotent.

Proof. Let m C R be a maximal ideal. Then R/m ®g, Ko is a direct product of fields which are
transitively permuted by Gal(Ky/Qp). The existence of the isomorphism @ implies that D ®p R/m is
free over R/m ®q, Ko. Now the assertion follows by Nakayama’s lemma.

@ By @ we may locally on R write N as a matrix with entries in R ®q, Ko. Set d := rk D. If the
entries of the d-th power N lie in Rad(0) ®q, Ko, where Rad(0) = (pcR prime P is the nil-radical, then
N is nilpotent. Thus we may check the assertion in L = Frac(R/p)*® for all primes p C R. We replace
R by L. Then D =[]V}, splits up into a direct product of d-dimensional L-vector spaces indexed by the
embeddings ¢: Ky < L. For every fixed embedding v the f-th power ®/ restricts to an endomorphism
®,, of Vy, satisfying N, = pf<I>¢N. If V(X, @) denotes the generalized eigenspace for some A € L*,
then NV maps V' (A, @) to V(p/ A, ®,,) and hence N is nilpotent, as there are only finitely many non-zero
eigenspaces. This implies that N¢ = 0. U

Remark 2.4. If R is even a Ky-algebra, we can decompose R ®q, Ko = HieZ/fZ R where the i-th factor
is given by the map R®q, Ko — R, a®b — aFrobgi(b) fora € R,b € Ky. For a (p, N)-module over R we
obtain corresponding decompositions D = [[, D; and ¢*D = [[,(¢*D); with (¢*D); = D;_1, and hence
also ® = ((I)z Di—l = Dz)l and N = (Nl Dl — Dz)z Withpq)iONi_l == Nioq)i, because (QD*N)Z = Ni—l-
If weset ¥;:=®;0...001 = (Pop*Po...0 gp(i_l)*@)i: Dy = (gpi*D)i 5 D; then p? U, 0 Ny = N; o U,
for all i, and W; = (®/)g. There is an isomorphism of (¢, N)-modules over R

21)  (idp,, ¥y,..., Us_y) (HDO, Mo, idpy - idp,), (Vo)) = (HDZ, is (Ni)i) -

Thus (D, ®, N) is uniquely determined by (Do, (®/)o, No) satisfying p/ (®/)g o Ng = Ny o (®f)g. Further
note that under this isomorphism ®/ on (D, ®, N) corresponds to ((®/)o,...,(®/)g) on the left hand
side.

Definition 2.5. (a) A K-filtered (¢, N)-module (D,®, N,F*®) over R consists of a (¢, N)-module
(D, ®, N) over R together with a decreasing separated and exhaustive Z-filtration F* on Dk :=
D ®k, K by R ®q, K-submodules such that grg_- Dy = }"iDK/fi+1DK is locally free as an R-
module for all i. A morphism a: (D, ®, N, F®) — (f?, &3, N,]?') is a morphism of (¢, N)-modules
with (a ® id)(FiDg) € F'Dg.

(b) A (¢, N)-module with Hodge-Pink lattice (D, ®, N, q) over R consists of a (¢, N)-module (D, ®, N)
over R together with a IB%+ lattice ¢ C D ®pok, Br. This means that q is a finitely generated
IB%Jr—bubmodule which is a dlrect summand as R-module satisfying Br-q = D® )R Ko Br. Wecall q
the Hodge-Pink lattice of (D,®, N,q). A morphism a: (D, ®,N,q) — (D, ®, N,§) is a morphism
of (¢, N)-modules with (o ® id)(q) Cq.

For every (¢, N)-module with Hodge-Pink lattice (D, ®, N, q) over R we also consider the tautological
B}-lattice p := D ®pgk, Bp.
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Lemma 2.6. Let ¢ C D ®grgx, Br be a Bg—submodule. Then q is a IB%E-lattice if and only if E(u)™p C
q C E(u)™™p for all n,m > 0 and for any (some) such n,m the quotients E(u)""p/q and q/E(u)"p are
finite locally free R-modules.

If this is the case then étale locally on Spec R the Bg-module q is free of the same rank as p.

Proof. The assertion E(u)™p C q C E(u)”™p for all n, m > 0 is equivalent to Br-q = D®pggx,Br when q
is finitely generated. Consider such n, m. If qis a BE—lattice, hence a direct summand of D®rgx,Br there
is an R-linear section of the projection D @ ror, Br — (D ®rgk, Br)/q. The composition of this section
with the inclusion E(u)™"p/q — (D ®prgk, Br)/q factors through E(u)~™p and realizes E(u) ™p/q as
a direct summand of the R-module E(u)~™p/E(u)"p which is locally free by Lemma[2.3(a)} This shows
that E(u)™"p/E(u)™p = (E(u)"™p/q)®(q/E(u)"p) and both E(u)~™p/q and q/E(u)™p are finite locally
free R-modules.

Conversely any isomorphism E(u)~"p/E(u)"p = (E(u)"™p/q) ® (q/E(u)"p) together with the decom-
position D®prgr,Br = (E(u)"p) & (E(u) "p/E(u)"p) & (D®rek,Br)/E(u)"™p realizes q as a direct
summand of D @prg i, Br. Since E(u)™p is finitely generated over IB%E and q/FE(u)"p is finitely generated
over R, also q is finitely generated over B, hence a Bg—lattice.

To prove the local freeness of q we may work locally on R and assume by Lemma [2.3(a)| that p is free
over B}, say of rank d, and q/E(u)"p and E(u)"™p/q are free over R. There is a noetherian subring R
of R and a short exact sequence

(2.2) 0 Q P N 0

of Bg—modules which are free é—modules, such that the tensor product of (2.2) with R over Ris isomorphic
to

(2:3) 0 ——=a/Ew)"p —— E(u)""p/E(u)"p — E(u)""p/q ——0.

Indeed, we can take R as the finitely generated Qp-algebra containing all the coefficients appearing in
matrix representations of the maps in (2.3) and the action of Ko[u]/(FE(u))™".

Let p be a free B%—module of rank d, fix an isomorphism E(u)™™p Qg+ B}%/(E(u))m*” =~ P and let
R

the BJ}%—module q be defined by the exact sequence
(2.4) 0——§— E(u)"™p —— N ——0.

Since B% ~ (R ®q, K)[t] is noetherian, q is finitely generated. Consider a maximal ideal m C IB%. Since

~

t € m, it maps to a maximal ideal n of R. Since n is finitely generated, IB%% ®% R/n = (R/n ®q, K)[t]
and this is a direct product of discrete valuation rings. Thus q ® 7 E/ n is locally free of rank d by the
elementary divisor theorem. Since this holds for all m, [EGAl IV3, Theorem 11.3.10] implies that q is a
projective Bg—module and by [EGA! I,ew, Proposition 10.10.8.6| it is locally on Specé ®q, K free over

IB%;%. Let {¢: K — @p} be the set of all Q,-homomorphisms and let K be the compositum of all P(K)

inside @p. Then R — R ®Q, K is finite étale and the pullback of q under this base change is locally on

Specﬁ ®q, K ®q, K free over B%@@pf(. Since Specﬁ ®Q, K ®q, K = Hw Specﬁ ®qQ, K it follows that

the pullback of q is already locally on Spec R ®Q, K free over IB%%@ e
Qp
To finish the proof it remains to show that § ®y+ Bf, = q. Tensoring (2-4) with B, over IB%% we obtain
the top row in the diagram )

Bt ~ " ~
0 —— Tor, (N, B};) —— q Qg+ Bj; —— E(u)""p —— N Qg+ Bj; —— 0
R R

[

0 q E(u)™™p —— E(u)"™p/q——0.

IR
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Abbreviate ¢ := m + n. Since the functor N ®p+ o equals the composition of the functors (IB%J}% /9 Rpt o
R R

followed by N Dpt gt o the Tori-module on the left can be computed from a change of rings spectral
R

sequence [Rot09, Theorem 10.71] and its associated 5-term sequence of low degrees, see [Rot09, Theorem
10.31],

Bt + +/z

IB
L — Tor1 (B*/t‘ ]B%*)@WMN — Tor, *(N,B},) — Tor,™ (N,BL/t") — 0.

B/t¢ ~ =~ ~ ~
The right term in this sequence is zero because Tor,; A" (N,B},/t") = Torf(N,R) and N is flat over R.

The left term is zero because t¢ is a non-zero-divisor both in IB%Jr and B},. This shows that Tor1 (N B}) =
0 and proves the lemma. O

Remark 2.7. (1) Let R = L be a field and let (D, ®, N, q) be a (¢, N)-module with Hodge-Pink lattice
over L. The Hodge-Pink lattice g gives rise to a K-filtration F7 as follows. Consider the natural projection
p = p/E(up = D®rox, By/(E(u) = D®rek, R@g, K = Dk

and let féDK be the image of p N E(u)'q in D for all i € Z, that is

f;iDK = (pNE(u)'q)/(E(u)p N E(u)q).
Since L is a field (D, ®, N, F7) is a K-filtered (¢, N)-module over L. Note that this functor does not exist

for general R, because grg_- Dy will not be locally free over R in general. This is related to the fact that

the Hodge polygon of 7 is locally constant on R whereas the Hodge polygon of g is only semi-continuous;
see Remark 2.11] below.

(2) However, for general R consider the category of (¢, N)-modules with Hodge-Pink lattice (D, ®, N, q)
over R, such that p C q C E(u) 'p. This category is equivalent to the category of K-filtered (cp, N)-
modules (D, ®, N, F*) over R with F'Dg = Dg and F* = 0. Namely, defining Fy as in (1) we obtain

E(u)™'p/q fori=0,

gri}-q Dy = q/p fori=1,
0 fori#0,1,
and so (D, ®, N, Fq ) is a K-filtered (¢, N)-module by Lemma Conversely, q equals the preimage of
E(u)

]-'qlDK under the morphism E(u)~'p ——= p — Dy and this defines the inverse functor.

(3) Now let (D, ®, N, F*) be a K-filtered (¢, N)-module over R. Using that B}, = (R ®q, K)[t] is an
R ®q, K-algebra, we can define the Hodge-Pink lattice

q = ZE .FZDK> ®R®KB
€L

It satisfies Fy = F*. Using Lemma [2.6/one easily finds that q(F*®) is indeed a Bf-lattice.

Example 2.8. The K-filtered (¢, N)-modules over R = Q,, which correspond to the cyclotomic character
Xeye: Yk — Z,, are Dg(Xcye) = (Ko, ® = p™',N = 0,7*) with F~! = K 2 F° = (0) and its dual
D% (Xeye) = (Ko, ® = p,N = 0,F*) with F! = K 2 F2? = (0); see Definition and Formula (8.2))
below. For both there exists a unique Hodge-Pink lattice which induces the filtration. On Dg¢(Xcye) it is
q = E(u)p and on D} (Xcyc) it is ¢ = E(u) " !p.

We want to introduce Hodge weights and Hodge polygons. Let d > 0, let B C GLg; be the Borel
subgroup of upper triangular matrices and let 7" C B be the maximal torus consisting of the diagonal
matrices. Let G := Resk g, GLa,x; B = Resk/q, B and T := Res K/Q, I' be the Weil restrictions. We
consider cocharacters
(2.5) p:G, 5 — Tv@

7Qp 59
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which are dominant with respect to the Borel B of G. In other words on @p—valued points the cocharacter

— _
pQ — [ 7@,
P K—Q,
where 9 runs over all Q,-homomorphisms 9: K — @p, is given by cocharacters
fop T diag(ahvr, . ated)

for some integers puy, j € Z with py j > pry j41. We define the reflex field E,, of p as the fixed field in @p
of {o € %y, toyp,j = Hyy; YV j,%}. It is a finite extension of Q, which is contalned in the comp051tum
K of all Y(K) inside Qp For each j the locally constant function v +— p, ; on SpecK ®q, K =

]_[w Kt SpecK descends to a Z-valued function p; on Spec £, ®q, K, because p; is constant on the

fibers of SpecK ®q, K — Spec E;, ®g, K. In particular, the cocharacter p is defined over E,. If R is an
E,-algebra we also view p; as a locally constant Z-valued function on Spec R ®q, K.

Construction 2.9. Let D = (D, ®, N, q) be a (¢, N)-module with Hodge-Pink lattice of rank d over a
field extension L of Q,. By Lemma the L ®q, Ko-module D is free. Since L ®q, K is a product

of fields, B] = (L ®q, K)|[t] is a product of discrete valuation rings and q is a free B} -module of rank
d. We choose bases of D and q. Then the inclusion ¢ C D ®rgk, Br is given by an element 7 of

GL4(Br) = G (L((®)). By the Cartan decomposition for G there is a uniquely determined dominant
cocharacter ur,: Gy, — Ty, over L with v € G(Lﬂt]]),uL( )~ 1G(L[[t]]) This cocharacter is independent
of the chosen bases. If L contains K , it is defined over K because T splits over K. In this case we view
it as an element of X, (T%)dom and denote it by up(Spec L). It has the following explicit description.
Under the decomposition L ®q, K = H¢; iz L we have G(L((t))) = Iy GLa(L(1), pr = (pp)ws
and v € [[, GLqg (L[t]) gy (¢) " GLg(L[t]). The t#w1, ... ¢ #v.d are the elementary divisors of the -
component ¢y, of q with respect to p. That is, there is an L|t]-basis (vy.1,...,vy.q) of the ¥-component
py of p such that (t7He2 vy 1,...,t7Hd vy 4) is an L|t]-basis of qq.

Let (D, ®, N, F7) be the K-filtered (¢, N)-module associated with D by Remark(l). Then FSDKW =
(y,j: 1 — pyp; < 0)r and .

dimy, grlquK,w = #{j:i—py; =0}.

More generally, for a K-filtered (¢, N)-module (D, ®, N, F*) over a field extension L of K we consider
the decomposition D = Hd} Dk y and define the integers g1 > ... > py 4 by the formula

dimg, g Dy = #{j: pypg =i}
We define the cocharacter ju(p o n re)(Spec L) := (j1y)y and view it as an element of X (T )dom-

Definition 2.10. (a) Let R be a K-algebra and consider the decomposition R ®q, K = H¢:Kc—>f( R.
Let D be a (¢, N)-module with Hodge-Pink lattice (respectively a K-filtered (¢, N)-module) of
rank d over R. For every point s € Spec R we consider the base change s*D of D to k(s). We
call the cocharacter pp(s) := ps-p(Speck(s)) from Construction [2.9) E 9 the Hodge polygon of D at
s and we consider pp as a function pp : Spec R — Xu(T%)dom- The integers —puy ;(s) are called
the Hodge weights of D at s.

Now let p : @; — f(@p) be a dominant cocharacter as in , let E, denote the reflex field of y, and

let R be an E,-algebra.

(b) Let D be a (¢, N)-module with Hodge-Pink lattice (respectively a K-filtered (¢, N)-module) of
rank d over R. We say that D has constant Hodge polygon equal to p if pp(s) = p for every point
s € Spec(R®g, K).
(c) Let D = (D, ®,N,q) be a (¢, N)-module with Hodge-Pink lattice over Spec R. We say that D
has Hodge polygon bounded by  if
j

/\a C E(u) /\p

+
BR



THE UNIVERSAL FAMILY OF SEMI-STABLE p-ADIC GALOIS REPRESENTATIONS 9

forall j =1,...,d with equality for j = d, where the y; are the Z-valued functions on Spec R®q, K
determined by pu; see the discussion before Construction [2.9

Equivalently the condition of being bounded by u can be described as follows: Over K the cocharacter
p is described by a decreasing sequence of integers fiy1 > -+ > puy g for every Qp-embedding ¢ : K — Q,,.
Let R = R®p, K, then R ®g, K = [] VKR R, with each R), = R’ under the isomorphism a ® b
(ap(D))y, where b : K — R'is given via the embedding into the second factor of R’ = R®p, K. Especially
we view R;) as a K-algebra via ¢. Under this isomorphism D ®grgxr, Brr =: p R/[%] decomposes into a
product [ [, pr (1], Where pre[1]y is a free Ry [t][3]-module and the B}, -lattice pr: C pg/[+] decomposes
into a product of R, [[t]-lattices pry C p r[Fy-

Further, under the isomorphism D ®gpgr, Br = Hw pR/[%Lp the Hodge-Pink lattice qpr = q ®r R’
decomposes into a product qrr = Hw qr’,y, where qps y is an Riﬁ [t]-lattice in pg/ [%]w Then the condition
of being bounded by pu is equivalent to

J J
(2.6) Ndry © E(u)™er—"mi. App oy

+ +
IEBR, IBR,

for all ¥ and all j =1,...,d with equality for j = d.
Note that by Cramer’s rule (e.g. [Bou70, III.8.6, Formulas (21) and (22)]) the condition of Defini-
tion M(c), respectively (2.6 is equivalent to

J J
Nb © Bl Ag.
B

Bj,
respectively
J J
(2.7) /\ PRy C E(u)tvd-ititethva. /\ QR
Bt Bt
R/ R/

for all j =1,...,d with equality for j = d.
Remark 2.11. The Hodge polygon of a K-filtered (¢, N)-module (D, ®, N, F*) is locally constant on R,
because gréE Dy is locally free over R as a direct summand of the locally free R-module grif Dg.

In contrast, the Hodge polygon of a (¢, N)-module D with Hodge-Pink lattice over R is not locally
constant in general. Nevertheless, for any cocharacter p as in the set of points s € Spec R such that
pp(s) < g in the Bruhat order, is closed in Spec R. This is a consequence of the next

Proposition 2.12. Let i € Xi(T%)dom be a dominant cocharacter with reflex field E, and let R be an
E,-algebra. Let D = (D, ®,N,q) be a (¢, N)-module with Hodge-Pink lattice of rank d over R.

(a) The condition that D has Hodge polygon bounded by  is representable by a finitely presented closed
immersion (Spec R)<,, — Spec R.

(b) If R is reduced then D has Hodge polygon bounded by u if and only if for all points s € Spec R®E#I~(
we have pp(s) X p in the Bruhat order, that is, for all ¢ the vector py — pp(s)y € Z% is a non-
negative linear combination of the positive coroots &; = (...,0,1,—1,0,...) having the “1” as j-th
entry.

(c) Let /y/ be another dominant cocharacter such that ' < p in the Bruhat order. Let E,; denote its
reflex field and let E = E, B, C K be the composite field. Assume that R is an E-algebra, then
(Spec R)<,s — (Spec R)<,, as closed subschemes of Spec R.

Proof. By‘Lemmawe find a large positive integer n such that E(u)™p C q C E(u)™"p. This implies
Nq C E(u)™" A p for all j and A% C E(u)~% A%q. Viewing u;: Spec R®q, K — Z as locally constant
function as in the discussion before Construction we consider the modules over B}, = (R ®g, K)[{]

(2.8) My = E(u)™™adq/E(u)mTTH. Adg and

M; = E(u)"ANyp/E(u) "M . Nlp for 1 <j<d.
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As R-modules they are finite locally free. Then D has Hodge polygon bounded by g if and only if for all
j=1,...,d all generators of A7q are mapped to zero in M; and all generators of A%p are mapped to zero
in My. Since M := My &® ... D My is finite locally free over R, this condition is represented by a finitely
presented closed immersion into Spec R by [EGAl Iey, Lemma 9.7.9.1].

(b)|If R is reduced then also the étale R-algebra R’ := R®p, K is reduced and R < R’ — [Tsespec rr (5)
is injective. Therefore also M — M ®p (HSGSpecR’ n(s)) is injective. So D has Hodge polygon bounded
by p if and only if this holds for the pullbacks s*D to Speck(s) at all points s € Spec R'. By defini-
tion of ' := pp(s) there is a k(s)[t]-basis (vy1,...,vy.q) of the -component (s*p), of s*p such that
(tHea W,J,...,t*%’d vy.d) 18 a k(s)[t]-basis of (s*q)y. Therefore condition (2.6) holds if and only if
fap 1+ g > g+ gy for all i and j with equality for j = d. One easily checks that this is
equivalent to ' < p.

. )| Again H/ = pimplies pryp 1 + ...+ fyj > ,uﬁp 1+t Nip for all ¥ and j with equality for j = d. We
view fi;, ,u as locally constant Z- Valued functions on SpecE ®q, K. Then py 4 ...+ pj > ph + ... + ;Lj

for all j Wlth equality for j = d. In terms of (2.8} . ) the R-modules M for u are quotlents of the R—modules
M; for pi with My = M. Therefore (Spec R)<,s — Spec R factors through (Spec R)=,- O

Remark 2.13. The reader should note that 1" < 1 does not imply a relation between E,, and E,, as can be
seen from the following example. Let d =2 and [K : Q)] =2 and {¢) : K — K} = Gal(K/Qp = {¢1,¢}.
Consider the three cocharacters p, p', u” given by gy, = (2,0), py, = (2,0) and py, = (2,0), ,u¢ =(1,1)
and ’u;/l’i = (L, 1), py, = (1,1). Then p” < p/ < p. On the other hand we find £, = E,» = Q) and
Ey =K =K.

Remark 2.14. In Definition (a) we assumed that R is a K -algebra to obtain a well defined Hodge
polygon pp(s) € X«(T%). In Definition (b) we can lower the ground field over which R is defined to

E,, because Gal(f? /E,,) fixes 1. The ground field cannot be lowered further, as one sees from the following

Proposition 2.15. Let D be a (¢, N)-module with Hodge-Pink lattice (respectively a K-filtered (¢, N)-

module) of rank d over a field L such that pup(s) = p for all points s € Spec L ®q, K. Then there is a
canonical inclusion of the reflex field £, — L.

Proof. Since every K-filtered (¢, N)-module arises from a (¢, N)-module with Hodge-Pink lattice as in
Remark [2.7} - , it suffices to treat the case where D is a (¢, N)-module with Hodge-Pink lattice. We

consider the decomposition L := L ®q, K = HSESpeCL k(s) and for each s we denote by a5 : L < k(s)

and s : K — k(s) the 1nduced inclusions. Let pur, : Gy, — fL be the cocharacter over L associated
with D in Construction 2.9, The assumption of the proposition means that as(ur) = Bs(p) for all s. The

Galois group G := Gal(K Qp) acts on L. The Galois group Gal(k(s)/as(L)) can be identified with the
decomposition group Gs := {0 € G : 0(s) = s} under the monomorphism Gal(k(s)/as(L)) — G, 7 —
Bt oT|g, ([~< o Bs. Since puy, is defined over L, each 7 € Gal(k(s)/as(L)) satisfies T(as(pr)) = as(pr), and

hence (85! o T‘Bs 0 Bs)(1) = p. By definition of the reflex field E,, this implies that ;o 7]63(1}) ofls €

Gal(IN(/EM) and T|5S(EH) = id. So Bs(E,) C as(L) and we get an inclusion a8, : E, < L. To see that
this is independent of s choose a o € G with o(s) = 3. Then oz = 0 0 as and S5 = o o Ss. d

3. MODULI SPACES FOR (¢, N)-MODULES WITH HODGE-PINK LATTICE

We will introduce and study moduli spaces for the objects introduced in Chapter [2| Proposition [2.15
suggests to work over the reflex field.

Definition 3.1. Let pu be a cocharacter as in and let E, be its reflex field. We define fpqc-stacks
Do, N> T€Sp. Hp N, =u, resp. H, N, on the category of E,-schemes. For an affine E,-scheme Spec R
(a) the groupoid Z, v, (Spec R) consists of K-filtered (¢, N)-modules (D, ®, N, F*) over R of rank d
with constant Hodge polygon equal to pu.
(b) the groupoid J, N <.(Spec R) consists of (¢, N)-modules with Hodge-Pink lattice (D,®, N, q)
over R of rank d with Hodge polygon bounded by .



THE UNIVERSAL FAMILY OF SEMI-STABLE p-ADIC GALOIS REPRESENTATIONS 11

(c) the groupoid 4%, v, (Spec R) consists of (¢, N)-modules with Hodge-Pink lattice (D, ®, N, q) over
R of rank d with Hodge polygon bounded by p and constant equal to .
Let Dy C Do, Ny 1€8p. Hp <y C Hp N, =, resp. H,, C H, N, be the closed substacks on which N is
zero. They classify p-modules with K-filtration, resp. Hodge-Pink lattice and the corresponding condition
on the Hodge polygon.

We are going to show that these stacks are Artin stacks of finite type over E,,.

Locally on Spec R we may choose an isomorphism D = (R ®q, Ky)¢ by Lemma ‘ Then & and
N correspond to matrices ® € GLq(R ®q, Ko) = (Resg, /g, GL4x,)(R) and N € Matgxa(R ®q, Ko) =
(Resg, /Qp Matgxq)(R). The relation ® ¢*N = p N ® is represented by a closed subscheme

Prya C (Resg, /g, GLd, Ky) Xspec, (Resk, /g, Mataxd) -

Theorem 3.2. (a) The Qp-scheme Py, 4 is reduced, Cohen-Macaulay, generically smooth and equidi-
mensional of dimension fd>. In the notation of Remark the matriz (&) has no multiple
etgenvalues at the generic points of the irreducible components of Py 4.

(b) The generic points of Pk, q are in bijection with the partitions d = ki + ... + ky, for integers
mand 1 < ky < ... < k. To such a partition corresponds the generic point at which the
suitably ordered eigenvalues M1, ..., \q of (®F)g satisfy p'N; = Aj if and only if j = i+ 1 and
i ¢ {ki, ki+ko, ..., k1+...+kn}. Equivalently to such a partition corresponds the generic point
at which the nilpotent endomorphism Ny, in the notation of [2.4], has Jordan canonical form with
m Jordan blocks of size ki,..., k.

For the proof we will need the following lemma.

Lemma 3.3. Let rq,...,r, be integers with ri+...+m, > n. Then > " | r? — 2?2_11 ririy1 > 1, except
for the case whenri=...=r, =1.

Proof. We multiply the claimed inequality with 2 and write it as 73 + .7 '(r; — ri11)? + 72 > 2. There
are the following three critical cases

(a) Zz(” - 7“i+1)2 =0,
(b) Yoi(ri —rig1)* =1,
(¢) Soi(ri —rip1)? =2.

In case @ we have r1 = ... = r,. Since r1 = ... = r, = 1 was excluded and r; < 0 contradicts
71 +...+7ry, >n, we have rf + 12 > 2.
In case@there is exactly one index 1 <i <nwithr =...=r; #rip1=... =ry and |r; —ri41]| = 1.

1 rn then 7 + > “ 7 (r; — ri+1)° + 72 > 2. On the other hand, if r = and r, = 0, then
If 0 then r7 + 77} 2472 > 2. On the other hand, if +1 and 0, th
>, ==+i<n. And if 1 =0 and r,, = £1, then ), r; = +(n — i) < n. Both are contradictions.

In case there are exactly two indices 1 <i < j <n withr; = ... =7, and r;y; = ... = r; and
rjig1 = ... =rp,aswellas |rj—rip1| = 1 = |rj—rj41]. fin addition ry = r, = 0then ), 7 = £(j—1) < n,
which is a contradiction. Therefore 73 + 72 > 0 and r? + " (7 — 7441)% + 72 > 2 as desired. O

Proof of Theorem[3.3. 1. By [EGAl IVj, Proposition 6.5.3, Corollaires 6.3.5(ii), 6.1.2, and IV, Proposi-
tion 17.7.1] the statement may be checked after the finite étale base change Spec Ky — Spec Q,. We will
use throughout that after this base change, Remark allows to decompose ® = (®;); and N = (IV;);
such that p®; o N; = N;11 0 ®;.

2. We first prove that all irreducible components of Py, 4 have dimension greater or equal to f d?. Sending
(®, N) to the entries of the matrices ®;, N; embeds Pk, 4 X @, Ko into affine space A%}dz as a locally closed
subscheme cut out by the fd? equations p®; o N; = N; 1 o ®; for i = 0,...,f — 1. Therefore the
codimension of Pk, 4 Xq, Ko in A%jy is less or equal to fd? by Krull’s principal ideal theorem [Eis95),
Theorem 10.2|, and all irreducible components of P, 4 have dimension greater or equal to fd? by [Eis95,
Corollary 13.4].

3. We next prove the assertion on the generic points. Let y = (®, N) be the generic point of an irreducible
component Y of P, 4. After passing to an algebraic closure L of k(y) we may use Remark to find a
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base change matrix S € GLg(L ®q, Ko) such that S~1® ¢(S) = ((®/)o,1dy, . .., I1ds) and (@), is a block
diagonal matrix in Jordan canonical form

@)y = with J; = o and Ny =
.'Pz‘

Note that a priory some of the p; can be equal. Let s; be the size of the Jordan block J;. Then Nj; is an
s; X sj-matrix. The condition pf(cbf)o oNg=Nyo (CI)f)O is equivalent to p/J; N;j = NyjJ; for all 4,j. It
yields N;; = (0) for p/p; # p;. By renumbering the J; we may assume that N;; # (0) implies i < j. We
set Nj; = (n,(f]y)

)lemshll:l._'sj. When p/ p; = p; it follows from

f f
p/ngq pings; 0 mni1 n1s;—1

; f = p/(Ji —pi)Nij = Nij(Jj —p;) =
p nsi,l p nsi,sj
0 0

0 Ns; 1 Ns;,55—1

that pfn,(f,],,) = n;(;]—)l,u—l for all p,v > 2 and n,(f,) = 0 whenever p — v > min{0,s; — s;}. We set
s := max{s;}. The assertion of the theorem says that s = 1 and that all p; are pairwise different.

First assume that s > 1. We exhibit a morphism Spec L[z, 27'] — P, 4 which sends the point {z = 1}
to y and the generic point Spec L(z) to a point at which the maximal size of the Jordan blocks is strictly
less than s. Since y was a generic point of Py, 4 this is impossible. The morphism Spec L[z, 21— Prya

is given by matrices S, (®f)y and Ny as follows. We set S := S. For all i with s; = s we set

and for all 7 with s; < s we set j@ := J;. When pfpi # pj we set Nij := (0). To define Nij when pfpl- = pj,
and hence i < j, we distinguish the following cases

(a) If 55,55 < s we set ]\NfiL: Nij.

(b) If s; =s> sj we set Nj;j = N;j.

(c) If s; < s = 55 we set Nij = (ﬁff?,‘,))my with ﬁff,]s)] = n,(fi%
p>v+s; —s;+ 1, and with ﬁ,(f]l,) = n,(ij) +(1
w<v+s;—s;+1

(d) If s; = sj = s we set Nij = (ﬁﬁ]))w with ﬁfffs) = nfffs) for all p, with ﬁff?,,) := 0 whenever yu > v,

and with 2% == n{) + (1 O et

(5)

for all p, with n,y = 0 whenever
(7)

_ Z)p(sjilfu)f . pj . n,lJ,—V+5j

18 for v < s; and

— Z)p(s_l_l/)f . p] ‘n fOI‘ al]. ILL S v <s.
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we compute

We have to check that pfji ]vij = ]\Nfljjj for all i, j with pfp; = pj- In Ca this is obvious and in case

@ it follows from the fact that the bottom row of Nj; is zero. For case

piiag plig,
pf(ji - pi)ﬁij e f =
PN 1 P Ns;y,s
0 0
0 ni1 Msj—2  M1s-1+ (2= 1)pjfins;
= = Nij(Jj = pj)-
0 71 Misiysj—2  Msysj—1 + (z—1)p; Tisi,s,
Finally for case @ we compute
pliig - pliig s plig
(7 AN — _
P (Ji— pi)Nij = _ _ _ =
' ’ Y pfns,l pfns,s—l pfns,s
0 0 (z=1plpings
0 fgg - frs—g Ns—1+ (2 —1)pj N1
= = Nij(Jj = pj)
0 ﬁs,l 'Fls,s—Z ﬁs,s—l + (Z - 1)pj 7:L578

Altogether this defines the desired morphism Spec L[z, 271 — Pk, 4.
So we have shown that s = 1 at the generic point 3 and that (®/ )o is a diagonal matrix. We still have
to show that all diagonal entries are pairwise different. For this purpose we rewrite (<I>f )o and Ny as

ALld,,

My My,

(cpf)o — and Ny =

Xn Idrn Mnl Mnn

We denote the multiplicity of the eigenvalue A; by r; > 1. Then M;; is an r; X rj-matrix. By renumbering
the \; we may assume that there are indices 0 = Iy < I} < ... < I, = d such that pf\; = Aj if and only if
j=i+landi¢ {l,....ln}

We compute dimY = trdeg@p k(y) = trdeg@p L as follows. The eigenvalues A, ...
most the summand m to trdegg, L.

The matrix S € GL4(L ®g, Ko) is determined only up to multiplication on the right with an element
of the ¢-centralizer C(L) := { S € GL4(L ®q, Ko): S((®)o,1dq,...,1dg) = ((®/)o,1dg, ..., Ida)¢(S) }
of ((@f)o,ldd, . ,Idd). Writing S = (S, ..., Sy—1) this condition implies that S; L (p(S))i == S;_1 for
i=1,...,f—1and So(®)g = (®)o(0(9))o = (97)9Sf-1 = (®/)0S0. Therefore C has dimension ), r?
and the entries of S € (Resg, /g, GLa4,k,)/C contribute at most the summand fd? =372 to trdegg, L.

The condition pf (®/)g 0 Ny = Ny o (®f)g is equivalent to pf); M;; = X\jM;; for all 4,j. This implies
that there is no condition on M;; when j =i+ 1 and i ¢ {l1,...,lx}, and that all other M;; are zero. So
the entries of the M;; contribute at most the summand Eig{ll,.,.,lm} riTiy1 to trdeg@p L.

contribute at

s Al
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Adding all summands and comparing with our estimate in part 2 above, we obtain

n

fd*> < dimY = trdegg, k(y) < m+ fd* — r2 + Z 7Tl
=1 ié{ll, 7m}
lut1 ly41—1
= fd2+2(1— Z r2 + Z mm“)
=141, =141,

By Lemma the parentheses are zero when all r; = 1, and negative otherwise. So we have proved that
71 =...=r, = 1. In other words, all diagonal entries of (®/)g are pairwise different. Let k, :=1, — [, _1
for v = 1,...,m. Then the generic point y corresponds to the partition d = ky + ... + k;, under the
description of the generic points in the theorem. As we have noticed above the 1 x 1 matrices M;; vanish
at y unless j =i+ 1 and i ¢ {l1,...,l,»} and in the latter case we must have M;;(y) # 0. This implies
the claim on the Jordan type of Ny at the generic points of the irreducible components.

Moreover, it follows that dimY = fd? for all irreducible components Y of Py, 4. By |Eis93, Proposi-
tion 18.13] this also implies that Pk, xq, Ko is Cohen-Macaulay.

4. It remains to show that Py, 4 is generically smooth over QQ,. From this it follows that it is reduced,
because it is Cohen-Macaulay. Let again y be the generic point of an irreducible component of Py, 4Xq, Ko
and let L be an algebraic closure of x(y). As above, Remark allows us to change the basis over L and

assume that ® = ((®)), id, ..., id) and N = (p'Np); with (®/)g = diag(A1, ..., Ag) and \; # A; for all
i # j. We write F©) := (&) and Néo) := Ny = (ni5)ij. The condition NéO)F(O) = pfF(O)NéO) implies
that n;; = 0 if pf\; # Aj. And conversely n;; # 0 if pf\i = Aj by our explicit description of Ny at y
above.

We claim that for every n > 1, any deformation (F"~1, Nén_l)) € Px,a(L[e]/e™) of (FO), Néo)) can

be lifted further to (F(™, N, N )) € Pk, a(L[e]/e™™). This implies that P, 4 is smooth at y, as it follows
that any tangent vector OPKO, .y — Llg]/€? comes from a map Opy, 4y — L[] and hence the image of

Spec (@DO (m%KO,d,y/méj_;o,d,y)) — Spec (Sym. (mPKovd’y/m%KO,dyy))
contains any tangent vector. This means that the tangent cone at y equals the tangent space, and hence
by [Mum99, III, §4 Definition 2 and Corollary 1| P, 4 is smooth at y. Let us take any deformation
(F,No) € GLg(L[e]/e™™t) x Matgyq(L[e]/e" 1) of (F("’l),Nén_l)). Then we have NoF — p/ FNy €
£"Matgyxq(L). Changing (F, Ng) to (F("),Nén)) = (F +&"F', Ny + e"N§) with F', N, € Matgxq(L) we
find
N{VF® — pf FONM = (NoF — pf FNp) + e"(NSOF' + NjF© — p/ (F'NO + FONp))
and hence it suffices to show that the map h : Matgxq(L) X Matgxq(L) — Matgxq(L) given by
h: (F',Nj) —s (NJFO — p! FONy) + (NSO F' - p/ F'NLY)
is surjective. For this purpose let Nj = (b;;);; and F’ = diag(ay, ..., aq). Then we find that
hij(F',N§) == h(F',Ny)ij = (N —pf/\i)bij + a; ngj —pla; Nij -
Whenever \; — pf\; € L* and hence n;; = 0 we obtain the surjectivity of h;;. By permuting the indices
we may assume that n;; # 0 implies j = ¢ + 1. Treating every Jordan block of Néo)
further assume that n; ;11 # 0 for all 4. It then follows that we have

hiiv1(F', N = (aiv1 — pai)niin

separately we may

which suffices to see that the map h is surjective. O

Remark 3.4. The scheme Pk, 4 is in general not normal. For example if K = Q, and d = 2 then Fy, »
has two generic points. In one of them ® has eigenvalues A, pA and N # 0. In the other ® has eigenvalues
A1, A2 with A; # pA; for all 7,5 and N = 0. Both irreducible components meet in the codimension one
point where Ao = pA; and N = 0.
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Let A denote the set of simple roots (defined over @p) of G = Resg/q, GLa,x with respect to the

Borel subgroup B and denote by A, C A the set of all simple roots o such that («, ) = 0. Here (—, —)
is the canonical palrlng between characters and cocharacters. We write P, for the parabolic subgroup

of G containing B and corresponding to A, C A. This parabolic subgroup is defined over E,, and the
quotient by this parabolic is a projective E -variety

(3.1) Flagg 4, = GE,/ Py
representing the functor
R — {filtrations F* of R ®q, K% with constant Hodge polygon equal to j}

Thus Y, n,, and P, ,, are isomorphic to the stack quotients

(3 2) ‘@%N»M = (PKo,d XSpech FlagK,d,u) / <ReSKO/Qp GLd,KO)EM and
Dou = (Resg, g, GLa ky Xspecq, Flagx q,) / (Resk, g, GLa,k,)E,

where g € (ResKO/Qp GLg,x,)E, acts on (®, N, F*) € Py q XSpecQ, Flagy 4, by

(®,N,F*) — (97'®p(g), g 'Ng, g 'F*).

We next describe the moduli space for the Hodge-Pink lattice q. Fix the integers m = max{ puy 1| :
K — K} and n = max{ —pyq|% : K = K}. Then by Cramer’s rule E(u)"p C q C E(u)”™p. So q is
determined by the epimorphism

(3-3) pr: R@q, (K[t]/t"™)% == E(u)""p/E(u)"p — E(u) "p/q

which is induced by choosing an isomorphism D = (R®gq, Ko)? locally on R. The quotient E(u)""p/q is
a finite locally free R-module and of finite presentation over R®q, K[t]/t™*" by Lemma Therefore it
is an R-valued point of Grothendieck’s Quot-scheme Quotpa | g /im+n |q,; see [FGAL n°221, Theorem 3.1
or [AK80, Theorem 2.6]. This Quot-scheme is projective over Q,. The boundedness by p is represented

by a closed subscheme Qx 4,<, of Quotpa| gy /pm+n |, XSpecq, Spec B, according to Proposition |@]
Thus 7, v <, and S, <, are isomorphic to the stack quotients

Hopn=<p = (Prod Xspec, Qrd=u) | Resky /g, GLak,)E, — and
Hp<y = (Resk, g, GLax, Xspecq, @K.d=n) / (Resk,/q, CLak,)E,
where g € (ResKO/QP GL4,x,)E, acts on (®,N,pr) € Pryq XSpecQ, @K,d<u With pr from by
(®,N,pr) — (97'®@(9), g 'Ng, pro (g ®@q, idg, [m+n)) -

Let Qx 4, be the complement in Qg g4 <, of the image of J QK.d,=u' XSpec E, Specf( under the

W<
finite étale projection Qx 4~y XspecE, Spec K — Qk 4,<u- Here the union is taken over all dominant

cocharacters ' : Gm@ — T@ which are strictly less than p in the Bruhat order; see Proposition [2.12(b)
1p P

Since there are only finitely many such ' the scheme Qg 4, is an open subscheme of Qg 4<, and quasi-
projective over E,. By Proposition the stacks J, n,, C J, N =<, and 7, ,, C I, <, are therefore
open substacks and isomorphic to the stack quotients

ANy = (Prod XspecQ, Qr.au) | (Resgy o, GLak,)E, and
Hpy = (Resg, g, GLax, Xspecq, @K.dp) / (Resky o, GLak,)E,

There is another description of Qg 4.<, in terms of the affine Grassmannian. Consider the infinite
dimensional affine group schemes LTGLy and LTG over Q,, and the sheaves LGL; and LG for the
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fpgc-topology on Q, whose sections over a Q,-algebra R are given by

LTGL4(R) = GLg(R[t]),

L*G(R) = G(R[t]) = GLa(R®q, K[t]) = GLa(Bj),
LGLy(R) = GLa(RIt][3]),

LG(R) = G(R[M[;]) = GLa(Rwg, K[t][}]) = GLa(Br).

LTGLy and L+G are called the group of positive loops, and LGLg and LG are called the loop group of
GLg, resp. G. The affine Grassmannian of GLg4, resp. G is the quotient sheaf for the fppf-topology on Q,

Grgr, = LGLg/L*TGLy, resp. Grg = LG/L+G.

They are ind-schemes over @, which are ind-projective; see [BD, §4.5|, [BL94], |[LS97], [HV11].

We set Gr GrgL, XspecQ, Spec K. Then there are morphisms

GLy,K =
(3.4) QK,d,ju — Gré XSpech Spec EM =: GI‘G B, and
QK,d,j/,L XSpeCEM SDGCI? — H GrGLd,I?’
KK

which are defined as follows. Let q C (Bg , jH)@d be the universal Hodge-Pink lattice over Q4 ~<,. Then
by Lemmathere is an étale covering f : Spec R — Qx q4,<, such that f*q is free over IB%E. With respect
to a basis of f*q the equality Br - f*q = D ®prgk, Br corresponds to a matrix A € GLy(Br) = LG(R).
The image of A in Grz(R) is independent of the basis and by étale descend defines the first factor of
the map Qk 4<u — Grg Xspecq, Spec E,. The base change of this map along the finite étale morphism
Specf? — Spec E,, defines the second map in (3.4]), using the splitting G XQ, K = Hw GL AR which

induces similar splittings for L*G, LG, and Grg.
The boundedness by p is represented by closed ind-subschemes

2 2 7 I | Shy
r= and r= X K = T .
G G.E, G G,E, ~ Specku Spec G GL4,K

of GrG £, Tesp- Hw GrGL N3 through which the maps (3.4]) factor. Conversely the universal matrix A over
LG defines a IB%;r ~-lattice q = A - (IB%JLr )%, Its restriction to Gré 5 has Hodge polygon bounded by 1 and

e
corresponds to the inverses of the maps (3.4)). This yields canonical isomorphisms Qg q,<, = Gr=H

G.E,
and Qg d,<u XSpecE, Spec K = Hw Grégwg. These isomorphisms restrict to isomorphisms of open
- d
I A e
subschemes Qr 4, = Gr~, E, and Qk du XSpec B, Spec K = H¢ GrGidK
In view of [HV11], §4], especially Lemma 4.3, the boundedness by p on Hw Gr (‘}Z ¥ _ can be phrased in
dy

terms of Weyl module representations of GL,, 7. In this formulation it was proved by Varshavsky [Var04,
Proposition A.9| that Gr“li 7 is reduced. Therefore this locally closed subscheme is determined by its
d>

underlying set of points. Reasoning with the elementary divisor theorem as in Construction [2.9] shows
that Grmi 7~ is equal to the locally closed Schubert cell L+GL(“~( py(t)H-LYGL, z /LT GL 7 and is

ds
a homogeneous space under LTGL .- This description descends to Qk g4, and shows that the latter is

reduced and isomorphic to the locally closed Schubert cell L‘*‘CNJEM . ,u(t)_l . L‘*‘éE# /L‘FéEM which is a
homogeneous space under LG, := LTG Xgpecq, Spec Ej,.
These homogeneous spaces can be described more explicitly. Set

SGLd#Lw = L+GLd,I~( N ;L¢(t)_1-L+GLd’I~(~M¢(t) - L+GLd,I~( and

S@M = L+éE# N u(t)_l-L—’_éEM-,u(t) C L+éEu-
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These are closed subgroup schemes and the homogeneous spaces are isomorphic to the quotients

LTGL,  /Scryp, = LYGL, g py(t)™'-LTGL,z /LTGL, = and
L+éEu/S(;,u = L+G~!E#'N(t)_1'L+éEu/L+éE# = Qrdpy-

Consider the closed normal subgroup L++C~¥E#(R) = {Ae€ L+éEu(R) : A =1mod t}. Then the
parabolic subgroup P, from (3.1 equals

_ o ++ +0 Ao, O
P‘u = Sé#'L GEM/L GEu c L GEH/L GE}L = GEM

)

and this yields a morphism
(3.5) QK,d,,u = L+GEM/Sé,/J, —» L+GEM/Sé,,u . L++GEM = GEu/P/t = Flang#,

with fibers isomorphic to Sz W IRARNE E./Sg " The latter is an affine space because we may consider the

base change from £, to K and the decomposition

(S@,y ’ L++(~;Eu/sé,u) X Spec B, Specf? = H(SGLdvﬂw LT GLd,f( /SGLd#w)'

P
Each component is an affine space whose R-valued points are in bijection with the matrices
1
a1 1
Qq1 ... Qadd—1 1

where a;; € @Zif “#eiml kR The Galois group Gal([? /E,,) canonically identifies the components with
the same values for ju,. Therefore Sg | LG, /Ss &, 1s an affine space.
We show that Qg 4 . is a geometric vector bundle over Flagy 4, by exhibiting its zero section. The

projection LtG B, — G g, has a section given on R-valued points by the map G B, (R) — - L@ B, (R) =

GE# (R[t]) induced from the natural inclusion R < R[t]. Since LTP, C Sg . by definition of P, this
section induces a section

Flang’u — L+éEH/L+PM — L+6EM/SC~¥,M = QK,d,u-

This is the zero section of the geometric vector bundle Qk 4, over Flagy ; ,. Using lattices the section
coincides with the map F*® — q(F*) defined in Remark (3) and the projection Qg a, — Flagg 4,
coincides with the map q — F3 from Remark (1) Let us summarize.

Proposition 3.5. (a) Qr.d,=p s projective over E, of dimension 3, (d+1—2j)uy ; and contains
QK4 as dense open subscheme. Both schemes are irreducible.
(b) QK a,u is smooth over E, and isomorphic to the homogeneous space L*GEH/Sé“ which is a geo-
metric vector bundle over Flagy ; ,.

Proof. Everything was proved above, except the formula for the dimension and the density of Qg 4,
which follow from [BD) 4.5.8 and 4.5.12]. The irreducibility of Qg q,<, is a consequence of the density
statement. O

Theorem 3.6. (a) The moduli stacks Dy Ny, Doys Koo N<ps Hop =, Hp Ny and H,,, are noether-

ian Artin stacks of finite type over E,,.

(b) The stack A, N, is a dense open substack of A, N <, and projects onto Dy N,u. The morphism
oy Ny — Dyp.N,u has a section and is relatively representable by a vector bundle.

(c) The stack F, , is a dense open substack of 7, <, and projects onto D, ,,. The morphism ¢, ,, —
Dy has a section and is relatively representable by a vector bundle.

(d) The stacks 5 <y, Hp,y are irreducidle of dimension 3, (d+1—2j)py j, and Dy . 1s irreducible
of dimension 3, #4{(1,7) t i > piy,j}t- The stacks Ay, and Dy, are smooth over Ej,.
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(e) The stacks Hp N,<u: HpN,pu are equi-dimensional of dimension 3, ;(d+1—2j)py j, and Dp N
is equi-dimensional of dimension Y, #{(i,7) : pyi > pyp;}- The stacks Hp N, and Dy N, are
reduced, Cohen-Macaulay and generically smooth over E,,. The irreducible components of 7, n <y,
Hy Ny and Dy N,y are indexed by the possible Jordan types of the nilpotent endomorphism N .

Proof. @ The stacks are quotients of noetherian schemes of finite type over E,, by the action of the smooth
group scheme (Resg, /q, GL4, k)£, and hence are noetherian Artin stacks of finite type by [LM00, 4.6.1,
4.7.1, 4.14].

@ and follow from the corresponding statements for Q) 4, in Proposition
@ The covering spaces

Resre, /0, GLa,Ky XSpecQ, QK.d,<u> T€SP.
Resg, /0, GLd Ky XSpecQ, @K du, resp.
ReSKO/Qp GLd,K@ XSpech Flang’M

of these stacks are irreducible because Resg, /g, GLd K, is geometrically irreducible. This implies the irre-
ducibility of the stacks. The formulas for the dimension follow from [LMO0, pp. 98f] and Proposition
respectively the well known dimension formula for partial flag varieties. The smoothness follows from
the smoothness of Resg, /Qp GLg, Kk, XSpecQ, @K,du; Tesp. Resg, /Qp GLg,, Xspecq, Flag Kdpu DY [LMO0,
4.14].

@As in@these results are direct consequences of the corresponding results on the covering spaces, which
follow from Theorem . We only need to convince ourselves that the action of (Resg,/q, GLa,x,)E,
does not identify irreducible components of Pg, 4. However this follows from the fact that the Jordan
canonical forms of the nilpotent endomorphism N at two distinct generic points y; and yo of Pk, 4 are
distinct by the description in Theorem g

Remark 3.7. These stacks are not separated. Namely, let D, D’ be two (¢, N)-modules with Hodge-
Pink lattice (respectively two K-filtered (¢, N)-modules) over R. Then Isom(D, D’) is representable by
an algebraic space, separated and of finite type over R; see [LMO0O, Lemme 4.2]. The above stacks are
separated over F, if and only if all these algebraic spaces Isom(D, D’) are proper. This is not the case
in general. For example let R be a discrete valuation ring with fraction field L, let D = D' = R ®q, Kg
with ® = id and N = 0. Then every element f € L is an automorphism of D ®g L, compatible with &
and N. However, it extends to an automorphism of D only if f € R™.

4. VECTOR BUNDLES ON THE OPEN UNIT DISC

In [Kis06] Kisin related K-filtered (¢, N)-modules over @Q, to vector bundles on the open unit disc.
This was generalized in [Hell3, §5| to families of K-filtered ¢-modules with Hodge-Tate weights 0 and
—1. In this section we generalize it to arbitrary families of (¢, V)-modules with Hodge-Pink lattice. For
this purpose we work in the category Ad(gtp of adic spaces locally of finite type over Spa(Qy,Zy); see
[Hub93, [Hub94, Hub96] and [Hell3, §2.2|. Since the stacks Z, ., Do.Nyu, Hp<pu, HopN<u, Hopyu and

A, N, are quotients of quasi-projective schemes over E,, they give rise to stacks on Adgtu which we

denote by %ﬁ‘}w 0 ete.

For 0 <r <1 we write By ,] for the closed disc of radius r over Ky in the category of adic spaces and
denote by

U = lim Byo,p
r—1

the open unit disc. This is an open subspace of the closed unit disc (which is not identified with the set
of all points z in the closed unit disc with |z| < 1 in the adic setting). In the following we will always
write u for the coordinate function on By, and U, i.e. we view

Blorl .— L (B0, Oy.,))

and Bl := (U, Oy) as sub-rings of Ko[u].
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Let X € Ad(l& be an adic space over Q, and write
0,r -~ 0,
%E{ ] = 0X®QpB[ ] Prx « OXXIB[O,T]
0,1 P~ 0,1
‘%A[X ) = OX@QPB[ ) = prxy* OXXU

for the sheafified versions of the rings BI%"] and B[®)) where pry is the projection onto X. These are
sheaves of topological Ox-algebras on X.
We introduce the function

(4.1) A= ] ¢"(E(u)/E©0) € BOD.
n>0
and the differential operator Ny := —u/\% : Blo,1) = Byo,1). For any adic space X € Ad}étp we view \ as

0,1) )

and Ny as a differential operator on %’Eg’l .
[0,1)

a section of %’[ The Frobenius ¢ on Ox ®q, Ko[u] extends

to a Frobenius endomorphism of %y’ again denoted by ¢ by means of ¢(u) = uP. These operators

satisfy the relation
E
(4.2) Nv@zp%wol\fv-

Definition 4.1. A (¢, Ny)-module (M,@M,Né/‘) over an adic space X € Adlft consists of a locally
free sheaf M of finite rank on X xg, U, a differential operator Ng; MM — M[%] over Ny, that is
N (fm) = —u)\ﬁ -m + f - N&(m) for all sections f of Oxxq,u and m of M, and an Ox x, v-linear
isomorphism ® 4 : (¢ *M)[E(u)] o M[E(u)] satisfying N&' o @0 =p ggug P pq0po NS

A morphism o @ (M, ®r, N&) — (N, ®p, N ) between (¢, Ny)-modules over X is a morphism
a: M — N of sheaves satisfying o o ® pq —<I>Nogo (o) and NNoa—aoNM

Remark 4.2. (1) Note that it is not clear whether a (¢, Ny)-module M is locally on X free over X x U
71)

and hence it is not clear whether pry , M is locally on X a free 93&? -module. However it follows from

IKPX12, Proposition 2.1.15| that Prx . M is a finitely presented @E?’l)—module.

(2) The differential operator N@A can be equivalently described as a connection Vo : M — M ®
_lgﬁ(xw/x[ ] when we set Vy,(m) := —3N&'(m) ® 2. Then N&! is recovered as the composition of

Vu followed by the map u™ QXxU/X[%} — M, du — —u.

Let X € Adlft be an adic space. We will show that the category of (¢, Ny )-modules over X is equivalent
to the category of (¢, N)-modules with Hodge-Pink lattice over X by defining two mutually quasi-inverse
functors M and D.

To define M let D = (D, ®, N, q) be a (¢, N)-module with Hodge-Pink lattice over X. We denote by
pr: X xg, U— X xq, Ko the projection and set (D, ®p) := pr*(D, ®). Then

er,*(D7 @D) = (D? CI)) ®(0X®K0) «%E?’l).

We choose a B(ng—automorphism np of p := D ®o,ek, IB%X and we let ;o : D — D Qo oK, IB%ZF)X be

the embedding obtained as the composition of the natural inclusion D ®o, g, %Eg’l) — D®oyek, Bzgx
composed with the automorphism 7p. Here we follow Kisin [Kis06], § 1.2] and choose

mp: D @oxek, B, = D®oxer, Boy
(4.3) do® f > 3, N'(do)® S log(1— £)'- £
Remark 4.3. (1) Actually, Kisin introduces a formal variable ¢,, over %gg,l) which formally acts like log u.
He extends ¢ to %’[0 1)[€u] via p(4y,) = ply, extends Ny to a derivation on %Q’l)[ﬁu] via Ny (4,) = =\,
and defines N as the %[ Y Jinear derivation on %[O 1)[£u] that acts as the differentiation of the formal
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variable ¢,,. Under the ®-equivariant identification
DI N=0 = {S5%dill : di € D with N(Y,difi) =0} +—— D
=5 SN (o) 1 do

Kisin’s map ¢ : D[¢u]V =0 ®0 ok, %gg’l) Sp, Al f—>.di®f-(log %)Z corresponds to our ¢q,

because we identify % with 1 — 2.

0)

nstead of the above np one could also choose np = i is would lead to a few changes which we
I d of the above np 1d also ch 1D deh 1d lead f h hich

Wlll comment on in Remark {4.11] - Note that our np from is different from id, if NV # 0.

For all n > 0 we now consider the map

*5’ 0,1) ¢ ;
pry D[3] = pry, 7 (P[5]) == prx D3] @ 0 BYY £ pl ] s ¢ (BS,)

where we write p/*1 for 1o @ id. We set

(4.4) prx. M = {me er7*D[%] R AT @Bj(m) €q ®B5x goj(IB%zBX) forall j>0}.

and we let M be the induced sheaf on X xq, U. Since A = %@(A) the isomorphism ®p induces an
isomorphism @ : (go*./\/l)[%] o M[ﬁ]

We want to show that D and M are locally free sheaves of finite rank on X xq, U. For D this follows
from D’XXB[O,T] =D ®oyakKo) OXXB[O,T]' We work on a covering of X by affinoids Y = Spa(4, A"). Let
h € Z be such that ¢ C E(u)""p on Y and let n be maximal such that ¢"(E(u)) is not a unit in Bio,;
that is, such that r?" > |r|. Then M|YXIB[0,T] is defined by the exact sequence

n j —J n
@j—o P LpoP

0 — Mlyxpg,; — A "Dlyxpy,, —— » P (Ew)"p/q) Ot 0 ¢ (Bf) — 0.
j=0

The A ®q, Ko[u]-module E(u)~"p/q is locally free over A, say of rank k. The endomorphism ¢ :
Kolu] — Kplu] makes the target Kolu] into a free module of rank p over the source Ko[u]. Therefore
(E(w)~"p/q) Bpt i ¢’ (BY) is locally free over A of rank p’k. Since the affinoid algebra A is noetherian
and By ;) is a principal ideal domain by [Laz62, Corollary of Proposition 4] also I'(Y X By 1, Oy xBy, ) =
A®QPB[O,T] is noetherian. So I'(Y x By}, M) is finitely generated over A®QpB[O,T] and flat over A. The
residue field of each maximal ideal m C A®QPB[O,T] is finite over Q, by [BGR84, Corollary 6.1.2/3].
Therefore n = mN A is a maximal ideal of A. By the elementary divisor theorem A/n®4T'(Y x By}, M)
is free over the product of principal ideal domains A/n ®q, Bjg,. Therefore I'(Y x Bjg,}, M) is locally
free of rank d over A®QPB[0,r} by [EGAl IV3, Theorem 11.3.10]. This shows that M is a locally free sheaf
of rank d on X xq, U.

We equip M with a differential operator Né” over Ny. On A™"D = D ®(Ox®Ko) A‘hﬁgg’l) we have
the differential operator Ng =N®A+ idp ®Ny

N&A+idp ® Ny

(4.5) A'D AD
AN f s N(d) @ N f +d @ (huh " f R —y\I=h )

with d € D and f € 20V, Its image lies in A="D. If E(u)"p C q C E(u)~"p then A"D ¢ M C A\=hD,
Thus N2(M) c A~ hD C A" "M and we let NM be the restriction of ND to M. The equation
N@A oProp=p E(( ; Propo N@’( is satisfied because it is satisfied on D by (4.2). Therefore we have

constructed a (¢, Ny)-module M(D,®, N, q) := (M, P, N&') over X. Note that in terms of Kisin’s
description of D = D[¢,]N=0 R(Ox©Ko) %£71) the differential operator N@’l is given as idp @ Ny.
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Example 4.4. The (¢, N)-modules with Hodge-Pink lattice from Example 2.8 corresponding to the
cyclotomic character, give rise to the following (¢, Nv)-modules of rank 1 over X = Spa(Q,,Z,). For

D= (Ko, ®=p!,N=0,q= E(u)p) we obtain D = (%B?’l)ﬁbp =p !} Ny) and M = A@[O Y. On the

basis vector A of M the actions of ®p and Ny are given by ®p(p(\)) = p~tp()) = pE((J) A and Ny (M) =

—uP ). So we find M(D) = (BYY, dp = O NY) with NY(f) = No(f) — u f. Similarly for

D= (Kyp,® =p,N =0,q = E(u)"'p) we obtain D = (%Bg’l),im = p,Ny) and M = /\*1%’&?’1) which

leads to M(D) = (%gg’l),@M = ”,f((o“)),N@) with N&(f) = Ny (f) "‘“% f-

To define the quasi-inverse functor D let (M, ®rq, N&1) be a (¢, Ny)-module over X. We denote by

e: X xq, Ko = X xg, U the isomorphism z + (z,0) onto the closed subspace defined by u = 0. Let
(D,®,N) :=e*(M, Pp, N&'). Tt is a (¢, N)-module over X because N is clearly Ox ®q, Ko-linear and
e*(E(( ;) = 1 implies N o ® = p- ® o o*N. By |[PR09, Proposition 5.2] there is a unique Oxx@ p-linear
isomorphism

(4.6) £: pr*D[%] ~ M[%]

satisfying € o pr* ® = ®pq 0 0*¢ and e*¢ = idp. In particular the composition pr*® o (¢*¢)~1 =
¢ 1o ®, induces an isomorphism p*M ® IB%J(,SX = D ®0yokK,) IEB(JBX = of IB%Z,SX-mOdules. We set
q:=1npo(§® idg, ) ' (M @B, ). Then DM, P, NG') := (D, ®,N,q) is a (p, N)-module with
Hodge-Pink lattice over X by Lemma and the following lemma.

Lemma 4.5. Locally on a covering of X by affinoids Y = Spa(A, AT) there exist integers h,n with
BE(u)"®p(0* M) C M C E(u) " ®p(0* M) such that the quotients

E(u) " (0" M)/ M and M/E(u)"® s (" M)
are finite locally free over A.
Proof. The existence of h and n follows from the finiteness of M and ¢*M. Let m C A be a maximal ideal
and set L = A/m. Let |[r| <7 <1 and set M :=T'(Y xgq, Bjg,], M) and o*M :=T'(Y xq, Bjg,, p*M).
Then M /E(u)"® pq(p* M) = M/E(u)"® pq(*M). Consider the exact sequence

0—— B(u)"o" M —2 M —— M/E(u)"® (0" M) —— 0

in which the first map is injective because E(u) is a non-zero-divisor in A®QPB[0,r}~ We tensor the
sequence with L over A to obtain the exact sequence of L ®q, B, ;-modules

0——T—— L®sE(u m%L@JAM—)L@A(M/E( )n(I)M(QO*M))%O

with T = Tor‘f‘(L, M/Eu)"®p(*M)). Since L ®q, Ko is a product of fields, L ®q, By, is a
product of principal ideal domains by [Laz62, Corollary of Proposition 4|. Since E(u)"*" annihilates
L ®a M/E(u)"®p(p* M) the latter is a torsion module over L ®q, Bp,. By the elementary divisor
theorem id; ®@® a4 is injective and T'= 0. Since M /E(u)"® r((¢* M) is finite over the noetherian ring A
it is locally free by the local criterion of flatness [Eis95, Theorem 6.8|. From the exact sequence

n+h

0 —— B(u) =" (0" M) /I M B ()™ M —— M/ E(u)"® pg(0* M) —— 0

it follows that also E(u)~"®(¢* M)/ M is finite locally free over A. O

Theorem 4.6. For cvery adic space X € Adgp the functors M and D constructed above are mutually
quasi-inverse equivalences between the category of (p, N)-modules with Hodge-Pink lattice over X and the
category of (¢, Ny)-modules over X .
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Proof. We must show that the functors are mutually quasi-inverse. To prove one direction let (D, ®, N, q)
be a (¢, N)-module with Hodge-Pink lattice over X and let (M,(I)M,Né/l) = M(D,®,N,q). By con-
struction e* M = D, and under this equality e*® x4 corresponds to ®. Since e*A = 1, formula shows
that e*NéV‘ corresponds to N on D. By the uniqueness of the map & from , its inverse £ 1 equals the
inclusion M < D[], by which we defined M. This shows that np o (£ ® idg,, M ® IB%(JSX) equals q
and that D o M = id.

Conversely let (M, ® 1, N&1) be a (p, Ny)-module over X and let (D, ®,N,q) = D(M, @, NOY).
Via the isomorphism £ from , M is a p-submodule of pr*D[%]. By construction of q and

M(D(M, 20, "))  pr*D[3],

the latter submodule coincides with M modulo all powers of E(u). Since both submodules have a
Frobenius which is an isomorphism outside V(£/(u)) they are equal on all of X xg, U. It remains to show
that N&! is compatible with N@r*D under the isomorphism & : pr*D[3] = M([3]. We follow [Kis06)
Lemma 1.2.12(3)] and let o := £ o Ng*D — N{to & Then o : pr*D[}] — M[}] is Ox xg,u-linear and
it suffices to show that o(D) = 0. By (4.5 - both Npr*D and Né/[ reduce to N modulo u. Therefore
o(D) C uM[}]. One checks that 0 o ®p=p o p = pE(( )) ® (0 p oo and this implies

o0(D) = 00 Dpep(¢’D) = ppE) - B0 (WM3]) C wM(3].

By induction o(D) C upi./\/l[ | for all 7 and hence o(D) = 0. This shows that also M o D is isomorphic
to the identity and proves the theorem. O

Corollary 4.7. The stack %a,(li\/,ju s isomorphic to the stack whose groupoid of X -valued points for
X e AdlEftu consists of (¢, Ny)-modules (M,@M,Né/l) over X satisfying

/\ M C E@)y™ e \ Dy (M)

Ox xu Ox xu

with equality for j =tk M. Here p; is viewed as a Z-valued function on X Xq, K.

Proof. This follows from the definition of the functor D, in particular the definition of the Hodge-Pink
lattice. O

Definition 4.8. We define substacks %VN u %aﬁv o Tesp. %” ‘N C %ﬂ ‘N, <> Tesp. %@YN -

%’iji, resp. ,%’fp <u ,%fp %, For an adic space X € Adlft the group01d t%fo’ ,u< ) consists of those
(D,¢,N,q) € %” (X)) for which the associated (¢, Nv)- module (M, Do, N satisfies NG (M) C
M. The group01ds j‘f ‘N, < (X), Tesp. %YH(X), resp. j’@v<“( ) are defined by the same condition. (Note

that on the latter two N =0, but N&' +£0.)

Theorem 4.9. The substacks %Nu %a?\/w resp. ,%’;VN <u %ﬁ‘}v’ju, resp. ,%’fj %’f;‘i, resp.
%ﬁu C f@ S are Zariski closed substacks. The substack %Nﬂ coincides with the image of the zero

ad
section of the vector bundle % N -@<p N

Remark 4.10. We can consider a family of (¢, Ny)-modules over .@a N namely we pull back the
canonical family of (¢, Ny)-modules on ji”ad N, along the zero section. Then for x € 23 (Q,) the

<p N,p
fiber of this family at z coincides with the (cp, Ny )-module that Kisin [Kis06] associates with the filtered

(¢, N)-module defined by z.

Remark 4.11. If instead of the isomorphism 7p from we choose 1p = id, as in Remark 4.3 .(2 ), the
above results remain valid, except that jf "Nt coincides Wlth the i unage of a different section. This section

is obtained by composing the zero section with the inverse np ! : d® f — >, N'(d) ® log(l — EE“;) - f
of the automorphism 7p. It sends a filtration F* to np~—* (ZZEZ E(u)"(F'Dk) ®rak B). Note that
both sections coincide on the closed substack @gflu where N = 0.
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Proof of Theorem[].9 To prove that the substacks are closed let D € %’f:(}v’ < M(X ) for an adic space
X € Adlft and let (M, ®rq, N&') = M(D) be the associated (¢, Ny)-module over X. Locally on X
there is an integer h with Né/l (M) € A" M by Lemma and the construction of Né/[. The quotients

(APM/M)® (%B?l)/(gon(E(u))h)) are finite locally free as O x-modules for all n > 0. Now the condition
Né/t (M) C M is equivalent to the vanishing of the images under Né/‘ of a set of generators of M in

(A"M/M) ® (@Ql)/(wn(E(u))h)) for each n > 0. Due to [EGA| I,ew, Lemma 9.7.9.1] the latter is
represented by a Zariski closed subspace of X.

We show that the closed substack % N of %a‘}\, ., coincides with the image of the zero section. Since

NVD on D :=D QoyeK, %’gx) induces the differential operator idp ® Ny on p := D ®o, ek, ]B%J(BX under
the map 79 = np o inclusion : D — p from , it follows directly that the image of the zero section is
contained in %VN -
of e%’jpa(}v , and (P, q xq, Flag K’d,u)ad of .@ng ., because the zero section and ‘%ﬂsoYN, ,, are both invariant
under the action of (Res, /0, GL4, Ko)E,- We first claim that both have the same underlying topological
space. By [BGR84, Corollary 6.1.2/3] this can be checked on L-valued points of X for finite extensions L
of E,,. For those it was proved by Kisin [Kis06, Lemma 1.2.12(4)] that the universal Hodge-Pink lattice
q at L lies in the image of the zero section if the pullback M to L of the universal (¢, Ny)-module on X
has holomorphic N& M. From this our claim follows.

To prove equahty as closed subspaces of X we look at a closed point € X and its complete local

ring (”)X@ Let m, C (”)XI be the maximal ideal, let I C (’)Xx be the ideal defining Y N1 and set
R, = @X’m/(mgc + I). Then R, is a finite dimensional Q,-vector space by [BGR84, Corollary 6.1.2/3].
We consider the universal Dg, = (D,®,N,q) over R, by restriction of scalars from R, to Q, as a
(¢, N)-module D with Hodge-Pink lattice over Qp of rank (dimg, Ry)(rkr,eK, D) = dimg, D. It is
equipped with a ring homomorphism R,, — End(D). Since N1 is holomorphic on M(Dp,,), Kisin [Kis06,
Lemma 1.2.12(4)] tells us again that q = q(F*) for the filtration F* = F7 from Remark This shows
that the ideal J defining the zero section in X vanishes in R,,. Since this holds for all n, the ideals I and
J are equal in O x,z- As x was arbitrary, they coincide on all of X and this proves the theorem. O

To prove the converse we may work on the coverings X := (Pg, q XQ, Q K’dw)ad

5. WEAK ADMISSIBILITY

Similar to the case of filtrations, one can define a notion of weak admissibility for (¢, N)-modules
with Hodge-Pink lattice and develop a Harder-Narasimhan formalism. Compare also [Hellll, § 2| for the
following. Recall that f = [K( : Qp] and e = [K : Kj].

Definition 5.1. Let L be a field with a valuation vy, : L — I', U {0} in the sense of Huber, see [Hub93,
§ 2, Definition| and set I‘(% =T ®zQ.
(i) Let D = (D, ®,N) be a (¢, N)-module over L. Then define

tn(D) = vp(det, &)V e T,
If L D Ky we are in the situation of Remark and have ty (D) = v (det, (®F)o)V/7.
(ii) Let D = (D, ®, N, F*) be a K-filtered (¢, N)-module over L. Then

tu(D) == %> idimy(F'Dg/F*'Dg) € Q.
€L
(iii) Let D = (D, ®, N, q) be a (¢, N)-module with Hodge-Pink lattice of rank d over L. Then we set
tu(D) = %(dimL(q/t”p) — dimp,(p/t"p)) = é dimp(q/t"p) — ntkD € Q

for n > 0, which is independent of n whenever t"p C q. If L is an extension of K and () = up(Spec L)

is the Hodge polygon of D, see Deﬁnltlon then tg(D) = ef Z¢ fap 1+ oA oy g If the ¥-component
qy satisfies Alqy =t~ Adpy, then ty (D) = 3 >y hp. Moreover ty (D) =ty (D, ®, N, Fy).
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(iv) Let D be a (¢, N)-module with Hodge-Pink lattice (resp. a K-filtered (p, N)-module) over L. Then
its slope is defined to be

AD) = (or(p)'®) (D) € T,
Definition 5.2. (i) A (¢, N)-module with Hodge-Pink lattice D = (D, ®, N, q) over a field L endowed
with a valuation is called semi-stable if N(D') > A(D) for all D' = (D', Nlp,aN D' @rgg, K Br)
where D' C D is a free L ®q, Ko-submodule stable under ® and N.
(il) A K-filtered (p, N)-module D = (D, ®, N, F*) over L is called semi-stable if \(D") > (D) for all
D = (D’, ®|y<pr, N|pr, F* N D’K) where D' € D is a free L ®q, Ko-submodule stable under ® and N.

(iii) A (¢, N)-module with Hodge-Pink lattice (resp. a K-filtered (¢, N)-module) is called weakly admis-
stble if it is semi-stable of slope 1.

Lemma 5.3. Let (D, ®, N, F*) be a K-filtered (¢, N)-module over a valued field L and let (D,®,N,q)
denote the (o, N)-module with Hodge-Pink lattice associated to (D,®,N,F®) by the zero section F*
q = q(F*) of Remark[2.7}(3). Then (D,®, N, F?*) is weakly admissible if and only if (D,®,N,q) is.

Proof. 1t is obvious from the definitions that ¢y (D, ®, N, F*) = tg(D, ®, N,q(F*)). Further we have to
test on the same sub-objects D’ C D. Hence the claim follows from the fact

q(F* N D) = a(F*) N D' @Leg, Ko BL,

which is obvious from the description of q(—) in Remark (3) by choosing an L ®q, K-basis of Dy
adapted to the submodules F Z'D’K and F'Dp. ]

Proposition 5.4. Let (D, ®, N, q) be a (v, N)-module with Hodge-Pink lattice defined over some valued
field L. Then there is a unique Harder-Narasimhan filtration

O0=DycDiC---CD.=D

of (D,®,N,q), by free L ®q, Ko-submodules stable under ® and N such that the subquotients D;/D; 1
with their induced Hodge-Pink lattice are semi-stable of slope \; €', @ Q and Ay < Ay < -+ < Ay

Proof. This is the usual Harder-Narasimhan formalism, see [FE10] 3] for a fairly general exposition. See
also [Hellll Proposition 2.19]. O

Corollary 5.5. Let (D,®,N,q) be a (¢, N)-module with Hodge-Pink lattice over L and let L' be an
extension of L with valuation vy, extending the valuation vy,. Then (D, ®,N,q) is weakly admissible if
and only if (D', ®' ' N',q')=(D®; L',®® id, N ® id,q®1 L") is weakly admissible.

Proof. This is similar to [Hellll Corollary 2.22|.
If (D/,®" N, q') is weakly admissible, then every (®, N)-stable subobject Dy C D defines a (®', N')-
stable subobject D] = Dy ®p, L' of D’ such that
)‘(Dla q)’go*D17N|D17 q N Dl ®L®Ko BL) == )\( /17 q)/‘go*D/laN/’D’lvq/ N Dll ®L’®K0 BL’)'

It follows that (D, ®, N, q) is weakly admissible, as (D', ®', N',q’) is

Now assume that (D, ®, N, q) is weakly admissible. We may reduce to the case where L' is finitely
generated over L and Aut(L'/L) is large enough. As in the proof of [Hellll Corollary 2.22| one shows that
the action of Aut(L’/L) preserves the slope of ®'-stable sub-objects of D’. Hence the Harder-Narasimhan
filtration of D’ descends to D. As D is weakly admissible, this filtration can only have one step. O

Theorem 5.6. Let i be a cocharacter as in (2.5) with reflex field E,,. Then the groupoid
X —={(D,®,N,q) € H, n=<u(X) | D® k() is weakly admissible for all x € X'}
is an open substack ‘%f:(fi\’f?u of ‘%’i;(fi\ﬂﬁu on the category of adic spaces locally of finite type over E,,.

Proof. This is similar to the proof of [Hell3, Theorem 4.1].

It follows from Corollary that t%”a(}ij is indeed a stack, i.e. weak admissibility may be checked
over an fpqc-covering. Hence 1t suffices to show that the weakly admissible locus is open in

Xy = Pgyd XQ, Qr.d=<u
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Let us denote by Z; the projective Pk, 4-scheme whose S-valued points are given by pairs (z,U) with

= (9,N) € Pg,qa(S) C (Resk, /0, GLg k) x (Resk,/q, Mat gy ) and an Og® Ky-subspace U C (’)5®K§9d
which is locally on S free of rank i, a direct summand as Og-module, and stable under the action of
®, = g-pand N. This is a closed subscheme of the product Pk, 4Xqg, Quotpa| g, |q, (Where Quotpa| k, |q,
is Grothendieck’s Quot-scheme which is projective over Q,; see [FGAl n°221, Theorem 3.1] or [AKS0,
Theorem 2.6]), cut out by the invariance conditions under ®, and N. Further write f; € I'(Z;, Oz,) for
the global section defined by

filg,U) = det(g - ¢)|u = det(g - ¢(g) - .. - &' 2(9)) o,
where f = [Kj : Qp], and where the determinant is the determinant as Oz-modules. Write U for the
pullback of the universal (®, N)-invariant subspace on Z; to the product Z; x Qg q,<,, write q for the
pullback of the universal B -lattice on Qk 4,<, to Zi X QK 4,<u, and write p = (BT)® for the pullback of
the tautological BT -lattice D ® BT on Pk, 4 to Z; X Qf a,<u. Fix integers n, h with ¢t"p C q C t~"p and
consider the complex of finite locally free sheaves on Z; x Q 4.<,
Po: P i=t"p/tp - t7hp/qe (DJU "B /"BY) = Py

given by the canonical projection D — D/U in the second summand. Let 7} be the functor from the
category of quasi-coherent sheaves on Z; x Qx4 <, to itself defined by

T1:M»—>ker(5® idM:P1®M—>P0®M).
If M = k(y) for a point y = (gy, Ny, Uy, 4y) € Z; X Q< then T1(k(y)) = (qy Npiy[$])/t"ps,y Where we
write piy = Uy Q)oK B ()" We consider the function
hi:Zi x Qra=<u — Q,
(5.1) y oy dimg) Ti(s(y) — ni = ta(Uy, gy (id@p)v,, Nlv,, qy N piyli]) -
We write Z; ad pegp. Qad Rod<p for the adic spaces associated to the varieties Z; and Qx g,<,. Similarly we

write h2 for the function on the adic spaces Z3 x E}g d,<y, defined by the same formula as in {i By
semi-continuity [EGAL I1Ia, Théoréme 7.6.9], the sets

d
Yim ={y € Z}° x QKd<u | hi(y) = m}
are closed and hence proper over Xj ad _ Pf{% XQ, Q3 Kd<p We write
Py Yign — Xﬁd

for the canonical, proper projection.
If we write Xy C X;‘d for the open subset of all (D, ®, N, q) such that A(D, ®, N,q) = 1, then

(5.2) Xo N X" = XgﬂUprlm ({y € Yiom | vy(fi) > vy(p m})
Zm

where the union runs over 1 <i < d—1 and m € Z. Indeed: Let z = (D, ®, N, q) be an L-valued point of
X, then any proper (®, N)-stable subspace of D’ C D defines (for some 1 < i < d—1) a point y = (D', q)
of Z; X Q 4,<, mapping to x. This subspace violates the weak admissibility condition if and only if
2 2 / / 27 .
v, (fi) = tn (D', ‘1>|<p*D')f > Uy(p)f tu (D', ®,aN(D'®By(a))) — vy(p)f hi(y)
and hence ([5.2)) follows. On the other hand the union
2
Uprz’,m ({y €Yim | Uy(fi) > Uy(p)f m})
7,Mm

is a finite union, because Y;,, = 0 for m > hi and Y;,,, = Zad X QKOHM for m < —ni. Therefore the
union is closed by properness of the map pr; ,,, and the deﬁmtlon of the topology on an adic space. The
theorem follows from this. O
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We define sub-groupoids v pad resp. AW o pad resp. %’f,i’wa C A resp.

P2 o= ©,N,p P, N, N
9;511,\?33 c ‘sziN,u’ resp. Qz?ﬁwa C .@gfi“ as follows: Given an adic space X and (D,®,N,q) € C%’f;% R.C
say that (D, ®, N,q) € jfﬁi’l’a if and only if (D, ®, N, q) ® x(x) is weakly admissible for all points x € X.

The other sub-groupoids are defined in the same manner.

Corollary 5.7. The sub-groupoids %f:i’za C %ﬁ%w resp. %’f:?\}ma C f%’é;‘}v,u, resp. %’fﬁﬁ’wa C c%fjffb,

ad,wa ad ad,wa ad
9 C '@%NW resp. Do C D, are open substacks.

/r‘esp. @7N7/‘L

Proof. This follows by pulling back %a?\}wj L C %a(}v <,, along the morphisms %’fi u %aﬁl\, <1 Tesp.
d d d a Zad d A7 gpad

‘%f:N,u - %%N,ju’ resp. Koy — ‘%foa,Ndu’ resp- ‘@371\7,# - %B:N,ju’ resp. Do = ‘%foa,N,ju' Here we

use the fact that the zero sections _@ng s %a‘}\, <, and Qgit — %a(}v <, breserve weak admissibility

by Lemma [5.3] O
Remark 5.8. Note that the projection

. ad ad
pr: ANy — Do Ny

does not preserve weak admissibility. We always have pr_l(gzd]’vwz) C ,%’jpa?\’,“l’f and hence especially any

section of the vector bundle %’ﬁ‘]j\,’ u QZ?N, , maps the weakly admissible locus to the weakly admissible
locus.

Indeed, let D = (D, ®, N, q) be a point of ji’jpa(}v# over a field L whose image (D, ®, N, F7) in @sz#
is weakly admissible. Let D' C D be an L ®q, Ko-submodule which is stable under ® and N, and set
p' = D' ®rak, Bf. Then q' := qNp'[7] satisfies t'q’ N p’ C t'gNp and fé,D}( C FSDK N D). This
implies

tH(D/a(I)‘go*D'vN|D’7q/) = tH(Dlvq)’gD*D’aN|D’7‘Fq.’) S tH(Dla(I)|<p*D’7N’D’7f(;mDII{)

with equality for D’ = D, and

'UL(p)tH(Dl7(I>|‘p*D/7N‘D/’q/) > 'UL(p)tH(Dl7q>|cp*D”N‘D“‘/—_Q.OD/K) > tN(D,,q)

SD*D/)
with equality for D’ = D, because (D,®, N, .7-'q') is weakly admissible. Therefore also D is weakly

- . _ d d . P . . .
admissible. This proves that pr 1(9; ]’VWZ) C e%’fpa ]\’,VL&. However, in general this inclusion is strict as can

be seen from the following example.

Example 5.9. Let K = Ko = Q,, d =2 and p = (2,0). We consider points D = (D, ®, N, F*) in @;?N#
over a field L with ® = pIds and N = 0. The filtration is of the form D = F°D > F'D = F?D =
(ﬁ) -L D F3D = (0). None of these points is weakly admissible, because the subspace D’ = (ﬁj) -LCcD
has tn(D') = vr(p) and F2D' = D', whence ty(D’) =2 and A(D') = v (p) < 1.

The preimage of such a point in %’fpa:‘}v,u is given by a Hodge-Pink lattice q with p C q C ¢~2p with
Hodge weights 0 and —2. This means that q = p+ ( zig/l ) -t*ZIBBJLr. If the vectors (2,‘) and (gf ) are linearly
dependent then D = (D, ®, N, q) is not weakly admissible, because the subspace D' = (”;ﬁ) - L C D has
tn(D') =vr(p) and ¢’ :=qN D' @ By =t72D' @ B}, whence tg(D') = 2 and \(D') = vr(p) < 1.

On the other hand, if the vectors (%) and (g: ) are linearly independent then D = (D, ®, N, q) is weakly
admissible, because then ¢’ C t~'D’' @, B} for any subspace D' = (§) - L C D, whence ty(D') = vi(p),
trg(D') <1 and A(D') > 1. Indeed, (§)-¢t2 € q’ would imply that (§) -t = (’;ﬁg;) 72 (c+td) =
(W) -t 4 (I (%) + c(ﬁf))t_l mod p for ¢,¢ € L. This implies (§) = ¢(%) and /(%) + c(z:) =0
contradicting the linear independence.

Thus the weakly admissible locus %aﬁ,wa in the fiber of J7, n , over the point (®, N) = (pIds,0) in

Pg, 2 equals the complement of the zero section, while this fiber in @Zd]’vwﬁ is empty; see also Lemma

We end this section by remarking that the weakly admissible locus is determined by the rigid analytic
points, i.e. those points of an adic space whose residue field is a finite extension of Q.
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Lemma 5.10. Let X be an adic space locally of finite type over E, and let f : X — f%fjﬁvyju be a
morphism defined by a (¢, N)-module with Hodge-Pink lattice D. Then f factors over %ﬁ?\}?u if and
only if D ® k(x) is weakly admissible for all rigid analytic points x € X.

Proof. One implication is obvious and the other one is an easy application of the maximum modulus

principle. It is proven along the same lines as [Hell3 Proposition 4.3]. U

Remark 5.11. The analogous statements for the stacks %’f:i’;va C ‘%ﬁ% 40 T€sp. %’ﬁc}\’&a C ,%ffj\,’ o T€SP.

d d d .
H" C ,%fffi, resp. .@Z ],sz C .@;dN 40 Tesp. D C -@:Zfiu are also true and are a direct consequence

of their construction.

6. THE ETALE LOCUS

Let us denote by By, the closed annulus over Ky of inner radius r and outer radius s for some
r,s € [0,1) N pQ. For an adic space X € Adgp we write

0,1 0,1
A0 = pry, 0% < BYY = pryc, Oxsv

d)[g’S] = PIx « O;F(XJB I - '%)E?S] = PIx « OXXB[r,s

]

[r,s
The Frobenius ¢ on %,gg,l) restricts to a ring homomorphism ¢ on %)[(0 Y For this section we adapt the
notation from [Hell3| and write r; = /P Then ¢ restricts to a homomorphism

o BT s g,
Lemma 6.1. If A is a reduced p-adically complete Z,-algebra topologically of finite type, then

T(Spa(A[1/p], A), T i) = (A ®2z, W)[u].

Proof. Let X = Spa(A[1/p], A). We need to compute the global sections of I'(X x U, 0% ;). By definition
we have

D(X x U, Ok y) = lim (X x By, Oxyy) C lim T(X x Byg,), Ox xv) C (A @z, Ko)lul.
The inclusion (A ®z, W)[u] C I'(X x U, Oxxuy) is obvious. Let
f= Zi fiu' € D(X x U, 0%,py) € (A®z, Ko)[u].
Then fi(z) € I'(X ®z, W, (9}®W) = A®z, W C A®z, Ky for all i. The claim follows from this. O

Definition 6.2. A p-module of finite height over %)[(0,1) is an sz/)[(o’l)—module M which is locally on X free

of finite rank over 4240 ) together with an injective morphism ® : ¢*9M — M of 42%}? ) _modules such that

coker @ is killed by some power of F(u) € Wlu] C d)?’l).

Inspired by Examplewe define the (¢, Ny)-module ,%’E?’l) (1) over X to be (95’&?’”7 D\ = pg((é‘)) , Né/‘)
with N3 (f) = Ny (f)+u2 f. For an integer n € Z we set %’E?’l)(n) = %Q’l)(l)égn = (e%’gg’l), (pg((ol;))n, N
with N&U(f) = Ny (f) +nu f. Given a (¢, Ny)-module (M, @) on X we write (M, ) (n) for the

twist M ® _jo,1) %’Ql)(n). Note that % € W since E(u) is an Eisenstein polynomial. Thus for n > 0
X

we have an obvious integral model sz)[(o’l)(n) for 20D (n) which is a ¢-module of finite height over @7)[(0’1)
(by forgetting the Ny-action). Further we write A%V (n) = Dspa(Qy,z,) (1) for the Wu]-module of rank

1 with basis e on which ® acts via ®(e) = (p%(fo)))ne.

Definition 6.3. Let (M, ®xy, N@”‘) be a (¢, Ny)-module over an adic space X € Ad(gtp.
(i) The module M is called étale if there exists an fpqc-covering (U; — X), an integer n > 0 and
w-modules (9;, Poy,) of finite height over 42/[[]?’1) such that

(M’ ¢M)(n)|Uz = (aﬁiv ‘I’zmi) ®ﬂl[]q,1) %&1).
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(ii) Let z € X, then M is called étale at x if there exists an integer n > 0 and a (k(x)* ®z, W)[u|-lattice
M C M(n) ® k(x) such that E(u)"dM C D p1(n) (™M) C M for some integer h > 0.

Theorem 6.4. Let X be an adic space locally of finite type over Q, and let (M, ®) be a (¢, Ny)-module.
Then the subset

X = {2 € X | M is étale at x}
is open and the restriction M| xin is étale.

This is similar to the proof of [Hell3, Theorem 7.6]. However, we need to make a few generalizations
as we cannot rely on a reduced universal case. Given an affinoid algebra A and r,s € [0,1) N p@ we write

B = D(Spa(A, A°), By ae)) = AB,BI = Aw (T/s,1/T),

Al =T (Spa(A, 4°), /) je)) = A8, Al = A3 (T/s,7/T).
The following is the analogue of [Hell3, Theorem 6.9] in the non-reduced case.
Theorem 6.5. Let X be an adic space locally of finite type over Q, and let N be a family of free o-modules

of rank d over %’EZ’”L Assume that there exists x € X and an d)[g’rﬂ ® k(x)°-lattice N, C N ® k(x) such
that ® induces an isomorphism

(6.1) D" (Np ® g #L) 25 N, ® gt I

ek

Then there exists an open neighborhood U C X of x and a locally free b@/g’rﬂ -submodule N C N of rank
d such that

N ® k(x)° = N,
®(¢"Nluxe,,,,;) = Nluxs
N ®d[r,r2] %([;77‘2} = N‘U

U

r1,72]

Proof. We may assume that X = Spa(A, A°) is affinoid and we may choose a Banach norm || - || and a
Zy-subalgebra AT = {x € A| ||z|| <1} C A° such that A = A*[1/p] and X = Spa(A4, AT) = Spa(A4, A°).

Choose a basis e, of N, and denote by Dy € GLd(,;zf)[g’m] ® k(x)°) the matrix of ® in this basis.
After shrinking X if necessary we may lift the matrix Dy to a matrix D with coefficients in T'( X, %)[(T’TQ]).

Localizing further we may assume that D is invertible over I'( X, sz)[g 2] ), as we only need to ensure that the
inverse of its determinant has coefficients a; € AT, i.e. ||a;|| < 1 for some Banach norm || -|| corresponding
to AT. However, this is clear for all but finitely many coefficients and hence we may localize further to
ensure that the finitely many remaining coefficients are small, as this is true at x.

Fixing a basis b of ' we denote by S € GLd(BZ’T]) the matrix of ® in this basis. Further we denote
by V a lift of the change of basis matrix from the basis e, to the basis b mod z. From now on the proof
is the same as the proof of [Hell3l Theorem 6.9]. O

Proposition 6.6. Let X = Spa (A, AT) be an affinoid adic space of finite type over Q,. Let r > |r| with
r e pQ and set r; = rV/?". Let M, be a free vector bundle on X x Byo,r,) together with an injection

(O3 (10*(MT|X><B[0,T1]) — MT

with cokernel supported at the point defined by E(u) Assume that there exists a free AZ’TQ] = AT /ro,r/T)
submodule

N, C Nr =M, ®B52ﬂ"2] B[Anm]
of rank d, containing a basis of N, such that

<I>(<,0*(NT ®A[£’T'2] AEQTI])) =N, ®AE:J‘2] AZLTZ}-
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Then fpqc-locally on X there exists a free A[X’Tﬂ -submodule M, C M, of rank d, containing a basis of
M, such that

(6.2) O " (M, ® oy AS™) — M,

A[Oar2
A
is injective with cokernel killed by E(u).

Proof. This is the generalization of [Hell3, Proposition 7.7] to our context. We also write M, for the
global sections of the vector bundle. Write M, = M, N N, C N,. This is an A*(T/rs)-module. Further
we set

M, = (M} ® 0. Al n[E) c o,

Then M, is a finitely generated A*(T/ry)-module as the ring is noetherian. First we need to make some
modification in order to assure that M, is flat. Let J) = Spf W(T'/r2) denote the formal model of By .,
and let V' = Spf W(T'/ra,7/T) denote the formal model of By, ,,;. By [BL93, Theorem 4.1] there exists a

blow-up X of Spf(A) such that the strict transform M, of M, in X x Y is flat over X. We write M 5
(resp. N, ) for the pullback of M, (resp. N;) to the generic fiber of X x Y (resp. to X x V'). If we set

M; = Mr)( N N, 7 then one easily finds

! T !
M, = (Mr ®£{[~01T2] ‘Q{}E 2]) N Mr[%]

If follows that M - is stable under ®. Further, as M ~ 1s flat, it has no p-power torsion and hence we
find that the formation (MrX’N 5) — M, commutes with base change SpfO — X for any finite
flat Zp-algebra O, compare the proof of [Hell3, Proposition 7.7|. Especially this pullback is free over
O ®z, W(T/r) and the cokernel of ® is annihilated by E(u)"* for some k, > 0 depending only on the
Hodge polygon p (for an arbitrary finite flat Zy-algebra O this follows by forgetting the O-structure and

only considering the Z,-structure).

It follows that the restriction of M to the reduced special fiber fo of X is locally free over /‘?0 x Al and
hence, as in the proof of [Hell3l Proposition 7.7] we may locally lift a basis and find that Mr is locally
on X free over X x Y. B B

It is only left to show that E(u)** coker ® = 0 over X. To do so we may localize and assume that X' is
affine. By abuse of language we denote it again by Spf A* and write N = E(u)** coker ®. If I denotes
the ideal of nilpotent elements in AT, we need to show that the multiplication I ® 4+ N — N is the zero
map. Then the claim follows from the above. However for some k > 0 we know that I* @ 4+ N — N is
the zero map, as I is nilpotent. Then N = N/I*¥ and the multiplication map I*~!' ® 4+ N — N factors
over I*1/T* @ 4+ N — N and this is a map of finitely generated A*/I-modules which vanishes after
pulling back to a quotient A*/I — O, onto the ring of integers in some finite extension L of Q,. This
can be seen as follows. The map on this pull back is induced by the pullback of the multiplication to a
quotient of AT which is finite flat over Z,, and where N is known to vanish by the above. It follows that
I*1® 4+ N — N is the zero map and by descending induction we find that I acts trivial on N. O

Proof of Theorem[6.4. Fix some r > |r| and re-define
X = fr € X | M|xxp,. , @k(z) is étale in the sense of }

By Theorem this subset is open and we need to show that the restriction M| yin: is étale. Then is
follows directly that X™ coincides with the characterization in the theorem, as the notion of being étale
at points may be checked fpqc-locally by [Hell3| Proposition 6.14].

However Proposition provides (locally on X'™) an integral model Mo,ry) Over X x Byg ,.,). Now we
can glue Mg ,.,] and * Mg ;.,) over X X By, ;) and hence extend Mg ,.,) to a model Mg ..} over X X Bjg ,.,1.
Proceeding by induction we get a model 9t on X x U and [Hell3| Proposition 6.5] guarantees that 91 is

locally in X free over 42%)[(0 1)

Corollary 6.7. Let pu be a cocharacter as in with reflex field E,. Then there is an open sub-
stack f%”ac}vufu C %fj‘}\, <, Such that f: X - jif;‘(}v <u factors over ,%”aﬁlvnfu if and only if the family
(M, @, N&Y) defined by f and M is étale.

[rra]

. Hence it is the desired étale model. O
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Proof. Let M(D) be the universal (¢, Ny)-module over ‘%foa:(li\f,ju' By Theorem the set %Z(Ji\}lr;tﬂ =
{z € ‘%’fj\ﬂju : M(D) is étale at =} is open and above it M(D) is étale. If f factors over %Z?\}l’r;tu then
(M, @ pq, N&Y) is the pullback of the universal M (D) and hence is étale. Conversely if (M, ®oq, NO1) is

étale, then it is étale at all points and f factors over %Z(Ji\}ig”, because the notion of being étale at points

may be checked fpqc-locally by [Hell3, Proposition 6.14]. O
Prodposition 6.8. Let L be a finite extension of E,,, then %ff(}\,ugtu (L) = eﬁiﬁ?\}?u (L) and hence %a(}vn;tu C
ad,wa
0

Proof. We show that being weakly admissible translates into being pure of slope zero over the Robba ring
(in the sense of [Ked08|) under the equivalence of categories from Theorem . However, the proof is the
same as in [Kis06, Theorem 1.3.8]. One easily verifies that the functor M preserves the slope and that the
slope filtration on the base change of M(D,®, N, q) to the Robba ring extends to all of M(D,®, N, q).
Compare |[Kis06, Proposition 1.3.7].

As in [Hel13l Theorem 7.6 (ii)] the second part is now a consequence of the fact that ji’i(}\’,?ﬂ C t%f;‘}vé u

is the maximal open subspace whose rigid analytic points are exactly the weakly admissible ones, see
Lemma 0

In the miniscule case Pappas and Rapoport [PR09, 5.b| define a period morphism from a stack of
integral data to a stack of filtered ¢-modules as follows. Let d > 0 and let ¢4 : G, 5 — Ty be a
»=p P

cocharacter as in (2.5). Pappas and Rapoport [PR09, 3.d| define an fpqc-stack éﬂ, x on the category
Nil@Eu of schemes over the ring of integers Op, of E,, on which p is locally nilpotent. If R is an Op,-
algebra, we set Ry = R ®z, W and denote by ¢ : Ry (u)) — Rw((v)) the ring homomorphism that is
the identity on R, the p-Frobenius on W and that maps u to u?. Now the R-valued points of the stack
éj u K are given by a subset

C<pi (R) C{M, @2 ™M1 /u] = M[1/u]}
where M is an Ry [u] = (R ®z, W)[u]-module that is fpqc-locally on Spec R free as an Ry [u]-module

of rank d. This subset is cut out by a condition prescribing the relative position of ®(¢*M) with respect
to M at the locus E(u) = 0 in terms of the cocharacter p, see [PR09, 3.c,d| for the precise definition.

Remark 6.9. In [PR09| the stack (f’j#, K is only defined in the case of a minuscule cocharacter and is
named CA% k in loc. cit. However, we can use the same definition, using the local model M ﬁlfc , for a
general cocharacter. This yields an integral version of the condition “being bounded by p”. In fact this
boundedness condition is the defining condition of the generic fiber of the local model M }3% and then

M ‘1‘0}} is defined by taking the flat closure (inside some affine Grassmannian).

If p is miniscule, this condition implies that E(u)9 C ®(p*M) C M.
Now let u be arbitrary and let R be a p-adically complete O -algebra topologically of finite type over
Og, and let (M, @) € CAMK(Spf R). The construction of section {4 associates to

0,1
(6.3) (M, @p1) = (M, ®) Dy fu] Boyomt i1 /o0
a K-filtered p-module over Spa(R[1/p], R). Given a formal scheme X locally topologically of finite type

over O, this yields a period functor
TI(X) : Cpic(X) —> Z29,(X™8),

where A" denotes the generic fiber of the formal scheme X in the sense of rigid geometry (or in the sense
of adic spaces). If p is not miniscule, this construction breaks down, as the family of vector bundles on
the open unit disc defined by is not necessarily associated to a filtered p-module: the monodromy
operator Né’i is not necessarily holomorphic.

If we use p-modules with Hodge-Pink lattices instead of filtered ¢-modules we can overcome this
problem. Using section 4} the same construction as in [PR09| gives a period functor

(6.4) (X) : Cxp i (X) — AL (A7),
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When X = Spf O, for a finite field extension L of E,, it was shown by Genestier and Lafforgue [GLI12,

Théoréme 0.6] that TI(Spf O1) ®z, Q, is fully faithful, and surjective onto %™ (L) = ALL (L),

Remark 6.10. From the point of view of Galois representations it is not surprising that we can not define
a general period morphism using filtered ¢-modules. If R is finite over O, , then the points of éu, k(R)
correspond to ¥ -representations rather than to ¥ -representations. This also explains why the target
of the period map is e%’f;:i instead of jfij% " the ¥k _ -representation does not see the monodromy.

If we want to take the monodromy into account we have to consider a stack CAj% N,k whose X-valued
points are given by (9, ®, N) with (9, ®) € C<, i (X) and N : M /ut — M /ud satistying

(6.5) No®(n)=p-®(n)oN.

Here (M(n), ®(n)) = (M, @) @[y AV (n) is the twist of (9, ®) with the object A%V (n) defined before
Definition and n > 0 is some integer such that ®(n)(p*M) C M and ® denotes the reduction of P
modulo u. Note that given p we may choose an n like that for all (90, @) € (f'j#,K(X) and the map ®
(and hence the equation ) makes sense after this twist. Further the condition defined by is

independent of the chosen n.

Remark 6.11. (i) Using we observe that if jiy 4 > 0 for all 4, and if L is a finite extension of £,
a Spf Op-valued point of the stack éﬁm N,K gives rise to an object of the category ModféN in the sense
of Kisin [Kis06, (1.3.12)]. We only use the twist in order to define the stack in the general case (i.e. if
D (*M) is not contained in M). Kisin’s definition takes place in the generic fiber. However, we can not
use this as a good definition as our stack is defined for p-power torsion objects.

(i) Note that we do not know much about the stack C} u,N, i and its definition is rather ad hoc. Especially
we doubt that it is flat over Spf Z,. This means that there is no reason to expect that we can reconstruct
Kisin’s semi-stable deformation rings [KisO8| by using a similar construction as in [PR09, §4].

In this general case described above we obtain a similar period morphism
(6.6) Copun i (X) — AN 2, (X78),

As in [Hell3l Theorem 7.8| the above allows us to determine the image of the period morphism. Recall
that a valued field (L, vr,) over Q, is called of p-adic type if it is complete, topologically finitely generated
over Q, and if for all fi,..., f,, € L the closure of Qp[fi..., fin] inside L is a Tate algebra, i.e. the
quotient of some Q,(T1, ..., Ty).

Corollary 6.12. The substack 70 s the image of the period morphism in the following sense:
o, N, 2
(i) If X is a p-adic formal scheme and (M, ®, N) € C<, n.x(X), then TI(X) (M, &, N) € %ﬁ%?ﬂ(?(rig).
(ii) Let L be a field of p-adic type over E,, and (D, ®,N,q) € 5, N <u(L). Then there exists (M, P, N) €

CAjMN,K(Spf L") such that TI(Spf L*)(9M, @, N) = (D, ®, N, q) if and only if
— [0,1)

is étale, if and only if Spa(L, L") — %ajv’ju factors over c%’f;’(}\}lgtu

ui) Let X € and let f : X — e a morpnism defined 0y , P,V q). en actors over
i) Let X € AdY, and let f: X — A3 _, b hism defined by (D, ®, N,q). Th

,%fpa?\}irjﬂ if and only if there exists a fpqc-covering (U; — X);cr and formal models U; of U; together with
(M, ®;, N) € Cpun, i (Us) such that TI(U;) (M, &, N) = (D, &, N, q) v,

Remark 6.13. If we consider the period morphism without monodromy, then we obtain a similar char-

acterization of the stack jffpai’ift C %’j‘i pu 8s the image of the period morphism 1)

7. SHEAVES OF PERIOD RINGS AND THE ADMISSIBLE LOCUS

We recall the definition of some sheafified period rings from [Hell3|. Let R = h;n Oc,/pOc, be the

inverse limit with transition maps given by the p-th power. Given a reduced p-adically complete Z,-algebra
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AT topologically of finite type, we define
AT@W(R) = lim AT &z, Wi(R),
—i

where the completed tensor product on the right hand side means completion with respect to the canonical
topology on the truncated Witt vectors W;(R) and the discrete topology on A+ /p?At.

If X is a reduced adic space locally of finite type over Qp, then there are sheaves (’)}@W(R) and
Ox®W (R) whose sections over an affinoid open U = Spa(A, A*) C X are given by

L(U,0%@W(R)) = At @z, W(R)

T(U, Ox®@W (R)) = (A &z, W(R))[1].

In the same fashion we can define sheaves of topological rings OF @W (Frac R) and Ox&W (Frac R).

Let Al0Y = Wu] and let A denote the p-adic completion of W ((u)). Further let B = A[1/p]. There
are embeddings of Al%1)| A and B into W(Frac R) sending u to the Teichmiiller representative [x] € W(R)
of the element © = (7,),, € R. We write A for the ring of integers in the maximal unramified extension B
of B inside W (Frac R)[1/p]. Finally we set A% = A N W(R) C W (Frac R). All these rings come along
with a Frobenius endomorphism ¢ which is induced by the canonical Frobenius on W (Frac R). Note that
all these rings have a canonical topology induced from the one on W (Frac R).

We define sheafified versions of these rings as follows, compare [Hell3|, 8.1|. Let X be a reduced adic

=~ ~[0,1 o .
space locally of finite type over Q,. We define the sheaves @/x, resp. & x, resp. &/ [X ) by specifying their

sections on open affinoids U = Spa(4, AT) C X: we define T(U, «x), resp. ['(U, o x ), resp. T'(U, szf[)gl))

to be the closure of A* ®z, A, resp. A ®z, A, resp. AT ®z, ALY iy T(U, O} &W (Frac R)).

Further we consider the rational analogues #x and P 'x of these sheaves given by inverting p in &/x and
P x- We can consider these sheaves also on non-reduces spaces by locally embedding X into a reduced
space Y and restricting the corresponding sheaves from Y to X.

Finally we recall the construction of the sheaf O x ®Beyis from [Hell3l 8.1]. For a reduced adic space X

the map 6 : W(R) — Oc, given by [(z, 2P VP )] 2 extends to an OF-linear map
Ox : OL@W(R) = 0%®0c,.

We define (’)} ®Aais to be the p-adic completion of the divided power envelope of (’)}@W(R) with respect
to the kernel of fx. Finally we set

Ox®B:;1S = (O}@Acris) [1/1)]7
OX®BCI‘IS - (OX®B;15) [1/t]7
OX®Bst = (OX ®Bcris) [gu] .

Here ¢t = log[(1,¢€1,€2,...)] € Beis is the period of the cyclotomic character (where (g;) is a compatible
system of p’-th roots of unity) and ¢, is an indeterminate thought of as a formal logarithm of [x].

Remark 7.1. The indeterminate ¢, considered here is the same indeterminate as in section 2.2.(b) and
we identify both indeterminates. That is, the inclusion BI%Y) ¢ BT. given by u [r] will be extended

Cris

to B[O [0y] — BSJE by means of ¢,, — ¢, and similar for the sheafified versions.

On Ox®Bygis there is a canonical Frobenius ¢ induced by the Frobenius on C’)}(X\)W(R) This endo-

morphism extends to a morphism
P OX(/X\)Bst — OX@-BSt?

where ¢(£,) = ply,. Further N = ﬁ defines an endomorphism of O v ®Bg which satisfies N p =ppN.

Finally the continuous ¥x-action on (’);} @)W(R) extends to O x & Beis and we further extend this action
to Ox @By by means of - £, = {,, + c(y)t, where ¢ : 9 — Zj is defined by y(m,) = m, - (En)cm for all
n > 0.

The following proposition summarizes the basic properties of (some of) these sheaves. It will allow us
to define Z-filtrations Fill(OX@@Bcris) resp. Fili(OX@)Bst) on Ox® Beyis resp. Ox®Bg as follows. Given
i € Z and a reduced adic space X, a section f € I'(X, Ox®Beys) lies in T'(X, Fil'(Ox®Beis)), if f(z) €
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Fil® Beyis ®q, x(z) for all rigid analytic points z € X. Here Fil® B.is is the usual filtration on Beyis induced
by restricting the t-adic filtration on Fontaine’s ring Bgr to Beis. A similar construction also applies to
the filtration on Ox®@By. As above we extend our definition of the filtrations to all adic spaces locally
of finite type over Q, by locally embedding a non-reduced space into a reduced adic space and restricting
the filtration along the ideal defining the closed immersion.

Proposition 7.2. Let X be an adic space locally of finite type over Q.
(i) For a rigid analytic point x € X, we have

Bx @ rk(z) =B ®q, k()
(OX(/X\)Bcris) ® H(l‘) = Bcris ®Qp ﬁ(m)
(Ox®Bg) ® k(z) = By ®q, £(2),

where the fiber R®@ k() of a sheaf R of Ox-algebras at a point x € X is given by the quotient of the stalk
Rz by the ideal mx R, generated by the mazimal ideal mx ; C Ox ;.
(i) Let f: X — Y be a finite morphism with Y reduced. The natural maps

N(X, #x) — [[B®g, I'(f (), Ox)
F(X, OX@Bcris) — H Beris ®Qp F(fil(y)v OX)
F(X, OX®Bst) — H B ®QP F(f_l(y)a OX)

are injective. Here the product runs over all rigid analytic points y € Y.
(iii) Let g € T'(X, PBx) such that

9(y) € T(f(y). Ox) C Bg, T(f'(y), Ox)

for all rigid analytic points y € Y. Then g € Ox C ,@?X, Especially %7;)2:1(1 = Ox. The same holds true
for Ox®Beis and Ox®@Bs;. Especially

Fil® (Ox®Bais) ™ = Ox and
Fil’ (Ox&By) """ = 0.
(iv) Further one has

(OX®Bcris)gK = (OX®Bst)gK = OX ®QP KO

Proof. The statements concerning 9§X and Ox®Beis are contained in [Hell3, Lemma 8.6, Corollary
8.8] resp. |[Hell3, Lemma 8.11, Corollary 8.13]. To prove the statements concerning Ox®Bg;, note that
for every open subset U C X, every element f € T'(U, (’)X@Bst) is a polynomial with coefficients in
INQUN©; X@Bcris). The statements follow from this. For the last two statements note that we can always
choose a finite morphism X — Y to a reduced space Y locally on X. (]

Definition 7.3. Let ¥ denote a topological group. A family of & -representations on an adic space X
consists of a vector bundle £ on X together with an Ox-linear action of the group ¢ on &£ which is
continuous for the topologies on the sections I'(—, £). This definition extends to the category of stacks on
Adgl .

Qp

Definition 7.4. Let X be an adic space locally of finite type over Q,.

(i) A @-module over o/x is an @/x-module M which is locally on X free of finite rank over «/x together
with an isomorphism ® : o*M =~ M.

(ii) A p-module over Bx is an Bx-module M which is locally on X free of finite rank over Zx together
with an isomorphism @ : p*M == M.

(iii) A ¢-module M over Hx is called étale if it is locally on X of the form N ®., Bx for a p-module
N over &x.

The following theorem summarizes results of [Hell3| which are needed in the sequel.
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Theorem 7.5. Let X be a reduced adic space locally of finite type over Q, and let (N, ®) be an étale

p-module of rank d over $Bx.

(i) The set

X2m = Lo e X | dimyp) (N @z Bx) @ k(2)?7 4 =d} c X
s an open subspace and
= (N ®@ By)*=d

is a family of Yx._-representations on X2,

(i) If f : Y — X is a morphism in Ad™ and if (Ny, ®y) denotes the pullback of (N, ®) along f, then

Yadm — f_l(Xadm) and

Ny ®@ By)*7 = (flyaam)*V

as families of Yx._-representations on Y24,

(iii) If (I, @) is a p-module of finite height over 427)[(0’1) as in Deﬁnition and (N, @) = (M, @) ® 0.1)
X

Bx , then

[0,1)

U=X""={z X |tk Hom 0. (M k), 7y @rx))=d}

®k(x),P

and

~[0,1)
Hom o (M, P ®z, Qp = Homz, oMy @ 0. LBy, Zu)

as families of Yx.__-representations on U = X 4™,

Proof. This is a summary of [Hell3, Proposition 8.20, Corollary 8.21, Proposition 8.22 and Proposition
8.23]. O

Given a cocharacter p as in ([2.5)), the stack 7, n <, is the stack quotient of Pk, g Xspecq, @K,d,u by the
action of the reductive group (Resg, /0, GLa, Ko)E,- Let us denote by ,%fprf}{l, < the quotient of the reduced
subscheme underlying Pg;, 4 XspecQ, @K,d,<u by the induced action of (Resg, /0, GLa, Ko) E,- Recall that
Pr,.a Xspecq, @K,dp is reduced, hence this modification will not be necessary if we restrict to the case
where the Hodge type is fixed by pu.

Corollary 7.6. There is an open substack mﬁ Ziadm C %”;C](\i,:;djm and a family € of G __-representa-

d,ad,ad
tions on c%’j;eNi T such that

= (M(Dv (I)aN7 q) ®%[0’1) ‘QTX)(D:M’
X

where (D, ®, N, q) denotes the restriction of the universal family on e%”ref, Z(L
This subspace is mazimal in the following sense: If X is a reduced adic space and if D" is a (¢, N)-module
with Hodge-Pink lattice over X with Hodge polygon bounded by u, then the induced map f: X — %a,(li\ﬂju

factors over 7€ re](\i] iduadm if and only if X = X2I™ with respect to the family
M(Ql) ®%,[0,1) B.
2R

In this case there is a canonical isomorphism of G —Tepresentations
fré=wM(D) @[om@)
If L is a finite extension of E,, then e%”re]% iduadm(L) = %ﬁﬁjl‘;d;nt(L)

Proof. Let us write X<, = (Pk,.d XSpecq, @ Kﬂyj“)red’ad for the moment. Further we denote the pullback

of the universal family of vector bundles on the open unit disc to X<, by (M, @, N@A) = M(D,®,N,q).
Locally on X% mt there exists a ¢-module of finite height 9t inside (M, ®), at least after a Tate twist.
It follows that E)JI ® 70 4/ is étale and we may apply the above theorem. Then X% adm C X<, is
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invariant under the action of (Res, /0, GLa, Ko) g, and hence its quotient by this group is an open substack

%ﬁ’iﬁadm - z%”;}(\i,’idﬂ. Further

(M ® ) @Xadm )‘I): id
d K

93[0,1
xdm
is a (Resg, /@, GLd,K,)E,-equivariant vector bundle with ¥ -action on X iim Hence it defines a family

: red,ad,adm
of ¥k -representations on N <

The second statement is local on X and hence, after locally choosing a basis of D, we can locally lift
the morphism f: X — %f;’eﬁ:;du to a morphism f’: X — X<, such that the pullback of (D, ®, N, q) on
X<, along f’ is isomorphic to D’. Now the claim follows from Theorem (ii). O

8. THE UNIVERSAL SEMI-STABLE REPRESENTATION

In this section we want to construct a semi-stable ¥k -representation out of the ¥x__ -representation on

t%”;ejs’iiadm from Corollary This will be possible only on a part of %reﬁ,’zci;adm. First of all we need

to restrict to the open subspace where the Hodge polygon is constant. Thi?can be seen as follows. Let &
be a family of ¥k -representations on an adic space X. It follows from [BCO8|, § 4.1] that the (generalized)
Hodge-Tate weights vary continuously on X. Namely, they are the eigenvalues of Sen’s operator Ogep
constructed in [BCO8, before Remark 4.1.3]. The characteristic polynomial of GOge, has coefficients in
Ox ®q, K. However, as £ is semi-stable the Hodge-Tate weights of £ ® k() are integers for all z € X by
[BCO8, Corollaire 5.1.2] and hence the Hodge-Tate weights and the Hodge polygon are locally constant
on X.

Secondly, Kisin [Kis06, Theorem 0.1 and Corollary 1.3.15] showed that the universal étale (¢, Ny)-
module M on %’fpa(]ivufu from Corollary can come from a semi-stable ¥x-representation only if the con-
nection V has logarithmic singularities, which is equivalent to Né"l being holomorphic; see Remark 2).

Therefore we have to restrict further to the closed subspace %VN u N ,%’f;?\’,asm of %ffc}\}asm which is iso-

morphic to .@Zdj\?im. Here .@;d]’\?im C ‘@;?N, ., 1s the admissible locus with respect to the family defined in
Remark 4.10f

Definition 8.1. Let £ be a family of ¥x-representations of rank d on an adic space X locally of finite
type over Q.
(i) The family € is called crystalline if
-~ %

Dcris(g) = (5 ®OX (0X®Bcris)) K
is locally on X free of rank d as an Ox ®q, Ko-module, the descending Z-filtration Fil® De.is(€) i of
D¢,is(€) i has locally free subquotients and if the canonical morphism

Dcris(g) ®(’)X®K0 (OX®Bcris) — & ®(’)X (0X®Bcris)

is an isomorphism.
(ii) The family € is called semi-stable if

(8.1) Dy (&) = (€ ®oy (OX(/X\)Bst))gK

is locally on X free of rank d as an Ox ®q, Ko-module, the descending Z-filtration Fil® Dy (&) of Dst(€)k
has locally free subquotients and if the canonical morphism

DSt(g) Rox®Ko (0X®Bst) — & Rox (OX®Bst)
is an isomorphism.
(ili) Let p be a cocharacter as in (2.5)), let £, be its reflex field, and let X be an adic space locally of

finite type over E,. We say that a crystalline, resp. semi-stable ¥ -representation £ over X has constant
Hodge polygon equal to p if the K-filtered ¢-module Deyis(E), resp. Dgt(€) over X has this property.

Remark 8.2. It seems very likely to expect that, given a family £ such that D (€) is locally free of rank
d, the filtration Fil®* Dy (€) g has locally free subquotients. E.g. [Bell5l, Corollary 5.1.8] suggest that this
is true. However, we included the condition in the definition as our period rings in families slightly differ
from the ones considered in loc. cit.
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Remark 8.3. In his paper [Kis08|, Kisin has used the techniques from [Kis06] to construct what is called
(potentially) semi-stable deformation rings. Fix a continuous representation p : Gx — GL,(F) with F a
finite extension of IF,, as well as a set of labeled Hodge-Tate weights

k={kiri=1,...,n7:K < Q.

Given these data, Kisin constructs a quotient ng of the universal framed deformation ringﬂ Rj of p such
that a point

Spec L — Spec R
with L a finite extension of Q,, factors over Spec Rlﬁ‘ if and only if the corresponding Galois representation
is semi—stableﬂ with labeled Hodge-Tate weights k. As the defining condition for ng is only formulated

for points, the ring ng is reduced by definition (once it is known to exists). Kisin moreover shows that
for every finite dimensional @p-algebra A a morphism

Spec A — Spec R

factors over Spec R}g if and only if the corresponding representation p : Gx — GL,(A) is semi-stable.
We point out that Kisin’s approach differs from the situation considered here in the following way: In
Kisin’s work there is no definition of a crystalline or semi-stable family of Galois representations. Hence
there is no way of writing down a functor, or a universal family. Note that according to his definition a
representation p : G — GL,(A) as above is semi-stable if it is semi-stable seen as a representation with
coefficients in Q, (recall that A is finite dimensional over @Q,).

Moreover our construction differs from Kisin’s strategy. Kisin starts with a family of Galois representa-
tions on integral level and cuts out the locus in the generic fiber where the representations are semi-stable.
In contrast to this we start with a family of p-adic Hodge structures in characteristic zero and cut out the
locus where this family of p-adic Hodge structures comes from a Galois representation.

On the other hand after having constructed a universal family in our case, we can compare the outcome
of this construction to Kisin’s deformation space again. This is done in Proposition below.

It is obvious from the definition that Dg; defines a functor from the category of semi-stable representa-
tions with constant Hodge polygon p over an adic space X to the category of K-filtered (¢, N)-modules
over X with constant Hodge polygon p and similarly for crystalline representations.

Remark 8.4. As in [Hell3, Lemma 8.15] one easily sees that the property of being crystalline oder
semi-stable is local for the fpgc-topology.

Lemma 8.5. (i) Let € be a family of crystalline representations on X. Then
De1is(€) @ k() = Deis(€ ® K(x))
(Fil' Deyis(€)) @ k(z) =2 Fil' Deyis (€ @ k()

for all rigid analytic points x € X. Especially the representations € ® k(x) are crystalline for all rigid
points x € X.
(i) Let € be a family of semi-stable representations on X. Then

Dy (&) ® k(x) = Dgt(€ @ k(x))
(Fil' Dg(€)) ® k(z) = Fil' Dy (€ @ k()

for all rigid analytic points x € X. Especially the representations € ® k(x) are semi-stable for all rigid
points x € X.

Proof. We only prove the second part of the lemma. The claim Dy () ® k() = Dy (€ @ k(x)) follows by
specializing the isomorphism

DSt(g) ®oxeKo (OX®BSt) — & Koy (OX®Bst)
to the point zx.

INote that our notations here differ from Kisin’s.
2There is a similar version with crystalline instead of semi-stable
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It remains to prove (Fil’ Dgt(£)) ® k(z) = Fil’ D&t (€ ® k(z)). This may be checked after base change
to some finite extension L of K containing the Galois closure K of K , i.e. we change X to Xp. Given an
embedding ¢ : K — L we write Dy, = D ®0,oK,,idey Ox and we write Fil® Dy, for the corresponding
Z-filtration of D,. Then Fil’ Dy, is locally on X a direct summand of Ox and it suffices to prove that
Fﬂ.(Dd, ® H({B)) = (Fﬂ. D¢) ® H(m)

Let us write i for the integer such that Fil'( Dy ®k(z)) = Dy@#(x) for all € X and Fil'™! Dy®k(z) #
D for at least one x € X. By Definition it follows that dim, g, Fil'(Dy ® k(x))/ Fil't (D, @ k() is
independent of z € X. As the filtration on Ox® By is defined using the filtrations on (Ox®Bg) @ k(z) =
Byt ®q, #(z) for all rigid analytic points » € X we find that f € Dy C &€ ®oy (Ox®Bg) lies in

Fil/ (€ ®o, (Ox®Bg)) if and only if
f(z) € Fi¥ ((€ ® w(x)) @(z) (Bst ®q, K(2)))
for all rigid analytic points z. It follows that D = - .. = Fil*~! Dy = Fil* Dy,. Further it follows that
(Fil' Dy/ Fil'™ D) @ w(z) — Fil'(Dy, @ k(z))/ Fil'T (Dy @ k()

is surjective for all x € X. However, the construction implies that this map is generically on X an
isomorphism and hence it is an isomorphism everywhere as both sides have the same dimension for all
z € X. It follows that (Fil'*! Dy) ® k(z) = Fil'™(Dy ® k(z)) and the claim follows by descending
induction. ([

Lemma 8.6. Let £ be a family of Gx -representations on an adic space X locally of finite type over Q.
Then & is crystalline if and only it is semi-stable and the monodromy N on Dg (&) vanishes. In this case
we have Dg(E) = Deris(€) as subobjects of € @0y (Ox®@Bst).

Proof. Let us assume that £ is crystalline. Then by definition we obtain an isomorphism
Dais(€) @0y oKy (Ox@Beris) — € ®0y (Ox®Beris)

compatible with the action of ¢ and Gx (and compatible with filtrations). Tensoring this isomorphism
over B.is with Bg and taking N to be the induced monodromy action on both sides we obtain an
isomorphism

Dcris(g) ®OX®K0 (OX®Bst) — & ®(’)X (0X®Bst)

compatible with the actions of ¢, N and Gx (and compatible with the filtrations). Taking Gx-invariants
on both sides we find that Dcyis(E) = Dgt(E) compatible with the actions of ¢ and N (and compatible
with the filtrations).

Conversely assume that & is semi-stable with vanishing monodromy. As the isomorphism is
equivariant for the action of N the claim follows after taking N = 0 on both sides. U

Similar to the functors Des(—) and Dgi(—) we also consider their contravariant variants

(8.2) Dl € — Homo g, (€, Ox®Bais) and

cris

D :Ev— %omox[gK](c‘:,OX@Bst).
An easy calculation shows that Deis(EY) = D}

*is(€) and similar for semi-stable representations.

Lemma 8.7. Let X be an adic space locally of finite type over Q, and let £, &1 and & be families of
semi-stable representations.
(i) The canonical morphism

E — V(D (€)) = Fil®(Dg (€) ®Ox @, Ko (OxB®By,))¢=idN=0

is an isomorphism.
(ii) One has & = & if and only if Dgt(E1) = Dgt(E2).

Proof. The first part follows from FilO(OX@AEJBSt)SD: d,N=0 — O and the lemma above. The second part
is an easy consequence. O
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Proposition 8.8. Let X be a reduced adic space locally of finite type over E,, and let D = (D, ®, N, F*) €

@an\?im(X). Then

~10,1 ~
%om%[?,n’q)(im, d[X )) ®z, Qp — jfomq%N,pﬂ(iD, OX(XJBSt) =&

is an isomorphism for every p-module (MM, ®) of finite height over 42%)[(0’1) such that M ® o) %E?’l) =
X
M(D). Further & is a vector bundle of rank d on X and the Y -action on By makes € into a family of
semi-stable G -representations such that there is a canonical isomorphism of filtered (@, N)-modules
D:t(g) = (D,@,N,f.).

Proof. As in the proof of [Hell3| Proposition 8.24], the proof follows the one of [Kis06, Proposition 2.1.5].
If we write M =M ® lo.1) %B?’l), then the morphism
X

~[0,1) ~
Hom o (M, o x ") ¥z, Qp — Home nru(D, Ox@Bs)

is given by the composition of injections

~[071)

Jlom M, o x ") @z, Qp — SHom (M, Ox@By;)

(M7 OX@-BSt)

M)[(Oal),cp( ,Q;,/)[(O’l)ﬂ)

— %”om%g,n ®

)

0.1 .
— %Om%£,1)7¢(2 K, e@& ), Ox®Bgt)
= Home(D,Ox@Bsy),

compare [Kis06, Proposition 2.1.5] and [Hell3, Proposition 8.24| for the definition of these maps. The
image of the above injections is contained in

Home (D, Ox&By) = &,
because this is true at all rigid analytic points by [Kis06l, Proposition 2.1.5] and X is reduced. Now

~[0,1)
g — jfom%@,n,@(m, dx ") @z, Qp
is by Theorem a vector bundle of rank d on X. We claim that the inclusion
(83) 5/ ®OX (OX®BSt) C ‘}fom(')x (Q?OX@)Bst)

is an equality at all rigid analytic points x € X. First one has
N[O’l)
"D (x0T O K(2), @ x " @ k(z)) @z, Qp
Homo (D, Ox@Bg) @ k(x) = Hom,,(,y(D ® k(), Bs; ®q, k() = Homg, (D ® k(z), Bst).

Finally the inclusion (8.3) is defined by canonical maps and hence the induced map

M r(z), @ k(z)) @z, Qp — Homg, (D @ k(x), Be)

&' @ k(r) = Hom

Hom%[(o,n@’{(x),q)(

again is the canonical map and hence an isomorphism by [Kis06l Proposition 2.1.5]. After choosing bases,
the inclusion (8.3)) is given by a d x d-matrix with entries in Ox®Bg;. This matrix is invertible at all rigid
analytic points in X and hence it is an isomorphism by Proposition It follows that & = &£, as both
sides are given by Fil®(—)®=idN=0 o

g/ ®OX (OX®BSt) = %OmOX (Qv OX®BSt)7
where ® and N act on the left hand side by acting on Bg and the filtration on the left hand side is
induced from the filtration on B, i.e. £ is equipped with the trivial filtration and with the monodromy

N = 0. Here we use that Fil°(Ox&Bg;)®='4N=0 = Oy by Proposition Finally we have D} (€) = D
as the canonical pairing

(€ ®ox (Ox®Bg)) ®0x @By (D ®oxek, (Ox®Bst)) — Ox @By
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given by f®@d > f(d) is a Yx-equivariant paring of free O x & Bg-modules of the same rank which induces
a perfect pairing at all rigid points. Hence, using Proposition again, we see that the pairing itself is
perfect and the claim follows. O

Recall that the stack _@g?M u is the quotient of the adic space X, associated to P, 4 x Flagg ; , by

the action of the group (ReSKO/Qp GL4,x,)E, and consider the open subspace Xﬁdm C X}Lnt C X,,. This
subset is stable under the action of (Resg, /Qp GL4,k,)E, and we write dej’\?im for the quotient of X 3dm
by this action.

Proposition 8.9. Let u be a cocharacter as in (2.5)) and let E,, be its reflex field. Let X be a reduced
adic space locally of finite type over E,, and let £ be a family of semi-stable Yy -representations on X with
constant Hodge polygon equal to p. Then the morphism

ad
X — 9% Ny
induced by the K-filtered (@, N)-module Dg(E) factors over Qg?ﬁim-
Proof. Write Dg(€) = (D, ®, N, F*) = D for the associated filtered (¢, N)-module on X. After twisting

with a high enough power of the cyclotomic character, we may assume that all Hodge weights —p,, ; lie
between —h and 0 for some h > 0. Hence we may consider the inclusions

BV (€ @0, Ox®By)? ¢ M = M(D)
c A "BV (€ o, OxBBy) C € ®0, Ox& B,

where X is the element defined in . Here ,%’Bg’l)(g Rox (’)X@X\)Bst)%f is the sub—,%’gg’l)—module of
E®oy Ox®Bg generated by (€ ®oy OX@X\)BSt)gK and so on.

Now the ¥k _ -action on M C & @Qp By is trivial, as ¥k acts trivially on %B?’l), hence especially on
A, and on (€ ®p Ox®Bgt)?%. This claim now implies that

M0 H € (E50, Fy

for some 0 < r < r!/P? < s < 1 near the boundary and where

Bl = 738

®d)[(0,1)<@§’8].
Now ~ v i
M ®%[Xo,1) %;’S =& oy 93;;’5 ,

as the cokernel vanishes at all rigid analytic points by an analogous argument as in the proof of Proposition
and as X is reduced. Now the proof runs exactly as the proof of [Hell3] Proposition 8.27 and
Proposition 8.28. U

Theorem 8.10. There is a family £ of semi-stable Y -representations on .@;d]’\?im such that Dg(E) =
(D, ®, N, F®) is the universal family of filtered (v, N)-modules on .@Zd]’\?im. This family is universal in
the following sense: Let X be an adic space locally of finite type over E,, and let £ be a family of semi-
stable Y -representations on X with constant Hodge polygon equal to . Then there is a unique morphism
f:X— .@;d]’\?im such that &' = f*E as families of Yy -representations.

Proof. The existence of the family £ follows by applying Propositionto the family (91, @) of ¢p-modules
of finite height over «7[%1) on

ad,adm

Y = (PKo,d X FlagK,d,u)
This family exists locally on open subsets U C Y and the semi-stable ¥k -representation on U is canon-
ically contained in Jfomo, gk, (D, O X®Bst)- Hence they glue together to give rise to the claimed fam-
ily £ on Y. By functoriality of J#ome, NFH(—,OXGAi)BSt) this vector bundle is equivariant for the ac-

tion of (Resg, /Qp GL4,x,)E, and hence defines the desired family of semi-stable ¥x-representations on
gad,adm

e N,p -
(Resg, /0, GL4,K,)E, and hence descends to

Further the isomorphism Dg(E) = (D, ®, N, F*) on Y is by construction equivariant under
gad,adm
o Nopu -
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Now let X be as above. The K-filtered (¢, N)-module Dy (E’) defines a morphism f : X — QS?N’ i

This map factors over gzdj\?im by Proposition as factoring over an open subspace may be check on
the reduced space underlying X. Further we have isomorphisms Dgt (') = f*Dg(E) = Dy (f*E). Now

the claim follows from Lemma O

Corollary 8.11. There is a family £ of crystalline Gy -representations on @ad adm- oeh that Derys(€) =

(D, ®, F*) is the universal family of filtered p-modules on @ad adm - Phis family is universal in the following
sense: Let X be an adic space locally of finite type over E cmd let & be a family of crystalline Gy -

representations on X with constant Hodge polygon wu. Then there is a unique morphism f: X — .@ad ;adm

such that &' = f*E as families of Gy -representations.

Proof. This is a direct consequence of Lemma O

Let us compare this result to the construction of the universal semi-stable deformation rings as in
IKisOg|. Fix a continuous representation

with [F a finite extension of @, and write R; for the universal framed deformation ring of p. Further we

write le for the quotient of Rj; constructed in [Kis08, Theorem 2.5.5]. Moreover let us write @Zd]\?im for

the stack over Qad ad parametrizing trivializations of the universal semi-stable representation constructed
. . . ~»ad,ad
in Theorem 8.10 Note that Lemma and the construction of Z,, y,, in 1) imply that @; A Mm actually

is representable by an adic space locally of finite type over Q, (resp. over the reflex field of 1). We write
@ad ,adm,+
©,N,u

for the open subspace where the canonical representation

P G — GL(I(Z2509,€)) — GL,(D(Z25%4", 0))

factors over

GLn(N(Z5503,". O)) € GLu(N(Z5500,". 0))-

Note that this really defines an open subspace as the group Gx is topologically finitely generated.

adader( )

Having fixed p we can cut out an open subspace Z by demanding that the composition

G — GLp(D(Z259", 01)) — GL(D(Z255", 07 j0* )

is equal to p. Here O C OT denotes the ideal of topologically nilpotent elements. More precisely, given
any affinoid open subset U = Spa(A, AT) C @Zd]\? im,+ we have a canonical family of Gx-representations on
the reduced special fiber Spec AT /AT of Spf A (where AT C AT is the ideal of topologically nilpotent
elements), namely

Gx — GL,(AT) — GL,(AT/ATT).
Then we let U(p) C U denote the tube over the Zariski closed subset of Spec AT /A1 where this com-
position is equal to p (resp. the base change of p to AT /ATT). This construction is obviously compatible
with localization on the generic fiber (i.e. with replacing Spf AT by an affine open subset of an admissible
blow up) and hence the pieces U(p) glue together to give .@ad adm ().

Moreover the restriction of p™i¥ to Z24adm:+

oNy (P p) induces by constructlon a morphism to (Spf R;)

Proposition 8.12. The canonical morphism
~ad,ad _
(54) Fam* () —» (Spf Fp)™

induces an isomorphism

24T (p) 2 (Spt R¥)™

Proof. 1t follows from [Kis0O8, Theorem 2.5.5] and the reducedness of the source that the morphism factors
over (Spf R‘g)ad and is a bijection on L-valued points. Now [Kis08, Theorem 2.5.5] again and the functorial
description of the left hand side show that the morphism is an isomorphism on A-valued point for all
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finite dimensional Q,-algebras A. As the left hand side is known to be representable we find that the
morphism

f e (p) — (Spt RE)™

is a smooth and bijective map of adic spaces locally of finite type over Q,. Especially it is é¢tale and hence
locally given by the composition of an open embedding with a finite étale morphism. As f is bijective on
L-valued points, the finite étale morphism has to be of degree 1, i.e. an isomorphism. We deduce that
f is an open embedding. We conclude that f is an isomorphism by constructing a continuous section
to f. Indeed, applying [BCO8, Théorém 6.3.2] (or the construction in [KisO8|) to the family € of Galois
representation on (Spf ng)ad we deduce that this family of Galois representations is semistable. Hence
we obtain a canonical morphism

kyad ad,adm

(Sprﬁ)a - ‘@%Nw )
A~s £ comes with a trivialization of an Gg-stable OT-lattice inside £ this morphism canonically lifts to
@gdj\?im’Jr (p) and defines a morphism that is continuous set-theoretically and a section to f. As f already

is known to be an open embedding it is enough to conclude. O

Remark 8.13. Note that apriori there is no functorial description of Kisin’s semi-stable deformation
ring. Hence we have to construct the morphism (8.4) in a slightly complicated manner.

Remark 8.14. Note that our construction has the advantage that we no longer need to fix a framing
of an integral structure inside the Galois representation. After this paper was written, Erickson [Erilj]
extended the results of Kisin in a direct way to families that do not longer fix a framing. For such families
a similar conclusion as the above should hold true.

9. THE MORPHISM TO THE ADJOINT QUOTIENT

As in [Hellll, §4] we consider the adjoint quotient A/&g where A C GLg4, is the diagonal torus and
&4 is the finite Weyl group of GL4. Under the morphism ¢: A — A%;l X @, Gm,q, which maps an element

g of A to the coefficients c1,...,¢cq of its characteristic polynomial x, = X4 e X1 4+ ¢y, the
adjoint quotient A/&, is isomorphic to Afé;l X, Gm,q, = Spec Qylc1, ..., cq, cgl]. Recall from [Hellll
§4| that there is a morphism

(9.1) ReSKO/Qp GLg xy — A/Sy

which is invariant under ¢-conjugation on the source. It is defined on R-valued points by sending b €
(Resg, /0, GLd,K,)(R) = GL4(R®q, Ko) to the characteristic polynomial of (b-p) =b-(b)-...-o =D (b)
where f = [Kj : Qp]. This characteristic polynomial actually has coefficients in R, because it is invariant
under ¢, as can be seen from the formula p(b- @)l = b7t (b-p)f - /(b)) = b1 - (b-p)f -b. Since
Resg, /0, GLd K, acts on itself by p-conjugation via (g,b) — g 'bp(g) and (g b p(g) ©)f = g7t (b-0) g
the map is invariant under p-conjugation.

Let pu be a cocharacter as in (2.5), let By, be its reflex field, and set (4/8q)g, := A/Sq xq, E,. By
projecting to Resg, g, GL4, Kk, we may extend § to morphisms

Prya Xq, QK.d=<u —< (A/Ga)E,

| |

e

HoN<p ———— (4/Ga)g, -
We further obtain morphisms to (A/&4) g, from the locally closed substacks J, <., 5 Ny, Hp s Do, N
and %, ,,, which we likewise denote by . Here we view %, y,, and %, ,, as substacks of JZ, v, via the
zero section from Remark (3) We also consider the adification of these morphisms.

Theorem 9.1. Let p be a cocharacter as in (2.95), let E, be its reflex field and let x € (A/Gd)aE‘i. Then
there exists an open subscheme X of a~'(z) such that the weakly admissible locus in the fiber over x is
given by

a—l(x)wa — Xad‘
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Proof. This is similar to the proof of [Helll, Theorem 4.1]. Let = (c1,...,cq) € k(x)?! x k(x)* and
let v, denote the (multiplicative) valuation on k(x). First note that

ca = ety (ysg, ko (b ) = det, o) (b- o)V

and hence a~!(x)"® = () unless

ve(ca) M - vg(p)el =09t = N(D) = 1.

In the following we will assume that this condition is satisfied. We now revert to the notation of the
proof of Theorem In particular we consider the projective Pk, 4-schemes Z;, the global sections
fi € T'(Z;, Og,), the functions h;, the closed subsets

Yim ={y € Z} x Q% 4=, | hi(y) = m}
and the proper projections DT, Yim = Pkod Xq, QK d,~yu- This time
~— 2
Sim = {y = (9y, Ny, Uy, qy) € Yiom X (Pry,axQr,a,<u) & l(x) | vy (fi(gy, Uy)) > Uy(p)f "}

is a union of connected components of Y; ,, X Picy axQrc.a,<p) a~!(x), hence a closed subscheme and not
just a closed adic subspace. This can be seen as follows: Let Ay, ..., Ay denote the zeros of the polynomial

X4 o X 4o g1 X + g

Then every possible value of the f; is a product of some of the A; and hence f; can take only finitely many
values. As in the proof of Theorem [5.0]

atz)™ = a (@) N (Jprim(Sim),

where the union runs over 1 <i < d— 1 and m € Z. So a~!(z)"® is an open subscheme of a~!(z). O
Corollary 9.2. Let x € (A/&,)3 and consider the 2-fiber product

W) A,

T

—— (4/W)E.

Then there exists an Artin stack in schemes 2 over the field x(x) which is an open substack of a=(x),
such that o= (z)"® = A2, The same is true for H, <, Hp Ny Hoops DoN s and Dy .

Proof. This is an immediate consequence of Theorem [09.1] and the proof of Corollary O
We also determine the image of the weakly admissible locus in the adjoint quotient.

. ad,wa ad,wa ad,wa ad,wa ad,wa ad,wa
Theorem 9.3. The image of %,N,-_m (and %75# , %,N#, Ty @%N’#, and Dy, ") under the

morphism(s) « is equal to the affinoid subdomain

(9.2)

{e=(er e € (A/80)E | veles) < vel)
where v, is the (multiplicative) valuation of the adic point ¢ with v.(p) < 1.
Remark 9.4. (1) The subset described in (9.2) is really an affinoid subdomain. Indeed the adjoint
quotient (A/ Gd)%i is (admissibly) covered by the (admissible) open affinoid rigid spaces (resp. adic

spaces) Xy = {c=(c1,...,¢q) € (A/Gd)f{i | ve(e;) < pM, for all i and v.(vg) > —p™} and the subspace
(19.2) is easily seen to be a Laurent subdomain of each of these Xy for M > 0.

I o (pa + -+ ppaii—i)
e it s " with equalityfori:d},

(2) The morphisms « forget the Hodge-Pink lattice q (or the K-filtration F*) and in general their fibers
contain infinitely many weakly admissible points.
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(3) Like in [Hellll Proposition 5.2] the affinoid subdomain of Theorem [9.3| can be described as the closed
Newton stratum of the coweight (— Zw Papd > -0 > —% Zw fip1) of A. By this we mean that the Q-
valued points (i.e. the rigid analytlc points) of [9.2] n c01nc1de with the points of the corresponding Newton
stratum in the sense of Kottwitz [Kot06|. In [Helll| the claim is made for all points of the corresponding
Berkovich space. In the set up of adic spaces we can not rely on Kottwitz’s definition of a Newton stratum
for all points of the adic space, as the valuations are not necessarily rank one valuations, i.e. the value

group is not necessarily a subgroup of the real numbers. Especially the Newton strata do not cover the
adic space (A4/G,)d.

(4) For .@Si}wa the description of the image in our Theorem has previously been obtained by Fontaine
and Rapoport [FR05, Théorém 1] and Breuil and Schneider [BSO7, Proposition 3.2] on the level of L-valued
points where in [FR05] L is a complete discretely valued extension of £, with algebraically closed residue
field. In [BSO7] L is a finite extension of E, and in addition all Hodge-Tate weights are assumed to be
pairwise different. Moreover, our affinoid subdomain equals Gd\T’ from [BS07, Corollary 2.5|, where
¢ is associated with the cocharacter & := (—p—(0,1,...,d— 1)) dom € Xx(T T). Actually, both [FR05, BS07]
even prove that over an L-valued point c in the image there is an L-valued point in &~ !(c)"?. This also
follows from our Theorem which shows that a~!(c)"® is Zariski-open in a scheme covered by affine
spaces, see , because the L-valued points (for any infinite field L) lie dense in such schemes. In this
way our theorem provides a new proof for [FR05, Théorém 1] and generalizes [BS07, Proposition 3.2]; see
Chapter [I0] for more details.

Before we prove the theorem we note the following

Lemma 9.5. Set [; = é Z¢(Nw,d + ...+ py.dr1—i). Then l; equals the number l; defined in [Hellll,
Formula (5.2) on p. 988]. If D = (D,®,N,q) is a (¢, N)-module with Hodge-Pink lattice over a field
L > E,, whose Hodge polygon is bounded by p and if D' = (D', ®|,+p, N|p,qN D' @k, Br) C D for
a free L ®q, Ko-submodule D' C D of rank i which is stable under ® and N, then tg(D') > I;.

Proof. The number [; in [Hellll, (5.2)] was defined as follows. Write {fy1,..., ptpdat = {@y1,. . Ty}
with @y ; > 2y jy1. Let ny; = max{k : pypr > @y }. In particular ny, = d and jiy 4, ; > 2y . For
0 < i <dlet my (i) := max{0,ny; + i —d}. So my ;(0) =0 for all j and my (i) = i. It follows that
ny,j > d — i if and only if puy g—; > ;. Now I; was defined in [Hellll, (5.2)] as

= eF D (Z (Ty,j — Ty g+1) M 5 (1) + ww,rmw,r(i)> :
Jj=1

We compute i1 — l; = ef P (Zj Ny, — Ty 1) (Mg j (i 4+ 1) — my (1)) + xy, r) The difference
my (1 + 1) — m¢](i) is 1 if nyj +1—d > 0, that is if zy; < ,u¢d ;. Else m¢j(z+ 1) — my (i) is
0. Therefore l;41 — ef Z¢ fap d—i and lo = 0 implies that I; = f Zd}(uw d+ oo+l di1—i)

To prove the second assertion let s € Spec L®p, K bea point and let ¢/ = up(s ) be the Hodge polygon
of D at s. Then pyd+ ...+ pypdar1—i < fly g+ -+ fhy g41; for all ¢ and all i by Proposition (b)
We let py be the i)-component of s*p := "D Q. s)0K, :(S) and p;} be the 1-component of s*p’ :=
s*D' ® K(5) @Ko B w(s)" By definition of the Hodge polygon, see Construction we can choose a x(s)[t]-

basis (Vg 1, ..., Uy ) of py such that (£ Hy,1 Up1se-ost “Hya Vyd) 1S a /@(s)[[t]]—basis of the 1)-component gy,
of s*q. Since dim,,)(s) (pip[%] N (V15 Vpn)u(s)(t)) = 1+ i—d for all n, we can find a x(s)[t]-basis
(Vi 1o+ V) Of Py with vl o € (Vy1,- .., Vg drji)n(s)fe- Namely, for each j we let v} be an element
of (p;ﬁ N (U1, -- 7Ulli,d+j—i>n(s)|[t]])/<’u:p,17 . ?U;p,j—1>ri(s)llt]] which generates a non-zero saturated k(s)[t]-
submodule, and we let vy, ; € py, N (Vg 1, - -+ Vg drj—i)w(s)e] Pe @ lift of 7y, ;. Then (vy, ;... vy, ;) is linearly
independent over (s)((t)) and generates a saturated x(s)[t]- Submodule of p,. Using thls basis we see

that ¢+ “Vy ;€ Gy N pd)[ ]. This implies that ty (D) > f Dby gt Wy g 2 g
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Proof of Theorem[9.3. We consider the embedding of %, into %, , via the zero section. Under this

. ad,wa . . . ad,wa ad,wa ad,wa ad,wa ad,wa
section Z,,," " is contained in %,Ndu’ %du , %@’N#, Hoy , and @%N,# by Lemma or Re-

mark . Conversely they are all contained in %a?\}wgﬂ Moreover, these inclusions are compatible with
the morphisms a to (4/64)E, .

We first claim that the affinoid subdomain is contained in the image of the weakly admissible locus
for all these stacks. By the above it suffices to prove the claim for .@g?ﬁwa. In this case the claim follows
from [Hellll Theorem 5.5 and Proposition 5.2 using Lemma . Note that in loc. cit. only Berkovich’s
analytic points are treated, but the given argument works verbatim also for adic points.

Conversely let ¢ = (c1,...,¢4) be an L-valued point of (A/Gd)aE(i which lies in the image of the

weakly admissible locus of one of these stacks. By the above it lies in the image of %a(}\}wju. So let

D e %ﬁ(}\}?u(ﬂ ) for a field extension L'/L, such that D maps to c. By extending the field L’ further

we may assume that Ko C L' and that X? +¢; X1 ... 4 ¢y = H;l:l(X — \;) splits into linear factors
with A; € L'. We claim that vp/([[;c; Aj) < v (p)fh for all subsets I C {1,...,d} of cardinality i. By
Lemma [9.5] this implies that ¢ lies in our affinoid subdomain.

To prove the claim we use Remark Then X%+ ¢; X4 1 4. ..+ ¢4 is the characteristic polynomial of
the L'-endomorphism (®/)g of Dy and tx (D) = vy (det, (®)o)'/f. We write (®/)g in Jordan canonical
form and observe that Ny maps the generalized eigenspace of (<I>f )o with eigenvalue A; into the one with
cigenvalue p~f Ao If I C {1,...,d} is a subset with cardinality ¢ this allows us to find an i-dimensional
L'-subspace D{, C Dy which is stable under (®7)y and Ny such that the eigenvalues of (®7)y on Dj are of
the form (p~™\; : j € I) for suitable n; € Z>o. We let D’ C D be the (¢, N)-submodule corresponding
to D{ C Dy under Remark . Then

v (TTN) < v (JIp7 %) = v (det, (@ )olpy) = (D) < wp(p) 2 < vy (p)fh
jel jel
by the weak admissibility of D and by Lemma [9.5] This proves the theorem. O

10. APPLICATIONS

Let us mention two conjectural applications of our constructions to the p-adic local Langlands program.

Breuils conjecture on the locally analytic socle

In [Brel3| and [Brel5| Breuil formulates a conjecture on the locally analytic principal series representa-
tions that embed into the p-isotypical part of completed cohomology (or some p-adically completed space
of automorphic forms) for some fixed global Galois representation p which is associated to an automorphic
representation. The automorphic representation to which p is associated defines a locally algebraic repre-
sentation inside completed cohomology, i.e. a representation that appears in the conjecture of Breuil and
Schneider; see below. The conjectured existence of more locally analytic principal series representations
is the representation-theoretic formulation of the existence of companion points on eigenvarieties, i.e. the
existence of (overconvergent) p-adic automorphic forms (of finite slope) such that the associated Galois
representation is in fact automorphic.

These additional locally analytic representations that should conjecturally embed into completed co-
homology are described by combinatorial data: the relative position of the de Rham filtration and a flag
of p-stable subspaces inside Dg(p), i.e. they are described completely by local data. In fact one can for-
mulate a conjecture for all (potentially) semi-stable local Galois representations (not just the restrictions
of global Galois representations) by replacing the completed cohomology by the candidate for the p-adic
local Langlands correspondence as in [CEGGPS13].

In ongoing joint work with Breuil and Schraen the second author establishes a link between the existence
of these locally analytic principal series representations and the degenerations of certain structures from
p-adic Hodge theory (resp. the theory of (¢, I')-modules) in rigid analytic families. In subsequent work,
he expects to construct these predicted degenerations using precisely the universal families of semi-stable
representations constructed in the present article.

The Breuil-Schneider conjecture
This second application is rather a speculation than a true application. As mentioned in the introduction
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the p-adic local Langlands program wants to relate on the one hand certain continuous representations
of ¥k on n-dimensional L-vector spaces for another p-adic field L, and on the other hand topologically
irreducible admissible representations of GL,(K) on finite dimensional L-Banach spaces. We want to
explain in which sense both kinds of representations vary in families.

On the side of GL, (K)-representations, when all Hodge-Tate weights are pairwise different, Breuil,
Schneider and Teitelbaum [BS07, [ST06] constructed a Banach-Hecke algebra B which is the completion of
the usual spherical Hecke algebra for a certain norm. This Banach-Hecke algebra is an affinoid algebra over
the Galois closure K of K/Q,, whose associated affinoid space Spa B3 is contained in a split n-dimensional
torus A. Moreover, the algebra B acts on a universal infinite dimensional locally algebraic Banach rep-
resentation of GL,(K). Breuil and Schneider also conjectured that the specialization of the universal
Banach representation at any L-valued point of Spa B admits an (in general many) invariant norm(s) and
proved this in some cases. Further cases were established by Sorensen [Sor13| and more recently many new
cases were proved by Caraiani, Emerton, Gee, Geraghty, Paskunas and Shin [CEGGPS13]. One might
hope that the completions with respect to these norms produce the searched for irreducible admissible
finite dimensional L-Banach representations.

If on the Galois side one restricts to semi-stable or crystalline representations of ¥k then we provide

ad,adm

in this article the moduli spaces Z_ u for those. Sending a semi-stable ¥x-representation to the

@7
characteristic polynomial of its associated Frobenius defines a morphism «a from .@Zd]’vaim to the adjoint

quotient (A/&,)*! which contains (an image of) the affinoid domain Spa B of Breuil and Schneider. In
Chapter |§| we proved that the fibers of this morphism a are Artin stacks in schemes (Corollary
and we determined the image of . If all Hodge-Tate weights are pairwise different, Breuil and Schneider
[BSOT7, Proposition 3.2] proved that the image equals Spa 3. Our Theorem [9.3| generalizes this to arbitrary
Hodge-Tate weights. So one may now ask whether there is a relation between the fiber of the morphism
« over an L-valued point of Spa B and the set of invariant norms on the specialization of the universal
Banach representation at this point.

The reader should note that by the condition of [Hell3] that the Hodge-Tate weights lie in {0,1}
together with the condition of [BSOT7, [STO6] that they are pairwise different, one was limited to GLg for
which the p-adic local Langlands program is established when K = Q,; see [Coll0, [Pas13, [CDP13]. So
for the application to GL,, when n > 2 our generalization in the present article is essential.
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