ON THE DERIVED CATEGORY OF THE IWAHORI-HECKE

ALGEBRA

EUGEN HELLMANN

ABsTrACT. We state a conjecture that relates the derived category of smooth
representations of a p-adic split reductive group with the derived category of
(quasi-)coherent sheaves on a stack of L-parameters. We investigate the con-
jecture in the case of the principal block of GL, by showing that the functor
should be given by the derived tensor product with the family of representa-
tions interpolating the modified Langlands correspondence over the stack of
L-parameters that is suggested by the work of Helm and Emerton-Helm.
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2 EUGEN HELLMANN
1. INTRODUCTION

We study the smooth representation theory of a split reductive group G over
a non-archimedean local field F'. The classification of the irreducible smooth G-
representations is one of the main objectives of the local Langlands program. One
alms to parametrize these representations by so called L-parameters, together with
some additional datum (a representation of a finite group associated to the L-
parameter). Such a parametrization has been established in the case of GL,, (F).
For split reductive groups it has been established by Kazhdan and Lusztig for those
irreducible smooth representations of G that have a non-trivial fixed vector under
an Iwahori subgroup I C G, see [19]. In this case an L-parameter just becomes a
conjugacy class of (¢, N), where ¢ is a semi-simple element of the Langlands dual
group G, and N € LieG, satisfying Ad(p)(N) = ¢~ 'N. Here ¢ is the number of
elements of the residue field of F. This parametrization depends on an additional
choice, called a Whittaker datum.

In this paper we formulate a conjecture that lifts the Langlands classification to
a fully faithful embedding of the category Rep(G) of smooth G-representations (on
vector spaces over a field C of characteristic zero) to the category of quasi-coherent
sheaves on the stack of L-parameters. It turns out that this conjecture has to
be formulated on the level of derived categories. As one of the main tools in the
study of smooth representations is parabolic induction, we ask this fully faithful
embedding to be compatible with parabolic induction in a precise sense. Moreover,
the conjectured functor should depend on the choice of a Whittaker datum.

The conjecture can be made more precise in the case of the principal Bernstein
Block Repir 1)(G) of Rep(G), i.e. the block containing the trivial representation.

This block coincides with the full subcategory Rep’ G of smooth G-representations
generated by their I-fixed vectors for a choice of an Iwahori-subgroup I C G. As
Rep! G is equivalent to the category of modules over the Iwahori-Hecke algebra the
conjecture comes down to a conjecture about the derived category of the Iwahori-
Hecke algebra.

In the main part of the paper we investigate the conjecture in the case of
G = GL,,(F) and the principal block by relating it to the construction of a family
of G-representations interpolating the (modified) local Langlands correspondence,
following the work of Emerton-Helm [11].

We describe the conjecture and our results in more detail. Fix a finite extension
F of Qp, or of Fj,((t)). Let G be a split reductive group over F' and write G = G(F).
We fix a field C of characteristic zero and shall always assume that contains a
square root ¢'/2 of q. We denote by G the dual group of G, considered as a
reductive group over C. More generally, for every parabolic (or Levi) P (or M) of G
we will write P = P(F) (respectively M = M(F)) for its group of F-valued points
and P (respectively M) for its dual group over C. For each parabolic subgroup
P C G with Levi M (normalized) parabolic induction defines a functor z% from
M -representations to G-representations.

On the other hand we denote by ngD the space of Weil-Deligne representations

with values in G, that is, the space whose C-valued points are pairs (p, N) consisting
of a smooth representation Wr — G(C) of the Weil group Wg of F and N € Lie G
satisfying the usual relation

Ad(p(o))(N) = ¢ I7IIN,
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where || — || : W — Z is the projection. We shall write [ngD/G'] for the stack
quotient by the obvious G-action.

Let us write Z(G) for the global sections of the structure sheaf on [XgD /G,
or equivalently the coordinate ring of the GIT quotient XgD //G. Moreover, we
write 3(G) for the Bernstein center of Rep(G). With these notations we state the
following conjecture. For the sake of brevity we state the conjecture in a vague form
and refer to the body of the paper for a more precise formulation of the conjecture.

Conjecture 1.1. There exists the following data:

(i) For each (G,B, T, ) consisting of a reductive group G, a Borel subgroup B,
a split mazimal torus T C B, and a (conjugacy class of a) generic character
¥ : N — C* there exists an exact and fully faithful functor

R& : DT (Rep(G)) — Dcon (X3P /G)),

(ii) for (G,B,T,v) as in (i) and a parabolic subgroup P C G containing B we
denote by M the Levi-quotient of P. Then the functors Rg and R}f’/}” satisfy
a compatibility with parabolic induction L%. Here 1y is the restriction of
¥ to the unipotent radical of the Borel By of M wvia the splitting M — P

defined by T.
These data satisfy the following conditions:

(a) If G =T is a split torus, then Ry = R# is induced by the equivalence
Rep(T') = QCoh(X'P)
given by local class field theory. §
(b) Let (G,B,T,) be as in (i). The morphism Z(G) — 3(G) defined by fully
faithfulness of Ré is independent of the choice of ¥ and induces a surjection

e - Bernstein components connected components
@ of Rep(G) of X&' '

(¢c) For (G,B,T,) as in (i) there is an isomorphism
R ((c-ind§ ) = Ojxwo 3.

In this paper we mainly focus on the conjecture in the case of the principal
block of Rep(G). If T C G is a split maximal torus, we write Rep7 (&) for the
Bernstein block of those representations 7 such that all irreducible subquotients of
are subquotients of a representations induced from an unramified T-representation.
Then parabolic induction restricts to a functor

L% : Rep[TMﬁl](M) — Repr y (G)

for any choice of maximal split tori 7' C G and Tyy C M (as the categories do not
depend on these choices).

On the other hand we denote by X5 = {(¢, N) € GxLieG | Ad(p)(N) = ¢ ' N}
the space of L-parameters (corresponding to the representations in the principal
block) and write [X5/G] for the stack quotient by the action of G' induced by
conjugation. We obtain similar spaces [Xp/ P] etc. for parabolic subgroups P C G
(or their Levi quotients). If T' is a (maximal split) torus, then X is just the dual
torus 7.

In this case the relation between the the Bernstein center 3 = 3[T,1](G) of
the category Repip y (G) and the GIT quotient X4 //G can be made precise: the
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center 3¢ can naturally be identified with the functions on the adjoint quotient of
G and hence 3¢ acts on categories of modules over X as well as on Rep 7,1(G)-
The following conjecture is a slightly more precise version of Conjecture in the
case of the block Repp 1) (G). Equivalently, the conjecture can be interpreted as a
conjecture about the derived category of the Iwahori-Hecke algebra, and we shall
take this point of view in the last part of the paper when we discuss the case of
GL,,. In the case of modules over an affine Hecke algebra (where ¢ is an invertible
indeterminate) a similar conjectureﬂ is considered in (ongoing) work of Ben-Zvi-
Helm-Nadler.

Conjecture 1.2. There exists the following data:

(i) For each (G,B,T,v) consisting of a reductive group G a Borel subgroup B,
a mazimal split torus T C B and a (conjugacy class of a) generic character
¥ : N — C* there exists an exact and fully faithful 3g-linear functor

RY, : D¥ (Repyr1)(G)) — Deon (X e/G)),

(ii) for (G,B,T,v) as in (i) and each parabolic subgroup P C G containing B
there exists a natural 3g-linear isomorphism

€5 - Ré o L% — (RBs 0 La*) o R}{’/IM

of functors D¥(Repy,, yM) — Dgcoh([Xé/G]) such that the various £§
are compatible (in a precise sense). Here M is the Levi quotient of P, the
character ¥y is the restriction of 1 to the unipotent radical of Byy = BOM
(using a splitting M — P of P — M ), and

a:[Xp/P] — [Xy /M)
B:[Xp/Pl — [Xs/G

are the morphisms on stacks induced by the natural maps P — M and
P=G.

For a maximal split torus T the functor Ry = RgiT 1s induced by the identification
Repyr1)(T) = C[T/T°]-mod = QCoh(T),

were T° C T is the mazximal compact subgroup. Moreover, for (G,B,T,v) as in (i)
there is an isomorphism

RE((c-ind§ ) 1)) =2 Orx./c-

In fact it turns out that in the formulation of the conjecture the stack [X/P]
has to be replaced by a derived variant. Again, we refer to the body of the paper
for details and a more precise formulation of the conjecture.

In the case G = GL,(F) we consider a candidate for the conjectured func-
tor. Emerton and Helm [II] have suggested (in the context of f-adic deforma-
tion rings rather than the stack [X5/G]) the existence of a family Vg of smooth
G-representations on [Xx/ G’] that interpolates the modified local Langlands cor-
respondence. A candidate for the family Vg was constructed by Helm in [I6].
The modified local Langlands correspondence assigns to (¢, N) € Xx(C) a cer-
tain representation LL™°4(p, N) that is indecomposable, induced from a parabolic
subgroup, has a unique irreducible subrepresentation, which is a generic representa-
tion, and its unique irreducible quotient is the representation LL(p, N) associated to

LThe author was not aware of their project when coming up with the conjecture and with the
results in this paper.
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(¢, N) by the local Langlands correspondence. In the context of modules over the
Iwahori-Hecke algebra Hg the Hg-modules corresponding to the representations
LL™°4(, N) are often referred to as the standard modules.

Roughly we expect that, in the GL,-case, the functor Rg = Rg should be
given by the derived tensor product with Vg (we omit the superscript ¢ from the
notation as in the case of GL,, there is a unique Whittaker datum). For the precise
formulation it is more convenient to pass from G-representations to modules over
the Iwahori-Hecke algebra Ha. The family of Hg-modules associated to Vg by
taking I-invariants is in fact a He ®3, O, ¢-module Mg that is coherent over
Oxg /a1

We consider the functor
(1.1) R : D* (Hg-mod) — D ([Xg/C)

mapping 7 to tw ®%¢G M. Here t7 is 7 considered as a right module over Hg by
means of the standard involution He = H/Y, and we point out that the derived
tensor product can easily be made explicit, as Hg has finite global dimension.
Every (standard) Levi subgroup of GL,,(F') is a product of some GL,,(F), and we
hence can construct similar functors

(1.2) Ry : DY (Hp-mod) — DSCO}I([XM/M])

for every Levi M. Over a certain (open and dense) regular locus ng of Xx, see
section for the definition, we can relate the functor Rg to Conjecture as
follows.

Theorem 1.3. Let G = GL,,. For each parabolic P C G with Levi M the restriction
of (1.2)) to the regular locus is a 3pr-linear functor
Ry DT (Har-mod) — D, (X558 /M]).
satisfying compatibility with parabolic induction as in Conjecture .2l Moreover,
s G Y
Re((c-ind% 9)p ) = Oxa/a

for any choice of a generic character 1 : N — C* of the unipotent radical N of a
Borel subgroup B C GL,,(F).

In the case GL2(F') we can also control the situation for non-regular (¢, N) and
prove fully faithfulness:

Theorem 1.4. Let G = GLy(F) and T C B C G denote the standard mazimal
torus respectively the standard Borel. The functors Rg and Rr defined by (1.1)) are
fully faithful and there is a natural 3g-linear isomorphism

£§ : R o1 — (RB. o La*) o Ry,

where a and B are defined as in Conjecture (ii).

We finally return to GL,, for arbitrary n, but restrict to the case of (¢, N) with
¢ regular semi-simple. Over the regular semi-simple locus the situation in fact
can be controlled very explicitly and we are able to compute examples. Given
(¢, N) € X(C) with regular semi-simple ¢ we write X¢ (, v for the Zariski-

closure of its G-orbit.

Theorem 1.5. Let (¢, N) € Xx(C) and assume that ¢ is reqular semi-simple.
Then

RG(LLmOd(gpa N)) = O[XG,[«P»N]/G].
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Moreover, in the GL,, case, at least after restricting to the regular semi-simple
locus, the conjectured functor R should be uniquely determined by the conditions
in Conjecture [[.2] After formal completion we can prove a result in that direction.
For a character x : 3¢ — C we write 7:[G,X for the completion of the Iwahori-Hecke
algebra Hg with respect to the kernel of x. Similarly we can consider the formal
completion )A(G,X of X with respect to the pre-image of (the closed point of the
adjoint quotient defined by) x in X. Then extends to a functor

EG,X : D+(7:1G7X_m0d) — DECOh([XG,X/G])a
and similarly for (standard) Levi subgroups M C G.

Theorem 1.6. Let ¢ € G(C) be regular semi-simple and let x : 3¢ — C denote
the character defined by the image of @ in the adjoint quotient. The set of functors

Ry : DF (Has -mod) — Dacoh([XM,X/M])

for standard Levi subgroups M C G, is uniquely determined (up to isomorphism)
by requiring that they are 3 -linear, compatible with parabolic induction, and that
RT,X is induced by the identification

Hr,, -mod = QCoh()A(T-,X).

Finally, I would like to mention that I was led to Conjecture[I.2] by considerations
about p-adic automorphic forms and moduli spaces of p-adic Galois representations.
In fact we hope that the conjecture extends (in a yet rather vague sense) to a p-
adic picture, which should have implications on the computation of locally algebraic
vectors in the p-adic Langlands program, as in work of Pyvovarov [25], which in
fact inspired the computation in section [£.6] We do not pursue this direction here,
but will come back to this in the future.

Acknowledgments: 1 very much like to thank Christophe Breuil, Michael
Rapoport, Timo Richarz, Peter Schneider, Jakob Scholbach, Benjamin Schraen
and Matthias Strauch for many helpful discussions and for their interest. More-
over, I would like to thank Johannes Anschiitz and Arthur-César Le-Bras for asking
many helpful questions and pointing out some mistakes in an earlier version of the
paper. Special thanks go to Peter Scholze for his constant interest and encour-
agement after I explained him my first computations. The author was supported
by Germany’s Excellence Strategy EXC 2044-390685587 "Mathematics Miinster:
Dynamics—Geometry—Structure".

2. SPACES OF L-PARAMETERS

We fix a field C' of characteristic 0 and a prime p with power ¢ = p". Let G be
a linear algebraic group over C and let g denote its Lie-Algebra, considered as a
C-scheme. We define the C-scheme X as the scheme representing the functor

R+ {(p,N) € (G x g)(R) | Ad(¢)(N) = ¢~ 'N}
on the category of C-algebras.

The scheme X comes with a canonical G-action, by conjugation on G and by
the adjoint action on g. We write [X¢/G] for the stack quotient of X by this
action. For obvious reasons this is an algebraic stack (or Artin stack). Given a ho-
momorphism « : G — H of linear algebraic groups, we obtain canonical morphisms
Xe — Xjp of schemes and [X¢ /G| — [Xg/H] of stacks.
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2.1. Basic properties. We study the basic properties of the spaces X and [X¢/G].

Proposition 2.1. (i) Assume that G is reductive. Then X¢ is a complete inter-
section inside G x g and has dimension dim G.

(i) If G = GL,, then Xq is reduced and the irreducible components are in bi-
jection with the set of G-orbits in the nilpotent cone Ng C g of G. Moreover let
n = (¢n, Ny) € Xg be a generic point of an irreducible component. Then ¢, is
reqular semi-simple.

Proof. (ii) This is [15, Theorem 3.2.] resp. [I7, Proposition 4.2].

(i) Helm’s argument from [I7] directly generalizes to the case of a reductive group:
as Xg C G x g is cut out by dim G equations, it is enough to show that Xq is
equi-dimensional of dimension dim G.

Let us write f : Xg — g for the projection to the Lie algebra. We first claim
that f set-theoretically factors over the nilpotent cone Ng C Lie G. In order to do
so we choose an embedding G — GL,, for some m. Then X embeds into Xgqr,,,
and given (¢, N) € X¢ [15, Lemma 2.3] implies that N is mapped to a nilpotent
element of gl,,. This implies N € Ng.

The scheme N is irreducible and a finite union of (locally closed) G-orbits for
the adjoint action, as G is reductive. Let Z C Ng be such a G-orbit and let
Gz C G x Z be the Z-group scheme of centralizers of the points in Z, i.e. the
fiber G, of Gz over z € Z is the centralizer of z in G. Then the translation action
makes f~1(Z) (if non-empty) into a right Gz-torsor. In particular in this case we
have dim f~}(Z) = dim Z 4+ dimz Gz = dim Z + dim G, = dim G, where z € Z is
any (closed) point. The scheme X¢ now is the union of the locally closed subsets
f7Y(Z), where Z runs over all the G-orbits in Ng. As all these locally closed
subsets (if # @) have dimension dim G, their closures are precisely the irreducible
components of Xg. It follows that X is equi-dimensional of dimension dim G as
claimed. O

Remark 2.2. (a) The proof implies that the irreducible components of X are
indexed by a subset of the G-orbits in Ng. We expect that the conclusion of (ii)
holds true for a general reductive group, i.e. the scheme X should be reduced, its
irreducible components should be in bijection with the G-orbits in the nilpotent
cone and at the generic points of the irreducible components the element ¢ should
be regular semi-simple.

(b) The only ingredient in the proof of (i) that uses the assumption that G is
reductive is the fact that G acts with only finitely many orbits on its nilpotent cone.
More precisely, let G be an arbitrary linear algebraic group and let G — GL,, be
a faithful representation. Then the proof of (i) works if G acts with finitely many
orbits on Lie GNNgL,, . This is not true in general, even if G is a parabolic subgroup
in GL,,, see []: it follows from loc. cit. that this fails in the case of a Borel subgroup
in GL,, for m > 6. The following example shows that also the statement of the
Proposition fails for Borel subgroups of GL,, for n > 9. We did not check that this
is the optimal bound. It is very likely possible that Xp is not equi-dimensional if
B is a Borel subgroup in GLg.

Example 2.3. Let r,d > 0 and n = rd. Let B C GL,, be the Borel subgroup of
upper triangular matrices and let

wo = diag(1,...,1,q,...,q,...,¢°7 1, ...,.q"" 1) € B(C),
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where each entry ¢* appears r times. Then a given element N = (nij)ij € Lie B
satisfies Ny = qpoN if and only if

ng; =0for j ¢ {ir+1,...,(¢+1)r}
Scaling ¢g by multiplication with elements of the center Z = G,,, we obtain a
closed embedding G, x Hid_ll A" < Xp. The B-orbit of this closed subscheme is

irreducible and of dimension
d—1
dim (G x [ A"") + dim B — Stabp (o) = 1+ dim B + ((d — 1)r? — a"1)
i=1
=1+4dim B+ §(dr — (2r + d)).

In particular we find that Xz has an irreducible component of dimension strictly
larger than dim B if dr > 2r 4+ d. On the other hand Xp has always an irreducible
component of dimension dim B, namely B x {0} C B x Lie B.

_Let G be a reductive group and let P be a parabolic subgroup. We will write
Xp for the scheme representing the sheafification of the functor:

(p,N) € Xg(R) and
(21) R~ { (e, N,g) € (G xg)(R) x G(R)/P(R) ¢ €9 Py,

N € Ad(g~1)(Lie P)
This is a closed G-invariant subscheme of X x G/P (where G acts on G/P by
left translation). Then (¢, N) — (¢, N, 1) induces a closed embedding Xp «— Xp
which descends to an isomorphism

(2.2) [Xp/P] = [Xp/G).
Moreover, the canonical projection Xp — X¢ is G-equivariant and the induced
morphism [Xp/G] — [X¢/G] agrees under the isomorphism (2.2) with the mor-

phism [Xp/P] — [X¢/G| induced by P < G. The following lemma is a direct
consequence of this discussion.

Lemma 2.4. Let G be a reductive group and P C G be a parabolic subgroup. Then
the canonical map [Xp/P| — [X¢/G) induced by the inclusion P — G is proper.

We continue to assume that G is reductive. We say that a point (¢, N) € G x g
is regular, if there are only finitely many Borel subgroups B’ C G such that ¢ € B’
and N € Lie B', i.e. if (for one fixed choice of a Borel B) the point (¢, N) has only
finitely many pre-images under

¢ € g~ ' By,
{(cp,N,gB)erng/B N € Ad(g-1)(Lie B) }—>G><g.

As this morphism is proper and the fiber dimension is upper semi-continuous on
the source, the regular elements form a Zariski-open subset (G X g)™8 C G X g.
Similarly we can define a Zariski-open subset

X8 =XeN (G xg)cC Xg.
If P C G is a parabolic subgroup, we write
(P x Lie P)™ = (G x Lie G)™8 N (P x Lie P)
and X8 = Xp N X58. Moreover, we write X for the pre-image of X5 under
Xp — X¢. Then [X5*%/P] = [X®/G] as stacks and the morphism X * — X *®
is by construction a finite morphism. Moreover, if we write M for the Levi quotient

of P, it is a direct consequence of the definition that the canonical projection
[Xp/P] — [Xar/M] restricts to [X5%/P] — [X,/%/M].
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Lemma 2.5. The scheme X5 is equi-dimensional of dimension dim P and a com-
plete intersection inside (P x Lie P)*8. Moreover, the map X5® — X5® is surjec-

tive and each irreducible component of X5® dominates an irreducible component of
xres
oo

Proof. Following the first lines of the proof of Proposition[2.1] the first claim follows
if we show that every irreducible component of X 5* has dimension at most dim P.
Equivalently, we can show that every irreducible component of X 7% has dimension
at most dim G. This is a direct consequence of the fact that X5® — X3® is finite.
It follows that every irreducible component of X;fg has dimension equal to dim G.
As X138 — X% is finite and Xg is equi-dimensional of dimension dim G' it follows

that every irreducible component of Xlrfg dominantes an irreducible component of
X8,
G

It remains to show that X3® — X4 is surjective. In fact we even show that
Xp = X¢ is surjective: we easily reduce to the case P = B a Borel subgroup, and,
choosing an embedding G — GL,,, we can reduce to the case of GL,,. There we can
check the claim on k-valued points for algebraically closed fields k, where it easily
follows by looking at the Jordan canonical forms of ¢ and N. O

Remark 2.6. We remark that X5® C Xp is open, but not dense in general, as can
be deduced from Lemma [2.5] and Example If G is reductive then we expect
that X® is dense in X¢. In the case of GL,, this is a consequence of Proposition

21

If G = GL,, and P C G is a parabolic subgroup, then G/P can be identified with
the variety of flags of type P. In particular we can identify Xp with the variety
of triples (¢, N, F) consisting of (¢, N) € X and a (¢, N)-stable flag of type P.
From now on we will often use this identification.

Lemma 2.7. Let G = GL,, and let P C G be a parabolic. Then X5® is reduced.

Proof. To prove that X p° is reduced, it remains to show that is generically reduced.
Let € = (pg, Ne, Fe) € X8 be a generic point. Under fp : X ¢ — X the point
& maps to a generic point 7 = (y¢, N¢) of X and hence ¢ is regular semi-simple.
It is enough to show that B;l(n) is reduced. But as ¢ is regular semi-simple the
space of ¢-stable flags is a finite disjoint union of reduced points. Hence its closed
subspace of flags that are in addition stable under N¢ has to be reduced as well. ]

Remark 2.8. Let n <5 and P C GL,, a parabolic subgroup. We point out that the
argument in Remark[2.2] (b) implies that X p is a complete intersection in P x Lie P.
But if n > 4, it is not true that every irreducible component of X p dominates an
irreducible component of Xqr,,. Indeed, one can compute that if n =4 and P = B
is a Borel, then there is an irreducible component of Xz on which the Frobenius
¢ is semi-simple with eigenvalues \, g\, ¢\, ¢?)\ for some indeterminate A. This
component clearly can not dominate an irreducible component of Xqr,,. However,
for n < 3 one can compute that every irreducible component of Xp is the closure
of an irreducible component of X5®. In particular we deduce that Xp is reduced
if n < 3. In the general case (P C G a parabolic subgroup of a reductive group)
we do not know whether Xp is reduced.

Remark 2.9. Let P C G be a parabolic subgroup. The morphism 8p : Xp — Xg
clearly is not flat, as its fiber dimension can jump. But even the finite morphism

X3® — X(® is not flat: at the intersection points of two irreducible components
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of X ® the number of points in the fiber (counted with multiplicity) can jump.
However, if G = GL,, and = = (¢, N) € X;*® is a point such that (¢™, N) is the
L-parameter of a generic representation, then the argument of [I, Lemma 1.3.2.(1)]
implies that X is smooth at z. In this case miracle flatness [22 Theorem 23.1]
implies that there is a neighborhood U of z in X;* such that ﬁ;l(U) — U is finite
flat.

Lemma 2.10. Let G be reductive and P C G be a parabolic with Levi quotient M .
(i) The morphism X% — X2 has finite Tor-dimension.

(i) Let P' C P be a second parabolic subgroup. Let M’ denote the Levi quotient of
P’ and Py; C M denote the image of P' in M. Then the diagrams

Xp—— Xp and Xpp— X,®
Xp, —= X XpE e X

are cartesian and the fiber product on the right hand side is Tor-independent.

Proof. (i) Let U C P denote the unipotent radical of P and fix a section M < P
of the canonical projection. We write u C p for the Lie algebras of U resp. P and
m for the Lie algebra of M. Then we obtain a commutative diagram

IR

(M xU) x (m xu) . Pxp
\X‘wara7

where the horizontal arrow ¢ is induced by multiplication and the other two
morphisms are the canonical projections. Let r = dim M and s = dimU. Let
I C T'(P x Lie P,OpxLic p) be the ideal defining Xp < P x Lie P, i.e. the ideal
generated by the entires of Ad(¢)(N) — ¢~ !N, where ¢ and N are the universal
elements over P resp. Lie P. Then we deduce from the diagram that I can be
generated by elements fi,..., fr,91...,9s such that

fl, . .,fr c F(M X m,OMxm) C F(P X LieP, Opriep),

where (f1,..., fr) is the ideal defining X3y € M x m. It follows that the ideal
(91,---,9s) is the ideal defining Xp as a closed subscheme of 77! (Xys) = A% .

Let us now write K(g,...,gs) for the Koszul complex defined by ¢1,...,gs on
the open subscheme 771 (X ,)™8 = 771 (X ;) N (P x Lie P)™8 of 7~!(X ;). This is
a finite complex of flat Ox,,-modules and we claim that it is a resolution of O xes.
Indeed, g¢1,...,9s cut out the closed subscheme Xp® C m~!(Xy)™8 which is of
codimension s by Lemma As 771 (X )8 is Cohen-Macaulay (it is an open
subscheme of an affine space over X;; and X, is Cohen-Macaulay as a consequence
of Proposition it follows from [I0, Corollaire 16.5.6] that g; ..., gs is a regular
sequence and hence the Koszul complex is a resolution of its 0-th cohomology which
is OX;,Cg .

(ii) The fact that the squares are fiber products follows from the fact that P’ is
the pre-image of Py, under P — M. We show that the square on the right is
Tor-independent. As in (i) we have a Koszul complex K(gi,...,gs) on 71 (X )"
which is a O X]r\;g—ﬂat resolution of O Xk Consider the closed embedding

(2.4) XpE —a  (Xpy, )N (P x p)e.
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As the is cartesian, the restrictions of g1, ..., gs to 71 (Xp; )N (P x Lie P)™#
generate the ideal defining the closed embedding and it remains to show that
the pullback of the Koszul complex K(g,...,9s) along is a resolution of its
0-th cohomology group; that is we need to show that g1, ..., gs is a regular sequence
in

Or-1(x158 )n(PxLic Pyres for all z € X5t C w‘l(X}f’],i )N (P x Lie P)*g.
M

Now

-1 reg : reg -1 regy\ ~u A2s
T (XPJ/W)Q(PXLleP) cm (XP&)_AX?]@

is an open subscheme and hence it is Cohen-Macaulay as Xlrf,g is Cohen-Macaulay

by Lemma The claim now follows again from [10], Corollaire 16.5.6] and the
fact that X5 is equi-dimensional of dimension dim ﬂ_l(X;fl,i) — s. a
Example 2.11. Let us point out that the left cartesian diagram of is not
necessarily Tor-independent without restricting to the regular locus. Let us consider
r =d = 3 (so that dr = 2r+d) in Example Let B C GL,, be the Borel subgroup
of upper triangular matrices, where n = rd = 9. Then the above example shows
that Xp is not equi-dimensional, and hence the defining ideal is not generated
by a regular sequence. Let P C GLg be a standard parabolic containing B with
Levi M = GL5 x GLy. Then the classification of [4] shows that P as well as the
Borel By; of M have the property that they act only via finitely many orbits
on Lie P N Ngr, resp. Lie Byy N Nyy. In particular Xp and Xp,, are complete
intersections in P x Lie P resp. By x Lie Byy by Remark[2:2] As in the proof above
we can construct generators fi,..., fam p of the ideal defining X5 C B x Lie B
such that Tor-independence of is equivalent to exactness of the Koszul complex
K(f1,..., faim B) in negative degrees. Let € Xp C B X Lie B be a point that lies
on an irreducible component of Xp of dimension strictly larger than dim B. Then
(the germs of) fi,..., faim B lie in the maximal ideal mpxrie B,y C OBxLie B,» and
the Koszul complex defined by these elements is not exact, as they do not form a
regular sequence (because Ox,, , is not equi-dimensional of dimension dim B).

We reformulate the first claim of the Lemma in terms of stacks.

Corollary 2.12. Let P’ C P C G be parabolic subgroups of G and let M be the
Levi quotient of P and P}, the image of P' in M. Then the diagram

(Xpr/P) [Xp/P)
(Xpy, /Pyl — X /M]

of stacks is cartesian.

Proof. Note that P — M induces an isomorphism P/P’ = M/P;,. As in (2.1

we define a closed M-invariant subscheme Yp; C Xp x M/Py, as the scheme
representing the sheafification of the functor

R { (0. Nog) & Xan(R) x bR/ Pig()| 758 B,

Then we have a canonical isomorphism [Xp; /Py, = [Yp; /M]. Similarly we define
a P-invariant closed subscheme Ypr C Xp: x P/P’ such that [Xp//P'] = [Yp//P)].
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Then the diagram
Ypr —— Xp

L

Yp,, — Xu

is cartesian by the above lemma. Let U C P denote the unipotent radical of P,
then it follows that

[¥pr /U] —> [Xp/U]

L

Ve, ———Xu

is cartesian diagram of stacks with M-action and with M-equivariant morphisms.
The claim follows by taking the quotient by the M-action everywhere. U

The objects introduced above have variants in the world of derived (or dg-)
schemes (see e.g. [0, 0.6.8] and the references cited there). The category of dg-
schemes over C' canonically contains the category of C-schemes as a subcategory.
For any linear algebraic group G we write ¢ : G x Lie G — Lie G for the morphism
(o, N) — Ad(p)(N) — ¢ ' N. We denote by X the fiber product

Xg—— G x LieG

{0} ———=LieG

in the category of dg-schemes. This yields a dg-scheme X with underlying classical
scheme "X = X¢. If G is reductive then Proposition implies that Xg = Xq.
Similarly, if P C G is a parabolic subgroup of a reductive group, we denote by
X'58 € Xp the open sub-dg-scheme with underlying topological space X5%. Then
Lemma [2.5| implies that X'5® = X5® is a classical scheme.

For any linear algebraic group G we write [X¢/G] for the stack quotient of X¢
by the canonical action of G. This is an algebraic dg—stackﬂ in the sense of [9] 1.1].
Similarly to the case of schemes we can view any algebraic stack as an algebraic
dg-stack. Moreover, recall that every dg-stack S has an underlying classical stack
CIS.

If G is reductive and P C G is a parabolic we also consider the stacks [X 5% /G]
and [X5®/P]. Then
[Xa/G] = [Xa/Gl,
XI5 /G) = [XI%/G] and
(Xpe/P] = [Xp®/P].

We recall that a morphism Y; — Y5 of dg-stacks is schematic if for all affine dg-
schemes Z and all morphisms Z — Y3 the fiber product Z xvy, Y; is a dg-scheme,
see [9, 1.1.2]. A morphism of dg-schemes is called proper is the induced morphism
of the underlying classical schemes is proper, and a morphism of algebraic dg-stacks
is proper if the morphism of underlying classical stacks is proper in the sense of [21],

’In [9] dg-stacks are simply called stacks. In order to distinguish between derived and non-
derived variants we will always write dg-stack.
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Definition 7.11]. Similarly to the non-derived results above we obtain the following
lemma.

Lemma 2.13. Let G be a reductive group and let P C G be a parabolic subgroup
with Levi quotient M .

(i) The morphism [Xp/P| — [X¢/G] is schematic and proper.

(i1) Let P’ C P be a second parabolic subgroup and write Py, C M for the image of
P’ in M. Then

Xpr = Xpy, xx, Xp and [Xp /P = [Xp; [Py] Xx,, /00 [Xp/P).

Proof. (i) As in the non derived case we can rewrite [Xp/P] as [Xp/G] where
Xp C X %X G/P is the closed G-invariant sub-dg-scheme obtained by making

XPCXGX{P}CXGXG/P
invariant under the G-action. More precisely Xp C G x LieG x G/P can be
described as follows: Let us for the moment write Y C G x Lie G x G for the closed
subscheme

-1
_ - 9 pge b
Y—{(Lp,N,g)GGXLleGXG Ad(g-Y)N € Lie P }

Note that there is an action of G x P on Y by
(h,p)-(¢. N, g) = (hph™", Ad(h)N, hgp™™).

Then the canonical projection Y — G x Lie G x G/P is a G-equivariant P-torsor,
while the obvious map Y — P X Lie P is a P-equivariant G-torsor. We let 5(}; cY
denote the pullback of P-equivariant closed dg-subscheme Xp C P x Lie P. By
construction this is a G X P-equivariant closed dg-subscheme of Y which descents
to a G-equivariant closed dg-subscheme

XpCXgxG/PCGxLieG xG/P.

Now [Xp/P] = [Xp/G] — [Xg/G] is obtained taking the quotient by G' from the
canonical G-equivariant morphism X p — X¢. The claim follows from this together
with the observation that X p = Xp and “[Xp/P] = [Xp/P).

(i) This is a direct consequence of the definition of the fiber product in the category
of dg-schemes and the fact that P’ is the pre-image of Py, under the (flat) morphism
P— M. d

2.2. Derived categories of (quasi-)coherent sheaves. Given a scheme or a
stack X (or a derived scheme or a derived stack) we write Dgcon(X) for the derived
category of quasi coherent sheaves on X, see [9, 1.2] and denoted by QCoh(X) in
loc. cit. We write D%, (X) for the full subcategory of objects that only have
cohomology in finitely many degrees which moreover is coherent.

If X is a noetherian scheme then D%, (X) coincides with the full subcategory
of the derived category D(Ox-mod) of Ox-modules, consisting of those complexes
that have coherent cohomology and whose cohomology is concentrated in finite
degrees. Similarly, if X is a (classical) algebraic stack, then DY, (X), and more
generally DgCOh(X ), agreeﬁﬂ with the definition of the bounded derived category
of coherent sheaves, respectively with the bounded below derived category of quasi-
coherent sheaves as defined in [21].

3This is true after passing to the underlying homotopy category. The derived categories in
[9] are by definition co-categories while the derived categories in [2I] are classical triangulated
categories.
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Lemma 2.14. Let G be a reductive group and let P be a parabolic subgroup with
Levi quotient M, and let

a:[Xp/P] = Xy /M) and §: [Xp/P] = [Xa/G
denote the canonical morphisms. Then the maps
La™ :Dqeon([Xnm/M]) — Dqcon([Xp/P))
RB* :DQCoh([XP/P]) — DQCOh([XG/G])

preserve the subcategories Dacoh(f) and D2, ().

Proof. In the case of R, the claim directly follows from the fact that 8 is proper
and schematic. We prove the claim for La*. As the properties of belonging to
D&Joh(*) or Db, (—) can be checked over the smooth cover Xp of [Xp/P] it is
enough to show that pullback along the morphism

OL/:XP—>XM

preserves DaCoh( —) and D%, (—). Moreover, both properties may be checked after
forgetting the Ox ,-module structure, and only remembering the Opx1,;e p-modules
structure. As in the proof of Lemma [2.10] we find that Ox, can be represented by
a complex Fp of flat Ox,,-modules that are coherent as Opyric p-modules, and
Lo'* is identified with the functor — ®éxM Fp. The claim follows from this. [

Remark 2.15. (a) We point out that using the definition of the derived categories
as in [J] has the advantage that there is a canonical pullback functor between the
derived categories of quasi-coherent sheaves on stacks. At least as long as we only
consider non-derived stacks (as e.g. [Xq /G| or [X®/G]) there is a definition of the
derived category of quasi-coherent sheaves in [2I]. However, the definition of the
pullback functor in loc. cit. meets some problems. Lemma essentially tells us
that we could as well use the definition of [2I] and only consider complexes that
are bounded below.

(b) The explicit description of the pullback in the proof of Lemma could also
be used to completely bypass the use of derived schemes, or derived stacks. In the
end we will be interested in the composition RS, o La* rather than in the individual
functors. Hence instead of La* we might use the construction — ®éXM Fp and
carefully define the O[x, g)-action after push-forward (and after descent to the
stack quotient). However, it seems to be more natural to use derived stacks than
such an explicit workaround.

Let P; C P, be parabolic subgroups of a reductive group G with Levi-quotients
M;, i =1,2. We write Pjo C M; for the image of P; in Ms. Then P53 C Ms is a
parabolic subgroup with Levi quotient M;. We obtain a diagram

B1

— T
Xp /Pl —5— [Xp, /[ Po] —— [Xc/G]

- -k

B12
@1 [XP12/P12} - [XMQ /MQ]

\La12

(Xar, /Mi]

where the upper left diagram is cartesian (in the category of dg-stacks).
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Lemma 2.16. In the above situation we have a natural isomorphism
(2.6) (RB2x o Laj) o (RB1ax 0 Lay) —» RBy 4 o Lot

of functors
Dqcon([Xar, /M1]) — Daqcon([Xa/G]).

Proof. The upper right square is (derived) cartesian and fS12 is schematic and
proper, in particular it is quasi-compact and quasi-separated. Hence [9, Propo-
sition 1.3.6, 1.3.10] implies that the natural base change morphism

Las o Rf12« — RB, o La™
is an isomorphism. We obtain the natural isomorphism
(RB2x 0 Las) o (RP12« 0 Lajy) = RPas o (Lag o RPBi24) o Lagy
=y Ry, 0 (RB« o La™) o Lajy = RB1« o Laj.
O

We point out that working only with classical schemes, we still obtain a natural
transformation between the corresponding functors: if we consider the underlying
classical stacks in the diagram and keep the same notations for the morphisms
by abuse of notation, then there still is a natural base change morphism, but it is
not necessarily an isomorphism as the fiber product might not be Tor-independent.
However, it becomes an isomorphism when we restrict the functors to the regular
locus, i.e. we consider them as functors

Dqcon([Xy7; /M1]) = Dacon (X ®/G)),

as in this case the classical and the derived picture coincide. Indeed, after the
restriction to the regular locus the derived fiber product equals the classical fiber
product by the Tor-independence in Lemma [2.10)

3. SMOOTH REPRESENTATIONS AND MODULES OVER THE IWAHORI-HECKE
ALGEBRA

Let F' be a finite extension of Q, (or of F,((t))) with residue field kr and let
g = p" = |kr|. In the following let G be a split reductive group over F' and write
G = G(F). From now on we will assume that C' contains a square root ¢g'/2 of q.
We fix a choice of this root.

We will always fix T € B C G a split maximal torus and a Borel subgroup.
By this choice we can define the dual group G of G considered as an algebraic
group over C. Moreover, we denote by 7' € B C G the dual torus, resp. the
dual Borel. More generally, given a parabolic subgroup P C G containing B, we
denote by P C G the corresponding parabolic subgroup of the dual group. We
write W = Wg = W(G,T) for the Weyl group of (G,T). If P C G is a parabolic
subgroup containing B, then the choice of T defines a lifting of the Levi quotient M
of P to a subgroup of G. Similarly, we regard the dual group M of M as a subgroup
of G containing the maximal torus 7. We write Wy; € W for the Weyl group of
(M, T).

Let G// G denote the GIT quotient of G with respect to its adJ01nt action on
itself. The inclusion 7 < G induces an isomorphism 7'/W = G///G. The projection
X¢ — G induces a map

(3.1) XZXGZXG—>G—>G//G=T/W
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which is G-equivariant and hence induces a map Y = Y¢ : [Xa/G] — T/W.
Similarly, we obtain morphisms

XM : XJVI —)T/W]V[ and s : [XM/M] —)T/WM

3.1. Categories of smooth representations. Let us write Rep(G) for the cat-
egory of smooth representations of G on C vector spaces. It is well known that
Rep(G) has a decomposition into Bernstein blocks

Rep(G) = H Rep(ar,0) (@),
[M,o]eQ(G)

where (G) is a set of equivalence classes of a Levi M of G and a cuspidal rep-
resentation o of M, see [2], ITI, 2.2] for example. We will restrict our attention to
the Bernstein component Repy ;(G), where 1 is the trivial representation of the
torus 7. Given 7 € Rep(G) we write mjp ;) for its image under the projection to
Repir,1)(G). Moreover, we will write 3¢ for the center of the category Repz 11(G),
then

3¢ = T(G//G,0¢q)¢c),
see below for an explicit description. This isomorphism allows us to identify the
category 3g-mod of 3g-modules with the category QCoh(T /W) of quasi-coherent
sheaves on the adjoint quotient G/G = T /W of G, and the category 3G-modg, of
finitely generated 3g-modules with the category Coh(7 /W) of coherent sheaves on
T/W. We obtain an identification of derived categories
D(3g—m0d) = DQCOh(T/W),

32 D (3g-modsy) = Dby (T/W).

We use these identifications and the morphism Y : [X5/G] — T/W to make
Dacoh([XG/G']) and D%, ([X/G]) into 3g-linear categories.

If P C G is a parabolic subgroup with Levi quotient M, we write
G = Indg(éllj/2 ® —) : Rep(M) — Rep(G)
for the normalized parabolic induction, and z% for normalized parabolic induction
of the opposite parabolic P of P (note that the normalization uses the choice of
¢*/?). These functors are exact and restrict to functors
Repir,, 1] (M) — Repip (G)

(for any choice of a maximal split torus Ty; of M). Using a splitting M — P C G
to the projection we obtain a morphism
MM — GJIG

which is obviously independent of the choice of M < G. Then the functors LIC’; and

L% are linear with respect to the morphism

3o F(G//G7OG//G) — F(M//M,OM//M) >~ 3,
see below for details.

Let us write D(Repr1;(G)) respectively D* (Repr 1(G)) for the derived cate-
gory, respectively for the bounded below derived category, of Repy y (G). Moreover,
we write Db(Rep[T’l]’fg(G)) for the full subcategory of complexes whose cohomol-
ogy is concentrated in bounded degrees and is finitely generated as a C[G]-module.
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Then 1§ and L% induce functors
D(RGP[TM,l] (M)) — D(Rep[T,l](G))
D™ (Repir,, 1)(M)) — D™ (Repiz,1)(G))
Db(ReP[TM,l],fg(M)) — Db(Rep[T,1],fg(G))
which we will also denote by L1G3 respectively L%.

Given two parabolic subgroup Py C P; of G with Levi quotient M; respectively
M. We write P15 for the image of Py in M. Then we have natural isomorphisms

G M, G
lp,Olp,, = lp,

G Mo G
L= Ol—= — 5
Py Pio Py

of functors D(Rep[TMl 1](M1)) = D(Repir,1)(G)).

(3.3)

Finally, recall that a Whittaker datum is a G-conjugacy class of tuples (B, ),
where B C G is a Borel subgroup and ¢ : N — C* is a generic character of
N = N(F), where N C B is the unipotent radical. As above we fix the choice of
a Borel subgroup B and a maximal split torus T C G. For a parabolic P C G
containing B with Levi quotient M we write ¢p; : Npy — C* for the restriction of
1 to the unipotent radical Ny; C N of the Borel By = BN M of M. Note that the
M-conjugacy class of (B, ¥pr) does not depend on the choice of M — G (i.e. on
the choice of T).

We can describe the above categories of representations in terms of modules
over Iwahori-Hecke algebras. In order to do so, let us fix a hyperspecial vertex in
the apartment of the Bruhat-Tits building of G defined by the maximal torus T,
i.e. we fix Op-models of (G,T). The choice of a Borel B then defines an Iwahori
subgroup I C G. We write Rep!G for the category of smooth representations
7 of G on C-vector spaces that are generated by their Iwahori fixed vectors 7’
and Repng C Rep!G for the full subcategory of representations that are finitely
generated (as C[G]-modules). It is well known that the category Rep’G does not
depend on the choice of I and agrees with the Bernstein block Rep(r 1)(G).

Let He = H(G, I) = Endg(c-ind§1;) denote the Iwahori-Hecke algebra. Then
7 +— 7l = Homg (c-ind$'17, 7)
induces an equivalence of categories between Repr(G) = Rep’G and the cat-

egory Hg-mod of Hg-modules. This equivalence identifies Repf]gG and the full
subcategory Hg-modg, C He-mod of finitely generated Hg-modules. Moreover, it
identifies the center 3¢ of Repr 1;(G) with the center of the Iwahori-Hecke algebra
He. Then we have an isomorphism

3¢ = CIXL.(M)Y = CIX* ()Y =D(T/W,0f,w) =(G//G, O )

(see for example [I4] Lemma 2.3.1]), which is in fact independent of the choice of
the Iwahori I.

Given a representation 7 € Rep’G and a 3g-module p we will sometimes (by
abuse of notation) write 7 ®3, p for the pre-image of the Hg-module 7! @3 p
under the equivalence Rep’ G = Hg-mod (and similarly for corresponding derived
functors).

Remark 3.1. Note that if G = T is a split torus, then I = It = T° is the unique
maximal compact subgroup of 7" and we have canonical identifications

(3.4) C[X.(T)] = C[T/T°] = Hr.
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where the first isomorphism is given by u +— p(w) for the choice of a uniformizer
w of F (note that this isomorphism is independent of this choice). We often use
this isomorphism to identify unramified characters and Hp-modules.

Let P C G be a parabolic subgroup containing B with Levi quotient M and write
P =P(F) and M = M(F). Set In; = Ig N M, which is an Iwahori-subgroup
of M, in particular Repir,, 1j(M) = Rep’™ M. There is a canonical embedding
Hpr — Hg such that the diagrams

I (*)IM I (7)IJLI
Rep™ M —— H p;-mod and Rep™™ M —— H j;-mod
(3.5) Lgl lHomnM(’HG,—) Lgl iHG‘@’HA{_
I I
Rep’c G ¥> Ha-mod Rep’c G ¥> Ha-mod.

commute. Note that this is equivalent to the commutativity of the diagram

I (—)Im

Rep™ M —— H pr-mod

(3.6) T}Cj(_)T Tforget
(7 I

Rep’® G —— H-mod.

Here r$(—) is the normalized Jacquet-module which is the left adjoint functor to
1%(—). Tt is also the right adjoint functor to L%(—) by Bernstein’s second adjointness
theorem. By abuse of notation we will often write ¢ % respectively 1,% for the functors
Homy,,, (Ha, —) respectively Hg ®4,, — on Hecke modules.

The embedding Hy; C He induces an embedding 3 C 37, where 3/ is the
center of Repp,, 1;(M) which is identified with the center of Hys, such that the
canonical diagram

3¢ —=T(T/W,05,y)

| |

3 —=T(T/Wr, O w,,)

commutes. We deduce that Lg and L% are 3g-linear. In particular, for a 3g-module
p we obtain natural isomorphisms

Lg(_ ®36 p) — Lg(_) X3¢ P
L%(_ ®36 P) — [’%(_) X3¢ P

and similarly for the corresponding functors on the derived category.

(3.7)

3.2. The main conjecture. Using the notations introduced above we state the
following conjecture. Variants of the conjecture have been around in representation
theory in the past years in (ongoing) work of Ben-Zvi-Nadler-Helm, and of X. Zhu.

Conjecture 3.2. There exists the following data:

(i) For each (G, B, T, ) consisting of a reductive group G, a Borel subgroup B,
a split mazimal torus T C B, and a (conjugacy class of a) generic character
¥ : N — C* there exists an exact and fully faithful 3g-linear functor

RY : D¥ (Repyy1)(G)) — Deon (X e/G)),
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(ii) for (G,B,T,®) as in (i) and each parabolic subgroup P C G containing B
there exists a natural 3G-linear isomorphism
5 Rg ° L% — (RBsoLa™)o le\’/}”

of functors D (Repr,, yM) — DECOh([XG/G’]). Here M is the Levi quo-
tient of P and

a:[Xp/P] — [Xy/M],

8 [Xp/P] — [Xa/C)
are the morphisms on stacks induced by the natural maps P — M and
P=G.

These data satisfy the following conditions:

(a) If G = T is a split torus, then Ry = R? is induced by the identification
and viewing a sheaf on T as an T-equivariant sheaf with the trivial
T-action (note that T acts trivially on T = X;).

(b) Let (G,B,T,) as in (i) and let Py C Py C G be parabolic subgroups con-
taining B with Levi quotients My and Msy. Let P15 denote the image of Py
in Ma. Then, with the notations from , the diagram

Ré o L%l
y B3)
* {0
RpywLaj o Ry RE 013 o,
«u lfﬁz

M2

* * P P * P

(RB2Las) o (RBiz«Lajs) o Ryt - (Rfa.Las) o Ryp'? o Lgfz

18 a commutative diagram of functors
D+(Rep[TMl,1] (M) — Dacoh([Xé/é])'

(c) For any (G,B,T,v) as in (i) let (c-ind$ Y)r,1) denote the projection of the
compactly induced representation c-ind§ 1 to Repir,1)(G). Then

RE((c-ind§ ¥) i) = O, sy

Let us point out that the 3¢-linearity of the conjectured functor Ré implies that
for each p € D" (3¢-mod) there is a natural isomorphism

Ve, RG(— ©5, p) = RG(=) ®6, . LXGP

X /Gl
of functors D (Repp 1)(G)) — D500}1([XG/G]) which is functorial in p (in the
obvious sense). Moreover, given P C G as in (ii), the 3g-linearity of the natural
isomorphism ¢§ implies that the natural transformations ¢, and ¢, are com-

patible with parabolic induction. We do not spell this out explicitly in terms of
commutative diagrams.

Remark 3.3. (a) We expect that the conjectured functor Ré induces a functor
D’ (Rep(p 1) (G)) — Deon([X/G).-

This would allow to extend the functor to the full derived category D(Repy 11(G)):
as Repp 11 (G) = Hg-modg and as Hg has finite global dimension, see [2, 4.
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Theorem 29|, the full derived category D(Rep( (G)) is the ind-completion of
Db(Rep[T71]7fg(G)). Hence the conjectured functor would extend to a fully faithful
and exact functor

D(Repyy1)(G)) — IndCoh([Xs/G)),

where IndCoh([X/G]) is the ind-completion of D2, , ([X/G]). Note that this cat-
egory differs from Dqcon([Xs/G]), as X5 is singular. However, there is a canonical
equivalence

IndCob* ([X¢/G)) = D, ([Xe/G)),

see e.g. |9, 3.2.4]. In particular, restricting to bounded below objects, the conjecture
that the (yet hypothetical) functor Ré is fully faithful does not depend on whether
we consider it as a functor with values in IndCoh™ ([X5/G]) or with values in
Dacoh([XG /G]). We hence arrive with a conjecture that parallels the formulation
of the geometric Langlands program, see [12]. Also the conjectured compatibility
with parabolic induction agrees with the compatibility with parabolic induction in
loc. cit.

(b) Recall that an L-parameter for G that is trivial on inertia is a G-conjugacy class
[p, N] of (¢, N) € X5(C) with ¢ semi-simple. We write Si, n] = Cl,n1/Cp, ny for
the quotient of the centralizer of (¢, N) by its connected component of the identity.
By the classification of Kazhdan-Lusztig [I9, Theorem 7.12] the irreducible repre-
sentations in Rep!G (respectively the simple objects in Hg-mod) are in bijectio
with pairs ([¢, N], p), where [¢, N] is an L-parameter and p is an irreducible rep-
resentation of S, ). This parametrization depends on an additional choice that
corresponds to the choice of a Whittaker datum (B, 1)). More precisely, the classi-
fication in [T9] (which in the case of GL,, coincides with the Bernstein-Zelevinsky
classification [3]) associates to ([¢, N], p) an indecomposable representation (respec-
tively Hecke module) ’/TE{;) Nlp which has a unique irreducible quotient. Conjecture
should have the following relation with this classification. Given [p, N]| let us
write

Xejon € Xa

for the locally closed subscheme whose C-valued points are given by those (', N')
such that [p, N] is the G-conjugacy class of (¢'**, N), where ¢’*° is the semi-
simplification of ¢’. Moreover, we denote by

Xé fpN) = X%,[@,N]

its Zariski closure. We assume that ¢ is regular semi-simple. Given an irreducible
representation p of S|, nj on a finite dimensional C-vector space, we can use p to
define a G-equivariant coherent sheaf

]:-[w,N],p € Coh(X¢g [y n))
which hence defines a coherent sheaf F, n7,, on the closed substack
[Xé,[<p,N]/G] C [X¢/Gl.
We then expect that the conjectured functor R¢ has the property
U —
RG(W[%N},p) = Flo.Np-

4At least for classical groups this is true. Otherwise one needs to add an assumption on the
representation p.
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If the L-parameter [p, N]| is generic, there is a unique 1-generic representation 7 in
the L-packet defined by [¢, N]. With the above notations this representation is the
representation

_ ¥
™= 7T[cp,N],triviaul'
Then, the expected formula above specializes to

3 _ .
RG(”) = O[Xc,[%N]/G]

(¢) We point out that the conjectured functor Rg will not be essentially surjective.

In fact this is already obvious in the case G = T a split torus. Here Ry = R# is
the derived version of the functor

Hr-mod = QCoh(T) — QCoh([T/T)).

The morphism on the right hand side is the embedding given by equipping a quasi-
coherent sheaf with the trivial T-action. Obviously T-equivariant sheaves with
non-trivial T-action are not in the essential image.

There is also a second obstruction for essential surjectivity. Let [p, N] be an
L-parameter such that ¢ is semi-simple but not regular semi-simple. Then (using
the notation of (b)) the structure sheaf of the closed substack

(X3 1.3/ G € [Xé o0/ G

of pairs (¢’, N') where ¢’ is (pointwise) semi-simple should not be in the essential
image of the functor Rg.

(d) Finally we point out that in the conjecture it is necessary to pass to derived
categories. Heuristically this can be explained by the fact that flat morphisms
on the representation theory side correspond to non-flat morphisms on the side of
stacks: for example Hq is flat over its center, whereas the canonical morphism

is not flat (as it maps some irreducible components to proper closed subschemes of
T /W). Moreover, we will see below that in the case of GL, (F) the trivial repre-
sentation will be mapped to a complex concentrated in cohomological degree 1 —n,
see Remark [£.37] below. Hence, without passing to derived categories, the functor
can not be fully faithful. The canonical t-structures on the source (respectively
target) should correspond to an exotic t-structure on the other side. However, we
have no idea how this t-structure could be described intrinsically. Moreover, the
formulation of the conjecture needs the passage to derived schemes respectively
derived stacks: as parabolic induction is transitive (in the sense that is an
isomorphism), the base change morphism has to be an isomorphism as well.
However, in the world of classical schemes the corresponding cartesian diagram is
not Tor-independent in general.

3.3. A generalization of the conjecture. Conjecture[3.2]in fact is a special case
of a more general conjecture about the category Rep(G), instead of the Bernstein
block Repyr 1)(G). Let us describe this generalization.

We continue to assume that G is a split reductive group with dual group G. Let
us write Wp for the Weil group of F' and Ir C Wy for the inertia group. We
define the space of G-valued Weil-Deligne representations to be the scheme XEVD
representing the functor

R»—>{p'W L G(O), N € Liel p|JistriVialforsomeJCIFopen}
. F )

Ad(p(0)(N) = ¢ lI°IIN



22 EUGEN HELLMANN

on C-algebras R. Here ||—|| : Wr — Z is the usual projection. It is easy to see that
X};VD is a union of affine schemes and is equipped with a G-action via conjugation
on p and via the adjoint action on N. Spaces of Weil-Deligne representations like
ngD are studied in (ongoing) work of Dat, Helm, Kurinczuk and Moss in the

(more complicated) case where the coefficients are in Z[%] rather than the field C
of characteristic zero.

Similarly, for every parabolic subgroup P C G we can define the scheme X};VD
and the derived scheme X\}DVD that come equipped with P-actions.

3 The inclusion P < G and the projection P — M onto the Levi-quotient M of
P induce morphisms

WD L [XWP/ ] [XWP /T,

(38) alP . [XWP/P] — [X WP /M|

of the respective stack quotients. Moreover, we will write XgD JJG for the GIT
quotient of X}¥P by the G-action. As in the case of the space of (¢, N)-modules

X it is easy to show that BE,VD is proper. The following conjecture summarizes
expected properties of the spaces just introduced.

Conjecture 3.4. Let P C G be a parabolic subgroup with Levi-quotient M.
(i) The space ngD 18 a local complete intersection.

(ii) The morphism a\gD : [X‘;,VD/P] — [XX«\I/D/M] has finite Tor-dimension.
(iii) There is a unique morphism XX-/\[/D//M — XgD//G making the diagram

[xEP/P)
x¥P /¢ [x WP 1)
xJPpG< — — — — — — — — XWD yn1

commutative.

Remark 3.5. In the case of the space of (¢, N)-modules X all these properties
have been verified in section Indeed, for (iii) we are left to remark that the
morphism
(Xe/G] — Xa//G

is just the morphism y from , i.e. the GIT quotient X4 //G agrees with the
adjoint quotient G//G. This can be seen as follows: the morphism ¢ — (¢, 0) defines
a closed embedding G — X which is the inclusion of an irreducible component.
As G is reductive and C has characteristic 0 the category of G-representations is
semi-simple and we obtain a closed embedding

As source and target are reduced (as G and X are) it is enough to show that the

morphism is bijective. This comes down to proving that for (¢, N) € Xx(k), for
an algebraically closed field k, there exists ¢’ € G(k) such that

G- (¢,0)NG- (o, N) #0.

By (the proof of) Lemma we may assume that ¢ € B and N € Lie B for some
Borel B C GG. Let G, act on X by the sum of the positive roots, then the closure
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of G,, - (¢, N) contains in addition the point (¢’,0) for some ¢’ € G such that ¢
and ¢’ have the same image in the adjoint quotient G//G.

Let us write 3(G) for the Bernstein center of the category Rep(G). Given a
Bernstein component Q of Rep(G) we denote its center by 30(G). Moreover, we
denote by

2(G) =T(XZP )G, Oxwo )
the ring of functions on the GIT quotient ngD JG. If X C XgD is a connected
component, we write Zx (G) for the ring of functions on the GIT quotient X //G.

Remark 3.6. If G = T is a split torus, then the isomorphism F* — Wliib of local
class field theory identifies XTV,v D with the scheme representing the functor

R+~ {p: F* — T(R) smooth character}

on the category of C-algebras. In particular, the scheme X}ZV D decomposes into a

disjoint union of copies of 7" indexed by the smooth characters OF — T(C’) This
decomposition induces an equivalence of categories

(3.9) Rep(T') & QCoh(XP).

Assuming the geometric properties of stacks of L-parameters conjectured above,
we are able to state a generalization of Conjecture [3.2]

Conjecture 3.7. There exists the following data:

(i) For each (G,B, T, ) consisting of a reductive group G, a Borel subgroup B,
a split mazimal torus T C B, and a (conjugacy class of a) generic character
¥ : N — C* there exists an exact and fully faithful functor

R& : DT (Rep(G)) — Do (XYP/G)),

(ii) for (G,B,T,v) as in (i) and each parabolic subgroup P C G containing B
there exists a natural isomorphism

8RG0S — (RBEY o Lay ") o R

of functors DT (Rep(M)) — Dacoh([XgD/G]). Here M is the Levi quo-
tient of P and a\léVD and BVPVD are the morphisms defined in 1D

These data satisfy the following conditions:

(a) If G =T is a split torus, then Ry = R# 1s induced by the equivalence 1D
given by local class field theory. .

(b) Let (G,B,T,) be as in (i). The morphism Z(G) — 3(G) defined by fully
faithfulness of Ré is independent of the choice of ¥ and induces a surjection

e - Bernstein components connected components
G of Rep(G) of X '

(c) Let (G,B,T,v) and P be as in (ii). Then the natural isomorphism £§

is Z(G)-linear for the Z(G)-linear structure on Rep(M) defined by the
morphism

Z(G) — Z(M) — 3(M)
that is given by the composition of the morphism Z(G) — Z(M) induced
by Conjecture (i) with the morphism Z(M) — 3(M) of (b).
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(d) Let (G,B,T,) as in (i) and let Py C Py C G be parabolic subgroups con-
taining B with Levi quotients My and Msy. Let P15 denote the image of Py
in Mly. Then the diagram

Rg o /,%1

G
$Py ()

WD WD, x ¥y v G Mo
REYP Lo o Ry RG oG,

<**>J/ iﬁ%
Moy

£p
WD ; WD, WD WD, % Yy 12 WD WD, *
<R6P2=*La152 )o (R”BPIQ,*LQPIQ )o 'R]Ml (RBP2,*LOLPZ JoR

Y My My

O L—
Mz P12

s a commutative diagram of functors
D (Rep(M1)) — Do (X5 /G1).

Here (%) is the natural isomorphism given by transitivity of parabolic in-
duction and (xx) is a base change isomorphism defined by the analogous

diagram as in (2.5)).

(e) For (G,B,T,) asin (i) there is an isomorphism
R (c-ind§ o) = Olxwo -

Remark 3.8. (a) It should be possible to construct the expected morphism

Z(G) — 3(G)

of (b) in the conjecture, without referring to the conjectured functor ’Rg The
construction of morphisms like that is part of the work of Dat, Helm, Kurinczuk
and Moss mentioned above. In the case of GL,, a result like this has been established
by Helm and Moss [18].

(b) In fact Z(G) should coincide with the stable Bernstein center as defined by
Haines in [I3] 5.3.]. This should be a rather direct consequence of the definitions,
but we did not check the details. Then the morphism Z(G) — 3(G) of (b) in
the Conjecture should coincide with the morphism constructed in [I3, Proposition

5.5.1] assuming the local Langlands correspondence.

Let us point out that the morphism w¢g from (b) can not be expected to be a
bijection in general, as not every Bernstein component 2 is t-generic in the sense
of [6, 4.3] (note that the notions of being ¢-generic and being simply 1-generic of
[6] agree by Example 4.5 (1) of loc. cit., as G is assumed to be (quasi-)split). More
precisely, Conjecture [3.7] predicts that the restriction of wg induces a bijection

1-generic Bernstein connected
components of Rep(G) components of XgD ’

and that for a ¥-generic Bernstein component (2 the induced morphism

(3.10) Zoe () (G) — 3a(G)

is an isomorphism. Indeed, combining 4.2. Corollary and 4.3. Theorem of [6] we
deduce that the 1-generic components are precisely those components §2 such that
(c—indjc\;, ¥)q # 0. Moreover, the morphism 1) fits in the commutative diagram

Endg ((c-ind§ ¢)o) — End|xwp /¢ (Oixws /c)

i

3a(G) Zuo@)(@),
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where ng C XX?VD denotes the connected component defined by wg(€2). Here
the upper horizontal arrow is an isomorphism by (e) and fully faithfulness in the
conjecture, the right vertical arrow is an isomorphism by definition and the left
vertical arrow is an isomorphism by [6, 4.3. Theorem)].

Remark 3.9. In the case G = GL,, there is (up to conjugation) a unique choice of
(B, ¢) and every Bernstein component of Rep(GL,, (F')) is ¢-generic, see e.g. [0} 4.5,
Examples (2)]. Moreover, in this case one can show that XgD decomposes into a

disjoint union
WD
XGLn = Hn XQ7

where n = (n[;]) is a tuple of non-negative integers n(;} indexed by the Wp-
conjugacy classes [7] of irreducible Ip-representations 7 : Ir — GL4_ (C) such
that
n=> [Wp:W,] n,d..
[7]

Here W, C W is the Wp-stabilizer of a representative 7 of [r]. Moreover, each X,,
is connected and decomposes into a product where each factor is a space of (p, N)-
modules for a finite extension F’ of F. On the other hand, the local Langlands
correspondence for GL,, (F') induces a bijection

Wr-conjugacy classes of equivalence classes of
irreducible smooth representations » <+— < cuspidal representations
7:Ip = GL,,(C), m>1 GL.(F), r>1

where two cuspidal representations are said to be equivalent if they differ by the
twist by an unramified character. Hence we obtain a bijection between the Bern-
stein components of Rep(GLy(F)) and the connected components of X¥°. By
results of Bushnell-Kutzko [7] every Bernstein component of Rep(GL,,(F)) can be
described by a semi-simple type and the corresponding Hecke-algebra is in fact iso-
morphic to a tensor product of Iwahori-Hecke algebras. This corresponds to the
decomposition of the connected components X,, of X&Dn into a product of spaces
of (¢, N)-modules. In fact, in the case of GL,, type theory and a closer inspec-
tion of these decompositions should reduce Conjecture to Conjecture (in
the case of GL, for various 7). In particular it should be possible to generalize all
results proven in the following section for the block Repy 1j(GLy(F')) to the whole
category Rep(GLy,(F)).

4. THE CASE OF GL,,

In this section we consider the group G = GL, (F) and make Conjecture
more explicit in this case. We will provide a candidate for the conjectured functor
and prove that it satisfies compatibility with parabolic induction on the dense open
subset of regular elements. In the case of GLy we give a full proof of the conjecture.

We fix G = GL,, and choose the canonical integral model of G over Op corre-
sponding to the maximal compact subgroup K = GL,,(OFp) of G. In particular we
assume that the hyperspecial vertex defined by K is contained in the apartment
defined by the maximal split torus T C GL,, and I C K. We use this to obtain
canonical integral models for the choice of a Borel B O T and for parabolic sub-
groups P D B as well as for their Levi quotients. We will use the same symbols for
these integral models. We will often simply write 3 = 3¢ for the Bernstein center
of the category Repz 1)(G).
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4.1. The modified Langlands correspondence. We recall the construction of
the modified local Langlands correspondence defined by Breuil and Schneider in [5]
4], see also [I1], 4.2]. We restrict ourselves to the Bernstein block Repr 1;(G).

Let w be a uniformizer of F'. For any field extension L of C and A € L* we write
unry : F* — L* for the unramified character mapping w to A\. More generally,
for A = (A1,...,A\n) € (L*)™ we write unry = unry, ® --- Q@ unry, : T — L*
for the unramified character of the torus 7' = (F'*)™ whose restriction to the i-th
coordinate is unry,.

Write | —| = unr,-1 : F* — C* for the unramified character such that [w| = ¢~*.

Let L be a field extension of C' and let (¢, N) € X (L) be a (¢, N)-module such
that ¢ is semi-simple. Then Breuil and Schneider associate to (¢, N) a smooth,
absolutely indecomposable representation LL™°4 (¢, N) of GL,,(F) with coefficients
in L as follows:

Fix an algebraic closure L of L. Given a scalar A\ € L* and r > 0 let Sp(\, )
denote as usual the (¢, N)-module structure on L” = Leg @ ... Le,_; defined by

plei) = ¢ 'A
(4.1) N(es) = €iy1, t<r—1
‘ 0, 1=1r—1.

Let St(\, r) denote the generalized Steinberg representation of GL,(F') with coeffi-
cients in L, i.e. the unique simple quotient of 1§ (unry ®unry| —|®- - -@unry|—|""1).

Given some (¢, N) € X5(L) with ¢ semi-simple we decompose (after enlarging
L if necessary)

(Ln7 ®, N) = @ Sp(>\z7 Ti)
i=1

and define LLmOd(go, N) as the unique L-model of the L representation
(4.2) LIGD(St()\l,Tl)®-~-®St()\s,rs)).

Here P is the block upper triangular parabolic whose Levi is the block diagonal
subgroup GL,, x---x GL,_ and the A; are ordered so that they satisfy the condition
of [20, Definition 1.2.4].

Remark 4.1. Note that the normalization we use differs from the one in [5] and [T1].
In loc. cit. the representation LL™°%(, N) is modified by the twist by | det |~(»=1)/2,
This has the advantage that the resulting GL, (F') representation has a unique
model over L, without assuming the existence (or fixing a choice) of ¢/2, as
proven in [5, Lemma 4.2]. As we have fixed a choice ¢'/? in the base field C,
and hence a choice of | det |’(”*1)/ 2. their argument also implies that our represen-
tation LL™°4 (¢, N) has a (unique) model over L. The reason for these two different
normalizations is the following: In [5] the representation should be canonically de-
fined over L, without choosing ¢*/2, and moreover, in [II] the representations should
(conjecturally) satisfy some local-global compatibility. In our case we work purely
locally and we are aiming for a compatibility with normalized parabolic induction.
More precisely, we need Lemma below to be true as stated (i.e. not a twisted
version of it). Anyway, the definition of normalized parabolic induction forces us
to choose a square root q1/2.

If (¢, N) € X5 with non semi-simple ¢, we write LL™4(p, N) = LL™°d(x%, N).
Moreover, if (¢, N) is such that LL™%(p, N) is absolutely irreducible (that is if



ON THE DERIVED CATEGORY OF THE IWAHORI-HECKE ALGEBRA 27

the G-conjugacy class [©%, N] is a generic L-parameter), we usually just write
LL(¢p, N) instead of LL™°4(, N'). Note that in this case LL(¢, N)¥ = LL((¢, N)Y),
as normalized parabolic induction commutes with contragredients and as in this
case the parabolic induction of the contragredient representation still satisfies the
condition of [20, Definition 1.2.4].

Lemma 4.2. Let x = (¢4, Ny) € X. Then, using the notation of (3.1)) the center
3 acts on the representation LL™°4((¢, N)V)V wvia the character x, : 3 — k()
defined by x(x) € T/W = Spec 3

Proof. By definition of LL™°¢ we may assume that ¢ is semi-simple. The represen-
tation LL™°4((¢, N)¥)Y embeds into

L%(Umm1 ®---®@unry,)

for some ordering A = (A1,...,A,) of the eigenvalues of ¢. Hence it follows that

(LLmOd((ga,N)V)V)I embeds into Hg ®94, unry and it is enough to prove that
3 C Hg acts on Hg @y, unry as asserted. But as 3 C Hr is the center of He, it

acts on Hg @4y, unry via the same character as on unry. The claim follows from
this. O

Recall that for a regular semi-simple endomorphism ¢ of an L-vector space L™
with eigenvalues in L there is a canonical bijection

(4.3) {p-stable complete flags F of L"} «— {orderings of the eigenvalues of ¢}.

If F is a flag corresponding to an ordering A = (Ay,...,\,) of the eigenvalues of
¢, we denote by unry = unry the L-valued unramified character defined by this
ordering.

Lemma 4.3. Let x = (¢4, Ny) € X with ¢, reqular semi-simple and let L be an
(algebraic) extension of k(z) containing the eigenvalues of w. Then

rGILL™Y (92, N2)¥)Y @pay L) = @unr;,
_F
where the direct sum runs over all flags of L™ stable under ¢, and N.

Proof. The lemma is an application of the geometrical Lemma [3, 2.11, p. 448§]
describing the composition of parabolic induction with the Jacquet functor.

Assume first that (¢, N) @) L = Sp(A,7), see (4.1)). Then we need to compute
the Jacquet-module of the generalized Steinberg representation

St(A,r) = L%((SEUZ ®unry| — |(”_1)/2)/ Z L}Cj((S;l/Q ® unry| — |(”—1)/2)_
BCPCG

Here we view unry| — |("~1/2 as a character of M for any (standard) Levi M.
Computing r% (15 (6712 @ unry| — |(»~1/2)) using the geometrical lemma of [3] it
follows that

r§(St(\, 1)) = unrg—-1ny ® -+ @ unrg-1) @ unry.

This is the character corresponding to the ordering Ag= ("=, ... Ag7'\, A, ie. to
the ordering defined by the unique (¢, N)-stable flag of Sp(\, r).

In the general case we decompose (¢, N) @) L = @;_; St(Xi,r;) and write
LL™% 0y, Np) @y L = 18 (St(A1,71) @ -+ @ St(As, 7))
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as in (4.2). Then again the geometrical lemma of [3] computes that its Jacquet-
module is the desired one, and the claim follows from compatibility with contra-
gredients. (|

Remark 4.4. For C = C the lemma can be interpreted as a consequence of the
classification of Kazhdan-Lusztig [19] using equivariant K-theory, or its formulation
using Borel-Moore homology in [8, 8.1]. For (¢, N) € Xx(C) as in the lemma the
fiber 551(@,N) of BB : XB — X is identified with the o-fixed points BY of
the variety By of N-stable complete flags, compare [8, 8.1]. Using the induction
theorem [19, 6] one can deduce that the Hg-module LL™°4(p, N) is precisely the
standard module constructed in [8, Definition 8.1.9](note that the group C(p, N) of
loc. cit. is trivial in the GL,-case). However, as @ is regular semi-simple the variety
B¢ is a finite union of points, namely the complete (p, N)-stable flags. Hence its
Borel-Moore homology is the direct sum of copies of C' indexed by these points.
By construction the Hecke algebra Hp acts on this direct sum as asserted in the
lemma.

4.2. The work of Helm and Emerton-Helm. Emerton and Helm [IT] proposed
the existence of a family of G-representations over a deformation space of ¢-adic Ga-
lois (or Weil-Deligne) representations that interpolates the modified local Langlands
correspondence in a certain sense. A candidate for such a family was constructed
in subsequent work of Helnﬁ [16]. Rather than working over f-adic deformation
rings we want to work with the stacks of L-parameters defined above. We review
the work of Emerton-Helm and Helm in this set up in order to construct a family
of G-representation on the stack [Xz/G].

In this section we need to work with families of admissible smooth representations,
compare [IT], 2.1.]. We make precise what we mean by this. Let A be a noetherian
C-algebra and let V' be a finitely generated A[G]-module. We say that V is an
admissible smooth family of G representations over A, if the G-representation on
V is smooth and if VX is a finitely generated A-module for every compact open
subgroup K’ C G.

Denote by N C B the unipotent radical and let ¢ : N — C* be a generic
character. Recall that an irreducible G-representation 7 is called generic if there
exists an embedding 7 — Ind%d). Equivalently, 7 is generic if there is a surjection
c—indg Y - T

We write (c—ind% ¥)r,1) for the image of the compactly induced representation
c—indgdz in the Bernstein component Repip1(G) = Rep’G. As in the case of
GL,, a Whittaker datum is unique up to isomorphism, this representation (up to
isomorphism) does not depend on the Whittaker datum (B, ).

Recall that we have fixed K = GL,(Or) D I and consider the induced repre-
sentation Ind¥1;. By [26] this induced representation decomposes into a direct
sum

(4.4) Indf 1, = @Hog”
P

5in Helm’s integral ¢-adic set up, the construction of the candidate in [I6] is not complete, but
depends on a conjecture about the action of the Bernstein center (Conjecture 7.5. of [16]). This
conjecture was proven by Helm and Moss [I8]. In out set up of representations on characteristic
0, and only considering the Bernstein block defined by [T, 1] this conjecture becomes much easier
and boils down to Lemma above.
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indexed by the set of partitions P of the positive integer n which is partially ordered,
see [26], p. 169], and has a unique minimaﬂ element P.;, and a unique maximal
element Ppax. Let st = stg = op,,, denote the finite dimensional Steinberg rep-
resentation. This representation occurs with multiplicity mp_,. = 1. As c—ind?{ st
lies in the Bernstein component [T, 1] it carries a natural action of 3.

We further recall from [3 3.2, 3.5] the definition of the r-th derivative V(") of a
GL,,(F)-representation V' which is a smooth representation of GL,,_,(F'). In par-
ticular V(™) is just a C-vector space. By [I6, p.5, (2)] there is natural isomorphism

4.5 Home (c-ind§ o, V) = V()
N

If 0 # v € V™ and V lies in the Bernstein component [T, 1], then the morphism
defined by v obviously factors through (c—ind? V)7,

The following theorem is a summary of the results in [I6], §§3,4] (translated to
the easier situation considered here).

Theorem 4.5. Let m be one of the representations (c—indg V)i, and c—indf( st.

Then 7 is a smooth 3-representation and the n-th derivative 7 4sq free 3-modules
of rank 1. Moreover, let p € Spec 3 then

(a) the representation ™ @ k(p) is a direct sum of finite length representations.

(b) the cosocle cosoc(p) of m @ k(p) is absolutely irreducible and generic.

(c) the representation ™ ® k(p)/cosoc(p) does not contain any generic subquo-
tient.

Finally, the representation c—ind?( st is admissible as a 3-representation.

Proof. We cite the proof from [16]. All references in this proof refer to loc. cit.
In Helm’s situation the coefficients are W (k) for a finite field &, instead of the
characteristic zero field C in our case. The arguments literally do not change in
our set-up; except for one argument, where the classification of irreducible, smooth
mod ¢ representations in terms of parabolic induction has to be replaced by the
corresponding classification of irreducible, smooth representations in characteristic
Zero.

The case of (c-ind§ ¥)r,1] follows from Lemma 3.2 and Lemma 3.4. In the case
= c—indg st admissibility follows from Theorem 4.1, and part (a) is Lemma 4.2.

Properties (b) and (c) are proven in Proposition 4.9. Finally the claim on 7(") is
Corollary 4.10.

The proof of Helm’s Proposition 4.9 uses the classification of irreducible smooth
mod ¢ representations of GL,(F) in terms of parabolic induction, and has to be
replaced by the usual Bernstein-Zelevinsky classification of irreducible, smooth rep-
resentations in characteristic zero [28]. With this change of reference the proof in
[16] literally does not change. O

Corollary 4.6. There is an isomorphism of 3[G]-modules.
(c-ind$, V)] = c-ind% st,
unique up to a scalar in 3.
6Note that the partial ordering used here is the opposite to the standard ordering of partitions,

compare [26], 3.]. Here the maximal element is given by 1 + 1+ --- 4+ 1 and the minimal element
is n.



30 EUGEN HELLMANN

Proof. By Theorem the n-th derivative (c-ind% st)(™ is locally free of rank 1
over 3. As 3 @ C[Xy,... ,Xn_l,Xijl} every line bundle on Spec 3 is trivial and
hence (c-ind% st)(™ = 3. By the discussion preceding Theorem a choice of a
basis vector (which is unique up to a scalar in 3*) gives rise to a morphism

o : (c-ind§ V)ra) — c-ind% st.
We claim that « is an isomorphism.

First we show that « is surjective: let W denote the cokernel of a. Then W is
generated by its Iwahori fixed vectors W/ and, by admissibility of c—indIG( st, the
3-module W is finitely generated.

As (—)! is an exact functor W! ®@ k(p) = (W ® k(p))! and hence W = 0 if and only
it W® k(p) =0 for all p € Spec 3.

As « by definition induces an isomorphism
o™ : (c-ind§ 1/))%??1] — (c-ind$ st)™

and as the functor (—)™ is exact (see e.g. |3, 3.2, Proposition|) it follows that
W) =0 and (W ®k(p))™ = 0 for all p € Spec3. Assume that W @ k(p) # 0. As
W @ k(p) is a quotient of c-ind% st ® k(p), Theorem (b),(c) implies that there
exists a non-zero morphism

c-ind§ o) — W @ k(p),

contradicting (W @ k(p))™ =0

Now c—indf{ st is projective as a G-representation and hence the surjection « has
a splitting

(c-ind§ ¥) 71 = c-ind§ st & W,
As « induces an isomorphism after applying the n-th derivative (=)™ it follows
that (W)™ = 0. By the adjointness property (4.5)) is follows that the canonical
projection
ﬂ : (C—ind% ,l/))[T,l] — W/

is zero and hence W’ = 0, as § is surjective. O

Following [16] we construct a family Vg of G-representations on [X5/G] that
conjecturally interpolates the modified local Langlands correspondence (see Con-
jecture below for the precise meaning). Rather than constructing Vg directly
on [Xx/G] we construct a family Vi on X =: Spec A that is G-equivariant and
hence descents to [Xx/G].

Lemma 4.7. Let x = (p,, N;) € Xn. There exists a canonical surjection
(c-ind§ ¥) 1) @3 k(@) — LL™Y((03, No) Y)Y
that is unique up to scalar.
Proof. This follows from the argument in the proof of [I6] Theorem 7.9], using
Lemma [£.2] instead of Conjecture 7.5. of loc. cit.. O
Let n = (@5, N;) € X be a generic point. Then
LL(py, Ny) = LLmOd(‘PmNn) = LLmOd((‘PmNn)V)V
is an irreducible generic representation. We obtain a morphism

(c-ind§; ¢) 1) ©3 A — (c-ind§ ¥)pr) @3 k(1) — LL(py, Ny),

where the second morphism is the choice of a surjection as in Lemma [4.7]
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Let 7;, 7 € I denote the generic points of X5 = Spec A5. We define Ve to be the
(admissible smooth) family of G-representations over A that is the image of the
morphism

(4.6) (c-ind§ )1 ®3 A — [ [ LL(2nss V).

il
Up to isomorphism, this image does not depend on the choice of the surjection
(c-ind§ V)11 ®3 k(1:) — LL(oy,, Ny, ). By abuse of notation we also write Vg for
the corresponding sheaf on X .

It can easily be seen that Vg is a G-equivariant quotient of (c—indg V)ira) @3 Ag
(equipped with the obvious G-equivariant structure). Hence V¢ descents to a quasi-
coherent sheaf Vi on [X5/G] that carries an action of G. Conjecturally this family
interpolates the modified local Langlands correspondence:

Conjecture 4.8 (compare [I1]). Let x = (¢, N) € X be any point, then
(Ve ® k(x))" = LL™((0, N)").

4.3. Idempotents in the Iwahori-Hecke algebra. We will describe the family
of Hecke modules associated to the Emerton-Helm family Vg in the next subsection,
and relate this construction to Conjecture 3.2l Before we do so, we need some
preparation about idempotent elements in the Iwahori-Hecke algebra.

Let J C G be a compact open subgroup and (A, W) be a smooth representa-
tion of J on a finite dimensional C'-vector space with contragredient representation
(AY,WV). Then we have a natural identification of C-algebras

. compactly supported f : G — Endg(WV)
(4.7) Endg(c-ind A) 22 ¢ such that f(jigj2) = AV(j1) o f(g) oAV (j2) ¢,
forall g € G, j1,j2 € J

where, as usual, the algebra structure on the right hand side is given by convolution.
Given f € H(G,\) one defines f : g — f(g~!)V € Endc(W). Then f ~ f induces
an isomorphism of C-algebras

H(G, ) = H(G, \Y)°P.

Recall that He = Endg(c-ind$ 1;) = Endg(c-ind$ V), where V. = Ind¥1;.
From now on we write A for the K-representation on V. As in (4.4)) the representa-
tion V' decomposes as a direct sum of the representations isomorphic to op. Note
that

_ GLn (k)
Vv —IHdB(k) 1B(k‘)7

where B(k) C GL, (k) is the special fiber of the Borel subgroup and K acts via
the quotient map K — GL, (k). For a partition P we write 3p C V for the op-
isotypical component of V. In particular we have ¥p = 04" . The direct summand
c-ind% p of c-ind$ V' = c-ind¥ 1; defines an idempotent element ep € Hg. If
P = Puin we will usually write ey, (or eg s if we need to refer to the group G)
instead of ep,_; . Further we usually write ex = ep, ., which is identified with the
characteristic function of K.

Using the description of the Hecke algebra (4.7) the idempotent elements ep can
be described as follows. Let fp : VV — VV denote the endomorphism that is the
identity on ¥} and zero on X}, for P’ # P. Then the idempotent element ep is

defined by
0, g K
ep:gr— .
{Av(g) ofp=fpoAi(g), geK
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Note that the representation V = IndIG( 1; and the irreducible representations op
are self-dual. In the case of V' this follows from the computation of the smooth dual
of an induced representation. In particular, the canonical identification 1; = (17)V
gives a canonical isomorphism « : V — VV. In the case of op we proceed by
descending induction: the claim is obviously true for 1x = op_, and for each P
we can find some (integral model of a) parabolic subgroup P C GL,, such that

GLn (k) q ~ Bap
Indp(k)( )1 = op @ @ prlp
P<P'#P
for some integers ap:. As the induced representation on the left hand is self-dual

so must be op.

It follows that we can identify Ho = Ha(V, A) with He(V,AY). In particular we
obtain a canonical isomorphism H¢g = H¢ .

Lemma 4.9. Let P be a partition. Then ép = ep.

Proof. The canonical isomorphism « allows us to identify Endg(VVY,VV) with
Ende(V,V) and Hg = H(G,\) with H(G,\V). By definition ép is the element
(g ep(g™H)V) € H(G,\V) = H(G, ) under this identification. We calculate that

rlg) =1 e
PIZ A o V(Y)Y = froA(k), geK.

Here f} is the idempotent endomorphism of V' defined by the direct summand Xp.
As the op are self-dual the isomorphism o« maps ¥p to ¥}. Hence we conclude
that (under the identification Ende(VY,VY) = End¢(V, V) using «) the element
ép equals ep. O

Recall that H¢ contains the finite Hecke algebra
Hao=CUNK/T) = {f : B(k)\GLn(k)/B(k) — C}
D P f(kikka) = A(k1) o f(k) o A(k2)
_{f'K*EndC‘/ for all k, ki, ks € K
== EndK(V)
as a subalgebra. This algebra contains the idempotent elements ep. Further recall
that for a parabolic subgroup P C G containing B we have an embedding H; — Hg

of Hecke algebras, where M = M(F) is the Levi of P. If P = B this gives an
embedding

CIX.(T)] =Hr — He-
By [14, Lemma 1.7.1] the morphism
(4.8) Hr ®@c Hao — Ha

induced by multiplication is an isomorphism of C-vector spaces.

Lemma 4.10. (i) The canonical inclusion Hregs, C Haegst s an equality.
Moreover this module is free of rank 1 with basis eq « as an Hr-module.

(i) Let P C G be a parabolic as above and let M = M(F) C G be the corresponding
Levi subgroup. The isomorphism

Huremst = Hremse — Haea,st = Hrea st

of free Hr-modules of rank 1 defined by enr st — eq st 15 an Har-module homomor-
phism.
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Proof. (i) It directly follows from (4.8) that Hreg g is free of rank 1 as an Hrp-
module. Moreover, note that

Haoeast = (stg)B®

is a 1-dimensional C-vector space. This implies that f € Hg can be written as
f = foest + f1(1 — est) with fo € Hr and f1 € Hg. It follows that

feG,st = fOeG,st + fl(l - eG,st)eG,st = fOeG,st S HTGG,s‘v
(ii) As the inclusion Hregst C Haeast is an equality, we also have an equality
Huea st = Heea,st- Therefore it is enough to show that the Has-module homo-
morphism
Hy — HMeG,st
mapping 1 to eg s factors through Hyr — Hayense. That is, we need to show
(1 —emst)ecst = 0 in Hg. We can check this equality in the subalgebra He o.

Translating the claim back to representation theory it comes down to the claim

that

GLn (k) GLn (k) M(k) 1 GLu(k)
IndP(k) sty C Indp(k) (IndBM(k)l) = IndB(k) 1

contains the direct summand stg, where By = BN M is a Borel in M. This is
true, as stg is the only constituent of the right hand side that does not occur in
any parabolically induced representation for a parabolic strictly larger than B. [

Corollary 4.11. Let x = (¢g, Ny) € X with ¢, regular semi-simple and let L be
an extension of k(x) containing all the eigenvalues of p,. Then

((c—indg 1/1)[T71] ®3 k(l’))l = (HGeG,st) ®3 k(l‘)

and after extending scalars to L its Jacquet-module is given by

r§((c-ind§ V)ira) ®3 L) = @ unrr,
F

where the sum is indexed by the p,-stable flags F of L™. Moreover, the kernel of
the quotient map of Hr-modules

(4.9) (Heegst) ®3 L = @ unrr —> @ unr
@ -stable F (pa,Ng)-stable F

is Hg-stable and the induced Hg-module structure on the quotient identifies the
right hand side with the I-invariants of (the scalar extension to L of) the quotient
LL™°((¢,, N;)V)V in Lemma .

Proof. The first claim is a direct consequence of (c—indg V)ira) = c—indIG( stg and
the identification

(c—indf( Stg)l = Heeag st
The claim on the Jacquet-module follows from Heeg st = Hrea,st and (3.6)).

For the second part, note that the right hand side in (4.9) is uniquely determined
as an Hp-module, as the characters unrx are pairwise distinct. Hence it is enough
to prove that the quotient

((c-ind§ ) ey @3 k(@) — (LL™ (00 No)¥)Y)

given by Lemma [£.7] induces this quotient map on the underlying Hp-modules
(and after extending scalars to L). This is a consequence of the computation of
7“63'1(LL““’d((go,ch7 NV Op(z) L), see Lemma O

I
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We finish this subsection by recalling some easy facts about the passage from left
to right modules over Hg. Given a left Hg-module 7 one can view 7 as a right
He-module via the isomorphism He = HZY. We write ‘m for this right module
structure on .

Lemma 4.12. Let M C G be a Levi and let  be a left Hyr-module. Then there is
a canonical and functorial isomorphism of right Hg-modules

t(HG S ar U) =~y O Ha,

where the Hg-module structure on the right hand side is given by right multiplica-
tion.

Proof. 1t is easily checked that p ®v — v® @ defines the desired isomorphism. [J

Lemma 4.13. Let 7 be an Hg-module and let e € Ha be an idempotent element.
(i) There is a canonical equality of 3-modules

Homy, (Hge, ) = em = eHg Qu,, T

(ii) There is a canonical identification '(Hge) = éH as He right modules.
(iii) Let P be a partition. Then

Homyy, (ngp, ’7T) = t(’HG@p) Ry ™.
(iv) For two partitions P, P’ we have

2 2
epHagep = 3MPMP,

Proof. Part (i) and (ii) are obvious, and (iii) is a direct consequence of (i), (ii) and
ép = ep. Finally we find

epHgep = Homy, (Haep, Haep') = Homg(c—indf( 3p, C—indf( Spr)

= Homg (c-ind$ op, c-ind$ op )77

Now (iv) follows from [23, Theorem 1.4]. O

4.4. The Hecke-module of the interpolating family. In subsection [£:2] we
constructed a family of G-representations V¢ on the stack [X/G]. Let

Mg = (Ve)"

denote the corresponding module over the Iwahori-Hecke algebra. We write Me
for the corresponding G-equivariant sheaf of Oy, ®3 Hg-modules on X.

Given a Levi-subgroup M C G we continue to write A,; for the coordinate ring
of X ;. Recall that we have embeddings s — H¢ and a canonical isomorphism
Hr = 37 =2 Aj. We consider the following commutative diagram.

reg
XB
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Lemma 4.14. The morphism
v X;g — Xéeg Xp /W T

is a closed immersion.

Proof. Clearly ~ is a finite morphism. Hence it is enough to show that ~ induces
an injection on k-valued points, for algebraically closed fields k, and a surjection
on complete local rings.

Let k be an algebraically closed extension of C' and let (A, m) be a local Artinian
C-algebra with residue field k. Let (¢, N) € X5*(A) and let Ay, ..., A, € A. Then
we have to show that there is at most one complete flag F, of A™ stable under ¢
and N such that ¢ acts on F;/F;_; by multiplication with ;.

Assume first A = k. We prove the claim by induction on n. The case n = 1 is
trivial. Assume the claim is true for n — 1. Then it is enough to show that there
is a unique (@, N)-stable line F; in k™ on which ¢ acts by multiplication with A;.
Obviously this forces F C ker N and we need to show that the (-eigenspace in
ker N of eigenvalue A; is one dimensional. However, if this is not the case then
there are infinitely many pairwise distinct (¢, N)-stable lines in £", and each can
be completed to a complete (p, N)-stable flag. This contradicts the regularity of
(. N).

Now assume that (A, m) is a general Artinian C-algebra with residue field k.
Again it suffices to show that there is a unique (p, N)-stable A-line in A", such
that the quotient of A™ by this line is free, on which ¢ acts as multiplication by
A1. By induction on the length of A we can reduce to the following situation: there
exists f € Asuch that mf =0, and if A’ = A/(f) and (¢’, N') is the image of (¢, N)
in X5®(A’), then there is a unique (¢', N') stable A’line in A" on which ¢" acts
by multiplication with A; mod (f). Let (@, N) € X5*(k) denote the reduction of
(¢, N) modulo m and let A\; € k denote the reduction of A\;. Then the multiplication
with f induces an embedding of k™ — A™ of (¢, N)-modules with cokernel A'™.
Assume that F; = Ae; and Fj = Ae] are two (¢, N)-stable A-lines on which ¢ acts
by multiplication with ;. Then the assumption implies ] = ae; + fv for some
a € A* and v € k™. Let &; € k™ denote the reduction of e; modulo m, then it
remains to show v € ké;. As ¢(e1) = Meg and p(e}) = A\ie} we deduce ¢(v) = A\jv.
The discussion of the case of an algebraically closed field k above implies that it is
enough to prove that v € ker N. However, we assume that F; and F| are defined
by points (¢, N, Fe), (¢, N, Fy) € X55(A). As X5® is reduced by Lemma and
as N is nilpotent we deduce that N(F1) = N(F;) = 0 and hence N(fv) = 0 which
implies N (v) = 0. O

We use the lemma to identify ng with a closed subscheme Y™ of X8 x 7y, T
We denote by

Yo C Xg X w T = SpeC(AG ®3 AT)
the closure of Y;® equipped with its canonical scheme structure (which is the

reduced structure, as X};g is reduced). Let us write Ay for the corresponding
quotient of Ax ®3 Af and f: Y5 — X for the canonical projection.

We can use Lemma [£.10] to equip
Ag @3 Ap = Ag @3 Hr = Ag @3 Hreas = Ag @3 Hoea st

with an Hg-module structure.
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Proposition 4.15. (i) The kernel of the canonical morphism Ag ®3 Ay — Ay is
stable under the action of Ha.
(i) There is a canonical isomorphism

MG = ﬁ*OYé

of G-equivariant Ox. ®@3 Hg-modules.

Proof. (i) By Lemma and Lemma the scheme Y is reduced and every irre-
ducible component of Y dominates an irreducible component of X . In particular
the canonical morphism

AG — HAG ® k(n) = HF(BE(W O,égl(n))

is an injection. Here the product runs over all generic points 77 of X~. It is therefore
enough to prove that for all generic points 1 of X~ the kernel of the canonical map

k(n) ©3 Haeas = k(n) ©3 Hreas = k(n) ©3 Ap — T((B5' (1), O5.1(,)

is stable under the Hg-action. This follows from Corollary applied to the
generic point 7 = (¢, Np).

(ii) Consider the diagram

(c—indg 1/1)[1T71] ®3 Ay —T'(Xg, MG)(—> Hn LL (g, Ny)'

i: :

Ap @3 Ag AgS I, T(B5" (1), O5-1())s
where the left vertical arrow comes from the identification of
(C—ind% ’l/J)[ITJ] =Heeast = Hregst = Ap

and the right vertical arrow comes from the identification of the Jacquet-module
of LL(¢y, Ny) in Corollary By construction the diagram is a commutative
diagram of A ®3 Hz-modules and moreover all morphisms are compatible with
the G-action. Hence these morphisms induce a canonical isomorphism

[(Xg, Ma) = Ag

as claimed. (]
As a consequence we can easily deduce Conjecture [£.8| for regular semi-simple
points.
Corollary 4.16. Let z = (¢, N) € X with ¢ regular semi-simple. Then
(Ve @ k(x))" = LL™((p, N)").

Proof. Tt follows from the proof of Proposition [£.15] that
((c-ind ¥)pr) @3 k(@) — Mg @ k(z) 2 T8 (2), 051,
is a surjection of Hr®k(z)-modules. The claim now follows from Corollary O

Remark 4.17. Proposition gives a canonical isomorphism Mg = B«Oy,, of
Ox = ®3 Hg-modules which restricts to an isomorphism

MG‘ng = Rﬁrgio)ggg = Rﬁgi(’)xgg
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on the regular locus. Here we write free for the restriction of the canonical mor-
phism § : X3 — X to the regular locus, and use that 5% is affine. In fact we
would like to have an identification

(4.10) Mg = Rfp.Ox,

of Ox, ®3 Hg-modules. In particular we would like to lift the Hy = Ap-action
on OXB to an action of H¢g. In the regular case this is precisely the content of the
above Proposition. The general case is more mysterious. We point out that (4.10))
comes down to the following claim: Let f : X5 — X X5y, T denote the canonical
morphism to the fiber product, then we would like to have
R f*OXB = Oy,
To give at least a partial motivation for this expectation let us point out that we
expect the Ax-module I'(Xx, M) to have good homological properties. In fact
the following conjecture is motivated by the Taylor-Wiles patching construction.

Conjecture 4.18. The Ag-module T'(Xg, M) is a mazimal Cohen-Macaulay
module.

Remark 4.19. One deduces easily from Proposition that Mg can not be flat
as an Ox,-module. Our family Me agrees up to twist with |det|=(»=1/2 (and
up to some flat base changes) with the family proposed by Emerton and Helm
[L1] constructed by Helm in [I6]. Hence it should be expected that Mg satisfies
local-global compatibility with the cohomology of locally symmetric spaces in a
certain sense. A precise formulation would include the (derived) base change to a
global Galois deformation ring. At least for generic representations there should be
no obstruction for this base change to sit in a single cohomological degree. This
motivates the following observation.

Corollary 4.20. Let z = (¢, N) € X5® such that the G-conjugacy class of (¢, N)

is a generic L-parameter. Then Mg is locally free (as an Ox ,-module) in a neigh-
borhood of x.

Proof. This follows from Remark and the identification of M| Xree above. [

4.5. The main conjecture in the regular case. After restricting to the regular
case we give a candidate for the functor Ré in Conjecture as well as functors
le/j” for all (standard) Levi subgroups, and prove compatibility with parabolic
induction. As in the case of GL,, the choice of (B, ) is unique up to conjugation,
we will always omit the superscript ¢ from the notation. By abuse of notation we
will also use the symbols (% (—) and L%(—) to denote the functors on Hecke modules
corresponding to parabolic induction .

For a standard Levi subgroup [[;_, GL,, = M C G = GL,, we write M for the
tensor product of the pullbacks of the Mqr, (r) on Xcr,, to Xy = [T Xcr,, -
This is a sheaf of Ox 7] ®3,, Har-modules. We define the functor

(4 11) Ry - D+(’HM—m0d) — DaCoh([XM/M])
’ 7 — i ®7L_[M M.

The derived tensor product in the formula can be defined for bounded above objects
7 € DY (H-mod) using finite projective resolutions (recall that H s has finite
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global dimension). In general an object 7® € DT (H;-mod) can be written as the
direct limit of its truncations

lHm 7, (7°) =N ,
—
and we can define
tﬂ—. ®/§/'LM MM - hj} ((T<m(t7r.) ®7L‘ILJM MM)
Note that by definition Rj; preserves the truncation 7.y,.

We will write R} for the composition of Ry, with the restriction to the regular
locus [X7%/ M) c [X x7/M]. Obviously the functors Ry, and Ry® are 3j;-linear.

We restrict ourselves to the regular case. In order to have a compatible choice
of the My, (which are a priori only defined up to isomorphism) for various Levi
subgroups of GL,,, let us set

reg __ L -
M MM|[ng/M] = R/BBMy*O[Xg;/Bl\l]’

where Byy = BN M C M is a Borel and fp,, is the restriction of the canonical
projection [X ;3/B] — [X/G] to the regular locus. By abuse of notation we drop
the restriction to the regular locus in the notation and just write M, instead of
M}r\ffg. We now use Proposition to define the Hjps/-module structure on My,
i.e. we let Hjps act on

Ochg ®30 A —» Ochg

Bm
by letting it act on Ay = Hp = Haren s (the fact that this Has-action extends to
the quotient is the content of Proposition 4.15]).

Let P; C P, be parabolic subgroups containing B with Levi quotients M; and
My and write P2 for the image of P; in My. We will define a natural 3j,-linear
transformation

(4.12) §P12 P RyE o Lﬂgf — (RpPh2,« o Lajy) o Ryf,
where o125 and (15 are the morphisms in the diagram
By
/—\ .
(X5 M) <— [X 58 /Pra] <—— ~5— Xg,, /Bl
(4.13) l i
a12 «
res ﬁMl res -
(X3 8] <" (X5 /B,

Note that the square on the right hand side is cartesian and Tor-independent by
Lemma [2.10| and Corollary 2.12]

Let m be a complex of Hps,-module. Giving & 11;? (m) is equivalent to defining its
adjoint morphism

LMz () 2 LB ( (Hasy ®50, ™) @10y M) — Lais('r @k, Mag,).

Using Lemma [I.12] and compatibility of pullbacks with tensor products we need to
define a morphism

t L * t L *
7T®’HM1 Lﬂ12MM2 — 7T®HM1 L(X]_QMMI

that is we need to define a morphism of Hys, ®3,,, Opxres /p,,;-modules
P12

L/BT2MM2 — LOszMMl .
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Using the above identifications we can define this as the composition

LBiyMum, = (LBiy © RBia,x © RB*)(O[X;f; /Basy))
2

(4.14) ) . :
— RB*LO[ (O[X%e; /BMl]) — LalzRﬁMl,*(O[X;;; /BMl]) = La12MM1,
1 1

where the first morphism is given by adjunction and the second morphism is given
by the base change morphism in the cartesian square in (4.13)). A priori this is only
a morphism of O|yres /p, ,-modules.

P12

Lemma 4.21. The morphism (4.14)) is a morphism of Haz, -modules.

Proof. We prove the claim after pulling back to X;Cli in 1)

We write &, B etc. for the corresponding morphisms of schemes. As all the maps B
(with various subscripts) are affine, all but the first object in are concentrated
in degree 0. Moreover, all schemes are reduced, and hence it is enough to prove the
claim after restricting to the dense open subscheme where ¢ is regular semi-simple.

We denote these open subschemes by X;}i’ss etc.. Consider the diagram
2

Trreg-ss

- reg-ss reg-ss . ¥ . e ¥
Xp =X Xtyway, T ——= My Xqy,, T ——T

B,

ld l(*)

- reg-ss reg-ss . T “rreg-ss . T T
XGE s X gy, T M gy, T —> T

Here, the vertical arrow (%) on the right hand side is induced by the identification
MG Xy, T = {(p,9Bar,) € Mi*™ x M;/By, | ¢ € g™ Barg}-
By definition the H s, -module structures on source and target of
B*d*o)&{eg—ss = &T2BM17*0X{eg-ss
BM1 BM1

are induced by two (a priori maybe different) H s, -module structures of the struc-
ture sheaves

O oreg-ss &— O reg-ss., _
X5 XM2 XT/WMQT

By
which in turn are given by the pullback of an H s, -action on A;. These H ps, -actions
are given by

- the Hps, action on A given by Ay = Hrenr, st
- the restriction of the Hy, action on Aj given by Ap = Hrens, st

By Lemma (ii) these actions coincide. O

We obtain the following first step towards Conjecture [3.2]

Theorem 4.22. For each parabolic B C P C G with Levi M the restriction of
(4.11)) to the regular locus is a 3pr-linear functor

Ry DT (Har-mod) — D, ([X 358/ M]).

Moreover, for two parabolic subgroups B C Py C Py the natural transformation 5%2
defined in is a 3, -linear isomorphism.
For parabolic subgroups P; C Py C P3 let M3 denote the Levi quotient of P3 and
P13 C Po3 denote the images of Py C Py in Ms. Then the diagram in Conjecture
(b), applied to P13 C Pog C M3, commutes.
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Proof. We are left to prove that 5%2 is an isomorphism and that the diagram in

Conjecture (b) commutes. Using truncations and resolutions by free modules
it is enough to prove that

ggg(HMl) : MM2 = t(HMQ ®7—LMl HMl) ®HM2 MM2
— RPr2(LoipMan) = RB12 s RB.Opxes g0 = Mo,
Mo

is an isomorphism. However, this is a direct consequence of the construction of £ %";
in (4.14) using the base change isomorphism in the cartesian square of (4.13).

As f%"; is the composition of an adjunction morphism and a base change map, the
commutativity of (b) in the conjecture is a consequence of standard compatibilities
of base change morphisms and adjunctions. O

4.6. Compactly induced representations. We describe the image of the functor
R defined in (4.11)) on (the I-invariants in) the compactly induced representations
c—indg op. The result parallels, and is motivated by, results of Pyvovarov in [25].

Recall from Proposition (ii) that the irreducible components of X5 are in
bijection with the possible Jordan canonical forms of the nilpotent endomorphism
N. For a partition P let Zs p denote the irreducible component of X4 p such
that the Jordan canonical form of N at the generic point of Z4 p is given by the
partition P. Then we set

Xep= U Zep-
PP’
In particular we have X¢ p = X¢, and X p = Zs p s irreducible. We
will sometimes write X , for this irreducible component, as it is the irreducible
component defined by N = 0. We write np for the generic point of the irreducible
component Zg p.

Proposition 4.23. Let P be a partition. Then Rg(c-indi op) is concentrated in
degree 0 and, viewed as a G-equivariant coherent sheaf on X¢, has support Xe p.
Moreover,

e I
Re((c-indg 1x)7) = Oxg 4
Re((c-ind% ste)’) = Ox,,.
equipped with their canonical G-equivariant structures. In particular

Re((c-ind§ 9)py)) = Orx . c-

Proof. We will rather calculate the images of
Haep = (c-ind§ Xp)! = (c-indF o5™7)1.
Recall that mp,_,, = mp_,, = 1. Using Lemma we see that the G-equivariant
coherent sheaf on X defined by Re((c-ind% $p)7) is epHg @ne Ma.
Recall that by definition the sheaf M is the sheaf attached to the image of
Ag @3 Haes — [[LL(¢y,,, Ny )’
7)/
induced by the surjections Hees ®3 k(np) = LL(¢n,,, Ny, )' of Lemma
Consequently epHa R M is the sheaf defined by the image of the morphism

Ag @3 epHaess — [ [ epLL™ gy, Ny, )"
73/
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Note that A5 ®3 epHees; is a free Az-module of rank m%, by Lemma (iv).
To show that the sheaf Rg(Hgep) has support X p it remains to show that

epLL(¢y,, , Nyo ) #0 =P <P

np’

The left hand side can be identified with
Homy, (Haep, LL(¢y,, s Ny, )') = Home (c-ind% Sp, LL(#y,.,, Ny ))
= HOmK (U'Pa LL(@'ﬂp/ ) N??»P/ ))’m’P .

As LL(¢y,,,, N,

) 18 absolutely irreducible and generic [27, Theorem 3.7] implies
the claim.

If P € {Pumin, Pmax}, then ¥p = op and Az ®3 epHgess = Ags. In this case the
above discussion shows that Rg((c-ind% op)?) is the structure sheaf of the union
of those irreducible components Zx p, such that Homg (op, LL(¢y,,, Ny, )) # 0.
If P = Prax this implies P’ = P as above. On the other hand, if P = Py, then
Homg (op, LL(¢y,,, Ny,,)) # 0 for all P’ by [24, Theorem 1.3]. O

Remark 4.24. A closer analysis of the proof shows that Re(c-ind% op) can never
be (locally) free over its support Xe p unless mp = 1. Indeed, generically on
Z¢ p the sheaf Re(c-ind% op) is free of rank 1, using [27, Theorem 3.7 (ii)]. On
the other hand, generically on X, this sheaf is free of rank mp. Indeed, let
L be the algebraic closure of k(np,,,). Then LL(pp,..., Np,..) @k@mp,. ) L is an
irreducible representation induced from the upper triangular Borel. On the other
hand c—ind% op @3 K is a direct sum of mp copies of the same irreducible principal
series representation by Corollary 6.1 and Lemma 6.4 of [23].

4.7. Proof of the conjecture for GL;. We prove Conjecture [3.2] in the two
dimensional case. In this subsection we use the notation G' = GLy(F) and G is the
algebraic group GLg over C. In this case the B-action on Lie B NNgrL, has two orbits
and hence X 3 is a complete intersection and X 5 = X, see Remark Moreover,
this remark implies that Xz is reduced, and both of its two irreducible components
are the closure of an irreducible component of ng. To simplify notations, we will
write Xo = X¢ o = Zg p,... C X for the component given by N = 0 and X = X.
Moreover, we sometimes write X1 = Z5 p  C X for the component on which N
is generically non-trivial.

Using the notations from Remark we obtain an identification
Mg = RB*OXB

once we prove that Rf.Ox, = Oy,. As above this is clear over the open subset
X5® C X = Xg. On the other hand the closed complement of X 5® has the open
neighborhood X\ X; which is an open subset of G. The claim now follows from the
well known fact that

h:GLy ={(p,gB) € Gx G/B| ¢ e gBg '} — G =GLy
has vanishing higher direct images, and its global sections are given by

F(GLQ, O(?I:z) = F(GLQ XT/WT7 OGLg XT/WT)'

As a consequence we still can use (4.14)) to define a natural transformation

(4.15) £ : R 0% — (RB.La*) o Ry,

where o : [Xz/B] — [X;/T] and 3 : [Xp/B] — [X/G] are the canonical mor-
phisms. The same computation as in the proof of Theorem [4.22] again shows that
this natural transformation is a 3-linear isomorphism.
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Theorem 4.25. Let G = GLy(F) and T C B C G denote the standard mazimal
torus respectively the standard Borel. The functors Rg and Ry defined by
are fully faithful and the natural transformation fg defined by s a 3-linear
isomorphism. Moreover,

Re((c-ind ¢)fr1) = Opx, e
for a choice of a generic character ¢ : N — C* of the unipotent radical N of B.
By the above discussion, it remains to show that R¢ is fully faithful. Let us write

f € 3 for the element corresponding to the characteristic polynomials of the form
(T — M\)(T — ¢)\) for some indeterminate A\. Then the morphism

-f
Orx/e1 — Orxya
factors through O[X /G~ O[XO Ve and yields a morphism
(4.16) Oixo/) — Olx/a
with image fO|y,¢ and cokernel O)x /¢
Proposition 4.26. Let 7,G € {Oy/a, Ox, /¢t Then

. 3, i=0
EXt[x/é](f,g){O’ i 20

More precisely, a 3-basis of Hom = Ext® is given by the identity if F = G.
If F= O[X/G‘] and G = O[XO/G‘]7 then a 3-basis is given by the canonical projection,
and if F = Ox, /¢ and G = Ox ¢, a 3-basis is given by the morphism 1)

Proof. We can easily reduce to the case C' algebraically closed.

Consider the canonical projection
f:[X/G] — [¥/G] = BG.
We need to compute H*(BG, Rf.RHom(F,G)). As G is reductive and the base field

C has characteristic 0 the category of G—represengations is semi-simple and hence
this vector space is given by H*(Rf.RHom(F,G))¢, compare also [J, Lemma 2.4.1].
Here we write H'(Rf.RHom(F,G)) for the i-th cohomology sheaf of the complex

Rf.RHom(F,G), which is a sheaf on BG, and hence a G-representation.

Let us write F and G for the pullbacks of F and G to X. Then, by definition,
giving the quasi-coherent sheaf H(R f«RHom(F,G)) on BG is the same as giving
a G-equivariant structure on H*(RHom(F,G)). We conclude that

Extiy ¢ (F,G) = (Exti(F,6)°,

for the canonical G-representation on Ext% (F,G) induced by the G-equivariant
structures on F and G.

If ]: = O[X/G]’ then

[(X,G), i=0
0, i#0

and one easily computes I'(X, Q)G 2 3 in both cases. Moreover, a 3-basis is easily
identified with the identity, respectively the canonical projection, as claimed.
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Now assume that F = (’)[ Xo/C]" ‘We compute
Ext’ (F,G) = T(X, Exth (F,G)).

If 7 # 0, the sheaf &ctéx (F,G) clearly is supported on the intersection Xo N X;.
We first show that it is a locally free sheaf on XN X; (equipped with the reduced
scheme structure). Let X**& C X denote the Zariski open subset of (¢, N) with
o regular semi-simple. Then Xy N X; C X85S,

Moreover, let X’ — X85 denote the scheme parametrizing a (-stable subspace.
This is an étale Galois cover of degree two and the filtration by the universal -
stable subspace has a canonical p-stable splitting. Let us write V; and V5, for these
eigenspaces and let Y — X’ denote the T-torsor trivializing V4 and Va. Moreover,
let

Z ={(M,M2,a,b) €T x A% | a(Ag — gA\1) = 0= b(A1 — qha), A1 # Ao}

equipped with the 7" = Spec C’[slﬂ, szﬂ]—action that is trivial on 7" and via multipli-

cation with the character a: (s1,s2) — 51551 on a, and via a~! on b. We consider

the diagram
Y
7N

X reg-ss Z,

where 3 is the canonical projection, which is G-equivariant, and v is the T-equivariant
G-torsor that is given by writing the matrices of ¢ and N over Y as

Mat() = (Aol ;D and Mat(N) = (2 g)

in the chosen basis of V; and V5.

Let z = (po,0) € Xo N X7 be a C-valued point. Without loss of generality
we may assume @g = diag(Mg,qXg). Let y € Y be a pre-image of x and let z
denote its image in Z, such that z = (A, gAo, 0,0). Consider the closed subscheme
Zy =V (a,b) C Z and write Fz = Og, and

G, — Oz, ifG=0x
270y, itG=0x,.

Then Extf, (F,G) is locally free on XoN X if and only if Extly (Fz,Gz) is locally
free on Zy. Let S = Oy, = C[t1,ta,a]/((t1 — t2)a) be the complete local ring at z
with A\; = Ao + t1 and Ay = ¢(A\g + ¢2), and consider the T-equivariant resolution
of Fz.=S/(a) given by

(t1—t2)
RN

S 5(2) 5 5(1) 5(1) =% 8.

Here S(m) is the free S-module of rank 1 with the T-action twisted by the multi-
plication with o™. It follows that

S/(a), i=0
0, i>1,

Ext’s(S/(a), S) = {

and
‘ S/(a), i=0
Ext%4(S/(a),S/(a)) = < 0, i odd
(S/(t1 — ta,a))(—i/2), i>2 even.
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In particular Extf, (Fz,Oz) vanishes for i # 0, and Extf, (Fz,Oz,) vanishes for
odd 7 and is locally free of rank 1 over Z, for non-zero even i. We deduce

Eatly (F,0x) =0 for i#0.

Moreover, it follows that Extf, (F,Ox,) vanishes for odd i and is locally free of
rank 1 on X, N X, for non-zero even i. In particular a G-invariant global section

h € Exty (F,Ox,) = T'(X,Extly (F,Ox,))
vanishes if ‘ }

0= h(a') € Exty  (F,Ox,) ® k(z")

for all ' € Xo N X;. Hence we have to show h(z’) = 0 for all 2/ € Xy N X; for
even i # 0. Again it is enough to check this for our choice z = (¢o,0). Then
T = Stabar, (p0) acts on the fiber Extly (F,O0x,) @ k(x), and h(x) is T-invariant.
By the above diagram the T-action on this fiber is the same as the T-action on

0, i odd

Extly (Fz,0z,) @ k(z) = {C’(i/2) i > 2 even

Obviously, for i # 0, there are no non-trivial T-invariants.

It remains to show that Hom v, (Ox,, ¢, G) = 3, and to identify the basis
vector. If G = (9[ X,/¢) this is clear, and a 3-basis is clearly given by the identity.
Ifg = (’)[X /¢» one computes that the pull back of the morphism to Y
specializes to the pullback of a basis vector of Homo, (Oz,, Oz) @ k(y(y)) at every
point of y € Y. The claim easily follows from this. O

Corollary 4.27. Let Dy, Dy € {Hgex, Hgess}. The functor Rg induces isomor-
phisms _ _
EXt;{G (Dl, DQ) — EXtEX/CV?] (RG(D1)7 Rg(DQ))

Proof. Note that Hgerx and Hgeg are projective and Homyy, (D1, D) = 3. By
Proposition [£.26] the claim is true for i # 0 and we are left to show that in degree
0 the canonical morphism identifies basis vectors. This is clear if Dy = D5. Let us
write 1 : Hgex — Haest and s : Haess — Hgex for choices of basis vectors and
let f € 3 as defined before Proposition Then, up to scalars in 3%, we have
(4.17) Y20y = [ idyge, and y1 0792 = f - idyge, -
Writing §; = Rg(7;) one checks that the equalities

(520(51 :f'idO[Xo/G] and 61062 :f-ido[

X/G)
enforce that

01 € Hompy 1 (O iy Opxyy) and

0o € Hom[X/c;v] (O[X/G]7 O[Xo/é])

are basis vectors. O

Proof of Theorem[{.25 We show that

Rg : D(Hg-modss) — Do ([(Xe/G))
is fully faithful. The general case then follows from a limit argument as in Remark
(a).

By standard arguments the proof boils down to Corollary .27} let D}, D3 be
complexes in Db(HG-mOdfg). We may choose representatives of D} consisting of
bounded complexes whose entries are direct sums of copies of Hgex and Hgegt.
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Assume first D} = Hgex or Haest concentrated in degree 0. We prove the claim
by induction on the length of D3. By Corollary [£.27] the claim is true if D3 has
length 0, i.e. if D3 is concentrated in a single degree. Assume the claim is true for
all complexes of length < m and let D$ be a complex in degrees [r,r +m + 1] for
some r € Z. Then D3 can be identified with the mapping cone of a morphism of
complexes
D5[—r] — D3

with D3 concentrated in degree [r,7 + m]. The claim follows from the induction
hypothesis, Corollary [£.27] and the long exact cohomology sequence.

The general case follows by a similar induction on the length of Df. O

4.8. Calculation of examples. We finish by computing the image of some special
representations under the functor Rg defined in . In particular we are in the
situation G = GL, (F) and G is the algebraic group GL, over C. For simplicity
we assume that C' is algebraically closed. We fix the choice of the diagonal torus T
and the upper triangular Borel subgroup B.

Let z = (p, N) € X. In the examples calculated in this section we will assume
that ¢ is regular semi-simple. As in Remark [3.3] (b) we write

X&[%N] =Gz

for the G-orbit of (p, N) and X 1, for its closure.

Theorem 4.28. Let (¢, N) € Xx(C) and assume that ¢ is regular semi-simple.
Then

RG(LLmOd((pa N)) = O[XG,[«;J»N]/G]-

To prove this, we will use compatibility with parabolic induction. Hence the main
step will be to calculate the image of the generalized Steinberg representations.

Let x : 3 — C be the character defined by the characteristic polynomial of .
We write 3, for the completion of 3 with respect to the kernel m, of x and

ﬁG,X = HG ®3 ?JX
for the m,-adic completion of Hg. Similarly, if M C G is a Levi subgroup, we write
H s,y for the corresponding completion of Hyy.

Assume that ¢ = diag(p1,...,0n). For w € W = §,, we write wyp for the
diagonal matrix diag(@y (1), - -, Pwm)). We use the notation é,, to denote the Hr-
module defined by the unramified character unr,,, (i.e. the residue field at the point
wy € Spec Hr), and b, to denote the completion of Hp at the point we € Spec Hrp.
Then 4, and Sw are 7:[T7X—modules.

We recall intertwining operators for parabolic induction: Let P,”’ C G be para-
bolic subgroups (containing T) with Levi subgroups M and M’ and let w € W such
that M’ = wMw™!. Let 7 and 7’ be smooth representations of M respectively
M’ and let f : 7 — «’ be a morphism of M’-representations. Then there is a
canonical morphism of G-representations

F(w,f) = Fa(w, f) : Gm — Son!

associated to f (and similarly for LIGD and Lg,). Moreover, this construction extends
to (morphisms of ) complexes of M- respectively M’-representations. We also note
that the formation of these intertwining operators is transitive in the following
sense: Let P1,P} C P C G be parabolic subgroups. Let My, M} and M denote the
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corresponding Levi quotients and let Pq p; be the image of P; in M (and similarly
IP’LM). Let w € Wy C W be a Weyl group element such that wMyw=! = M|
(as subgroups of G, and hence also as subgroups of M). Moreover, let ™ be a
representation of M; and 7’ be a representation of M{ and f : 7 — 7’ be a
morphism of Mj-representations. Then, under the canonical identifications

G M _ G G M n_ ,G
LFLFLM(TF) =up ™ and B, (') = S

the morphism L%(FJV[(U/, 1)) is identified with Fg(w, f).

Now fix A € C* and let ¢ = diag(\, ¢~ \,...,¢" ™ YA). For w,w’ € W the
identity of d,, respectively d,, induces intertwining operators

f(wa w/) : L%((Sw) — L%(éw/)

flw,w') L%(gw) — Z%(Sw/).

(4.18)

Note that these morphisms are isomorphisms (with inverse f(w’,w) respectively
f(w',w)) if and only if for each 4 the entries ¢~*\ and ¢~ *Y\ appear in the same
order in wp and w’p. Moreover,

(4.19) Homg (61 (150u, 50u) = 31 f(w, w')

is a free gx—module of rank 1. We define the (universal) deformation of the gener-
alized Steinberg representation

St(A,r) =G (05 @] — /) ) N iG(6,1 @mmna| — [ D/2),
BCPCG
Here we write unry for the universal (unramified) deformation of the character unry
and denote the target of unry by C[t]. Then

unty @cpy C[t]/(t) = unry,
St(\, 1) ®cpq CIE]/(t) = St(A, 7).

Note that by definition St(X, n) is a quotient of L%Swo, where wy € W is the longest
element.

By abuse of notation we will also write St(\,n) and St(\,n) for the Hq- re-
spectively 7-7,G7X—module given by the I-invariants in the respective representations.
Similarly, we will continue to write L%(Sw etc. for the Hecke modules defined by these
representations. In the following we will only work with Hecke modules, hence no
confusion should arise.

We construct a projective resolution CA’:“\ of the ﬁgyx—module gt(A,n) concen-
trated in (cohomological) degrees [—(n — 1), 0] such that all objects in the complex
are direct sums of induced representations .85, and the differntials are given by
combinations of the intertwining morphisms . We construct the complex by
induction.

If n = 2, then ¢ = diag()\, ¢~ !)\) and we consider the complex

v 2 s f(Ls) A 2
Cz,A : 02,; = L%(51> > CS,A = L%((Ss)a
where s € Sy is the unique non trivial element. It can easily be checked that the

morphism f(1,s) is injective and that its cokernel is St(), 2).

Assume we have constructed CA';LfLA. For i = 1,2 consider the upper triangular
block parabolic subgroup P; C G with Levi subgroup M; such that M; has block
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sizes (n — 1,1) and My has block sizes (1,n — 1). We consider
D3 = C’n 1 >\® UNT -~ (n-1) )

as a complex of H M, ,x-modules and
DS =Wty n-1\® Cn_y

as a complex of H s, -modules. Let 0 € S, be the cycle (12...n). Then M,
and My satisfy oMo' = My and the identity (D$)° — D3, as a morphism of
complexes of Hz,  -modules, induces a morphism of complexes

D1—>L D2

We define C ».» as the mapping cone of this complex. Then C ». Obviously is a com-
plex in degree [—(n—1),0] whose entries are (by transitivity of parabolic induction)
direct sums of L%(Sw) for some w € W (each isomorphism class appearing exactly
once) and the differentials are given by intertwining operators (by transitivity of
intertwining operators).

Lemma 4.29. The complex C A 18 exact in negative degrees and

HO(Cy ) = St(A, ).

Proof We proceed by induction. If n = 2 this was already remarked above. Assume
that C® _1.) is quasi-isomorphic to St(\,n —1). Then C* . is quasi-isomorphic to
the complex

L%l (§t( n—1)® unr q—(n— 1),\) — L— (unr —n-1A® St( n— 1))

in degrees —1 and 0, where the morphism is given by the obvious intertwining map.
One can easily check that this morphism is injective and its cokernel is St(A,n). O

Similarly to the definition of 7—AlG’X we define m,-adic completions on the side of
stacks of L-parameters: let XCJ,X denote the completion of X~ along the pre-image
of x € Spec3 = T/W under the canonical morphism Xe — T/W. This formal
scheme is still equipped with an action of G and we can form the stack quotient
(X an/ G). Similarly we write X 5 P and X, for the corresponding completions of
Xp and X7 The functor R defined in l-j naturally extends to a functor

R : DT (Hay-mod) — D ((Xe, /G)).

As a consequence of Theorem the functor ]:ZG,X also satisfies compatibility with
parabolic induction similarly to Conjecture (ii), but for the induced morphism
between the formal completions of the stacks involved.

Let us build a more explicit model of these stacks. We consider the closed formal
subscheme

(4.20) YV =Spf (Ctr,- - tnltr, - un—1]/ (i1 — t)us)) € Xy

where C[ty,...,tn][u1, ..., un—1]/((tix1 — t;)u;) is equipped with the (¢1,...,t,)-
adic topology. The embedding into X , is defined by the (¢, N)-module

gy = diag(A + tl,q_l(/\ +ta),... 7q_("_l)(/\ +tn))

Uieiy1, t<n—1
Nx‘v(ei):{o i=n—1
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over Y. This formal scheme comes equipped with a canonical T-action (which is
trivial on the ¢; and via the adjoint action on the u;) such that [V /T] = [XGX/C?]

For w € W we define a closed T-equivariant formal subscheme Y(w) by adding
the equation u; = 0 if ¢~V precedes ¢~ *\ in wy. In particular Y(wo) =Y
if wg € W is the longest element. We denote by XGX(w) the corresponding G-
equivariant closed formal subscheme of X Gy

Lemma 4.30. There is an isomorphism

Rox(1500) = Og, (u)s

where we view RG,X(L%&J)) as a G-equivariant sheaf on Xz X

Proof. This is a straight forward calculation using the compatibility of I:ZG,X with
parabolic induction. O

The lemma identifies the images of parabolically induced representations under
R¢ . Next we identify the images of intertwining operators. For w,w’ € W there
is a canonical T-equivariant morphism

g(w,w') 1 Op () — Oy ()

defined as follows: let I, = {i=1,...,n — 1| ¢~C~D\ precedes ¢~ in we}, i.e.

Y(w) = Spr[[th . ,tn]] [ul, ey un,l]/(ui7 1€ Iu,, (ti+1 — ti)ui, ) ¢ Iw)
and let us write
Y(w,w') = Spf Clt1, ...y tal[ur, .y tn—1]/ (i, i € LyNLyr, (tig1—ti)us, i & LyNLy)
for the moment. Then, similarly to (4.16), multiplication by [Lic To\L,, (tig1 — 1)
induces a morphism OY(w) — O?(w w) and we define §(w, w’) to be its composition
with the canonical projection to Oy(w,).

Lemma 4.31. For w,w’ € W the Bx—module
Homig o 61(O1x, w1 Ol wya) = Homg (O 71> O () /1)

is free of rank one with basis g(w,w").
Proof. This is a straight forward computation. O

By the following theorem the images of the intertwining operators R (f (w, w'))
can be identified (up to isomorphism) with the morphisms g(w, w’) just constructed.

Theorem 4.32. Let ¢ = diag(x\,q_l)\,v. ¢ UN) e T(C) and x : 3 — C the
character defined by the image of p in T /W . The set of functors

RM,X : D+(7'1M’x'm0d) — Dacoh([XM,X/M])

for standard Levi subgroups M C G, is uniquely determined (up to isomorphism,)
by requiring that they are 3 -linear, compatible with parabolic induction, and that
R is induced by the identification

Hr-mod = QCoh(X7 ).

More precisely, let R’GX be any functor satisfying these conditions. Then for each
w € W, there are isomorphisms

Bl (GA 2
Quy * R'GX(LF&M) = OX@,X(W)
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such that for w,w' € W the diagram
R . o
o (150w) == Ox . (w)
(4.21) R/g,x(f(w,w'))l l@(w,w’)
R/G,X(L%(Sw') — OX@,X(w/)
commutes.

Remark 4.33. (a) Note that we do not need to add the requirement
Rg  ((c-ind i @3 30 = e

which also would be a consequence of the requirements in Conjecture [3.2] In the
situation considered here, there is an isomorphism

(c-ind§ V)ira ®3 3>< = L%SWO

and hence the above isomorphism is automatic.
(b) Tt seems possible to compute that

Extig 71 (O (w71 Oy () y77) = 0

for w,w’ € W and ¢ # 0 by a similar explicit computation as in Proposition m
This would imply the conjectured fully faithfulness of Rg,y.

Proof. Let us first justify that the second assertion implies the first. Note that

. o L Sy M2
HM,X = HMJ( ®7:1T,x HT,X = HM,X ®?:[T=X ( @ 5w) = LEM(SU;.
weW s weWnm
Using free resolutions of bounded above objects in D+(7:lM7X—mod) it is hence
enough control the images of parabolically induced representations and the images
of the intertwining operators. Then a limit argument deals with the general case.

Given ]:B'GX as in the formulation of the theorem, compatibility with parabolic
induction forces the existence of isomorphisms «,,. Note that «,, is unique up to a
unit in ?)X. We claim that we can choose the isomorphisms such that the diagrams
(4.21) are commutative. In order to do so, we proceed by induction. By assumption
the claim is true for n = 1. We also make n = 2 explicit. In this case we can identify

L%Sl = ﬁG’XeK and L%SS = 7:[G,X€st~
One calculates that the intertwining operators f(1,s) and f(s, 1) are identified with
a 3y-basis of

(ﬁG,XeK,”i:[G,XeSt) resp. Homy; (ﬁg,xest,ﬁg,xe;{).

2 X X

Moreover, the compositions f(l7 s)o f(s, 1) and f(s, 1o f(l, s) are the multiplica-
tions with f € 3%, with f as defined just before Proposition The calculation
in the rank 2 case, Proposition yields the claim.

Homq;[c

Assume now that the claim is true for n — 1 and view S,—; as the subgroup of
W = §,, permuting the elements 1,...,n—1. Recall the parabolic subgroups P; and
P, from the inductive construction of the complex C,'% - Using parabolic induction

L% and the induction hypothesis we may assume that we have constructed oy, for
1

all w € §,_1 C W such that the diagram (4.21) commutes for all w,w’ € S,_1.
Let 0 = (12...n) as above. We first show that we can choose

Y G5 = A
Qowo—1 ¢ G,X(Lféawﬂfl) - OY(awo'*l)
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such that (4.21) commutes for the pairs w, cwo~! and owo !, w. Let 7; ;41 denote
the transposition of 7 and 7 4+ 1. Inductively we define wy = 7, p—1wTy n—1 and
Wi = Tpn—in—i—1Wi—1Tn—i,n—i—1. Lhen the composition of intertwining operators

(€3N G¢ G§ G§
LE0w — 150w, — = 150w, = (F00wo—1
is identified with Bf(w,cwo =) for some 3 € 35 - Similarly, the composition
G3 G3 G3 G}
150gwo—1 — 150w, ; — " — 150w, = L50y

is identified with S8f (cwo ™!, w) for the same unit 4. In this composition all the
intertwining maps are isomorphisms, except for the morphisms

L%Swi — L%Swi 4, and L%Swi o L%Swi

where the position of n and n — 1 in (w;(1),...,w;(n)) and (wit1(1),. .., wir1(n))
is interchanged. By the computation in the two dimensional case and compatibility
with parabolic induction this intertwining morphism is given by the multiplication
with 8'(t, — t,—1) for some unit 3’ € 3; respectively by canonical projection
multiplied with 8. Modifying a.,,-1 by (38")~! we deduce the commutativity of

the diagrams (4.21)) for the pairs w, cwo ! and cwo !, w.

Now consider the general case. Note that for any w € W there exists w € S,,_1

such that
L%Sw =N L%S@ or L%Sw =N L%So-wo-—l.

Hence we can choose «,, such that all the diagrams commute, provided we
can check commutativity of these diagrams for w,w’ € S,_1 U 0S,_10~". If both
elements w,w’ lie in S,,_1 this follows from the induction hypothesis. Let us check
the claim for w,w” € S,_1 and w’ = ocw”o~! (the argument in the other cases
being similar). By Sx—linearity it is enough to check that

&U) v 0.

R X@)X(w)

L

QL

G
R’G,xwf(w,w/))l lw@(mw’)
o (150,) == O

K (w)
commutes for any choice of 0 # ~ € 3)« In particular we may check it for the
element v defined by

fw” ow’s™ ) o fw,w”) = 7 f(w, ow"o) = 7 f(w,w').

This follows from functoriality and the cases already treated above. O

We now continue to calculate the image Re , (St(A, 7)) of the deformed Steinberg
representation. Let us write

VSt = Spf C[t][u1, . - -, tn_1] C Y
for the formal subscheme defined by ¢t := t; = --- = t,. We write thx for the

corresponding G-equivariant scheme.

We inductively construct a T -equivariant resolution E’;l 5 of O?St'
If n =2 we set
~ X A—1 '(t2_t1) ”‘0
2N Eyx= OY(1) — L5\ = O?(s)a

where again s € Sy is the unique non trivial element. It can easily be checked that
this morphism is injective and its cokernel is Oy s,
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Assume that E;z—l, y is constructed, then consider the morphism of complexes

By altallun1)/(un) =20 B2 Tl ] /(= o1 )un—1)

on Y and define E;L , to be its mapping cone.

Lemma 4.34. The complex E A U8 exact in negative degrees and

H(E} ) = Oyps.

Proof. We proceed by induction. For n = 2 the claim is clear. Assume the claim
is true for n — 1, then the long exact cohomology sequence implies that EJ , is
quasi-isomorphic to the complex

C[[t, tn]] [Ul, cee aun—2] — C[[t, tn]][ulv sy Un—2, un—l]/((tn - t)un—l)
sending 1 to (¢, —t). The claim follows from this. O

Let us denote by é 5. the G-equivariant complex on Xz G corresponding to the
T-equivariant complex E®  under the identification Y/T) = [XGX /G).

Corollary 4.35. There is an isomorphism of complezes

(4.22) Rax (Ch ) = €.

Proof. We prove this using the inductive construction of both complexes. The case
n = 1 is trivial. Assume now that is true for n — 1. Recall the parabolic
subgroups P; and P from the inductive construction of C’;L N

Let us write Gn 1 =GL,,_1(F) and B,,_1 C G,,—1 for the upper triangular Borel.
Further let ' = diag(\, ¢~ '\, ..., ¢~ (»=2 )\) Similarly to the definition of &, and
b, using wy we define &/, and 6’ using we’ for w € S,,_1. Then

G Gno13r S = G
LB, (L§"7 5 ® UNTy—(n— 1)>\) 1 Z0w

G Gn-1 g N
'p, (unr e ® 5 6 ) = L§50w0_1,

and the intertwining operator between the representations on the right hand side
translates to the intertwining operator f(w,owo 1) under this identification.
By the same inductive construction, we assume that each entry of C _1, Is adirect

sum of representations L%" 15{,1 for w € S,,_1. By Theorem [4.32| the morphism

n—1

B G [ » G °

Ra (v, DY) — Ry (15,D3)
is (up to a unit) identified with the multiplication by (¢, — t,—1). The inductive
construction of Ej y hence implies the claim. O

Corollary 4.36. Let A € C* and let (p, N) € Xx(C) be the L-parameter defined
by (C™, o, N) =Sp(A,n). Then

Ra(St(A\,n)) = OXG,[¢,N]’
where St(\,n) = LL(p, N) = LL™4(p, N) is the generalized Steinberg representa-

tion.

Proof. The corollary above implies

R, (St(A\,n)) = Os
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as G-equivariant sheaves. Moreover, we have
St(A,n) @k CI/ (1) = St(h,n) @ CH/ (@) = St(\,n),
OX?,X ®é[[t]] Cltl/ () = OX?,X ®cry CItL/(t) = Oxg (, ny-

The center 3)( acts on gt(A, n) and O gs.  via a surjection
Gix

3, — C[t].
Choosing a pre-image g of ¢ we obtain isomorphisms
St(A,n) ®¢py CI/(8) = St(A,n) @5 3:/(9)
Oxst @p CII/ (1) = Ogse ®F 3:/(9).

The claim now follows from gx—linearity of RG’X. O

Remark 4.37. With some extra effort one can use a similar strategy to compute the
images of LL(p, N), where ¢ = diag(\, ¢~ '),...,¢~ ™ Y )\) and N is an arbitrary
endomorphism such that (¢, N) € Xx. Recall that LL(¢p, N) is the unique simple
quotient of LL™°4(, N). One needs to build a complex similar to C’;L , which is a
resolution of LL(p, N). We omit the technical computation, and only describe the
result.

Let us choose such y = (¢, N) € Y C X5, where Y C Y is the closed subscheme
t; = -+ =t, = 0. We denote by L(y) the sheaf of ideals defining the closed
subscheme

{ilui(y)=0}
Obviously this is a T-equivariant line bundle and we write £(y) for the correspond-
ing G-equivariant line bundle on X . Let us denote the number of ¢ € {1,...,n—1}

such that u;(y) = 0 by l,. Then

Ra(LL(p, N)) = L(y)[ly]
is the equivariant line bundle £(y) shifted to (cohomological) degree —I,,.

Proof of Theorem[].28 We assume that ¢ is an arbitrary regular semi-simple ele-
ment and choose a decomposition

(C™ 0, N) = P Sp(hi, )
=1

as in subsection 4.1l Then
LL™Y(p, N) = 18 (St(A1,71) @ -+ @ St(As, 7)) = 15 (St(Ae, 7s) @ - @ St(Ay, 71))

with the ordering of (4.2)). Here P is a block upper triangular parabolic with Levi M
and we set P’ to be the block upper triangular parabolic with Levi M’ = woMwg t
where wg € W is the longest element. Write M = GL,, x --- x GL,, and consider
the morphisms

(073 X[:)/ — XM/,

B Xp, — XG'
The choice of M’ < P’ defines an embedding ¢ : Xy, < Xp,. We will write
(Zs,...,21) € Xy for the point defined by

Sp(Ass7s) & - @ Sp(A1,71),
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and write Zy;, (71, ..., rs) for the Zariski-closure of its M’-orbit M’ - (xs,...,z1).
Then one easily checks that the choice of ordering of A1, ..., As implies that

a N Zyp (s m1)) = Zpi (s, - .., 1)
is the Zariski-closure of the P’-orbit of «(x,, ...,2;). Moreover, the choice of order-

ing implies that « is smooth along this pre-image. In particular
La*OZM/(ﬂﬂs’m,Il) = OZP/(CEsa“wIl)'

Let Za(zs,...,21) C Xp denote the G-invariant closed subscheme of X, cor-
responding to the P’-invariant closed subscheme Zp(Tsy... 1) C Xp,. Using
Corollary and compatibility of Rg with parabolic induction, we are left to
show that

RB*(OZG(xS, [N ,1’1)) = OXG“,[
This follows, as the construction implies that 8 maps Zs(xs, . . . , £1) isomorphically
onto the Zariski-closure X¢; 1, nj of the G-orbit G- (o, N) = G - t(zs...,21). O

@, N]”

We also remark that Theorem is true for all regular semi-simple elements (.

Corollary 4.38. Let ¢ € T(C) be regular semi-simple and x : 3 — C the character
defined by the image of ¢ in T/W. The set of functors
RMvX : D+(7:1M7X_m0d) - DaCOh([XM,X/M])

for standard Levi subgroups M C G, is uniquely determined (up to isomorphism)
by requiring that they are 3 -linear, compatible with parabolic induction, and that
RT,X is induced by the identification

Hr o -mod = QCoh(XTv’X).

Proof. As in the proof of Theorem the images of ]-AEQX(SU,) are uniquely deter-
mined up to isomorphism and it is enough to prove that the same is true for the
images of intertwining operators. Without loss of generality we may assume

¢ = diag(\, g7 Ay, q A A g A g D)

with g7\, #qP\jfori#j,a=0,...,1; —1,b=0,...,7; — 1, and \; # ¢~ "7 )\;.

Let M = GL,,(F) x -+ x GL,_(F) be the block diagonal Levi subgroup with

block sizes (r1,...,rs) and P the corresponding block upper triangular parabolic

subgroup. Further let ; = diag(Ai, ¢~ '\, ..., ¢~ "7\ € GL,,(F). For w; € S,,

we write 57(19 for the universal unramified deformation of the character defined by

w;;. Then, by means of an intertwining operator, every L%Sw is isomorphic to
E(M

(1 S(s
(5, 00) ® - @ 55)))
for some (w1,...,ws) € S, X -+ X S, = Wy, As in the proof of Theorem m

we deduce that, given two functors ]:ZG,X and RIGX satisfying the assumptions, it is
enough to show that for all w € W), there are isomorphisms

Quy RG’X(L%SU,) — J%IG’X(L%SU,)

such that the diagrams
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commute for all w,w’ € Wj,. This follows from the statement of Theorem 2| and
transitivity of intertwining operators under parabolic induction. O

We finish by giving more details on the behavior of Rg(c—indi op) in the three-
dimensional case.

Ezxample 4.39. In the case n = 3 there are three partitions Ppin, Po, Pmax of n = 3.
We have

umin = mpmax = 17
mp, = 2,

where the multiplicities are defined as in . The sheaves Rg((c—indﬁ Omin )’ )
and R ((c-ind$ omax)?) are determined in Proposition Let us give a closer
description of

F = Rg/((c-ind% op, ) F).
As discussed in the Remark 4| the generic rank of F on Zg p/ is 0 if P’ = Phin,
itis 1 if P’ = Py and it is 2 if P’ = Prax.

We describe the completed stalks F, as modules over the complete local rings
@Xd,x for C-valued points z = (¢, N) € Xx. To simplify the exposition we restrict
ourselves to regular semi-simple ¢. Recall that Xpo p = Zgp U Zgp Is a
union of two irreducible components in this case. Moreover, recall that we write
Xe&o = Zap,,, for the irreducible component defined by N = 0.

a) Assume z € Zg p  \Xg p,, then, Fp=0.

min

(
(b) Assume = € Zg p \Z¢ p, .., then Fp = OX@@'
(

c) Assume z € Zg p

» /T max

\ZG p,» then Fp OXG’

(d) Assume z € Zg Poas [V 2 p,- Without loss of generality we may assume
© = diag(A1, A2, A3). As before we write x : 3 — C for the character defined by
the characteristic polynomial of ¢. Up to renumbering, we have to distinguish two
cases:

(d1) A2 = ¢7'Ap and A3 ¢ {¢7'X2,q\i}. In this case Zy p, and Zg p  are
smooth at x. Moreover (using the notations introduced above)
C—indf( op, D3 3X = L%Swl &) L%Swz
for some w1y, ws € W and (with appropriate numeration)
C'indg OPpin D3 3)( = L%gwl % L%S'LUQ = C'ind% OPiax D3 3X'
We then can use compatibility of Rg with parabolic induction to deduce
that A . R
]:w goXép ,wEBOXGO, .
(d2) A3 = ¢ 'Aa = ¢~ 2\;. In this case Z¢ p, 18 no longer smooth at z, but
has a self intersection as can be seen from the descrlptlon of the complete

local ring: using a local presentation as in we can compute that the
complete local ring of Ox_, , is smoothly equivalent to

Cltr, ta, ta, ur, ua] /(¢ — t2)ua, (t2 — t3)us).
With these coordinates the completion of Zs p  —at z is given by the
vanishing locus V(1 — t2,%2 — t3) and the completion of Zg p»  is given

by V(ui,us). Moreover, both are smooth at x. However, the completion
of Zg p, is given by V(t1 — t2,uz) UV (u1,t2 — t3), i.e. it decomposes into
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two components, say Z1 and Z,. Note that this computation implies that
Z¢g p, can not be Cohen-Macaulay at z, as it has a self intersection in
codimension 2. We can compute the completions of the compactly induced
representation:

G 5 a3
c-indg 0p,,,, @3 Ix = 150

3 G 5 [a) N N
c-indg op, ®3 3y = L%&J,l @ L%6w2

s G 5 ~ ,G
c-indg op,,;, ®3 3X = ’/§5w07

where wy € W is the longest element and wq,ws € W\{1,wp}. Here the
elements wq, wy are chosen such that

{1%31, L%Swl,L%SwZ,L%SwO} = {L%Sw, we W}

is the set (consisting of four pairwise non-isomorphic elements) of induced
representations of the form L%(Sw. Using compatibility with parabolic in-
duction we deduce that (in the coordinates introduced above)

F =Ct1,to, ts, ur, us]/((t1 — t2)ur, uz)
® Ct1,ta, t3, ur, u2]/(ur, (t2 — t3)us).

In other words the completion F, is the direct sum of the structure sheaves
of XG,O,w U Z; and XG,O,w U Zs.
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