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Exercise 1:

(i) Show that a morphism f : X → Y is a monomorphism (i.e. f ◦ g = f ◦ h ⇒ g = h for
morphisms g, h : T → X) if and only if the diagonal ∆f : X → X ×Y X is an isomorphism.
(In particular ∆f is an isomorphism if f is a locally closed immersion).

(ii) Let f : X → Y and g : Y ′ → Y be morphisms of schemes.
We write f ′ = prY ′ : X ′ = X ×Y Y ′ → Y ′ resp. g′ = prX : X ′ → X for the base change of f
resp. g. Show that the diagram

X ′

∆f′

��

g′
// X

∆f

��
X ′ ×Y ′ X ′

g′×g′
// X ×Y X

is cartesian (i.e. a fiber product).

(iii) Let f : X → Y and Y → Z be morphisms of schemes. Show that the diagram

X ×Y X

��

G // X ×Z X

f×f
��

Y
∆g // Y ×Z Y,

where G is induced by the identity on X in both factors, is cartesian and that ∆g◦f = G◦∆f .

Exercise 2:

Let A be a ring and let p : Pn
A → SpecA be the projection from the n-dimensional space over A to

SpecA. Show that p is separated by proving that ∆p is a closed immersion.

Exercise 3:

(i) Let f, g : X → Y be morphisms of S-schemes and assume that X is reduced and that Y is
separated over S. Assume that there is a dense open subscheme U ⊂ X such that f |U = g|U .
Show that f = g.
(Hint: Show that the graphs Γf and Γg coincide.)

(ii) Let f : X → Y be a separated morphism. Let g : Y → X be a section of f , i.e. a morphism
such that f ◦ g = idY . Show that g is a closed immersion.

(iii) Let f : X → Y be a separated morphism and let U, V ⊂ X be open subsets that are affine over
Y (i.e. the morphisms U → Y and V → Y induced by restriction of f are affine morphisms).
Show that U ∩ V is affine over Y .



Exercise 4: Let P be a property of morphisms of schemes such that:

(a) closed immersions have the property P,

(b) the property P is stable under composition and base change.

Show that

(i) If f1 : X1 → Y1 and f2 : X2 → Y2 have P, then f1 × f2 : X1 ×X2 → Y1 × Y2 has P.

(ii) Let f : X → Y and g : Y → Z be morphisms such that g is separated g ◦ f has P. Then f
has P.

(iii) If f : X → Y has P, then fred : Xred → Yred has P.
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