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Exercise 1:

Let S =
⊕

d≥0 Sd be a graded ring and let 0 6= f ∈ Sd. Show that f induces a morphism
φ : OX → OX(d), where X = ProjS. Furthermore, show that

D+(f) = {x ∈ X | φx : OX,x → OX(d)x is an isomorphism}.

Exercise 2:

Let S =
⊕

d≥0 Sd be a graded ring such that S is generated by finitely many elements in S1 as an
S0-algebra. Let X = ProjS and U = X\V (S+) ⊂ SpecS. Finally let M =

⊕
d∈ZMd be a graded

S-module.

(i) Let f ∈ S1. Show that the canonical maps SpecSf → SpecS(f) glue to give a canonical map
π : U → ProjS.

(ii) Let f ∈ S1. Show that the canonical map M(f) ⊗S(f)
Sf → Mf induced by the inclusion

M(f) →Mf is an isomorphism.

(iii) Let F denote the quasi-coherent sheaf on SpecS such that by Γ(SpecS,F ) = M and let
G denote the quasi-coherent sheaf on ProjS defined by the graded S-module M . Show that
there is a canonical isomorphism π∗G ∼= F |U .

(iv) With the notations in (iii), deduce that G = 0 if and only if the coherent sheaf F is supported
on V (S+) ⊂ SpecS.

Exercise 3:

Let X be a scheme and let S =
⊕

d≥0 Sd be a quasi-coherent graded OX -algebra.

(i) Fix n > 0 and define S (n) =
⊕

d≥0 Sdn which is again a quasi-coherent graded OX -algebra.

Show that ProjX S ∼= ProjX S (n) as X-schemes.

(ii) Let L be a line bundle on X. Show that S ′ =
⊕

d≥0(Sd ⊗ L ⊗d) is in a natural way a
quasi-coherent graded OX -algebra, and show that ProjX S ∼= ProjX S ′ as X-schemes.



Exercise 4:

Let k be a field and n ≥ 1 and let S = k[T0, . . . , Tn] and Pn
k = ProjS. For d ∈ Z we write Sd ⊂ S

for the elements that are homogenous of degree d.

(i) Show that Γ(Pn
k ,O(d)) = Sd.

(ii) Assume that d ≥ 0 and write N = dimk Sd−1 =
(
n+d
d

)
−1. Show that the choice of a k-basis

of Sd induces a surjection ON+1
Pn
k
→ O(d).

(iii) Show that the map Pn
k → PN

k defined by the surjection from (ii) is a closed embedding.
This embedding is called the d-fold Vernoese embedding.
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