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A classical vanishing theorem

Theorem: Let (M, g) ba a compact Riemannian manifold with
nonnegative Ricci curvature and nonzero first Betti number, then
the Euler number of M is zero.

Question: Can we generalize this vanishing theorem under a
weaker curvature assumption, for example, almost nonnegative
Ricci curvature?

If M™ admits a sequence of Riemannian metrics g; such that

n—1

Ric(gi) > —
!

D(gi) <1,

then we say that M" has almost nonnegative Ricci curvature
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Example: Let M* be the manifold performing surgery along a
meridian curve in T#, i.e, removing a tubular neighborhood of the
curve and attaching a copy of D? x S2. Anderson showed that M*
admits a sequence of Riemannian metrics g; such that

-1

Ric(gi)] < .

D(g,-) S 1.

However, M* has nonzero Euler number.
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However, the curvature operator of g; constructed by Anderson
does not have a uniform lower bound. M* in fact can not admit a
sequence of Riemannian metrics g; of almost nonnegative Ricci
curvature with curvature operator uniformly bounded from below
by the following theorem.
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Theorem (X. Chen): Let M" be a closed Riemannian manifold
with almost nonnegative Ricci curvature. If the curvature operator
of g; is uniformly bounded from below by —/d, then

1. the Euler number of M" is zero.

2. Moreover, for any [0] € Hi(M™), [6] # 0, there exists some
t € R, t # 0 such that HP(M, tf) = 0 for any p, where HP(M, t0)
is the Morse-Novikov cohomology group with respect to tf.

Remark: If we replace the assumption on curvature operator by
m Jiy IRi|PdV < C, where R; is the Riemannian curvature
tensor of g; and p > n/2, then the same conclusion holds.
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Definitions of Morse-Novikov cohomology

Let M" be a smooth manifold and 6 a real valued closed one form
on M". Set QP(M") the space of real smooth p-forms and define
dy : QP(M") — QPFL(M") as dya = da + 0 A« for v € QP(M").
Then we have a complex

o QP MY % QP(Mm) Ly QP (MT) s

whose cohomology HP(M,0) = HP(Q*(M"), dp) is called the p-th
Morse-Novikov cohomology group of M" with respect to 6.

Remark: Novikov introduced a cohomology theory to generalize
Morse inequalities to closed one forms. His theory turns out to be
equivalent to the above definitions which was firstly given by
Pazhitnov after Witten's famous work on Morse theory.
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Basic properties

1. If 0 =0+ df, f € C®°(M",R), then for any p, we have
HP(M",6") ~ HP(M",0) and the isomorphism is given by the map
[a] = [e"al;

2. If 61,0, are two representatives in the cohomology class [6],
then HP(M, 61) ~ HP(M, 6). Hence HP(M,8) only depends on
the de Rham cohomology class of 6.

3. If [#] # 0 and M" is connected and orientable, then HO(M", )
and H"(M", 0) vanish.
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4. the integration
J : HP(M",0) x H'=P(M", —0), (at, B) = [3sn @ A 3 induces an
isomorphism HP(M",0) ~ (H"~P(M", —6))*.

5. ZZZO(—l)PdimHP(M”,H) is equal to the Euler characteristic
number of M"™;

6. If N9 be a d-dimensional manifold and « be a closed one form
on N9, then we have

H<(M? 5 N9, 750 + 737) = @)y gy HP(M”,0) @ HI(N, ),
where w1 : M" x N9 — M", 75 : M" x N9 — N€ are the projection
maps.
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7. 07 MP— M is a covering space with finite sheet, then
7 HP(M",0) — HP(M" 7*0) is injective for any p.

8. Example: Let M" be n-dimensional torus, then HP(M".6) =0
for any p and [0] # 0.
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cohomology of local system

Let 6 be a closed one form on M". Consider the following linear
representation of the fundamental group of M":

p:m(M") = GL(1,C) = C*,[y] —~ eh .

The representation p defines a complex rank one local system C,
over M". We denote by H?(M",C,) the p-th cohomology group
of M"™ with coefficients in this local system.

Theorem: HP(M",0) ~ HP(M",C,) for any p.
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Vanishing theorems of Morse-Novikov cohomology

We always assume that M” has nonzero first de Rham cohomology
group.

1. (MZcinic, Panadima) If the fundamental group of an aspherical
manifold M" has a finitely generated nilpotent subgroup of finite
index, then HP(M",6) = 0 for any p and [f] # 0.

2. (M&cinic, Panadima) If the fundamental group of a compact
manifold M" has a finitely generated nilpotent subgroup of finite
index, then HY(M",6) = 0 for any [0] # 0.

3. (X.Chen) If M" is an almost nilpotent space, then the
Morse-Novikov cohomology HP(M,#) = 0 for any p and [f] # 0.
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Definition: 1. M" is a nilpotent space if w1(M") is a nilpotent
group that operates nilpotently on 7, (M") for every k > 2, i.e,
V = 7, (M") admits a finite sequence of m1(M")-invariant
subgroups

V=VyoVWVioV,Do---DV,=0

such that the induced action of w1(M") on Vj/ Vi1 is trivial for

any J.
2. M" is an almost nilpotent space if there is a finite cover of M"
which is a nilpotent space.
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Morse-Novikov cohomology and almost nonnegative
sectional curvature

Definition: M" has almost nonnegative sectional curvature if it
admits a sequence of Riemannian metrics g; such that
1

sec(gi) > —=
)

D(gi) < 1.

Corollary: Let M™ be a closed Riemannian manifold of almost
nonnegative sectional curvature, then the Morse-Novikov
cohomology HP(M,0) = 0 for any p and [f] # 0. (By a theorem of
Kapovitch, Petrunin, Tuschmann, a closed Riemannian manifold of
almost nonnegative sectional curvature is an almost nilpotent
space)
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Example: If M is not a nilpotent space, its Morse-Novikov
cohomology does not necessarily vanish as the following example
shows. Let h:S3 x S? — S3 x S3 be defined by

h:(xy) = (v, yxy)-

Let M be the mapping torus of h. Then M has the structure of a
fiber bundle:
xS = M—sh

The induced map h*3 on H3,(S® x S?) is given by the matrix

11
(1 2)
Notice that the eigenvalues of Ay, are different from 1 in absolute
value. Hence M is not a nilpotent space.
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Let X\ be a eigenvalue of A, with A\ =e "t t A0, t € Rand 6 a
generator of Hlz(M). We claim that H3(M, t0) # 0. In fact, tf
defines a linear representation of the fundamental group of M:

pe i m(M) = GL(1,C) = C*, [7] = ' 1.
The representation p; defines a complex rank one local system C,,,
over M". Then we have HP(M, t0) ~ HP(M",C,,). By Wang's
exact sequence, we have

dime HP(M",C,,) = dimc ker(h*P—e~tId)-+dimc coker(h*P~* —e~*Id)

As et is an eigenvalue of h*3, we see that
dimc ker(h*3 — e~ tId) > 0 and H3(M, tf) # 0.
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What about Ricci curvature

1. If M™ admits a Riemannian metric of nonnegative Ricci
curvature, then HP(M, 6) = 0 for any p and [A] # 0.

2. The same conclusion fails if M"” admits a sequence of
Riemannian metrics g; such that
n—1

1

Ric(gi) > —

D(g;) S 1.

(We say M" has almost nonnegative Ricci curvature)
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Example: Let M* be the manifold performing surgery along a
meridian curve in T#, i.e, removing a tubular neighborhood of the
curve and attaching a copy of D? x S2. Anderson showed that M*
admits a sequence of Riemannian metrics g; such that

n—1

Ric(g)| < ™=

D(gi) <1

Moreover, its fundamental group is isomorphic to Z3 and its Euler
characteristic number is nonzero. For any [0] € His(M*), [0] # 0,
we get HP(M*,0) = 0 for p # 2 and H2(M*,0) +# 0.

Known topological obstruction (Cheeger-Colding,
Kapovitch-Wilking): The fundamental group of a Riemannian
manifold with almost nonnegative Ricci curvature is almost
nilpotent.
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However, the curvature operator of g; constructed by Anderson
does not have a uniform lower bound. M* in fact can not admit a
sequence of Riemannian metrics g; of almost nonnegative Ricci
curvature with curvature operator uniformly bounded from below
by the following:
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Theorem (X.Chen): Let M" be a closed Riemannian manifold
admiting a sequence of Riemannian metrics g; such that
n—1

1

Ric(gi) > —

D(g;) S 1.

If the curvature operator of g; is uniformly bounded from below by
—Id, then for any [0] € Hi5(M"), [0] # 0, there exists some
t € R, t # 0 such that HP(M, tf) = 0 for any p, where HP(M, t0)
is the Morse-Novikov cohomology group with respect to t6.
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An integral formula of differential forms

Let M" be a compact Riemannian manifold and X a smooth
vector field on M". Then for any smooth differential form u on
M?", we have the following integral formula:

. ) 1. . .
/ (ixdu, u) + (ixu,0u) = / —Ed/v(X)|u|2 + (ive xu, ie;u),

where § is the dual of d.
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Proof of the integral formula

Let {e;} be a local orthonormal frame and {6} be its dual frame.
Let Y = (ixu, i, u)ei, then Y is a global defined vector field on
M?". By direct computation, we have

div(Y) = (ig. xu, ieu) + (Vxu, u) — {ixdu, u) — (ixu,éu)

div(|u>X) = (Ve (|u|*X), &) = div(X)|u|* + (Vxu, u) + (u, Vxu).
Then we see that

1 1

5div(|u|2><) — divY = 5div(><)|u|2 — (g, xU, i) + (ixdu, u) + {ixu, 5

By Stokes’ theorem, we see that

1
/ (ixdu, u) + (ixu,du) = / —56/"V(X)|U|2 + (v, x U, ie;U)



Some vanishing theorems on manifolds with almost nonnegative/ nonpositive Ricci curvature

Proof of the vanishing theorem

The proof is based on Hodge theory of Morse-Novikov cohomology:
Let d, be the formal L? adjoint of dy with respect to gj and

Ag = dpdy + djydy the corresponding Laplacian. Then one obtains
an orthogonal decomposition

QP(M") = HP(M") & dp(QP~H(M")) @ dj (QPF1(M")),

where HP(M?") is the space of Ay harmonic forms, which is
isomorphic to HP(M", ).
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By Hodge theory, we can choose a harmonic form 6; in the
cohomology class [0;]. Let V(g;) be the volume of (M", g;), X; the
dual vector field of 0; defined by gi(X;, Y) = 0:(Y). Set

ti = (%)1/2 > 0. Choose a At harmonic form «; in

Hp(Mn, t,-&,-).
The idea is to show that «; = 0 for sufficiently large /.
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Firstly we have the following integral inequality:
/ﬁnﬂ&ﬁmﬁdmgch/(mvxy+mwmxnmm%w
Mn Mn

for some constant C, depending only on n.
Combining the following Bochner formula

—1
/ VXi2dv; < 1= / 1X;[2dV;,
Mn 1 Mn

we get for sufficiently large 7,

1
/|w%wg/|m%w
Mn 2 Mn

Hence o; = 0.
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Remark: 1. In the proof, we need a Poincare-Sobolev type
inequality which is available due to the assumption
Ricci(g;) > —"=* and D(g;) < 1.

i

2. We also need to apply Moser’s iteration to prove a mean value
inequality which allows us to control the L* norm of «; in terms
its L2 norm. This was done by applying Bochner formula to «; and
we get

1
§A|04i|2 > [Voyl? — |daif* — |d* i — Cplail?

for some positive constant C, depending only on n as the
curvature operator of g; is bounded from below by —/d.

3. As C, depends only on n, we can then show that those
constants appearing in the mean value inequality are independent
of i.
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Question: Can we apply the above method to other Dirac
operator? For example, can we prove that a compact spin
4n-dimensional manifold with almost nonnegative Ricci curvature
and nonzero first Betti number has vanising A genus?

There is a serious trouble which comes from the integral formula!

Theorem (X.Chen and F.Han): Given positive numbers given
positive numbers p, n,; A1, Ao with p > 2n, there exists some

e = €(p, n, A1, A\2) > 0 such that for any compact 4n-dimensional
spin Rimannian manifold (M, g) with infinite isometry group and
—A1 < Ric(g) < e, diam(g) < 1 and 55 [y [RglPdV < Ao, the
elliptic genera of M vanish.

Remark: Let (M, g) be a compact 4n-dimensional spin Rimannian
manifold with nonpositive Ricci curvature and infinite isometry
group, then the elliptic genera of M vanish.
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By the Atiyah-Singer index theorem, when the manifold M is
orientable, Elli(M) can be expressed analytically as index of the
twisted Dirac operator ds @ ©(TcM) ® ©1(TcM), where ds is the
signature operator; and further when M is spin, Ellb(M) can be
expressed analytically as index of the twisted Dirac operator

D ® O(TcM) ® ©2(TcM)), where D is the Atiyah-Singer spin
Dirac operator on M.

Formally, we have

O(TcM)®01(TcM) = Ao TeM)+A1(TeM)g+Ax(TcM)g*+- - -

I

O(TeM)®0x(TeM)) = Bo( TeM)+Bi(TeM)qz +By(TeM)g+- - - .
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Three important facts used in the proof:

1. (Witten-Bott-Taubes-Liu): The twisted Dirac operator
ds @ O(TcM) ® ©1(TcM) and D @ ©(TcM) @ ©( TcM)) are
rigid.

2. Ellh(M) is determined by the index of
D ® By (TcM),0 < k < [5].

3. ElL(M) is determined by Elb(M).
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Let M be a closed smooth manifold and P be a Fredholm operator
on M. We assume that a compact connected Lie group G acts on
M nontrivially and that P is G-equivariant, by which we mean it
commutes with the G action. Then the kernel and cokernel of P
are finite dimensional representations of G. The equivariant index
of P is the virtual character of G defined by

ind(P, h) = trace(h|kerp) — trace(h|cokp), h € G. (1)

P is said to be rigid for this G action if the index of (P, h) does
not depend on h € G.
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An integral formula for twisted harmonic spinors

Let X be a vector field on M. Suppose s € I(S(TM) @ Bx(TcM))
satisfies

(P4 +v—1tc(X))s =0,t € R
P=D® Bk(TcM).

Then we have the following integral formula.
QF/ t|c(X)s|? = /M —2 < Vxs,s > —(c(VeX)s, c(e)s).
We also have
< Vxs,s > — < Lxs,s >< Co|VX||s]?

for some constant C, depending only on n.
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If we choose X to be a Killing vector field, by rigidity of the twist
Dirac operator, we can assume that

LXs =0.

Then we have the following integral inequality:

/ 2| X|?|s|?dV < C(n)/ t|VX||s|?dV.
M M
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Thank you!



