Regularity questions for polyharmonic maps

Andreas Gastel (Essen)

Miinster, 19.07.2021

partially based on joint work with Christoph Scheven, Andreas Nerf, Felix Zorn, and
Frédéric Louis de Longueville
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Regularity results for harmonic maps (k = 1), biharmonic maps (kK = 2), and
polyharmonic maps (k > 3). For v € W*2(M, N), M open, dim M = m, N closed
submanifold of some R".

Weak solutions are smooth are smooth if m < 21@.‘

harmonic: Hélein, Griter, ...
biharmonic: Chang/Wang/Yang, Wang
polyharmonic: G./Scheven

What it m > 2k7

’Minimizers are smooth outside a closed set of dimension < m — 2k — 1.

harmonic: Schoen/Uhlenbeck, Giquinta/Giusti
biharmonic: Wang
(polyharmonic: G., very partial results)

‘Stationary weak solutions are smooth outside a closed set of dimension < m — 2k.

harmonic: Bethuel
biharmonic: Wang, Angelsberg, Struwe



Let 7 : E — M be a vector bundle over M. For any connection d + A on E, the
Euclidean norm of the curvature Fy := dA + %[A,A] is invariant under pointwise
orthonormal changes of coordinates in the bundle fibres E,. (“gauge invariance”)

Uhleneck’s gauge theorem. If A € WY™2 and ||Fa|pme2 < €, there is a gauge
transformation g : M — SO(n) such that g~ (d + A)g =: d + Q) satisfies

02=0 and HQ“WL’"/Q S C”FQ”Lm/z.
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Conservation laws. Assume m = 2k.

Harmonic map type equations. (Riviére)

Q an so(n)-valued 1-form. If one can find A € W12 N L>(U,GGL(n)) and B €
Wh2(U,R™"™ @ A’R? such that

dA — AQ = —4B,

then the equation is equivalent to

d(x*Adu — (xB) A du) :a

Biharmonic map type equations. (Lamm/Riviére)

LNU — A(V.du) + 5w du) + (W, du) |

where V. € W2 w e L? and W € W12

If W =dn+ F with F € L*3" and n € L? and 7 skew-symmetric, and if there are
A e W22 L>(U,GL(n)) and B € Wb (U, R™" @ A2RY) for which

[AdA 1 (AA)V — (dA)w + AW = 53,[

then the equation is equivalent to

5 [d(AAu) — 2dA Au+ AAdu — Aw du + dA(V, du) — Ad(V, du) — (B, du>] - ﬂ




Theorem (de Longueville/G.) Assume m > 3, n € N. Let coefficient functions
be given as

wy € WETETm2(pEm X for k€ {0,...,m —2},

Vi € W2hktlmm2(pm Rnxn g AlRZm) for k€ {0,...,m— 1}, where
Vo = dn+F,

no€ WEMAB™ so(n)), F e W mainl (B RV @ AR,

We consider the equation

m—1 m—2
A =" ANV du) + > AFS(wy du). (1)
k=0 k=0
For this equation, the following statements hold.
(i) Let
m—2 m—1
0 = ”wk”W2k+2—m,2(B2m) + Z ||V]€|‘W2k+1—m,2(32m)
k=0 k=1

+ Inllwa-m2p2my + ||F||W

2 .
Q*W'Tiql’l(BQm)

There is 6y > 0 such that whenever 0 < 0y, there are a function A € W™? N
L*°(By,4; GL(n)) and a distribution B € W2~ ™2(By 4, R™" @ A’R*™) that solve

m—1 m—2
A™TAA Y C(ARA)WV = Y (AFdA)wy, = 0B. (2)
k=0 k=0 ]

(i) A function u € W™?*(By5,R") solves (1) weakly on By if and only if it is a
distributional solution of the conservation law

[ m—1 m—2 —1
0 = 5[ (A A)A™ dy — 3 (dA A)A™
£=0 =0

m—1 k—1 m—1 k—1

- (A"A) AT AV duy + ) 0 (dATA) ANV du)
k=0 ¢=0 k=0 =0
m—2 k—2 m—2 k—2

=30 (AA) AR S (wy, du) + (A" A) A*15 (wy, du)
k=0 ¢=0 k=0 ¢=0

— (B, du). (3)

(Here dA™'6 means the identity map.)

(i41) Every weak solution of (1) on B*™ is continuous on By 16 if the smallness condition
0 < Oy holds.
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