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© Manifolds with a (strong) Kato bound
© Tangent cones of non-collapsed strong Kato limits

@ Some further results
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Introduction - o] et
Precompactness and regularity of Ricci limits

Weakening Ricci lower bound
Kato bounds and main results

Limits of manifolds

In many problems of geometric analysis, it is often useful to make
sequences of manifolds “converge”.

e blow-up sequences in studying singularities of geometric flows
or area minimizing submanifolds.
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Introduction - o] et
Precompactness and regularity of Ricci limits

Weakening Ricci lower bound
Kato bounds and main results

Limits of manifolds

In many problems of geometric analysis, it is often useful to make
sequences of manifolds “converge”.

e blow-up sequences in studying singularities of geometric flows
or area minimizing submanifolds.

e minimizing/maximizing sequences in the study of critical
metrics.

e in the study of moduli spaces of critical metrics.

We focus on the notion of Gromov-Hausdorff convergence.
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Introduction q Aol Tl
ucti Precompactness and regularity of Ricci limits

Weakening Ricci lower bound
Kato bounds and main results

Gromov's pre-compactness theorem

Theorem (Gromov, 1981)

Let {(Mq, 8y 0a) }aca be a sequence of pointed Riemannian
manifolds, K € R and assume that for all o € A

Ricg, > K.
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Theorem (Gromov, 1981)

Let {(Mq, 8y 0a) }aca be a sequence of pointed Riemannian
manifolds, K € R and assume that for all o € A
Ricg, > K.

Then there exists a pointed metric space (X,d, o) such that, up to
a sub-sequence, the manifolds (M,,dg, , 0,) converge to (X,d,0)
in the pointed Gromov-Hausdorff topology.
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Kato bounds and main results

Gromov's pre-compactness theorem

Theorem (Gromov, 1981)

Let {(Mo, 8, 0a) taca be a sequence of pointed Riemannian
manifolds, K € R and assume that for all o € A

Ricg, > K.

Then there exists a pointed metric space (X,d, o) such that, up to
a sub-sequence, the manifolds (M, dg, , 0,) converge to (X,d, o)
in the pointed Gromov-Hausdorff topology.

The space (X,d, 0) carries singularities.
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Ricci limit spaces

A pointed metric space (X, d, o) obtained as a limit of manifolds
with a uniform Ricci lower bound is a Ricci limit.
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Ricci limit spaces

Definition

A pointed metric space (X, d, o) obtained as a limit of manifolds
with a uniform Ricci lower bound is a Ricci limit. If moreover there
exists v > 0 such that for all a € A

volg, (Bi(0q)) > v,

we call the sequence non-collapsing and (X, d, 0) non collapsed.
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Ricci limit spaces

Definition

A pointed metric space (X, d, o) obtained as a limit of manifolds
with a uniform Ricci lower bound is a Ricci limit. If moreover there
exists v > 0 such that for all a € A

volg, (Bi(0q)) > v,

we call the sequence non-collapsing and (X, d, 0) non collapsed.

Under the non-collapsing assumption, pointed measured
Gromov-Hausdorff convergence is usually considered:

(Mqy,dg,,,volg, , 04) pm—G>H (X,d, p,0).
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Geometry and regularity of non collapsed Ricci limit spaces

Questions: what is the geometry of a (non-collapsed) Ricci limit?
What can be said about its singularities? Are they a few, a lot?
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* Anderson, Cheeger, Colding, Tian, Naber, Jiang...
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Geometry and regularity of non collapsed Ricci limit spaces

Questions: what is the geometry of a (non-collapsed) Ricci limit?
What can be said about its singularities? Are they a few, a lot?

* Anderson, Cheeger, Colding, Tian, Naber, Jiang...

* Lott-Sturm-Villani, Ambrosio-Gigli-Savaré : Ricci limits can
also be seen as RCD(K, n) metric measure spaces, satisfying a
generalized upper bound n for the dimension and lower bound
K for the curvature.
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Geometry and regularity of non collapsed Ricci limit spaces

Questions: what is the geometry of a (non-collapsed) Ricci limit?
What can be said about its singularities? Are they a few, a lot?

* Anderson, Cheeger, Colding, Tian, Naber, Jiang...

* Lott-Sturm-Villani, Ambrosio-Gigli-Savaré : Ricci limits can
also be seen as RCD(K, n) metric measure spaces, satisfying a
generalized upper bound n for the dimension and lower bound
K for the curvature.

The local geometry of a Ricci limit is described by tangent cones.
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Tangent cones and metric cones

Definition (Tangent cone)

Let (X, d) be a metric space and x € X. A metric space (Y,dy, x)
is called a tangent cone of X at x if there exists a sequence
e € (0,00) such that ¢ — 0 and

(X,e71d, x) 2 (Y, dy, x).
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Weakening Ricci lower bound
Kato bounds and main results

Tangent cones and metric cones

Definition (Tangent cone)

Let (X, d) be a metric space and x € X. A metric space (Y,dy, x)
is called a tangent cone of X at x if there exists a sequence
e € (0,00) such that ¢ — 0 and

(X,e71d, x) 2 (Y, dy, x).

A tangent cone is called “cone” because it is invariant by dilation.

Definition (Metric cone)

A metric space (X, d) is called a metric cone if there exists a metric
space (Z,dz) such that X = C(Z) =R x Z, and d is given by

d((s, x), (t,y))2 = % + s + 2st cos(min{m,dz(x,y)}),
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Tangent cones of Ricci limits

If (X,d,o0) is a limit of manifolds (M, g., 0,) a tangent cone
(Y,dy,x) is a limit of re-scaled manifolds (M”, ¢.°g.):

(Ma, et dgo o xa) 228 (Y dy, x).
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If moreover Ricg, > K, then

: 2
Ric,—2, > Ke, — 0.
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(Ma, et dgo o xa) 228 (Y dy, x).

If moreover Ricg, > K, then
. 2
Ric,—2, > Ke, — 0.

Cheeger-Colding theory relies on geometric and analytic results for
manifold with Ric, > 0 and “almost positive” Ricci.
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Tangent cones of Ricci limits

If (X,d,o0) is a limit of manifolds (M, g., 0,) a tangent cone
(Y,dy,x) is a limit of re-scaled manifolds (M”, ¢.°g.):

(Ma, et dgo o xa) 228 (Y dy, x).

If moreover Ricg, > K, then
. 2
Ric,—2, > Ke, — 0.

Cheeger-Colding theory relies on geometric and analytic results for
manifold with Ric, > 0 and “almost positive” Ricci.

* Bishop-Gromov and Bochner inequalities, Laplacian
comparison, Hessian estimates, segment inequality, existence
of good cut-off functions, splitting and almost splitting
theorems...

Limits of Kato manifolds
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Regularity of non-collapsed Ricci limits

Theorem (Cheeger-Colding, 1997-2000)
Let (X,d, 0) be a non-collapsed Ricci limit space.

(1) Forall r > 0,x, € M such that x, — x € X,
limg volg, (Br(xa)) = H"(Br(x)).
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Regularity of non-collapsed Ricci limits

Theorem (Cheeger-Colding, 1997-2000)
Let (X,d, 0) be a non-collapsed Ricci limit space.

(1) Forall r > 0,x, € M such that x, — x € X,
limg volg, (Br(xa)) = H"(Br(x)).
(2) For all x € X, all tangent cones at x are metric cones.
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Let (X,d, 0) be a non-collapsed Ricci limit space.
(1) Forall r > 0,x, € M such that x, — x € X,
limg volg, (Br(xa)) = H"(Br(x)).
(2) For all x € X, all tangent cones at x are metric cones.

(3) For H"-a.e. x € X, (R",d.) is the unique tangent cone at x.
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(1) Forall r > 0,x, € M such that x, — x € X,
limg volg, (Br(xa)) = H"(Br(x)).
(2) For all x € X, all tangent cones at x are metric cones.
(3) For H"-a.e. x € X, (R",d.) is the unique tangent cone at x.

(4) X =R US, where R is the set of points with a unique
Euclidean cone and dimy(S) < n—2.
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Regularity of non-collapsed Ricci limits

Theorem (Cheeger-Colding, 1997-2000)
Let (X,d, 0) be a non-collapsed Ricci limit space.
(1) Forall r > 0,x, € M such that x, — x € X,
limg volg, (Br(xa)) = H"(Br(x)).
(2) For all x € X, all tangent cones at x are metric cones.
(3) For H"-a.e. x € X, (R",d.) is the unique tangent cone at x.

(4) X =R US, where R is the set of points with a unique
Euclidean cone and dimy(S) < n—2.
(5) X admits a stratification X D 8" 2> ... D 8%, where

Sk = {x € X, no tangent cone at x splits R<*1} and
dimH(Sk) < k.
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Beyond Ricci bounded below

In many situations, one needs to study limits of Riemannian
manifolds without having a lower bound on the Ricci curvature.
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Beyond Ricci bounded below

In many situations, one needs to study limits of Riemannian
manifolds without having a lower bound on the Ricci curvature.
e Ricci, Kahler-Ricci, geometric flows.

* Q. Zhang-R. Bamler (2017), R. Bamler (2017-2021),
G. Tian-Z. Zhang (2016), M. Simon (2020)...
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Beyond Ricci bounded below

In many situations, one needs to study limits of Riemannian
manifolds without having a lower bound on the Ricci curvature.
e Ricci, Kahler-Ricci, geometric flows.

* Q. Zhang-R. Bamler (2017), R. Bamler (2017-2021),
G. Tian-Z. Zhang (2016), M. Simon (2020)...

e Study of moduli spaces of critical metrics.
* G. Tian-J Viacklovsky (2005-2008).
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Precompactness and regularity of Ricci limits

Weakening Ricci lower bound
Kato bounds and main results

Beyond Ricci bounded below

In many situations, one needs to study limits of Riemannian
manifolds without having a lower bound on the Ricci curvature.
e Ricci, Kahler-Ricci, geometric flows.

* Q. Zhang-R. Bamler (2017), R. Bamler (2017-2021),
G. Tian-Z. Zhang (2016), M. Simon (2020)...

e Study of moduli spaces of critical metrics.
* G. Tian-J Viacklovsky (2005-2008).

What can be said about limits of manifolds when weakening
the assumption on the curvature?
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LP-curvature bounds

Let (M", g) be a closed Riemannian manifold and
p(x) = inf{Ricg(v,v),v € TM, g(v,v) = 1}. We define

Ric.(x) = max{—p(x),0}.
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Let (M", g) be a closed Riemannian manifold and
p(x) = inf{Ricg(v,v),v € TM, g(v,v) = 1}. We define

Ric.(x) = max{—p(x),0}.

The LP-integral curvature excess, p > n/2, is defined by

km(p) = <(CIi\flcl((/\/ll\/l)))2p/MRic_pdvolg>2
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Let (M", g) be a closed Riemannian manifold and
p(x) = inf{Ricg(v,v),v € TM, g(v,v) = 1}. We define

Ric.(x) = max{—p(x),0}.

The LP-integral curvature excess, p > n/2, is defined by

km(p) = <(CIi\flcl((/\/ll\/l)))2p/MRic_pdvolg>2

e S. Gallot, D. Yang, P. Petersen, G. Wei, X. Dai, E. Aubry,
L. Chen...
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LP-curvature bounds

Let (M", g) be a closed Riemannian manifold and
p(x) = inf{Ricg(v,v),v € TM, g(v,v) = 1}. We define

Ric.(x) = max{—p(x),0}.

The LP-integral curvature excess, p > n/2, is defined by

km(p) = <(CIi\flcl((/\/ll\/l)))2p/MRic_pdvolg>2

e S. Gallot, D. Yang, P. Petersen, G. Wei, X. Dai, E. Aubry,
L. Chen...

o C. Ketterer (2020): if {(M/, g.)}a is a non-collapsing
sequence such that ky_ (p) < A, tangent cones of the limit
space are RCD(0, n) spaces.
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The Kato condition in R”

A potential V € L}(R") is said to be in the Kato class if
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The Kato condition in R”

A potential V € L}(R") is said to be in the Kato class if

t
/ / Han (s, %, y)V(y)dyds .
0 n

_ 2
where HR"(S7X7_)/) = (471-5)_5 exp <|X45y||>
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The Kato condition in R”

A potential V € L}(R") is said to be in the Kato class if

t
lim sup // Hgn(s,x,y)V(y)dyds =0,
0 n

t—0 xERN
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where HR"(S7X7_)/) = (471-5)_5 exp <|X45y||>
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The Kato condition in R”

A potential V € L}(R") is said to be in the Kato class if

t
lim sup // Hgn(s,x,y)V(y)dyds =0,
0 n

t—0 xeRn
_vl2
where Hgn(s, x,y) = (47s) 2 exp <|X4Y||>
s

The potential V is in the Kato class if it is the Laplacian of a
continuous function.
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The Kato condition in R”

A potential V € L}(R") is said to be in the Kato class if

t
lim sup // Hgn(s,x,y)V(y)dyds =0,
0 n

t—0 xERN

4s

The potential V is in the Kato class if it is the Laplacian of a
continuous function.

_ 2
where Hgn(s, x,y) = (47r5)—§ exp <|XY||>

If V is in the Kato class, one can recover properties of A — V from
properties of the Laplacian.
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Kato bounds for closed manifolds

Definition
Let (M", g) a closed manifold, Az be the Laplacian associated to g
and {e~tA¢},.¢ its heat semi-group. For t > 0 we define the Kato
constant
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Kato bounds for closed manifolds

Definition

Let (M", g) a closed manifold, Az be the Laplacian associated to g
and {e~tA¢},.¢ its heat semi-group. For t > 0 we define the Kato
constant

ki(M,g) = sup/ / ~s8% Ric_(y)dvg(y)ds.

xeM
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Kato bounds for closed manifolds

Definition

Let (M", g) a closed manifold, Az be the Laplacian associated to g
and {e~tA¢},.¢ its heat semi-group. For t > 0 we define the Kato
constant

ki(M,g) = sup/ / ~s8% Ric_(y)dvg(y)ds.

xeM

A bound on the k{(M", g) implies good geometric and analytic
properties, such as spectral bounds, isoperimetric inequality, bounds
on the first Betti number (Carron, Giineysu, Rose, Stollmann,
Voigt...)
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Pre-compactness

A uniform bound on k¢(M,, g») is enough to get pre-compactness.

Proposition (G. Carron, 2016)

Let {(M7, ga)}aca be a sequence of closed manifolds such that for
alloae A

1
16
Then there exists a pointed metric space (X,d, 0) and points
0q € M, such that, up to a sub-sequence,

kl(Momga) <

(Ma,dg, . 00) 28 (X d, 0).

We refer to (X,d, 0) as a Kato limit.
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If (Y,dy,x) is a tangent cone of a Kato limit, then it is the limit
of re-scaled manifolds (M, £,2g,).
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Kato bounds and main results

If (Y,dy,x) is a tangent cone of a Kato limit, then it is the limit
of re-scaled manifolds (M, £,2g,).

By the scaling properties of the heat kernel and Riemannian
volume, their Kato constant satisfies

so that tangent cones are also Kato limits.
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Introduction

Precompactness and regularity of Ricci limits
Weakening Ricci lower bound

Kato bounds and main results

If (Y,dy,x) is a tangent cone of a Kato limit, then it is the limit
of re-scaled manifolds (M, £,2g,).

By the scaling properties of the heat kernel and Riemannian
volume, their Kato constant satisfies

so that tangent cones are also Kato limits.

4 . . . .
In order to obtain more information about the regularity of the
limit space a stronger bound is needed.
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Precompactness and regularity of Ricci limits
Weakening Ricci lower bound

Kato bounds and main results

If (Y,dy,x) is a tangent cone of a Kato limit, then it is the limit
of re-scaled manifolds (M, £,2g,).

By the scaling properties of the heat kernel and Riemannian
volume, their Kato constant satisfies

so that tangent cones are also Kato limits.

4 . . . .

In order to obtain more information about the regularity of the
limit space a stronger bound is needed. In the spirit of the Kato
class in R", one needs to uniformly control the way in which

ki(My, gs) — 0 as t — 0.
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Definition (Strong Kato bound)

We say that a sequence {(Ma, ga)}aca of closed manifolds carries
a uniform strong Kato bound if there exist A > 0 and a
non-decreasing function f : [0,1] — R, such that
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Definition ng Kato bound)

We say that a sequence {(Ma, ga)}aca of closed manifolds carries
a uniform strong Kato bound if there exist A > 0 and a
non-decreasing function f : [0,1] — R, such that

t € (0,1, € A, ke(Ma, 8a) < f(t) < 1/16n,
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Definition (Strong Kato bound)

We say that a sequence {(Ma, ga)}aca of closed manifolds carries
a uniform strong Kato bound if there exist A > 0 and a
non-decreasing function f : [0,1] — R, such that

t € (0,1, € A, ke(Ma, 8a) < f(t) < 1/16n,

and moreover

/1 7Vf(t)dt</\.
0 t B
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Definition (Strong Kato bound)

We say that a sequence {(Ma, ga)}aca of closed manifolds carries
a uniform strong Kato bound if there exist A > 0 and a
non-decreasing function f : [0,1] — R, such that

t € (0,1, € A, ke(Ma, 8a) < f(t) < 1/16n,

and moreover

/1 7Vf(t)dt</\.
0 t B

In this case

kt Ma)5_2ga :k2t Ma7ga §f52t —>OQSO{—>+OO.
o €2 @
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Theorem (G. Carron, I. M., D. Tewodrose, 2021)

Let {(M7, 8a, 0a)}aca be a pointed sequence of manifolds
satisfying a uniform strong Kato bound and such that

volg, (B1,04)) > v > 0. Let (X,d, 0) be the strong non-collapsed
Kato limit of (M, dq, 04). Then:

(a) for any r >0 and x, € M,, such that x, — x we have
lima— o0 Volg, (B(Xa, r)) = H"(B(x,r));
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Theorem (G. Carron, I. M., D. Tewodrose, 2021)

Let {(M7, 8a, 0a)}aca be a pointed sequence of manifolds

satisfying a uniform strong Kato bound and such that

volg, (B1,04)) > v > 0. Let (X,d, 0) be the strong non-collapsed

Kato limit of (M, dq, 04). Then:

(a) for any r >0 and x, € M,, such that x, — x we have
lima— o0 Volg, (B(Xa, r)) = H"(B(x,r));

(b) for any x € X, all tangent cones of X at x are weakly
non-collapsed RCD(0, n) metric cones;
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Theorem (G. Carron, I. M., D. Tewodrose, 2021)

Let {(M7, 8a, 0a)}aca be a pointed sequence of manifolds
satisfying a uniform strong Kato bound and such that

volg, (B1,04)) > v > 0. Let (X,d, 0) be the strong non-collapsed

Kato limit of (M, dq, 04). Then:

(a) for any r >0 and x, € M,, such that x, — x we have
lima— o0 Volg, (B(Xa, r)) = H"(B(x,r));

(b) for any x € X, all tangent cones of X at x are weakly
non-collapsed RCD(0, n) metric cones;

(c) for H"-a.e. x € X, (R",d.) is the unique tangent cone at x;

17/43

llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB)

Limits of Kato manifolds



Introduction - o] et
Precompactness and regularity of Ricci limits

Weakening Ricci lower bound
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Theorem (G. Carron, I. M., D. Tewodrose, 2021)

Let {(M7, 8a, 0a)}aca be a pointed sequence of manifolds
satisfying a uniform strong Kato bound and such that

volg, (B1,04)) > v > 0. Let (X,d, 0) be the strong non-collapsed

Kato limit of (M, dq, 04). Then:

(a) for any r >0 and x, € M,, such that x, — x we have
lima— o0 Volg, (B(Xa, r)) = H"(B(x,r));

(b) for any x € X, all tangent cones of X at x are weakly
non-collapsed RCD(0, n) metric cones;

(c) for H"-a.e. x € X, (R",d.) is the unique tangent cone at x;
(d) X admits a stratification X > S" ' > ... > 8°, where

Sk = {x € X, no tangent cone at x splits R<*1} and
dimH(Sk) < k.
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A strong Kato bound is implied by assumptions previously
considered in the literature:

e an LP smallness assumption on Ric. for p > n/2 (C. Rose,
P. Stollman, 2017, G. Carron, C. Rose, 2021);
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Precompactness and regularity of Ricci limits
Weakening Ricci lower bound

Kato bounds and main results

A strong Kato bound is implied by assumptions previously
considered in the literature:

e an LP smallness assumption on Ric. for p > n/2 (C. Rose,
P. Stollman, 2017, G. Carron, C. Rose, 2021);

e an LP bound on |Ric| for p > n/2 and a non-collapsing
assumption (G. Tian, Z. Zhang, 2016).
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Introduction

Precompactness and regularity of Ricci limits
Weakening Ricci lower bound

Kato bounds and main results

A strong Kato bound is implied by assumptions previously
considered in the literature:

e an LP smallness assumption on Ric. for p > n/2 (C. Rose,
P. Stollman, 2017, G. Carron, C. Rose, 2021);

e an LP bound on |Ric| for p > n/2 and a non-collapsing
assumption (G. Tian, Z. Zhang, 2016).

It also follows from a uniform bound on the LP Kato constant,
p > 1, where

kp (I\/Ig—sup// (s,x,y)Ric.(y)Pdvg(y)ds;

xeM
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Introduction

Precompactness and regularity of Ricci limits
Weakening Ricci lower bound

Kato bounds and main results

A strong Kato bound is implied by assumptions previously
considered in the literature:

e an LP smallness assumption on Ric. for p > n/2 (C. Rose,
P. Stollman, 2017, G. Carron, C. Rose, 2021);

e an LP bound on |Ric| for p > n/2 and a non-collapsing
assumption (G. Tian, Z. Zhang, 2016).

It also follows from a uniform bound on the LP Kato constant,
p > 1, where

kp (I\/Ig—sup// (s,x,y)Ric.(y)Pdvg(y)ds;

xeM
Example: for n > 4, a uniform bound on the Q-curvature and
scalar curvature implies a uniform bound on the L2 Kato constant,
then a strong Kato bound (G. Carron, 2016).
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Kato bounds and main results

From now on we focus on the following.

Theorem (G. Carron, |. M., D. Tewodrose, 2021)

Tangent cones of non-collapsed strong Kato limits are (weakly
non-collapsed RCD(0, n)) metric measure cones.
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Introduction

Precompactness and regularity of Ricci limits
Weakening Ricci lower bound

Kato bounds and main results

From now on we focus on the following.

Theorem (G. Carron, |. M., D. Tewodrose, 2021)

Tangent cones of non-collapsed strong Kato limits are (weakly
non-collapsed RCD(0, n)) metric measure cones.

An RCD(k, n) metric measure space (X,d, i) is weakly
non-collapsed if

- (B,(x)
r—0  wpr"

>0, wy = H"(B1(0)).
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Consequences of a Kato bound

On a closed manifold (M", g) with Ricg > 0, a positive solution u
of the heat equation satisfies the Li-Yau inequality

A(log u) < 2%
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Consequences of a Kato bound

On a closed manifold (M", g) with Ricg > 0, a positive solution u
of the heat equation satisfies the Li-Yau inequality

A(log u) < 2%

Proposition (Li-Yau's inequality, G. Carron 2016)

If (M", g) is a closed manifold such that

Let u:[0,1] x M — R, be a positive solution to the heat
equation. Then for any (t,x) € [0,1] x M

2
o—8/nki(M.g) |d112| _ 1@ < ieS\/nkt(M,g)'

u uot — 2t
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Doubling and Poincaré inequality

A closed manifold (M", g) such that k;(M", g) < 1/16n:

e is k(n)-doubling at scale 1: for all r € (0,1], x € M,
volg(Bar(x)) < k(n)volg(Br(x)).
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Consequences of a Kato bound

Manifolds with a (strong) Kato bound
Consequences of a strong Kato bound

Doubling and Poincaré inequality

A closed manifold (M", g) such that k;(M", g) < 1/16n:
e is k(n)-doubling at scale 1: for all r € (0,1], x € M,
volg(Bar(x)) < k(n)volg(Br(x)).
e carries a y(n)-Poincaré inequality at scale 1: for all r € (0,1],
x € M, ¢ € CY(B,(x))

/ o — p[*dvolg Sv(n)/ |dp|*d volg,
Br(x) Br(x)

where pp = volg(B,(x))_l/ d volg.
Br(x)

Limits of Kato manifolds

llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB)
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Manifolds seen as Dirichlet spaces

Let {(Ma, 8as 0a) taca be a non-collapsing sequence of closed
manifolds satisfying a uniform strong Kato bound. Define the
Dirichlet energies

Ea(u):/M\du|2dvolga, ue CHM,).
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Manifolds seen as Dirichlet spaces

Let {(Ma, 8as 0a) taca be a non-collapsing sequence of closed
manifolds satisfying a uniform strong Kato bound. Define the
Dirichlet energies

Ea(u):/M\du|2dvolga, ue CHM,).

Then {(Mq, dg, ,volg, ,En, 0a) taca is e sequence of uniformly Pl
Dirichlet spaces at scale 1.
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Improved convergence

By adapting results of Kasue-Shioya (2003), Kasue (2005) we get:
Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, 0) be a non-collapsed strong Kato limit. Then there exist
a doubling measure 11 and a Dirichlet energy £ on X such that
(X,d, u, E) is a Pl Dirichlet space at scale 1
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Consequences of a strong Kato bound

Improved convergence

By adapting results of Kasue-Shioya (2003), Kasue (2005) we get:
Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, 0) be a non-collapsed strong Kato limit. Then there exist
a doubling measure 11 and a Dirichlet energy £ on X such that

(X,d, u, &) is a Pl Dirichlet space at scale 1 and

{(My, dg,,volg,,Eq, 0a)}aca Mosco-Gromov-Hausdorff converges
to (X,d, u, &, 0),
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Manifolds with a (strong) Kato bound Consequences of a Kato bound
Consequences of a strong Kato bound

Improved convergence

By adapting results of Kasue-Shioya (2003), Kasue (2005) we get:
Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, 0) be a non-collapsed strong Kato limit. Then there exist
a doubling measure 11 and a Dirichlet energy £ on X such that

(X,d, u, &) is a Pl Dirichlet space at scale 1 and

{(My, dg,,volg,,Eq, 0a)}aca Mosco-Gromov-Hausdorff converges
to (X,d, u, &, 0), that is

(MOU dga7V0|ga7 Oa) pm—G)H (X7 da 122 O)a

and &, Mosco converges to €.
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Consequences of a strong Kato bound

Consequence of a strong Kato bound

Proposition (Volume bounds, G. Carron 2016)
Let (M", g) be a closed manifold such that

MI‘I
a(M", g) < 7. /V Vk(M".8)

Then there exists C = C(n,\) > 0 s.t. for all o,x € M, r € (0,1]

Vol (B,(x))

rn

€9 yol, (B (0)) < <C.
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Consequences of a strong Kato bound

Consequence of a strong Kato bound

Proposition (Volume bounds, G. Carron 2016)
Let (M", g) be a closed manifold such that

MI‘I
a(M", g) < 7. /V Vk(M".8)

Then there exists C = C(n,\) > 0 s.t. for all o,x € M, r € (0,1]

Vol (B,(x))

rn

€9 yol, (B (0)) < <C.

The non-collapsing assumption gives a uniform local n-Ahlfors
regularity on balls Bg(o)

C(R)r"v < volg, (By(x)) < Cr".
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Monotone quantities

The study of many regularity problems in geometric analysis is
based on the understanding of the appropriate monotone quantity
carrying rigidity and almost rigidity properties.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Monotone quantities

The study of many regularity problems in geometric analysis is
based on the understanding of the appropriate monotone quantity
carrying rigidity and almost rigidity properties.

If (M", g) is such that Ric, > 0 then the Bishop-Gromov inequality
implies that the volume ratio at any point x € M

_, volg(B,(x))

)
wprn

is monotone non-increasing.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Monotone quantities

The study of many regularity problems in geometric analysis is
based on the understanding of the appropriate monotone quantity
carrying rigidity and almost rigidity properties.

If (M", g) is such that Ric, > 0 then the Bishop-Gromov inequality
implies that the volume ratio at any point x € M

_, volg(B,(x))

)
wprn

is monotone non-increasing.

The same is true on an RCD(0, n) metric measure space (X, d, y).
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Rigidity and almost rigidity

(a) When the volume ratio is constant on an interval (0, R], the
ball Br(x) is isometric to a ball in a metric cone.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Rigidity and almost rigidity

(a) When the volume ratio is constant on an interval (0, R], the
ball Br(x) is isometric to a ball in a metric cone.

(b) Almost volume cone implies almost metric cone: if the volume
ratio is “close” to a constant, the appropriate ball is GH-close
to a ball in a metric cone.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Rigidity and almost rigidity

(a) When the volume ratio is constant on an interval (0, R], the
ball Br(x) is isometric to a ball in a metric cone.

(b) Almost volume cone implies almost metric cone: if the volume
ratio is “close” to a constant, the appropriate ball is GH-close
to a ball in a metric cone.

Both are true on weakly non-collapsed RCD(0, n) spaces.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Rigidity and almost rigidity

(a) When the volume ratio is constant on an interval (0, R], the
ball Br(x) is isometric to a ball in a metric cone.

(b) Almost volume cone implies almost metric cone: if the volume
ratio is “close” to a constant, the appropriate ball is GH-close
to a ball in a metric cone.

Both are true on weakly non-collapsed RCD(0, n) spaces.

Theorem (De Philippis, Gigli 2018)

Let (X,d, ) be a weakly non-collapsed RCD(0, n) space. Assume
that the volume ratio r — 1(B,(x))/r" is constant for some x € X.
Then (X,d, p) is an n-metric measure cone at x.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Rigidity and almost rigidity

(a) When the volume ratio is constant on an interval (0, R], the
ball Br(x) is isometric to a ball in a metric cone.

(b) Almost volume cone implies almost metric cone: if the volume
ratio is “close” to a constant, the appropriate ball is GH-close
to a ball in a metric cone.

Both are true on weakly non-collapsed RCD(0, n) spaces.

Theorem (De Philippis, Gigli 2018)

Let (X,d, ) be a weakly non-collapsed RCD(0, n) space. Assume
that the volume ratio r — 1(B,(x))/r" is constant for some x € X.
Then (X,d, p) is an n-metric measure cone at x.

The almost rigidity follows by pre-compactness of RCD spaces.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

In the setting of strong Kato limits

For manifolds satisfying a strong Kato bound, the volume ratio is
bounded but not monotone.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

In the setting of strong Kato limits

For manifolds satisfying a strong Kato bound, the volume ratio is
bounded but not monotone.

But tangent cones (Y,dy, x) of a strong Kato limit are weakly
non-collapsed RCD(0, n) spaces.
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

In the setting of strong Kato limits

For manifolds satisfying a strong Kato bound, the volume ratio is
bounded but not monotone.

But tangent cones (Y,dy, x) of a strong Kato limit are weakly
non-collapsed RCD(0, n) spaces.

(Aim: Show that the volume ratio of (Y,dy, x) at x is constant.)
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Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

In the setting of strong Kato limits

For manifolds satisfying a strong Kato bound, the volume ratio is
bounded but not monotone.

But tangent cones (Y,dy, x) of a strong Kato limit are weakly
non-collapsed RCD(0, n) spaces.

(Aim: Show that the volume ratio of (Y,dy, x) at x is constant.)

For proving that, we introduce new almost monotone quantities.

27 /43 llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB) Limits of Kato manifolds



Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

©-volume

Definition (©-volume)
Let (X,d, ) be a m.m.s. We define for x € X, s >0

0X(5) = (4rs) # [ ex (—‘“Z”) duly).

X
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Tangent cones are metric cones

©-volume

Definition (©-volume)

Let (X,d, ) be a m.m.s. We define for x € X, s >0

0X(s) = (4m5) % [ o0 (—‘“Z”) duly).

e |t coincides with Huisken's entropy, introduced in the study of
mean curvature flow.
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Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

©-volume

Definition (©-volume)

Let (X,d, ) be a m.m.s. We define for x € X, s >0
d(x, y)?
exp( T as du(y)-

e |t coincides with Huisken's entropy, introduced in the study of
mean curvature flow.

e It was used by W. Jiang and A. Naber (2016): they showed it

is monotone non-increasing on a manifold (M", g) with
Ricg > 0.

OX(s) = (4ns) % |

X
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Monotone quantities
© and 6 volumes
Tangent cones are metric cones

Tangent cones of non-collapsed strong Kato limits

Properties of the ©-volume

Proposition
Let (X,d, ) be a doubling metric measure space.

(1) There exists ¢ > 0 such that ©f(s) = ¢ for all s > 0 if and
only if (Bs(x)) = cwps™ for all s > 0.
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Tangent cones of non-collapsed strong Kato limits

Properties of the ©-volume

Proposition

Let (X,d, ) be a doubling metric measure space.

(1) There exists ¢ > 0 such that ©f(s) = ¢ for all s > 0 if and
only if (Bs(x)) = cwps™ for all s > 0.

(2) ©F is continuous with respect to pmGH convergence.
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© and 6 volumes
Tangent cones are metric cones

Tangent cones of non-collapsed strong Kato limits

Properties of the ©-volume

Proposition
Let (X,d, ) be a doubling metric measure space.

(1) There exists ¢ > 0 such that ©f(s) = ¢ for all s > 0 if and
only if (Bs(x)) = cwps™ for all s > 0.

(2) ©F is continuous with respect to pmGH convergence.

We aim to show that on a tangent cone of a non-collapsed strong
Kato limit, the ©-volume is constant.
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Tangent cones of non-collapsed strong Kato limits

Properties of the ©-volume

Proposition
Let (X,d, ) be a doubling metric measure space.

(1) There exists ¢ > 0 such that ©f(s) = ¢ for all s > 0 if and
only if (Bs(x)) = cwps™ for all s > 0.

(2) ©F is continuous with respect to pmGH convergence.

We aim to show that on a tangent cone of a non-collapsed strong
Kato limit, the ©-volume is constant.

If so, (1) and De Philippis-Gigli's result allow to conclude.
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© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

f-volume

ion (6-volum

Let (X,d, u, &) be a Dirichlet space and define the function U s.t.

U(t,x,y)) .

H(t = (4nt)"2 -
(t.x.y) = (o) Fexp (215
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Tangent cones are metric cones

f-volume

Definition (6-volume)

Let (X,d, u, &) be a Dirichlet space and define the function U s.t.

U(t,x,y)) .

H(t = (4nt)"2 -
(t.x.y) = (o) Fexp (215

For all s,t > 0 we define

X(s.0) = (ars) ¢ [ o (—“‘””) du(y).

4s
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Tangent cones of non-collapsed strong Kato limits

f-volume

Definition (6-volume)
Let (X,d, u, &) be a Dirichlet space and define the function U s.t.

U(t,x,y)) .

H(t = (4nt)"2 -
(t.x.y) = (o) Fexp (215

For all s,t > 0 we define

X(s.0) = (ars) ¢ [ o (—“‘””) du(y).

4s

Proposition (Relation between © and 6 volumes)

Let (X,dg, i, E) be a Pl Dirichlet space. For all s >0, x € X we
have ©X(s) = Iin(?+ 0% (s, t).
t—
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Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

0-volume on a manifold with Ricg, > 0

Let (M", g) be a manifold with Ricg > 0. Consider
A= 0M(\s, At).

e Fix t = 0. Then one can write

2 volg(B, 55())

1 o0
0M(Xs,0 :/ e 4 dp.
(As,0) = 5 ; sy P
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0-volume on a manifold with Ricg, > 0

Let (M", g) be a manifold with Ricg > 0. Consider
A= 0M(\s, At).

e Fix t = 0. Then one can write

0o lz(B
1 [~ EHO,
0 Wn(P\/E)n

2
e Bishop-Gromov inequality: A — M(\s,0) is non-increasing.
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0-volume on a manifold with Ricg, > 0

Let (M", g) be a manifold with Ricg > 0. Consider
A= 0M(\s, At).

e Fix t = 0. Then one can write

1 [ 2 vol, (B X
GQ”(As,o)z/ e e Emsl))

2 Jo wn(pVAs)"
e Bishop-Gromov inequality: A — M(\s,0) is non-increasing.
o Li-Yau inequality: t — (47t)2 H(t,x,x) is non-decreasing.
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0-volume on a manifold with Ricg, > 0

Let (M", g) be a manifold with Ricg > 0. Consider
A= 0M(\s, At).

Fix t = 0. Then one can write

o 2volg(B X
GQ”(As,o)zl/ e e Emsl))
2 Jo Wn(P\/E)n

Bishop-Gromov inequality: A +— 6¥(\s,0) is non-increasing.

Li-Yau inequality: t — (47t)2 H(t,x, x) is non-decreasing.
Fix t > 0and s = t/4. Then

oM <)\£,>\£) — (47At)EH(AL, x, ),

and A — 0M(\t, 2)\t) is non-decreasing.
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Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

¢-volume on a manifold with Ric, > 0

Proposition (G. Carron, I. M., D. Tewodrose 2021)

Let (M", g) be a manifold with Ricg > 0. Then for all x € M,
s,t>0

oM n 589)’2/’
ot 0s

has the same sign as (t — s) and the map X — 0M(\s, \t), is

t

e monotone non-increasing for all t <'s;

e monotone non-decreasing for all t > s.
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¢-volume on a manifold with Ric, > 0

Proposition (G. Carron, I. M., D. Tewodrose 2021)

Let (M", g) be a manifold with Ricg > 0. Then for all x € M,
s,t>0

oM n 589)’2/’
ot 0s

has the same sign as (t — s) and the map X — 0M(\s, \t), is

t

e monotone non-increasing for all t <'s;

e monotone non-decreasing for all t > s.

The proof relies on Li-Yau inequality and properties of U.
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© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

f-volume on a manifold with a Kato bound

Proposition (G. Carron, |. M., D. Tewodrose 2021)
Let (M", g) be a closed manifold with

1
n < S
kl(M 7g) = 16n

Then for all x e M, t € (0,1) and s < t/2T'(M, g)

oM ooM E oSy
t ot +s ds —l—nF(/\/’,g) (;—E)Qx

has the same sign as (t — s), where (M, g) = e8Vnki(M.g) _ 1.
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© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Monotonicity

Corollary (G. Carron, I. M., D. Tewodrose 2021)
Let A > 0. Let (M", g) be a closed manifold such that for all

t € (0,1]
o) = [ VEORD <
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Monotonicity

Corollary (G. Carron, I. M., D. Tewodrose 2021)

Let A > 0. Let (M", g) be a closed manifold such that for all
t € (0,1]

t/ks(M
(1) :/ (s”g)ds <A
0
There exist ¢, > 0 and A\ = X(s, t) for all s > 0,t € (0,1] s.t.

A e [0,2] = 0M(As, A\t) - exp (cnfb(At) (é - %))

is non-decreasing if t > s, non-increasing for t < s.
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© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Strong Kato bound and monotonicity

Let (M,, ga) closed manifolds such that for all t € [0, 1]

bal(t) = /Ot st <A
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Strong Kato bound and monotonicity

Let (M,, ga) closed manifolds such that for all t € [0, 1]

bal(t) = /Ot st <A

There exists a function F,, depending on ¢, such that the map
A = 01 (Xs, M) Fo(At)

is monotone for all x, € M,, and Fo(At) - 1as A — 0.
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Strong Kato bound and monotonicity

Let (M,, ga) closed manifolds such that for all t € [0, 1]

bal(t) = /Ot st <A

There exists a function F,, depending on ¢, such that the map
A = 01 (Xs, M) Fo(At)
is monotone for all x, € M,, and Fo(At) - 1as A — 0.

In order to get the analog monotone quantity in the limit, one
needs a uniform control of F,, thus of ¢,,.
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Strong Kato bound and monotonicity

Let (M,, ga) closed manifolds such that for all t € [0, 1]

bal(t) = /Ot st <A

There exists a function F,, depending on ¢, such that the map
A = 01 (Xs, M) Fo(At)
is monotone for all x, € M,, and Fo(At) - 1as A — 0.

In order to get the analog monotone quantity in the limit, one
needs a uniform control of F,, thus of ¢,,.
This is ensured by a strong Kato bound

t

Wt € (0,1] ke(Ma, g2) < F(1), /1 VI 4, < a,
0
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Tangent cones are metric cones

Theorem (G. Carron, |. M., D. Tewodrose 2021)
Let A,v >0 and f : [0,1] — Ry be a non-decreasing function such

that .
/ f(t) dt < A.
0 t

Let (My, ga, 0a) be closed manifolds such that for all o
Vt € (0,1] ke(Ma,ga) < f(t), volg, (Bi(0a)) > v

Let (X,d, i, 0) be the pmGH limit of (Mq,dg, ,volg, , 04)
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Tangent cones are metric cones

Theorem (G. Carron, |. M., D. Tewodrose 2021)
Let A,v >0 and f : [0,1] — Ry be a non-decreasing function such

that .
/ f(t) dt < A.
0 t

Let (My, ga, 0a) be closed manifolds such that for all o
Vt € (0,1] ke(Ma,ga) < f(t), volg, (Bi(0a)) > v

Let (X,d, i, 0) be the pmGH limit of (M, dg, ,volg, ,0,) Then for
all x € X, any tangent cone at x is a metric cone.
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Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Sketch of proof

e On a strong Kato limit ©f and 6 are well-defined.
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Sketch of proof

e On a strong Kato limit ©f and 6 are well-defined.
e There exists a function F : (0,e] — Ry such that the map

A€ (0,e] = 85 (s, At)F(\t),

is monotone, and F(At) - 1as A — 0.
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Sketch of proof

e On a strong Kato limit ©f and 6 are well-defined.

e There exists a function F : (0,e] — Ry such that the map
A€ (0,e] = 85 (s, At)F(\t),

is monotone, and F(At) - 1as A — 0.

e By the local n-Ahlfors regularity, 65X (\s, At) is bounded by
positive constants.

37/43 llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB) Limits of Kato manifolds



Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Sketch of proof

On a strong Kato limit © and 6 are well-defined.

There exists a function F : (0,e] — Ry such that the map
A€ (0,e] = 85 (s, At)F(\t),

is monotone, and F(At) - 1as A — 0.

By the local n-Ahlfors regularity, 8% (\s, At) is bounded by
positive constants.

We can then define a positive number

PX(s,8) = lim 8X(As, M),

and the map (s, t) — 9X(s, t) is 0-homogeneous.

37/43 llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB) Limits of Kato manifolds



Monotone quantities
© and 6 volumes

Tangent cones of non-collapsed strong Kato limits .
Tangent cones are metric cones

Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
e By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
e By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).
e Then

0Y (s, t) = lim 6% (s, t)
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
e By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).
e Then

0Y (s, t) = lim 6% (s, t) = lim 0% (eas, eat)
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
e By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).
e Then

0Y (s, t) = lim 6% (s, t) = lim 6% (eas, eat) = ¥ (s, t).
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Tangent cones of non-collapsed strong Kato limits .
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
e By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).
e Then

0Y (s, t) = lim 6% (s, t) = lim 6% (eas, eat) = ¥ (s, t).

e Asa consequence

©X(s) = lim 0 (s.1)
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
e By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).
e Then

0Y (s, t) = lim 6% (s, t) = lim 6% (eas, eat) = ¥ (s, t).

e Asa consequence

0y(s) = fim 03 (s, t) = lim 91 (st),
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)

e By the re-scaling properties of U
0% (s, t) = 0% (cas, €at).

e Then

0Y (s, t) = lim 6% (s, t) = lim 6% (eas, eat) = ¥ (s, t).
e As a consequence

©Y(s) = lim 0Y(s,t) = lim 0)(s,¢
x(s)= lim 6,(s,t) = lim J,(s,1),

e Then ©Y is 0-homogeneous and for all s >0, ©Y(s) = c,
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Sketch of proof

e A tangent cone (Y,dy, uy,x) at x € X is a limit of re-scaled
spaces (Xa, da, fta, X) = (X, 51 d, 65", X)
By the re-scaling properties of U

foa(s, t) = Qf(sas, Eqt).

e Then

0Y (s, t) = lim 6% (s, t) = lim 6% (eas, eat) = ¥ (s, t).

As a consequence

0y(s) = fim 03 (s, t) = lim 91 (st),

Then @) is 0-homogeneous and for all s > 0, ©Y(s) = ¢, so
that py(Bs(x)) = cwns”.
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Regularity almost everywhere and stratification
Volume continuity
Some further results

Further consequences

Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, u, 0) be a non-collapsed strong Kato limit. Then for any
x € X the volume density is well-defined

and 9x(x) < 1.
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Regularity almost everywhere and stratification
Volume continuity
Some further results

Further consequences

Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, u, 0) be a non-collapsed strong Kato limit. Then for any
x € X the volume density is well-defined

and 9x(x) < 1. Moreover u < H".
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Regularity almost everywhere and stratification
Volume continuity
Some further results

Further consequences

Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, u, 0) be a non-collapsed strong Kato limit. Then for any
x € X the volume density is well-defined

and 9x(x) < 1. Moreover u < H".

On a non-collapsed Ricci limit, Bishop-Gromov inequality
guarantees that the volume density is well-defined in (0, 1].
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Regularity almost everywhere and stratification
Volume continuity
Some further results

Further consequences

Proposition (G. Carron, |. M., D. Tewodrose 2021)

Let (X,d, u, 0) be a non-collapsed strong Kato limit. Then for any
x € X the volume density is well-defined

and 9x(x) < 1. Moreover u < H".

On a non-collapsed Ricci limit, Bishop-Gromov inequality
guarantees that the volume density is well-defined in (0, 1].

Moreover, Ix(x) = 1 if and only if x € R, that is, iff x admits a
unique Euclidean tangent cone.
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Regularity almost everywhere and stratification
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Volume density and k-splittings

Proposition (De Philippis, Gigli 2018)

Let (X,d, ) be a weakly non-collapsed RCD(0, n) n-metric
measure cone at x. Then for all x' € X we have 9x(x") > 9x(x).

40 /43 llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB) Limits of Kato manifolds



Regularity almost everywhere and stratification
Volume continuity
Some further results

Volume density and k-splittings

Proposition (De Philippis, Gigli 2018)

Let (X,d, ) be a weakly non-collapsed RCD(0, n) n-metric
measure cone at x. Then for all x' € X we have 9x(x") > 9x(x).
There exists k € N such that the set where ¥x(x") = ¥x(x) is
isometric to R
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Proposition (De Philippis, Gigli 2018)

Let (X,d, ) be a weakly non-collapsed RCD(0, n) n-metric
measure cone at x. Then for all x' € X we have 9x(x") > 9x(x).
There exists k € N such that the set where ¥x(x") = ¥x(x) is
isometric to R* and X is isometric to R x C(Z).
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Volume density and k-splittings

Proposition (De Philippis, Gigli 2018)

Let (X,d, ) be a weakly non-collapsed RCD(0, n) n-metric
measure cone at x. Then for all x' € X we have 9x(x") > 9x(x).
There exists k € N such that the set where ¥x(x") = ¥x(x) is
isometric to R* and X is isometric to R x C(Z).

( The volume density detects simmetries. )
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Regularity almost everywhere and stratification

Proposition (G. Carron, |I. M., D. Tewodrose 2021)

The volume density is lower semi-continuous with respect to pmGH
convergence in the set of non-collapsed strong Kato limits.
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Regularity almost everywhere and stratification

Proposition (G. Carron, |I. M., D. Tewodrose 2021)

The volume density is lower semi-continuous with respect to pmGH
convergence in the set of non-collapsed strong Kato limits.

The previous, together with arguments of B. White, lead to

Theorem (G. Carron, |. M., D. Tewodrose 2021)
Let (X,d, u, 0) be a non-collapsed strong Kato limit.

e regularity almost everywhere: p-a.e. x € X has a unique
Euclidean tangent cone (R",de, Ux(x)H");
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Regularity almost everywhere and stratification

Proposition (G. Carron, |I. M., D. Tewodrose 2021)

The volume density is lower semi-continuous with respect to pmGH
convergence in the set of non-collapsed strong Kato limits.

The previous, together with arguments of B. White, lead to

Theorem (G. Carron, |. M., D. Tewodrose 2021)
Let (X,d, u, 0) be a non-collapsed strong Kato limit.

e regularity almost everywhere: p-a.e. x € X has a unique
Euclidean tangent cone (R",de, Ux(x)H");

e Let Sk = {x € X s.t. no tangent cone at x splits Rk+1}.
Then dimy,(S*) < k.
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Volume continuity

Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".
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Volume continuity

Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".

Since we already know p < H" and that p-a.e. tangent cones
are (R",de, Ix(x)H"), it is enough to prove:
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Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".

Since we already know p < H" and that p-a.e. tangent cones
are (R",de, Ix(x)H"), it is enough to prove:
x € X admits a Euclidean tangent cone = ¥x(x) = 1.
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Volume continuity

Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".

Since we already know p < H" and that p-a.e. tangent cones
are (R",de, Ix(x)H"), it is enough to prove:
x € X admits a Euclidean tangent cone = ¥x(x) = 1.

For that we need more tools:
e good cut-off x functions on balls, |[Vx|? + |Ax| < C;

42 /43 llaria Mondello joint work with G. Carron (Nantes), D. Tewodrose (ULB) Limits of Kato manifolds



Regularity almost everywhere and stratification
Volume continuity
Some further results

Volume continuity

Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".

Since we already know p < H" and that p-a.e. tangent cones
are (R",de, Ix(x)H"), it is enough to prove:
x € X admits a Euclidean tangent cone = ¥x(x) = 1.

For that we need more tools:
e good cut-off x functions on balls, |[Vx|? + |Ax| < C;

e Hessian estimates for harmonic functions;
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Volume continuity

Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".

Since we already know p < H" and that p-a.e. tangent cones
are (R",de, Ix(x)H"), it is enough to prove:
x € X admits a Euclidean tangent cone = ¥x(x) = 1.

For that we need more tools:
e good cut-off x functions on balls, |[Vx|? + |Ax| < C;
e Hessian estimates for harmonic functions;

e appropriate convergence of harmonic functions;
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Volume continuity

Theorem (G. Carron, |. M., D. Tewodrose 2021)
For a non-collapsed strong Kato limit (X,d, i, 0) we have = H".

Since we already know p < H" and that p-a.e. tangent cones
are (R",de, Ix(x)H"), it is enough to prove:

x € X admits a Euclidean tangent cone = ¥x(x) = 1.

For that we need more tools:
e good cut-off x functions on balls, |[Vx|? + |Ax| < C;
e Hessian estimates for harmonic functions;
e appropriate convergence of harmonic functions;

e existence of (g, n)-splitting maps.
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Thank youl
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