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Multi-scale variational modeling of materials

scale-dependent mechanical system
study the equilibrium configurations of the system

identify the equilibrium configurations of the system with the ground states
of an associated energy
~  min{E:(u): u € X}
with

@ E.: X — R scale-dependent energy

@ = > 0and “small” is a microscopic/mesoscopic scale
(of geometrical, constitutive, or physical nature)



Micro to macro

“Let e — 0” to replace a complex, scale-dependent problem
min{F:(u): u € X}
with a (simpler) scale-free problem
min{FEo(u): u € X}

which captures the relevant features of the original problem
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Micro to macro

Idea: “Let e — 0” to replace a complex, scale-dependent problem
min{F:(u): u € X}

with a (simpler) scale-free problem
min{FEo(u): u € X}

which captures the relevant features of the original problem

@ If v minimises E., then v. — vg with vg minimiser of Ey;

*} Es(vg) — E()(’U()).

; The pointwise limit of E. (if it exists) in general does not fulfil these requirements



Prototipical example: homogenisation in 1D

Ea(u):/oLa(§> (u')zdx—Q/OLgudx, u € Wy (0, L) J

with

@ a € L (R), 1-periodic, 0 < a < a(z) < B ae.inR

@ gc L%, L)
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Prototipical example: homogenisation in 1D

E;(u)z/(fa(%) (u')zdx—Q/OLgudw, u € Wy (0, L) J

with

@ a € L (R), 1-periodic, 0 < a < a(z) < B ae.inR

@ gc L?(0,L)
Question:

min{ E. (u): u € Wy*(0, L)} = 9

The pointwise limit of E. exists and is given by

L L
E(u) = w}/ (u')?dx — 2/ gudx
0 0

with



Prototipical example: homogenisation in 1D

Es(u):ALa(g) (u/)def2/OLgudﬂc, u € Wy (0, L) J

v- minimizes E- in W;'%(0,L) <= wv. solves the Euler-Lagrange equation



Prototipical example: homogenisation in 1D

Es(u):/OLa(g) (u’)def2/OLgudx, u € Wy (0, L) J

v- minimizes E- in W;'%(0,L) <= wv. solves the Euler-Lagrange equation

LG u
o ve(z) = — G 4 4 o o — / Loy @ =9
0 %(t) fo aa(t dt

where a.(t) := a(t/e) and
11

ag Na/



Prototipical example: homogenisation in 1D

Ve = vg N Wl’Q(O,L) satisfying
{ —% <<%>7‘ v{)(:c)> —g in(0,L)
'U()(O) = U()(L) =0

T

vo minimises the functional Ey

Eo(u)z<%>7‘/0L(u')2dw—2/0Lgudm J

(Ly"h<{a) ~ ingeneral By < FE



Prototipical example: homogenisation in 1D

Ve = v in Wl’Q(O,L) satisfying

{ _% <%7‘ U(’)(I)) =g in(0,L)
v0(0) = vo(L) =0
(:

vo minimises the functional Ey

/ 1\

Eo(u) = <j\;/;f‘ /OL(u’fdx—Q/OLgudm J

Ll < (g ~+ ingeneral Fy < F

E) is the limit of E. in a variational sense



(De Giorgi 1975)
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['-convergence
(De Giorgi 1975)

E. L)E‘o <

@ (Ansatz-free lower bound) Vu.,u € X such that u. — w it holds

Eo(u) < Ee(ue)+o0(1) as e =0

@ (Existence of a “recovery sequence”) Yu € X Ju. € X such that 4. — v and

E.(a:) — FEo(u) as € =0



I'-conve rgence
(De Giorgi 1975)

E. L)E‘o <

@ (Ansatz-free lower bound) Vu.,u € X such that u. — w it holds

Eo(u) < E-(us)+o(l) as e—0

@ (Existence of a “recovery sequence”) Yu € X Ju. € X such that a. — v and

E-(a:) — Eo(u) as e —0

Fundamental property of I'-convergence

B L Ey + “compactness”
4
inf{E.(u):ue X} ~ min{Fo(u): ue X}




Properties of the I'-limit

@ the I'-limit is always lower semicontinuous

@ if E. = F is the constant sequence, in general I'-lim £ # E

@ if E. LN FEy and G is continuos then

E.+G 5 FEy+ G

o if £, LA Fo and E. — E pointwise then Ey < E



Nonlinear homogenisation

A = reference configuration of a
oot SoeC multi-phase periodic composite

¢ = period of the composite

u: A CR™ - R™ deformation

Fe(u) =/ f (f,vU) dz, ue WhP(AR™)
A €
with f: R™ x R™*™ — [0, +00) Borel function satisfying

@ z — f(x,&) (0,1)"-periodic
@ ¢ — f(x,&) continuous

@ |¢P < f(,8) Sca(l+[EP) p>1



The nonlinear homogenisation Theorem

Theorem (Braides 85, Mdiller 87)
The functionals

Fe(u) :/Af<§,Vu) dr, uwe WbhP(A,R™)

I'-converge, with respect to the LP (A, R™)-convergence, to the homogenised
functional

Fo(u):/Afhom(Vu) dz, ue WYP(A,R™)

where



(Idea of the) Proof of the lower bound by blow-up

(Fonseca-Mdller 92)

Fej(u) = /Af (i,Vu> dw, ue€ WLP(AR™) J

€j

Claim: u € WHP(A,R™), uj — win LP = liminfj_, o0 Fr, (u;) > Fo(u)



(Idea of the) Proof of the lower bound by blow-up
(Fonseca-Muller 92)

Fe(u) = /Af (g,Vu) dz, uwe WLP(A,R™) J
J

Claim: w € WHP(A,R™), uj — w in LP = liminf; oo Fe; (uj) > Fo(u)

Step 0: localise the functionals: For B € B(A) set

Fe;(u,B) = //f (g,Vu) dx
3 J

= (E,Vuj) L"
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and

so that

p;(B) = Fe;(uj, B)



(Idea of the) Proof of the lower bound by blow-up
(Fonseca-Muller 92)

Fe(u) = /Af (§,Vu) dz, uwe WLP(A,R™) J
J

Claim: w € WHP(A,R™), uj — w in LP = liminf; oo Fe; (uj) > Fo(u)

Step 0: localise the functionals: For B € B(A) set

Fe;(u,B) = //f (g,Vu) dx
3 J

and
= (E,Vuj) L"
€j
so that
p;(B) = F (uj, B)
Notice that

sup |p5((A) < +oo
J



(Idea of the) Proof of the lower bound by blow-up

Step 1: definition of a limit measure: up to subsequences

M= p
consider the Radon-Nikodym decomposition

d .
,u:—ME”Jr,uS, with p® L L™
dz



(Idea of the) Proof of the lower bound by blow-up

Step 1: definition of a limit measure: up to subsequences

M= p
consider the Radon-Nikodym decomposition
d .
w= —ME”Jr,uS, with p® L L™
dx

Step 2: local analysis: let g € A be s.t.
dp

——(z0) = lim M@p(0)) _ lim WQp(20))
dx p—0t E”(Qp(xo)) p—0+ p'n

We also have
wQp(z0)) = 1i§n 15 (Qp(wo))

(for all p > 0 but a countable set)

15 (Qp, (z0))

d 1
—M(JJO) =lim ———— =lim —n/ f(i,Vuj) dx
j P 707 JQu @0y \5j

dx

~



(Idea of the) Proof of the lower bound by blow-up

d 1
dx J p] ij (z0) €j

Step 3: blow-up: modify (u;) toget (v;) st v; = Vu(zo)z in WhHP



(Idea of the) Proof of the lower bound by blow-up

dx J p] ij (z0) €j
Step 3: blow-up: modify (u;) toget (v;) st v; = Vu(zo)z in WhHP
Set

wj(zo + px) — u(zo)
p

wf(:r) =

since u; — w in WP, choosing zg s.t.

1 / [u(z) — u(zo) — Vu(zo)(xz — x0)|? de— 0
Qp(zo) pP

we find p; — 0T such that

v = w7 = Vu(zo)z



(Idea of the) Proof of the lower bound by blow-up

d 1
dx J p] ij (z0) €j

Step 3: blow-up: modify (u;) toget (v;) st v; = Vu(zo)z in WhHP
Set

wj(zo + px) — u(zo)

’U)pCC:
?() ;

since u; — w in WP, choosing zg s.t.

_ _ _ p
lim i/ |u(z) —u(zo) — Vu(zo)(z — 0)| de — 0
Qp(z0) PP

we find p; — 0T such that
v = w7 = Vu(zo)z

(20) = lim pie + a0

m
— Vv, | dx
da i Jai o ( € ])



(Idea of the) Proof of the lower bound by blow-up

A further modification of v; is needed to obtain a new sequence
9; = Vu(zo)z on 0Q1

without essentially increasing the energy

d .
o) = lim f<w,wj>dm
dx 7 JQi(0) €j



(Idea of the) Proof of the lower bound by blow-up

A further modification of v; is needed to obtain a new sequence

9; = Vu(zo)z on 0Q1

without essentially increasing the energy

d .
A 20) lim f<w,wj> d
dx 7 JQi(0) €j

lim inf {/ f(m,vqu) dz: w = Vu(zg)z on 8Q1}
J Q1(0) €j

%



(Idea of the) Proof of the lower bound by blow-up

A further modification of v; is needed to obtain a new sequence

9; = Vu(zo)z on 0Q1

without essentially increasing the energy

W) = lim f(w,vaj> da
dx 7 JQi(0) &j
- p;T + o
>  liminf fl =, Vw | dz: w = Vu(zo) z on 9Q1
J Q1(0) €j
> lim—iinf / fly, Vw)dy: w = Vu(zo)x on 8(62& (aﬁ—o))
7P Qrj (%1) 5 &)

J

Witht::§—>+ooasj—>+oo
J



(Idea of the) Proof of the lower bound by blow-up

Step 4: local estimate: using the periodicity of f we get the existence and
homogeneity of the limit

Zo

liyﬁinf{/@ﬁ(z?) fly,Vw)dy: w = Vu(zo)z on a(Qg (\€J>>}

J J



(Idea of the) Proof of the lower bound by blow-up

Step 4: local estimate: using the of f we get the
of the limit
. &5 o
lim - inf / fly, Vw)dy: w = Vu(zg)zond(Qr; (—
€

t——+oo T

= lim L inf {/ f(y, Vw)dy: w = Vu(zg) = on 9Q; (0)}
Q+(0) ——



(Idea of the) Proof of the lower bound by blow-up

Step 4: local estimate: using the of f we get the
of the limit
. &5 o
lim - inf / fly, Vw)dy: w = Vu(zg)zond(Qr; (—
€

t——+oo T

= lim L inf {/ f(y, Vw)dy: w = Vu(zg) = on 9Q; (0)}
Q+(0) ——

= fhom(vu($0))

di(xo) > foom(Vu(zo)) ae.in A
dx



(Idea of the) Proof of the lower bound by blow-up

Step 4: local estimate: using the of f we get the
of the limit

n

€5

1
= lim — inf / fly, Vw)dy: w = Vu(zg) = on 9Q:(0)

t——+oo T

= fhom(vu($0))

du(

20) > from(Vu(zo)) a.e.in A
dx

Step 5: global estimate: integrating the local estimate gives
liminf Fe; (u;) = lim_inf ;i (A) > pu(A)
J

> / W g > / Jrom(Vu) do = Fo(u)



More homogenisation problems: the BV -setting

Homogenisation of perimeters

G:(E) := /E)*Emgg(f,yE) dHn—1!

E set of finite perimeter, vg inner normal to E (defined at all points of 0* E).
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u=xg,u € BV(Q), S, discontinuity set of .

: the BV -setting



More homogenisation problems: the BV -setting

Homogenisation of perimeters

Ge(u) := /sumﬂg<§,1/u) dH™ 1

u=xg,u € BV(Q), S, discontinuity set of .

Homogenisation of free-discontinuity problems

Be(u) ;—/f(f,vu) da + o(%m) dH, we SBY(QE™)
Q@ & SN V€

Uy

Du=Vul™+ (ut —u") @ vy H" LS,

@ S, discontinuity set of u
ut

@ ut — u~ jump of u across S,

@ v, normal to S,, (pointing towards u 1)
Su



More homogenisation problems: the random-setting

e (€27, P) probability space

e w ¢ () random parameter

Examples of random checkerboards

Eo()(w) =/ f(x,g,Vu) da+ g<w',£,u+fu7,uu)d?-l"71 u € SBV(A;R™)
A > ANS, €

f and g are stationary random variables

~»  periodicity in law replaces periodicity



Assumptions on f and g (w fixed)

fiR? x R™*™ 5 [0,400), f = f(z,£) volume energy density J

e f is Borel-measurable

o cll€lP < f(2,6) < 21+ [€P) (p>1) F

e { — f(z,&) is continuous for every z € R™



Assumptions on f and g (w fixed)

fiR" x R™*™ — [0, +00), f = f(x,&) volume energy density J

e f is Borel-measurable

o cll€lP < f(2,6) < 21+ [€P) (p>1) F

e { — f(z,&) is continuous for every z € R™

g: R" x (R™\ {0}) x S"~1 = [0,400), g =g(x,¢,v) surface energy density J

e g is Borel-measurable
o cs(1+1¢) < 9w, ¢,v) < a1+ C)) g
o ¢ +— g(z, ¢, v) is continuous for every x € R™, v € S~ 1

L4 g(xv Cv V) = g(x, 7(7 71/)



Homogenisation Theorem

Theorem (Cagnetti, Dal Maso, Scardia, Z. - Arch. Ration. Mech. Anal. 2019)

Let f € F and g € G be stationary. Then there exist Q' C Q with P(Q’) =1 and
homogenoeus random integrands fo € F, go € G such that

E.(w)(u) = / f(w, E, Vu) dz+ g(w, E,u"L—u*,uu)d’Hn*l u € SBV(A)
A € ANSy €
T'(L')-converges to

Ey(w)(u) = /:4 fo(w, Vu) dz +/:9 s go(w,um —u, 1) dH" L w e SBV(A)

for every w € Q.



Homogenisation Theorem

Theorem (Cagnetti, Dal Maso, Scardia, Z. - Arch. Ration. Mech. Anal. 2019)
Let f € F and g € G be stationary. Then there exist Q' C Q with P(Q’) =1 and

homogenoeus random integrands fo € F, go € G such that

E.(w)(u) = / f(w, E, Vu) dz+ g(w, E,qu—u*,uu)d’Hn*l u € SBV(A)
A € ANSy €

T'(L')-converges to

Ey(w)(u) = /:4 fo(w, Vu) dx +/; s go(w,ut —u™,vy)dH ™! we SBV(A)

for every w € Q.

Moreover

1
fo(w,&) := lim —

Tt too tn

inf {/ flw,z,Vu)dz: u € Wl’P(tQ;Rm), w = £x near 8(tQ)}
tQ




Homogenisation Theorem (continues...)

. 1. - -
go(w,C,v) = t—l)lTOOt"jlnf{/thmS glw, z,ut —u™ vy )dH L

u € SBV(tQ";R™), Vu=0a.e., u = uy ., near 8(tQ”)}

() ¢ ifz-v>0
ug ¢ () = )
0,6,PA%) 0 ifz-v<0




Homogenisation Theorem (continues...)

. 1. - -
go(w,C,v) = tllgloot"jmf{/thmS glw, z,ut —u™ vy )dH L

u € SBV(tQ";R™), Vu=0a.e., u = uy ., near 8(tQ"’)}

(x) ¢ fz-v>0
ug. ¢ () = ) )
0,6,PA%) 0 ifz-v<0

Further, if f and g are ergodic fo and go are deterministic J
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@ The I'-limit
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NSy

is a random homogeneous functional
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is a random homogeneous functional

@ When f and g are ergodic, the I'-limit Ey is deterministic



Remarks

@ The I'-limit

Fol )(u):/Afo( ,Vu)dm—l—/A go(o,ut — u, v )dHm

NSy

is a random homogeneous functional
@ When f and g are ergodic, the I'-limit Ey is deterministic
@ the class of functionals

O G Ly B G e T

is compact by I"-convergence; i.e. fo(w,") € F, go(w,-,-) € G



Remarks

The T'-limit

Fol )(u):/Afo( ,Vu)dm—l—/A go(o,ut — u, v )dHm

NSy

is a random homogeneous functional
When f and g are ergodic, the I'-limit Ey is deterministic
the class of functionals
E-( )(u):/ f( ,£7Vu) dx-‘,—/ g( %,qu—u*,uu)d’H"*l
A € ANSy €

is compact by I"-convergence; i.e. fo(w,") € F, go(w,-,-) € G

in the limit there is no interaction between volume and surface energy



Blow up: main difference with the 1W!*-case

uj —u in LY(A;R™) with uw € SBV(A;R™)

Q pj= f(sij,Vuj)E" +g<§j,u]-+ —Uj_,l/uj)Hn_l\_Suj
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Blow up: main difference with the 1W!*-case

uj —u in LY(A;R™) with uw € SBV(A;R™)
Q pj= f(sij,Vuj)E" +g<§j,u]-+ —Uj_,Vuj)Hn_lLSuj

_ dp dy -1
O p= GG LM + g, ' Su +a°

@ blow-up at a differentiability point for u gives

Z—Z(xf)) > from(Vu(z0))

@ blow-up at a jump point for u gives

dp

m(wo) > ghom (u (20) — u” (20), vu(z0))



Blow up: main difference with the 1W!*-case

uj —u in LY(A;R™) with uw € SBV(A;R™)
Q pj= f(sij,Vuj)E" +g<§j,u]-+ —Uj_,Vuj)Hn_lLSuj

_ dp dy -1
O p= GG LM + g, ' Su +a°

@ blow-up at a differentiability point for u gives

Z—Z(m > from(Vu(z0))

@ blow-up at a jump point for u gives

dp

m(mo) > ghom (u (20) — u” (20), vu(z0))

@ ergodic theory is needed to prove the existence of the homogenisation formulas



